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I work on theoretical and numerical aspects of continuous optimization. My recent work has focused
on variational analysis (more specifically, set-valued analysis and semi-algebraic variational analysis) and
numerical methods for the mountain pass problem. Applications of my work in set-valued analysis include
sensitivity analysis, optimal control and the calculus of variations, which will be explained in Sections 1 to
3. Section 1 focuses on my work on the foundations of set-valued maps. Section 2 focuses on differential
inclusions (which in turn forms the basis for modern calculus of variations and optimal control), and Section
3 focuses on semi-algebraic variational analysis. Applications of my work in the numerical mountain pass
problem include numerical PDEs and computational chemistry, which will be explained in Section 4. Section
5 describes my first project on the variational analysis of pseudospectra, which led to my current work in the
two separate directions. Finally, Section ?? describes some future plans.
1. S ET- VALUED ANALYSIS AND APPLICATIONS IN OPTIMIZATION
Variational analysis is the “broad spectrum of modern mathematical theory that has grown in connection
with the study of problems of optimization, equilibrium, control and stability of linear and nonlinear systems”
as presented in the Lanchester prize winning work [RW98]. An important theme in variational analysis
is that of handling the nonsmoothness commonly appearing in such problems. Several other works like
[BZ05, Cla83, CLSW98, DR09a, Mor06] deal with other important aspects of variational analysis.
Much of my work involves set-valued maps. See also [AF90]. We say that S is a set-valued map or a
multifunction, denoted by S : X ⇒ Y , if S(x) ⊂ Y for all x ∈ X. There are many examples of set-valued
1
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maps in optimization and related areas. For example, the generalized derivatives of a nonsmooth function,
the feasible set of a parametric optimization problem, and the set of optimizers to a parametric optimization
problem may be profitably viewed as set-valued maps. The graph of S, denoted by Graph(S), is the set
{(x, y) ∈ X ×Y | y ∈ S(x)}.
1.1. Background: Marginal functions in optimization. For a set-valued map S : Rn ⇒ Rm and function
ϕ : Rn × Rm → R, the marginal function f : Rn → R is defined by
f (x) := min ϕ(x, y).

(1)

y∈S(x)

The generalized differentiability properties of f can be deduced from the generalized differentiability properties of both ϕ and S. As an example, in the case of a linear ϕ and S : Rn ⇒ Rm defined by
S(x) := {y : Fi (y) ≤ xi for i = 1, . . . , n},
where F : Rm → Rn is smooth.
This set-valued map represents the dependence of the feasible set in a linear programming problem on its
right hand side. Using the theory in [Pan11a], we can calculate that if the Mangasarian-Fromovitz constraint
qualification is satisfied and H : Rm ⇒ Rn is a prefan, then S is pseudo strictly H-differentiable at (ū, x̄) if H
is such that for all p ∈ Rm \{0}, there exists q ∈ −H(−p) such that ∇F(ȳ)q − p ∈ TRn− (F(ȳ) − x̄).
We move on to the general problem on the sensitivity analysis of f with respect to x in (1). Such sensitivity
analysis can be analyzed using the theory of set-valued maps. We denote the composition S2 ◦ S1 : X ⇒ Z of
set-valued maps S1 : X ⇒ Y and S2 : Y ⇒ Z in the usual way by
S2 ◦ S1 (x) :=

[

S2 (y).

y∈S1 (x)

The epigraphical mapping Eϕ : Rn × Rm ⇒ R is defined by Eϕ (x) := [ϕ(x, y), ∞), and E f : Rn ⇒ R is defined
similarly. Define the map S̄ : Rn ⇒ Rn × Rm by S̄(x) = {x} × S(x). We then have
E f (x) = Eϕ ◦ S̄(x).

(2)

We still need the theory of subdifferentials and coderivatives to study the sensitivity analysis of f . The
subdifferential mapping ∂ f : Rn ⇒ Rn in convex and variational analysis is a generalization of the gradient
∇ f : Rn → Rn for smooth functions f . (Specifically, ∂ f (x) = {∇ f (x)}.) The coderivative of S : Rn ⇒ Rm
at (x̄, ȳ) ∈ Graph(S) is denoted by D∗ S(x̄ | ȳ) : Rm ⇒ Rn , which is a generalization of the adjoint operator.
(Specifically, for F : Rn → Rm , D∗ F(x̄ | F(x̄)) ≡ ∇T F(x̄).) For convex ϕ and graph-convex S, the chain rules
of set-valued maps applied to (2) gives
∂ f (x̄) = {x∗ + D∗ S(x̄ | ȳ)(y∗ ) | (x∗ , y∗ ) ∈ ∂ ϕ(x̄, ȳ)}
for any ȳ ∈ S(x̄) s.t. ϕ(x̄, ȳ) = f (x̄).

(3)

1.2. Generalized differentiation of set-valued maps [Pan11b]. We say that a set-valued map S has the
Aubin property at (x̄, ȳ) ∈ Graph(S) with modulus κ ≥ 0 if for every δ > 0, there exists neighborhoods Uδ of
x̄ and Vδ of ȳ such that
S(x) ∩Vδ ⊂ S(x0 ) + (κ + δ )kx − x0 kB for all x, x0 ∈ Uδ ,
where B denotes the unit ball. The Aubin property was first defined by Aubin [Aub84] to study the Lipschitz
dependence of parameters in optimization problems.
In [Pan11b], I extended the Aubin property: For a positively homogeneous map H : X ⇒ Y , we say that S
is pseudo strictly H-differentiable at (x̄, ȳ) ∈ Graph(S) if for every δ > 0, there exists neighborhoods Uδ of
x̄ and Vδ of ȳ such that
S(x) ∩Vδ ⊂ S(x0 ) + H(x − x0 ) + δ kx − x0 kB for all x, x0 ∈ Uδ .

(4)

The case where H(x) = κkxkB for some κ ≥ 0 reduces to the Aubin property. The rest of this section
describes further theory and applications of this generalized derivative.
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Modulus κ of Aubin property: lip S(x̄ | ȳ).
S(x) ∩ V ⊂ S(x′) + κkx − x′kB
Aubin ’80s
Dontchev−Quincampoix−Zlateva ’07
(who also cited Frankowska)
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[Sensitivity]

Mordukhovich ’93

Graphical
derivatives

Coderivatives

[Calculus]

F IGURE 1. The above diagram summarizes the relationship between the Aubin property
(defined formally in Subsection 1.2), graphical derivatives (derived from tangent cones of
Graph(S)) and coderivatives (derived from normal cones of Graph(S)). The relationship
between the Aubin property and the graphical derivative is known as the Aubin criterion,
while the relationship between the Aubin property and the coderivative is known as the
Mordukhovich criterion. The graphical derivatives and coderivatives are easier to calculate and establish calculus rules, while the Aubin property is directly related to sensitivity
analysis. Other than those mentioned in the figure, others who have made progress on the
relation between the Aubin property and the graphical derivatives and coderivatives include
Robinson, Ursescu, Rockafellar, Ioffe, Jourani, Thibault and Shao.

1.3. Characterizing the generalized derivatives [Pan11a]. Refer to Figure 1 for a background between
the relationship between the Aubin property, graphical derivatives and coderivatives. In [Pan11a], I generalized the Aubin and Mordukhovich criterions for characterizing the generalized derivatives in the sense of
[Pan11b]. We say that H : Rn ⇒ Rm is a prefan if H is positively homogeneous, convex-valued, compactvalued and H(B) ⊂ KB for some K < ∞.
Let the collection of possible graphical limits of graphical derivatives DS(x | y) : Rn ⇒ Rm of S as
(x, y) −−−−−→ (x̄, ȳ) be given by g-LIMSUP DS(x | y). For example, the graphical limit g-LIMSUP DS(x |
Graph(S)

(x,y)−−−−−−→(x̄,ȳ)
Graph(S)

(x,y)−−−−−−→(x̄,ȳ)
Graph(S)

y) in the notation of [RW98, Mor06] can be written as
Graph(

g-limsup

DS(x | y)) =

(x,y)−−−−−−→(x̄,ȳ)
Graph(S)

{Graph(G) : G ∈ g-LIMSUP DS(x | y)}.

[

(x,y)−−−−−−→(x̄,ȳ)
Graph(S)

A result compatible to the Aubin criterion can be stated as follows:
Theorem 1.1. [Pan11a] (Extended Aubin criterion) For S : Rn ⇒ Rm , and a prefan H : Rn ⇒ Rm , S is pseudo
strictly H-differentiable if and only if
G(p) ∩ [−H(−p)] 6= 0/ for all p 6= 0 and G ∈ g-LIMSUP DS(x | y).
(x,y)−−−−−−→(x̄,ȳ)
Graph(S)

The result still holds if
G ∈ g-LIMSUP D∗∗ S(x | y)
(x,y)−−−−−−→(x̄,ȳ)
Graph(S)

instead, where D∗∗ S(x | y) : Rn ⇒ Rm is defined via Graph(D∗∗ S(x | y)) = coGraph(DS(x | y)).
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The result in terms of coderivatives is even more appealing. For a positively homogeneous map D : Rm ⇒
define H (D) by

Rn ,

H (D) := {H : Rn ⇒ Rm : H a prefan, and for all p 6= 0 and u ∈ Rm ,
min hu, yi ≤ min hv, pi},
y∈H(p)

v∈co D(u)

Theorem 1.2. [Pan11a] (Extended Mordukhovich Criterion) For S : Rn ⇒ Rm , and a prefan H : Rn ⇒ Rm ,
S is pseudo strictly H-differentiable at (x̄, ȳ) if and only if H ∈ H (coD∗ S(x̄ | ȳ)).
Note that for any positively homogeneous map D : Rm ⇒ Rn , we have H (coD) = H (D). Moreover, H
has a strict reverse inclusion property, i.e.
⊃
⊂
H (D1 ) ( H (D2 ) if and only if coD1 ) coD2 .
=
=
The proof in [Pan11a] also highlights relations between the graphical derivative and the limiting coderivative,
and unifies the Aubin and Mordukhovich criterions under a common hood. It also shows the limitations of
generalizing the Mordukhovich criterion to the infinite dimensional case. The current method of proof does
not seem to be easily generalized to Asplund spaces, where the Mordukhovich criterion also applies.
On the practical side, Theorem 1.2 tells us that the coderivatives are not only useful in the calculus of
marginal functions in (3), they are also related to the pseudo strict differentiability of set-valued maps.
1.4. Implicit multifunction theorems with positively homogeneous maps [Pan11c]. The implicit function theorem for single-valued maps can be generalized for set-valued maps to address applications arising
from generalized equilibria. For G : X ×Y ⇒ Z, consider the set I : X ⇒ Y defined by
I(x) = {y | 0 ∈ G(x, y)}.
The condition 0 ∈ G(x, y) can refer to an optimality condition for a nonlinear programming problem with parameter x involving f (x, ·) if the partial subdifferential ∂y f (x, ·) satisfies ∂y f (x, y) = G(x, y). More generally,
for G(x, y) = ∂y ϕ(x, y) + NS(x) (y), 0 ∈ G(x, y) reflects the optimality condition of marginal function:
P(x) : min ϕ(x, y),
y∈S(x)

giving us sensitivity analysis of the solution set. The condition 0 ∈ G(x, y) can also address some other form
of equilibria, for example in variational inequalities and complementarity problems. Robinson [Rob80] was
the first to study the Lipschitz continuity of the solution set S if S is a single-valued map, and the set-valued
generalizations were pursued in [LZ99, DR09b], and summarized in the recent book [DR09a].
With the theory of generalized derivatives in Section 1.2, the implicit multifunction framework can be
substantially extended. Using appropriate definitions of the partial generalized derivatives and partial linear
openness (where linear openness is equivalent to generalized differentiation of the inverse set-valued map),
we have the following result in [Pan11c]: Consider positively homogeneous maps H1 : X ⇒ Z and H2 : Z ⇒ Y .
If 0 ∈ G(x̄, ȳ), G is partially pseudo strictly H1 -differentiable w.r.t. x uniformly in y at (x̄, ȳ, 0), and G is
partially H2 -linearly open w.r.t. y uniformly in x at (x̄, ȳ, 0), then under mild conditions, I is partially pseudo
strictly (−H2 ◦ H1 )-differentiable at (x̄, ȳ). The classical implicit function theorem can be seen as a particular
case of this implicit multifunction theorem.
2. D IFFERENTIAL INCLUSIONS
For a set-valued map F : [0, T ] × Rn ⇒ Rn , a function x : [0, T ] → Rn is said to satisfy a differential
inclusion if
x0 (t) ∈ F(t, x) a.e.
In the case where F is single-valued, we have the familiar differential equation. The differential inclusion
framework is being increasingly promoted as a unifying framework for modern optimal control and the
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calculus of variations in the recent texts [Cla83, Mor06, Smi02, Vin00]. Other classical texts on differential
inclusions include [AC84, AF90]. For ϕ : Rn × Rn → R and C ⊂ Rn × Rn , the optimization problem below
is often studied;

minx(·)∈AC([0,1],Rn ) ϕ x(0), x(T )
(5)

0
s.t.
x (t) ∈ F t, x(t) a.e.

x(0), x(T ) ∈ C.
Here, AC([0, 1], Rn ) stands for the set of absolutely continuous functions x : [0, T ] → Rn . A huge part of research in optimal control and differential inclusions is on necessary conditions for optimality, starting from
the classical Pontryagin Maximum Principle in the 60s. Recent work on necessary conditions in differential
inclusions were obtained through the work of Clarke, Loewen, Rockafellar, Vinter, Mordukhovich, Kaskosz
and Lojasiewicz, Milyutin, Smirnov, Zheng, Zhu and others. (See [Cla05] or [Mor06, Chapter 6] for a survey.) One type of optimality conditions are the (nonsmooth) Euler Lagrange condition and the transversality
condition.
2.1. Coderivatives of the reachable map (in progress). The reachable map R : X ⇒ X, which is of independent interest in optimal control, is defined by

R(x) = y | ∃ x(·) ∈ AC([0, T ], Rn ) s.t.

x0 (t) ∈ F t, x(t) a.e., x(0) = x and x(T ) = y .
We introduce conditions so that the convexified limiting coderivative of the reachable map satisfies
coD∗ R(x̄ | ȳ)(v) ⊂ co{u : ∃x(·), p(·) ∈ AC([0, T ], Rn ) s.t.



x0 (t) ∈ F t, x(t) , p0 (t) ∈ −coD∗x F t, x(t) | x0 (t) p(t) ,
x̄ = x(0), ȳ = x(T ), u = p(0) and v = p(T )} for all v ∈ Rn .

(6)

The proof first calculates the coderivatives of RN : Rn ⇒ Rn , the reachable map of the discretized differential inclusion problem, and then uses coderivative calculus and the material in Subsection 1.3 to approximate
coD∗ R(x | y) from D∗ RN (x | y).
Using the map ϕ̃(x, y) = ϕ(x, y) + ιC (x, y) in place of ϕ(x, y) if necessary, where ιC (·) is the indicator
function, we can reduce (5) to minimizing v : Rn → R, where
v(x) = miny ϕ(x, y)
s.t. y ∈ R(x)

(7)

Note that (7) is in the framework of marginal functions in (1). We can deduce an upper bound of the Clarke
subdifferential ∂C v(x) := co∂ v(x). The optimality condition of 0 ∈ ∂ v(x) combined with (3) implies the
Euler Lagrange and transversality conditions.
A related question does not seem to have been studied: Given a path x(·) ∈ AC([0, T ], Rn ), how does one
perturb x(·) so that there is an improvement in the objective? We can obtain insight by studying the problem
min ϕ(x, y)
(x,y)

s.t.

(8)

(x, y) ∈ Graph(R).

The convexified limiting coderivative coD∗ R(x | y) in turn gives some insight on the normal cone NGraph(R) (x, y)
(which is related to Graph(D∗ R(x | y)) by a linear transformation).
3. S EMI - ALGEBRAIC VARIATIONAL ANALYSIS
Semi-algebraic sets and functions (defined in terms of finitely many polynomials) are studied because they
are a large class of objects used in practice, and are absent of much of the pathological behavior which, while
of theoretical interest, do not appear often in practice. Examples of how simpler results can be obtained for
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the semi-algebraic case include the semismoothness of Lipschitz semi-algebraic functions [BDL09] and a
Sard’s theorem for nonsmooth, set-valued semi-algebraic functions [Iof08].
Examples of semi-algebraic functions are piecewise polynomials, rational functions, and the map from
the set of matrices to its eigenvalues. Sharper results that may be useful in practice may be obtainable in the
semi-algebraic setting. Recent references on semi-algebraic sets and functions, and the more general theory
of tame topology and o-minimal structures, are [BR90, Cos99, Cos02, vdD98]. See for example [Iof09] and
the lecture notes [Dan09] for a survey of the literature.
3.1. Generic set-valued differentiability of semi-algebraic maps [DP11]. In [DP11], I proved that if
X ⊂ Rn is a semi-algebraic set, a semi-algebraic set-valued map S : X ⇒ Rm is set-valued differentiable
everywhere except on a subset of X of smaller dimension. More precisely, there is a set X 0 ⊂ X satisfying
dim(X 0 ) < dim(X) such that for any x̄ ∈ X\X 0 and ȳ ∈ S(x̄), we can find a (non necessarily unique) linear
map L : Rn → Rm such that for any δ > 0, there are neighborhoods Uδ of x̄ and Vδ of ȳ such that
S(x) ∩Vδ ⊂ S(x0 ) + L(x − x0 ) + δ kx − x0 kB for all x, x0 ∈ Uδ ∩ X.
The example of iQ : R → R, where iQ (x) equals 1 if x is rational and 0 otherwise, shows that this theorem
cannot be true for maps in general. Applications of this continuity result include justifying the soundness
of algorithms involving set-valued maps, and in the design of algorithms exploiting the presence of generic
continuity.
3.2. Lipschitz properties in semi-algebraic robust regularization [LP09]. In [LP09], I proved that given
a semi-algebraic function f : Rn → R and any point x ∈ Rn , the robust regularization fε : Rn → R defined
by fε (x) := max|x0 −x|≤ε f (x0 ) is locally Lipschitz at x for all small ε > 0. This result shows that Lipschitz
methods in optimization can almost always be implemented in robust optimization. An example of a non
semi-algebraic function that does not have this property is the Cantor function.
4. N UMERICAL METHODS FOR FINDING SADDLE POINTS
For f : X → R, we say that c ∈ X is a critical point if ∇ f (c) = 0. While critical points that are local
maxima and minima can be found using optimization, saddle points (i.e., critical points that are not local
extrema) are found using algorithms which trace their roots to the mountain pass theorem [AR73] and their
variants. The mountain pass theorem states that under suitable conditions, given two local minima a, b ∈ X,
there is a critical point c ∈ X such that f (c) > max{ f (a), f (b)}, and the critical value f (c) equals
inf

sup f ◦ p(t),

(9)

p∈Γ(a,b) t∈[0,1]

where Γ(a, b) is the set of paths p : [0, 1] → X such that p(0) = a and p(1) = b.
The problem of finding saddle points numerically is important in the problem of finding weak solutions
to partial differential equations numerically. The original paper of a mountain pass algorithm to solve partial
differential equations is [CM93], and it contains several semilinear elliptic problems. Particular applications
in numerical partial differential equations include finding periodic solutions of a boundary value problem
modeling a suspension bridge [Fen94] (introduced by [LM91]), studying a system of Ginzburg-Landau type
equations arising in the thin film model of superconductivity [GM08], the choreographical 3-body problem
[ABT06], and cylinder buckling [HLP06].
The problem of finding saddle points numerically is by now well entrenched in the chemistry curriculum.
In transition state theory, the problem of finding the least amount of energy to transition between two stable
states is equivalent to finding an optimal mountain pass between these two stable states. The highest point
on the optimal mountain pass can then be used to determine the reaction kinetics. The foundations of
transition state theory was laid by Marcelin, and important work by Eyring and Polanyi in 1931 and by
Pelzer and Wigner a year later established the importance of saddle points in transition state theory. We
cite the Wikipedia entry on transition state theory for more on its history and further references. Numerous
methods for computing saddle points were suggested through the years, and we refer to the surveys [HJJ00,
HS05, Sch11, Wal06] as well as the recent text [Wal03]. A software for computing saddle points in chemistry
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is Gaussian1. Tools for computing transition states2 are also included in VASP3. Though the entire optimal
mountain pass is needed for such an application, the process of computing saddle points often gives hints on
an optimal mountain pass.
The rest of this section describes my work on numerical methods for finding saddle points. My first
motivation for working on numerical methods for finding saddle points was to find the Wilkinson distance
as explained in Subsection 5.2.

x1

x2

x3

y3

y2

y1

z

F IGURE 2. The diagram on the left shows the classical method of perturbing paths for the
mountain pass problem, while the diagram on the right shows convergence to the critical
point by looking at level sets.
4.1. Level set methods for finding critical points of mountain pass type [LP11]. While most current
methods for finding saddle points discretize the paths in the set Γ(a, b), I analyzed a different characterization
of f (c): The critical level f (c) equals


sup l ≥ max f (a), f (b) | a, b lie in different path components of {x | f (x) ≤ l} .
(10)
In other words, the critical level is the supremum of all levels l such that there is no path connecting a and
b in the set
lev≤l f := {x | f (x) ≤ l}.
The difference between the methods are contrasted in Figure 2. This method is identical to the step and slide
method in [MF01].
Among the advantages of this characterization are that we can find the closest points in different path components of lev≤l f instead of keeping track of an entire path, as is currently done. The distance between the
points in the path components indicate the progress of the algorithm. The key contribution in [LP11] was to
prove local superlinear convergence to the critical point x̄ when f : Rn → R has the quadratic approximation
f (x) = f (x̄) + (x − x̄)T A(x − x̄) + o(|x − x̄|2 ).

(11)

4.2. Global mountain pass algorithms using the parallel distance (in progress). Building on earlier
work, we identify two criteria for a global mountain pass algorithm to be effective:
(1) The global algorithm should achieve fast convergence once close to the saddle point.
(2) The global algorithm should find one saddle point.
The global mountain pass algorithms that rely on perturbing paths do not achieve fast local convergence,
emphasizing property (2) at the expense of property (1). On the other hand, methods that emphasize property
(1) and concentrate on building the quadratic model (11) do not satisfy property (2). In order to achieve
property (1), one needs to make use of the quadratic approximation (11). If a global mountain pass algorithm
aims to decrease the distance between components of lev≤l f instead, one can concentrate computational
efforts close to the saddle point, and the process of exploiting the quadratic approximation is more natural.
1http://www.gaussian.com/
2http://theory.cm.utexas.edu/vtsttools/neb/
3http://cms.mpi.univie.ac.at/vasp/vasp/vasp.html
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gl,v (x)
z(x)
x

z’(x)

:lev<=l f
v

F IGURE 3. Illustration of the parallel distance.
In work currently in progress resulting from a UROP (undergraduate research) with Justin T Brereton in
summer 2011, we studied the properties of the parallel distance: For a vector v 6= 0 and a level l, the parallel
distance gl,v (x) is defined by

gl,v (x) := diam Sl,v (x) .
Sl,v (x) := [{x} + R{v}] ∩ lev≥l f .
See Figure 3 for an illustration. In the case where f is an exact quadratic, it turns out that gl,v (·)2 is an
exact quadratic. Much of the properties carry over to the smooth case once close enough to the saddle point
as well. We are currently exploring how the parallel distance can be combined with other steps studied in
[LP11] to create a robust global mountain pass algorithm that is also successful locally.
4.3. Level set methods for finding critical points of general Morse index [Pan]. The method for finding
saddle points in the previous section is only sufficient for finding critical points of Morse index 1 (i.e., the
maximal dimension of the subspace of X on which the Hessian of f : X → R is negative definite). For
critical points c of finite Morse index, the multidimensional mountain pass theorem shows that under nice
conditions, critical levels f (c) have a min-max characterization similar to that of (9). In [Pan], I showed that
level set characterizations similar to that of (10) are possible, preserving some of the favorable properties of
the algorithm in [LP11].
5. P SEUDOSPECTRA
The pseudospectrum Λε : Cn×n ⇒ C is defined by
Λε (A) := {z | z is an eigenvalue of A + E for some E such that kEk ≤ ε}.
Pseudospectra gives better insight than eigenvalues in applications where the matrices and operators are
nonnormal. For example, Lipschitz continuity of the pseudospectra (in the set-valued sense) is related to the
transient behavior of the eigenvalues through the Kreiss matrix theorem. See [TE05] for more details.
5.1. Lipschitz behavior of the pseudospectra [LP08]. In [LP08], I proved conditions for the Lipschitz
continuity of pseudospectra as a set-valued map. This work has led to my other work on variational analysis.
Pseudospectra and eigenvalues provide a rich source of examples for semi-algebraic variational analysis.
5.2. Numerical methods for the Wilkinson distance. Another direction that I pursued from my research
on pseudospectra was to study numerical methods for finding the Wilkinson distance: Given a matrix A ∈
Cn×n , the Wilkinson distance is the distance of A to the closest matrix with repeated eigenvalues. The
Wilkinson distance gives the region for which eigenvalues are differentiable in the entries of the matrix, and
is important in stability issues of eigenvalues and eigenvectors. The Wilkinson problem can be traced back
to Wilkinson [Wil65].
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However, a simple guaranteed way to compute the Wilkinson distance is elusive [Dem90]. Recent work
by Alam and Bora [AB05] reduced the Wilkinson distance problem to a global mountain pass problem
through pseudospectra, which led to my work on computing saddle points. See also [ABBO11]. In addition
to the local mountain pass problem addressed in [LP11], the global mountain pass problem still needs to be
addressed to obtain an algorithm for the Wilkinson distance.
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