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Abstract

In this paper, we define a class of linear conic programming (which we call matrix cone
programming or MCP) involving the epigraphs of five commonly used matrix norms and
the well studied symmetric cone. MCP has recently found many important applications, for
example, in nuclear norm relaxations of affine rank minimization problems. In order to make
the defined MCP tractable and meaningful, we must first understand the structure of these
epigraphs. So far, only the epigraph of the Frobenius matrix norm, which can be regarded
as a second order cone, has been well studied. Here, we take an initial step to study several
important properties, including its closed form solution, calm Bouligand-differentiability
and strong semismoothness, of the metric projection operator over the epigraph of the Iy,
l~, spectral or operator, and nuclear matrix norm, respectively. These properties make it
possible to apply augmented Lagrangian methods, which have recently received a great deal
of interests due to their high efficiency in solving large scale semidefinite programming, to
this class of MCP problems. The work done in this paper is far from comprehensive. Rather
it is intended as a starting point to call for more insightful research on MCP so that it can
serve as a basic tool to solve more challenging convex matrix optimization problems in years
to come.
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1 Introduction

In this section we shall first define several convex matrix cones and then use these cones to
introduce a class of matrix cone programming problems that have found important applications
in many applied areas.

Let IR™*™ be the linear space of all m x n real matrices equipped with the inner product
(X,Y) :=Tr(XTY) for X and Y in R™*", where “Tr” denotes the trace, i.e., the sum of the
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diagonal entries, of a squared matrix. Let f = || - || be any norm function defined on IR™*".
The epigraph of f, denoted by epi f,

epi f = {(t, X) € R x R™" |t > f(X)}

is a closed convex cone in IR x IR™*™. Such a cone will be called a matrix cone for ease of
reference. We use K to represent epi f or the cross product of several such closed convex cones
when we choose f from the following five norms:

m n
(i) f(-) =1 -IlF, the Frobenius norm, i.e., for each X € R™", | X|p = (> |ai[*)"/?;
i=1 j=1
(i) f(-) =1 - loo, the lo norm, i.e., for each X € R™*", || X|looc = max{|z;;||1 <i<m,1<
j<n};
m n
(iii) f(-) =1 - |lx, the {1 norm, i.e., for each X € R™*", || X|; = ZZL@“UL
i=1 j=1
(iv) f(:) = || - ||2, the spectral or the operator norm, i.e., for each X € IR™*"  f(X) denotes

the largest singular value of X; and

(v) f(-) = || - ||+, the nuclear norm, i.e., for each X € IR™*" f(X) denotes the sum of the
singular values of X.

That is, there exists an integer ¢ > 1 such that

K =epifi xepifyx...xepify,

where for each i > 1, f; is one of the norm functions chosen from (i)-(v) on a matrix space
IR™i*™ . Denote the Euclidean space X by

X=X x X x ... x Xy,
where for each 7 > 1, the natural inner product of &; := IR x IR™i*"™ is given by
(X)), (1, Y)a, =17 +(X,Y) V(t,X)and (1,Y) € R x R"™"".

Denote the natural inner product of X by (-,-)x. Note that for each i > 1, except for the case
when f;(-) = ||-|| 7, the cone epi f; is not self-dual unless min{m;,n;} = 1. So, in general the above
defined closed convex cone K is not self-dual, i.e., C# K* :={W e X|(W,Z)x >0V Z € K},
the dual cone of . When f(-) = |- |7, epi f actually turns to be the second order cone (SOC)
if we treat a matrix X € IR™*™ as a vector in IR™" by stacking up the columns of X, from the
first to the n-th column, on top of each other. The SOC is a well understood convex cone in the
literature and thus is not the focus of this paper. We include it here for the sake of convenience
in subsequent discussions.

Let 'H be a finite-dimensional real Euclidean space endowed with an inner product (-, -)3 and
its induced norm ||-||3;. Let Q@ € H be the cross product of the origin {0} and a symmetric cone in



lower dimensional subspaces of H. Note that the symmetric cone, which includes the nonnegative
orthant, the SOC, and the cone of symmetric and positive semi-definite real matrices, has been
completely classified [13]. Let A : RP — Y := H x X be a linear operator. Define the natural
inner product of ) by

((u,w), (v,2)) == (u,v)y + (w,2)x V(u,w) and (v,2) € H x X.

Let A* : Y — IR? be the adjoint of A. Let ¢ be a given vector in IR? and b an element in ).
The matrix cone programming (MCP) we consider in this paper takes the following form

min ¢’ x

(1)
st. Az cb+ O xK.

The corresponding Lagrange dual of the MCP can be written as

max (b, y)
st. Ay =c, (2)
y € Q" x K*,

where Q* represents the dual cone of Q. In applications, many examples can be cast in the form
of (1) or (2). Below we list some of them.

Matrix norm approximation. Given matrices By, Bi,...,B, € R™*", the matrix norm
approximation problem is to find an affine combination of the matrices which has the minimal
spectral norm, i.e.,

p

min {||Bo + > i Bella |y € R”} 3)
k=1

Such problems have been studied in the iterative linear algebra literature, e.g., [15, 47, 48], where
the affine combination is a degree-p polynomial function of a given matrix.

It is easy to show that the problem (3) can be cast as a semidefinite programming (SDP)
problem whose matrix variable has order (m +n) x (m+n) [52]. However, such an expansion in
the order of the matrix variable implies that it can be very costly, if possible at all, to solve (3)
as an SDP problem when m or n is large. Thus it is highly desirable for us to design algorithms
that can solve (3) in the original matrix space IR™*", in particular for the case when m < n
(assume m < n). We believe that the contributions made in this paper would constitute a key
step towards achieving that goal. More specifically, we strongly advocate approaches based on
simply writing the problem (3) in the form of (1):

min ¢

p
st. t>[Bo+ Y yrBilla-
k=1



We note that if for some reasons, a sparse affine combination is desired, one can add a penalty

term A||y|l1 with some A > 0 to the objective function in (3) meanwhile to use || - ||3 to replace
|- [l2 to get
p
min {|[Bo + Y yeBil3 + Alyll |y € R”} (4)
k=1

Correspondingly, we can reformulate (4) in terms of the following two MCP forms:

min s+ An
st (s+1)/2>/((s—1)/2)2 + 2,

p
t>Bo+ > yeBrllz,
k=1

n >yl

and
min ¢+ Ap

p
st (t+1)/2> [(t-1)/2L, Bo+ > uBillla.
k=1
0>yl .

where I, is the identity matrix of order m by m.

Matrix completion. Given a matrix M € IR™*" with entries in the index set ) given, the
matrix completion problem seeks to find a low-rank matrix X such that X;; ~ M;; for all
(i,j) € Q. The problem of efficient recovery of a given low-rank matrix has been intensively
studied recently. In [2], [3], [16], [22], [35], [36], etc, the authors established the remarkable fact
that under suitable incoherence assumptions, an m x n matrix of rank r can be recovered with
high probability from a random uniform sample of O((m + n)rpolylog(m,n)) entries by solving
the following nuclear norm minimization problem:

mm{HXH* ’Xij = Mij V(l,j) S Q} .

The theoretical breakthrough achieved by Candes et al. has led to the rapid expansion of the
nuclear norm minimization approach to model application problems for which the theoretical
assumptions may not hold, for example, for problems with noisy data or that the observed
samples may not be completely random. Nevertheless, for those application problems, the
following model may be considered to accommodate problems with noisy data:

min { [|Pa(X) = Po(M)[} + AX]|. | X € R™"], (5)

where Pq(X) denotes the vector obtained by extracting the elements of X corresponding to the
index set () in lexicographical order, and A is a positive parameter. In the above model, the
error term is measured in Frobenius norm. One can of course uses the [;-norm or the spectral



norm if those norms are more appropriate for the applications under consideration. As for the
case of the matrix norm approximation, one can easily write (5) in the form of MCP.

Robust matrix completion/Robust PCA. Suppose that M € IR™*™ is a partially given
matrix for which the entries in the index set 0 are observed, but an unknown sparse subset
of the observed entries may be grossly corrupted. The problem here seeks to find a low-rank
matrix X and a sparse matrix Y such that M;; ~ X;; +Yj; for all (¢, j) € Q, where the sparse
matrix Y attempts to identify the grossly corrupted entries in M, and X attempts to complete
the “cleaned” copy of M. This problem has been considered in [4], and it is motivated by earlier
results established in [5], [54]. In [4] the following convex optimization problem is solved to
recover M:

min { [ X[|. + XY | Pa(X) + Po(Y) = Po(M) }, (6)

where ) is a positive parameter. In robust subspace segmentation [27], a problem similar to (6)
is considered, but the linear constraints are replaced by M = MX + Y, and ||Y]]; is replaced
by Z?:l l|lyj]l2, where y; denotes the j-th column of Y.

In the event that the “cleaned” copy of M itself in (6) is also contaminated with random
noise, the following problem could be considered to recover M:

min { | Pa(X) + Po(Y) = Pa(M)I3 + p(IXI1. + AIY[11) | X, Y € R™" L (7)

where p is a positive parameter. Again, the Frobenius norm that is used in the first term can be
replaced by other norms such as the [;-norm or the spectral norm if they are more appropriate.
In any case, both (6) and (7) can be written in the form of MCP.

Structured low rank matrix approximation. In many applications, one is often faced with
the problem of finding a low-rank matrix X € IR™*" which approximates a given target matrix
M but at the same time it is required to have certain structures (such as being a Hankel matrix)
so as to conform to the physical design of the application problem [9]. Suppose that the required
structure is encoded in the constraints A(X) € b+ Q. Then a simple generic formulation of
such an approximation problem can take the following form:

min{|| X — M||p| A(X) € b+ Q, rank(X) <r}. (8)

Obviously it is generally NP hard to find the global optimal solution for the above problem.
However, given a good starting point, it is quite possible that a local optimization method such
as variants of the alternating minimization method may be able to find a local minimizer that
is close to being globally optimal. One possible strategy to generate a good starting point for a
local optimization method to solve (8) would be to solve the following penalized version of (8):

min{m,n}

min{||X - M|r+p D ox(X)[AX)eb+Q}, 9)
k=r+1

where o (X) is the k-th largest singular value of X and p > 0 is a penalty parameter. The
above problem is not convex but we can attempt to solve it via a sequence of convex relaxation



problems as proposed in [14] as follows. Starting with X° = 0 or any feasible matrix X° such
that A(XY) € b+ Q. At the k-th iteration, solve

min{A| X — X*|} + [|X — M| + p((| X« — (Hi, X)) [AX) €b+Q} (10)

to get X*t1 where \ is a positive parameter and Hj, is a sub-gradient of the convex function
> h—1 0k(-) at the point X*. Once again, one may easily write (10) in the form of MCP.

From the examples given in this section, it becomes quite obvious that there is a great demand
for efficient and robust algorithms for solving matrix optimization problem of the form (1) or
(2), especially for problems that are large scale. The question that one must answer first is if it
is possible to design such algorithms at all. One obvious, maybe the biggest, discouraging fact is
that for large scale MCP problems, polynomial time interior point methods (IPMs) are powerless
due to the fact that the computational cost of each iteration of an IPM becomes prohibitively
expensive. This is particularly discouraging given the fact that SDP would not have become so
widely investigated and applied in optimization without the invention of polynomial time IPMs.
So the answer to the above question appears to be negative. However, during the last few years,
we have seen lots of interests in using augmented Lagrangian methods to solve large scale SDP
problems. For examples, see [29, 33, 53, 56, 57]. Depending on how the inner subproblems
are solved, these methods can be classified into two categories: first order alternating direction
based methods [29, 33, 53] and second order semismooth Newton based methods [56, 57]. The
efficiency of all these methods depends on the fact that the metric projector over the cone of
symmetric and positive semi-definite matrices (in short, SDP cone) admits a closed form solution
[40, 19, 50]. Furthermore, the semismooth Newton based method [56, 57] also exploits a crucial
property — the strong semismoothness of this metric projector established in [44]. Keeping the
progress for solving SDP in mind, we are tempted to apply the augmented Lagrangian methods
to solve MCP (1) and (2). Actually, when K is vacuous, this has been done in the thesis [56]
as the metric projector over the symmetric cone has the same desirable properties as the metric
projector over the SDP cone [46]. In this paper we shall take an initial step to study the metric
projector over epi f, denoted by Il r, with f = || - [loo, || - [|1, || - [|l2, and || - ||+, respectively. In
particular, we shall show that

o for any (¢, X) € R x IR™*", Ilep; ¢(t, X) admits a simple closed form solution;

o Ilpif(-,-) is calmly B(ouligand)-differentiable at (¢, X) € IR x IR™*™ and the directional
derivative of Ilep; £ (-, ) at (¢, X) along any direction in IR x IR™*™ has an explicit formula;
and

o Ilepif(+,-) is strongly semismooth at any point in IR x IR™*".

The above result, together with the fact that the metric projector over the SOC has already
been shown to have the above three properties [8], implies that the metric projector over K also
has the above properties. Thus, these properties, together with the analogous properties of the
metric projector over Q, make it possible to apply the aforementioned augmented Lagrangian
methods to solve MCP (1) and (2).

The remaining parts of this paper are organized as follows. In Section 2, we give some
preliminary results, in particular on matrix functions. Section 3 is devoted to studying the



projectors over the epigraphs of the I; and [, norms. This also serves as a basis for conducting
our study on the projectors over the epigraphs of the spectral and nuclear norms in Section 4.
We make our conclusions in the final section.

Below are some common notations to be used:

e For any Z € R™*", we denote by Z;; the (7, j)-th entry of Z.

e For any Z € IR™*", we use z; to represent the jth column of Z, j = 1,...,n. Let
J C{1,...,n} be an index set. We use Z7 to denote the sub-matrix of Z obtained by
removing all the columns of Z not in J. So for each j, we have Zy;; = z;.

o Let Z C {1,...,m} and J C {1,...,n} be two index sets. For any Z € IR™*" we use
Zz17 to denote the |Z| x |J| sub-matrix of Z obtained by removing all the rows of Z not
in Z and all the columns of Z not in J.

e We use “o” to denote the Hardamard product between matrices, i.e., for any two matrices
X and Y in R™*" the (4, j)-th entry of Z := X oY € R"™*" is Z;; = X;;V5;.

2 Preliminaries

Let Z be a finite dimensional real Euclidean space equipped with an inner product (-,-) and its
induced norm || - ||. Let C' be a nonempty closed convex set in Z. For any z € Z, let ll¢(2)
denote the metric projection of z onto C, which is the unique optimal solution to following
convex optimization problem:

. 1
min ly |’
s.t. yeC.

It is well known [55] that II¢(+) is globally Lipschitz continuous with modulus 1. When C' is a
closed convex cone, we have the following useful cone decomposition proposition due to Moreau
[30].

Proposition 2.1 Let C C Z be a nonempty closed conver cone. Denote by C° := —C™ the
polar of C. Then any z € Z can be uniquely decomposed into

z=1lc(z) + Heo(2) .

By Proposition 2.1, for any nonempty closed convex cone C' in Z we have the following
simple observation
Mex(2) = z4+e(—2) VzeZ. (11)

Let O be an open set in Z and Z’ be another finite dimensional real Euclidean space.
Suppose that ® : O C Z — Z’ is a locally Lipschitz continuous function on the open set O.
Then, according to Rademacher’s theorem, ® is almost everywhere differentiable (in the sense
of Fréchet) in O. Let Dg be the set of points in O where ® is differentiable. Let ®'(x) be the
derivative of ® at © € Dg. Then the B-subdifferential of ® at € O is denoted by [34]:

3B<1>(1’):={ lim @’(xk)}

Dgdxk—a

7



and Clarke’s generalized Jacobian of ® at z € O [10] takes the form:
0P (x) = conv{dp®P(x)},
where “conv” stands for the convex hull in the usual sense of convex analysis [37].

Definition 2.1 Let ® : O C Z — Z' be a locally Lipschitz continuous function on the open set
O. The function ® is said to be G-semismooth at a point x € O if for anyy — x and V € 0P(y),

O(y) — (x) = V(y — ) = olly — =) -
The function ® is said to be strongly G-semismooth at x if for any y — x and V € 9®(y),
B(y) — P(z) = V(y —z) = O(lly — «*).

Furthermore, the function ® is said to be (strongly) semismooth at x € O if (i) the directional
derivative of ® at x along any direction d € Z, denoted by ¥ (x;d), exists; and (i) D is (strongly)
G-semismooth.

The following result taken from [44, Theorem 3.7] provides a convenient tool for proving the
strong G-semismoothness of Lipschitz functions.

Lemma 2.1 Let ® : O C Z — Z’ be a locally Lipschitz continuous function on the open set O.
Then @ is strongly G-semismooth at x € O if and only if for any Dg > y — =,

®(y) — ®(z) — '(y)(y — z) = O(|ly — 2I*).

In the next two subsections, we collect some useful preliminary results on symmetric and
non-symmetric matrix functions for studying the projectors over the epigraphs of the spectral
and nuclear norms.

2.1 The symmetric matrix functions

Let 8™ be the space of all real n x n symmetric matrices and O™ be the set of all n x n
orthogonal metrices. Let X € 8™ be given. We use A1(X) > A2(X) > ... > A\ (X) to denote
the real eigenvalues of X (counting multiplicity) being arranged in non-increasing order. Denote
AX) = (M(X), X(X), ..., \(X)T € R™ and A(X) := diag(A(X)), where for any = € IR™,
diag(x) denotes the diagonal matrix whose i-th diagonal entry is z;, i = 1,...,n. Let P € O"
be such that .

X = Pdiag(\(X))P (12)

We denote the set of such matrices P in the eigenvalue decomposition (12) by O"(X). Let
[y > Ty > ... > [, be the distinct eigenvalues of X. Define

ap ={i| (X)) =7, 1<i<n}, k=1,...,r. (13)

For each i € {1,...,n}, we define /;(X) to be the number of eigenvalues that are equal to A;(X)
but are ranked before i (including i) and s;(X) to be the number of eigenvalues that are equal



to A;(X) but are ranked after i (excluding i), respectively, i.e., we define [;(X) and s;(X) such
that

MX) > 2N, 0 (X)) > A0+ (X)) == (X)) = o= A (0 (X))
> Nigs; (x0)+1(X) = 0= An(X). (14)
In later discussions, when the dependence of [; and s;, i = 1,...,n, on X can be seen clearly

from the context, we often drop X from these notations.
Next, we list some useful results about the symmetric matrices which are needed in subse-
quent discussions. The inequality in the following lemma is known as Fan’s inequality [12].

Lemma 2.2 Let Y and Z be two matrices in S™. Then

Y, Z) < XY)'\(2). (15)

The following observation can be checked easily.

Proposition 2.2 Let Q € O™ be an orthogonal matriz such that QT A(X)Q = A(X). Then, we

have
{Qakalzoa kvlzlv"'vnk#l> (16)
Qakangkak = ZkakQakak = I|ak| ) k= 17 RN AR (17)

For any subset A of a finite dimensional Euclidean space Z, let
dist(z, A) :==inf{||z —y|| |y e A}, z€ Z.

The following result, which was stated in [45], was essentially proved in the derivation of Lemma
4.12 in [44].

Proposition 2.3 For any H € 8", let P € O™ be an orthogonal matriz such that
PT(A(X) + H)P = diag(\(A(X) + H)).

Then, for any H — 0, we have

Pakal:O(HHH)7 k7l:17"'7rak7él7 (18)
Pakakpcz};ak :I\ak|+O(HHH2)7 k:17"'7ra (19)

dist(Poa,, O =0(|H|?), k=1,...,r. (20)

The next proposition follows easily from Proposition 2.3. It has also been proved in [6] based
on a so-called “sin(©)” theorem in [42, Theorem 3.4].



Proposition 2.4 For any H € §", let P € O" be an orthogonal matriz such that X + H =
Pdiag(\(X + H))PT. Then, for any S® > H — 0, we have

dist(P, 0"(X)) = O(||H||) .

The following proposition about the directional differentiability of the eigenvalue function
A(+) is well known. For example, see [24, Theorem 7] and [49, Proposition 1.4].

Proposition 2.5 Let X € S™ have the eigenvalue decomposition (12). Then, for any S™ >
H — 0, we have

=T = .
MN(X + H) = \(X) = N, (Py HP,,) = O(|H|), i€ay, k=1,...,r, (21)

where for each i € {1,...,n}, l; is defined in (14). Hence, for any given direction H € S",
the eigenvalue function \;(+) is directionally differentiable at X with N,(X; H) = (FZkH?ak),
i€ag, k=1,...,r.

Suppose that X € 8™ has the eigenvalue decomposition (12). Let f : IR — IR be a scalar
function. The corresponding Lowner’s symmetric matrix function is defined by [28]

F(X) = Pdiag(f(\ (X)), fRa(X)), . fORON P =" FO(Xpipl - (22)
i=1

Let D := diag(d), where d € IR" is a given vector. Assume that the scalar function f(-) is
differentiable at each d; with the derivatives f'(d;), i = 1,...,n. Let fll(D) € S" be the first
divided difference matrix whose (i, j)-th entry is given by

fdi) — f(dy) .
(f[l](D»zg _ Td]] if dz 7é dja
1(d;) it d; = d;,

1,7 =1,...,n.

The following result for the differentiability of the symmetric matrix function F' defined in
(22) can be largely derived from [11] or [23]. Actually, Proposition 4.3 of [7] shows that F(-) is
differentiable at X if and only if f(-) is differentiable at every eigenvalue of X. This result is also
implied in [25, Theorem 3.3] for the case that f = Vh for some differentiable function b : R — IR.
Lemma 4 of [6] and Proposition 4.4 of [7] show that F'(-) is continuously differentiable at X if and
only if f(-) is continuously differentiable at every eigenvalue of X. For the related directional
differentiability of F', one may refer to [41] for a nice derivation.

Proposition 2.6 Let X € 8™ be given and have the eigenvalue decomposition (12). Then,
the symmetric matriz function F(-) is (continuously) differentiable at X if and only for each
ie{l,...,n}, f(-) is (continuously) differentiable at X\;(X). In this case, the Fréchet derivative
of F(-) at X is given by

F(X)H=P [ FUA(X)) o (PTHP)} P’ vHeS". (23)

10



The following second order differentiability of the symmetric matrix function F' can be de-
rived as in [1, Exercise V.3.9].

Proposition 2.7 Let X € 8" have the eigenvalue decomposition (12). If the scalar function
f() is twice continuously differentiable at each A\i(X), i = 1,...,n, then the symmetric matrix
function F(-) is twice continuously differentiable at X .

2.2 The nonsymmetric matrix functions

From now on, without loss of generality, we assume that m < n. Let X € IR™*" be given. We
use 01(X) > 02(X) > ... > 0n(X) to denote the singular values of X (counting multiplicity)
being arranged in non-increasing order. Let o(X) := (01(X),02(X),...,0m(X))T € R™ and
Y(X) := diag(c(X)). Let X € IR™*™ admit the following singular value decomposition (SVD):

X=TU[R(X) 0]V =T[E(X) 0][Vi Vs =TS(X)V], (24)

where U € O™ and V = Wl Vg} € O" with V1 € R™™ and V5 € IR™ (=) The set of such
matrices (U, V) in the SVD (24) is denoted by O™"(X), i.e.,

O™(X):={(U,V) e R™™ x R™" | X = U [%(X) 0]VT}.
Define the three index sets a, b and ¢ by
a:={i|oy(X)>0,1<i<m}, b:={i|oy(X)=0,1<i<m}andc:={m+1,...,n}. (25)
Let iy > fiy > ... > i, be the nonzero distinct singular values of X. Define
arp ={iloi(X) =70, 1<i<m}, k=1,...,r. (26)

For each i € {1,...,m}, we also define /;(X) to be the number of singular values that are equal
to 0;(X) but are ranked before i (including i) and s;(X) to be the number of singular values
that are equal to o;(X) but are ranked after i (excluding i), respectively, i.e., we define {;(X)
and s;(X) such that

O’1(X) > ... O'ifli(X)(X) > O'ifli(X)+1(X) =...= Ul(X) =...= O'i+si(X)(X)
> 0, (x)41(X) > > on(X). (27)
In later discussions, when the dependence of [; and s;, ¢ = 1,...,m, on X can be seen clearly

from the context, we often drop X from these notations.
The inequality in the following lemma is known as von Neumann’s trace inequality [31].

Lemma 2.3 LetY and Z be two matrices in IR™*". Then

(Y, 2) < oY) o(Z). (28)

We first consider a useful property about the SVD.

11



Proposition 2.8 Let ¥ := 3(X). Then, the two orthogonal matrices P € O™ and W € O"

satisfy
PX 0]=[2 O|W (29)

if and only if there exist Q € Ol9, @ € Ol and Q" € O™ l9l such that

_|@ 0 _| @ 0
P[O Q'} and W[O Q”]’

where @ = diag(Q1,Q2,...,Q) is a block diagonal orthogonal matriz with the k-th diagonal
block given by Qi € Ol k=1, r.

Proof. See the Appendix. O

Let B(-) : R™*"™ — S§™*" he the linear operator defined by

B(Z) = [ p ﬂ . ZeR™™, (30)

It is well-known [20, Theorem 7.3.7] that

S(X) 0 0
BX)=P| o o o |P, (31)
0 0 —%(X)

where the orthogonal matrix P € O™*" is given by

p_ LU 0 U
V2l Vi V2V, =V |

For notational convenience, we define two more linear operators S : IRP*P — SP and T' : RP*P —

IRP*P by
S(Z) = %(Z +7Z7) and T(Z):= %(Z ~ 7Ty VZ eRP*P. (32)

Then, by using (31), one can derive the following proposition directly from (21). For more
details, see [26, Section 5.1] .

Proposition 2.9 For any R™*"™ 5 H — 0, we have
oi(X + H) — 0(X) = ol( X H) = O(JH|?), i=1,....m, (33)

where

N, (S(UkaVak)) if icap, k=1,...,r,

(X H) = o ([0 8V, TLHV]) it e,

where for each i € {1,...,m}, l; is defined in (27).
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Proposition 2.10 For any R™*"™ 5 H — 0, let Y := [E(X) 0] + H. Suppose that U € O™
and V. = [V} Vo] € O™ with Vi € R™™ and Vs € R™(=m) satisfy

(2(X) 0]+ H=U[EY) 0V =U[Z(Y) 0][Vi V3]".
Then, there exist Q € 019, Q' € Ol and Q" € O™ lal such that

_|@ 0 _ | @ 0
v=| 4§ o oy wa v=| 2 5,

where @ = diag(Q1,Q2,...,Qy) is a block diagonal orthogonal matrixz with the k-th diagonal
block given by Qi € Ol k=1,... r. Furthermore, we have

] o). (35)

SV awar = Z(X)ara, = Qi S(Hara)Qu + O(IH|?), k=1,....7 (36)

and
(B )0 — 2(X)w 0] = QT [Hy Hacl Q"+ O(|H|?). (37)
Proof. See the Appendix. U

Let g : R+ — IR be a scalar function. The corresponding Léwner’s nonsymmetric matrix
function is defined by
m
G(X) :=Tlg((X) 0V = gloi(X)ui] (38)
i=1
where g(3(X)) := diag(g(o1(X)),...,g9(om(X))). For subsequent discussions, we need to extend
the values of g to IR as follows

t if t>0
ot) = { mon e (39)
—g(—t) if t<0.
It can be checked easily that ¢g(0) = 0 is the sufficient and necessary condition for the well
definedness of G. So we always assume that g(0) = 0.
Next, we consider the differentiability of G(-). Let F(-) : 8™t — S§™*" he Lowner’s
symmetric matrix function with respect to the scalar function g. Define ¥ : R™*" — S™*7 by

F(E(X)) 0 0 .
U(X):=F(BX) = P 0 0 0 P .
0 0 g(—%(X))
Then, we have
=T T
TT o o 9(2(X)) 0 0 vV
UX) = - | = - = 0 0 0 0 V2V
2L Vi V2Vs V][ 0 0 gz ] | gt T
_ ;'U<g<z<x>>+g<—z<x>>>UTT T(g(2(X)) =~ g(=B(X))V )
2 | Vi(g(S(X) — g(=SXONT" Vi(g(S(X)) + g(~=(X)V;




Thus, from (39), we have
=B(G(X)). (40)
Therefore, if F(-) is (continuously) differentiable at B(X), G(-) is also (continuously) differen-
tiable at X with

V' (X)H = F'(B(X))B(H) = B(G'(X)H) VHeR™". (41)

Let fi,,q := 0. Then, for each k € {1,...,r}, there exists d; > 0 such that |@; — 7| >
Vi=1,...,r+ 1 and |l # k. For each k € {1,...,r}, define a continuous scalar function
pe(-) : R — R by

6 N S
—g(t—ﬂk—g) ift e (m+ %, m+ 3]
1 if t € [m, — %, 1+ %,
Pi(f) = 6 Ok 53 53 42)
&(t_ﬁk:_"?) iftefm,— 3 m— %),
0 otherwise.
Then, we know that pi(0) = 0 for £ = 1,...,r. Therefore, the corresponding Lowner’s non-
symmetric matrix function Py(-) with respect to pi(-) is well-defined, i.e., for any Y € IR"™*",
Pu(Y) = U [pr(Z(Y)) 0]V, (43)

where pg(3(Y)) = diag(px(o1(Y)),...,pk(om(Y))) and U € O™ and V € O™ are such that
Y =U[3(Y) 0]VT. By (42) and (43), we know that there exists an open neighborhood A of
X such that for each k € {1,...,7},

Pe(Y) =) un] VY €N. (44)
i€ay

In order to study the metric projections over K and K*, we need to consider the differential
properties of Pr(-), k = 1,...,r. Since each pi(:) is continuously differentiable near 0 and
+0;(X),i=1,...,m, we know from Proposition 2.6 that P(-) is also continuously differentiable
in NV (shrinking N if necessary). Let Y € A/ have the following SVD:

Y =U[ZY) vt

with (U, V) € O™"™(Y). By further shrinking N if necessary, we may assume that for any
k,le{l,...,r},

UZ(Y> > 0, Ui(Y)#O'j(Y) Vi€ ag, jEq andk;«él,
Define Ty (Y) and Z(Y) € R™™ and Y1 (Y) € R™* ™)k =1,... r by

1
——— ifi€ay, jeEq, k£ I=1,...,r+1,
T T B (45)
Te(Y))ij = — if i € ap, j = 45
[,]E(Lk,k‘?él,l—l,...,r—Fl,
oi(Y) —o;(Y)
0 otherwise,
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1

T ] ] k#£L 1l=1,... 1
O'z(Y)“l‘U](Y) 1Ieeag, JEa, # 3 5 , T+ 1,
_ _ifica,jcap kAL I=1,...,r+1,
(Ek(Y))ij =4 oY) J2r o;(Y) (46)
i
oY) to,(¥) e
0 otherwise
and
if 1 € ag, )
(Tr(¥))ij =4 oi(Y) g j=1,...,n—m. (47)
0 otherwise,
Then, we obtain from (23) and (41) that for each k € {1,...,r} and any H € IR"™*",
Pu(Y)H = U[Tx(Y) 0 S(A) + Z(Y) o T(A)V]" + U(Tx(Y) 0 B)Vy' (48)

where A := UTHV;, € R™*™ B := UTHV, € R™*0=m) V = [V1 V3] and the two linear
operators S(-) and T'(-) are defined by (32). Furthermore, for each k € {1,...,r}, from the
definition of pg(-), we know that pg(-) is actually twice continuously differentiable near each
Ai(B(X)),i=1,...,m+n. Then, by Proposition 2.7, we know that the corresponding Léwner’s
symmetric matrix function Fjy(-) with respect to py is twice continuously differentiable near
B(X). On the other hand, for each k =1,...,r, from (40), we know that

0 Pr(2)

Pzt o | = FBE), Zerm. (49)

Then, we have the following proposition.

Proposition 2.11 Let Py(:), k =1,...,r be defined by (43). Then, there exists an open neigh-
borhood N of X such that for each k € {1,...,r}, Px(-) is twice continuously differentiable in
N.

Remark 1 By using the analytic result established in [51] for symmetric functions, one may
show that for each k € {1,...,r}, Fi(:) is analytic at B(X). Then from (49), one may derive
the conclusion that for each k € {1,...,r}, Pr(-) is analytic at X. Since in this paper we only
need the twice continuous differentiability of Pr(-), k= 1,...,r near X, we will not pursue this
analytic property here.

3 Projections over the epigraphs of the [, and /; norms

Since the [, and [y norms are entry-wise matrix norms, the epigraphs of the I, and [y matrix
norms in IR™*™ can be treated as the epigraphs of the I, and I; vector norms in IR™", respec-
tively, if we treat a matrix X € IR™*™ as a vector in IR™". So we only need to study the metric
projection operators over the epigraphs of the I, and l; vector norms in IR™". Without causing
any confusion, we will use IR”, rather than IR™", in our subsequent analysis.
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In this section we will mainly focus on the metric projector over the epigraph of the [, norm.
The related results of the metric projector over the epigraph of the Iy norm can be obtained
by using (11) accordingly as the epigraph of the I, norm and the epigraph of the /; norm are
dual to each other under the natural inner product of IR x IR™. The results obtained in this
section are not only of their own interest, but also are crucial for the study of projections over
the epigraphs of the spectral and nuclear matrix norms in the next section.

For any z € IR™, let z! be the vector of components of 2 being arranged in the non-increasing
order x{ > ... > z}. Let sgn(z) be the sign vector of z, i.e., (sgn)i(z) = 1 if z; > 0 and —1
otherwise.

Lemma 3.1 (Hardy, Littlewood, Pélya [18, Theorems 368 & 369]) For xz,y € R",

(x,y) < (a'yh),
where the inequality holds if and only if there exists a permutation 7 of {1,...,n} such that
zr = b and yr = yt.
For any positive constant € > 0, denote the closed polyhedral convex cone D%, by

Df = {(t,xr) e RxR"|e" 't > a;, i=1,...,n}. (50)

Let IIp: (-) be the metric projector over Dj, under natural inner product in IR x IR". That
is, for any (t,z) € IR x IR", Ilp: (t,2) is the unique optimal solution to the following convex
optimization problem

.1
min o ((r =0+ ly — )

(51)
st. e lr>y,i=1,...,n.

Then we have the following useful result for IIp: (-, -).

Proposition 3.1 Assume that € > 0 and (t,z) € IR x IR"™ are given. Let m be a permutation

of {1,...,n} such that ' = z,, i.c., xf = Tr6), = 1,...,n and n~! the inverse of w. For
convenience, write a:(l) = +o0 and fo_l = —o00. Let i be the smallest integer k € {0,1,...,n}
such that i
xi+1§<2x}+st>/(k+€2)<xi. (52)
j=1

Define y € IR™ and T € IR, respectively, by

i=1,...,n

K
i (Zx}ﬂt)/(mre?) if1<i<r,
Yi == =1

i

x; otherwise,

and
= ._ ( ! s 2
Ti=¢ Zaﬁj—i—at)/(n—&—a ).
j=1
Then Ipe (t,x) = (T, §Jr—1).
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Proof. The proof can be obtained in a similar but simpler way to that of Part (i) in Proposition
3.2. We omit it here. O

For any positive constant € > 0, denote the closed polyhedral convex cone C; by
Cc:={(t,z) e RxIR"|e 7't > ||z|lo} - (53)

Let Il¢: (-, ) be the metric projector over C;, under the natural inner product in IR x IR". That
is, for any (¢,z) € IR x R", Il¢: (¢, x) is the unique optimal solution to the following convex

optimization problem
o1 2 2
min 5((7’—t) + |ly — =||) (54)
st e 17> ||1ylloo -

In the following discussions, we frequently drop n from C; when its size can be found from the
context. Also, we will simply use C to represent C!.
For any vector z € IR”, we use |z| to denote the vector in IR"™ whose i-th component is |z;],

i =1,...,n. Assume that ¢ > 0 and (t,z) € R x IR" are given. Let m be a permutation of
{1,...,n} such that |z|! = |z|., i.e., |3U|Zl = |@|z@4),i=1,...,n and 7! the inverse of . Denote
\x|(l) = 400 and |:15|va+1 = —o00. Let sp = 0 and s; = Zle ]:L“|Zl7 k =1,...,n. Let k be the
smallest integer k € {0,1,...,n} such that

|zlpy < (s +et)/(k+€2) < | . (55)
Denote

0°(t, x) == (s +et)/(k+¢€?). (56)

Note that if k < n, then 6°(t,x) is a nonnegative number by the definition of & in (55). But, if
k = n, then 6°(t,z) can be a negative number. Define three index sets «, 5 and v in {1,...,n}
by

a:={i||x;| > 0°(t,x)}, B :={i||x;| =0°(t,x)} and ~:={i||x;| <O°(t,2)}. (57)
Define € IR™ and ¢ € IR, respectively by

_ sgn(z;) max{6(t,x),0} if i€ a,
T = .
T; otherwise,

and
t :=emax{0°(t,x),0} .

Then it is easy to see that (f,z) € C°.
Proposition 3.2 Assume that € > 0 and (t,z) € R x IR" are given.

(i) The metric projection e (t,x) of (t,x) onto C° can be computed as follows

e (t,2) = (£, 7). (58)
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(i) The continuous mapping e (-, -) is piecewise linear and for any (n,h) € R x R™
HCE<t+777x+h) - Hca(t,l’) - HE’E(TL h) ) (59>

where C* = Te-(£,2) N ((t,2) — (£, %)) is the critical cone of C° at (t,x) and Te-(f,Z) is
the tangent cone of C° at (t,Z). Denote § := \/e2 +k and h' := sgn(z) o h. Let

5N en+ Y _h) if t > —e Yy,
n = 1€
0 otherwise .
The directional derivative of le=(+,-) at (t,z) along the direction (n,h) € R x R"™ is given
by
Ie- (£, ); (0, b)) = Tz (n, h) = (7, h) (60)
where (77, h) € R x IR™ satisfies

hi =sgn(z;)e ', i€a and h;j=h; i€xy (61)

and o )
Ups (0, hig) if &> —e7 |z,

((55*177, (sgn(zx) o 71)5) = { 18l (62)

/ / :
HC\&B\ (n',hjz) otherwise.

Here for the case that 3 = 0, we use the convention that D\&ﬂ\ =R and C Ry.

5.

18] -

(11i) The mapping le<(-,-) is differentiable at (t,z) if and only if t > e||z||co, o7 €||Z]|oc >t >
—eMaly and |z]f, | < (sk+et)/(E+e?), ort < —e |zl

Proof. (i) It is easy to see that problem (54) can be written equivalently as

.1
min 2 ((r =t + |y —lal )

( (63
st. e 7 > |lylloo

in the sense that (t*,y*) € IR x IR™ solves problem (63) (note that y* > 0 in this case) if and only
if (t*,sgn(x) o y*) solves problem (54). By using Lemma 3.1, we can equivalently reformulate
problem (63) as
.1 2 L2
min 5 (r =0+l ol -
st. e 2> ||Ylloo

in the sense that (¢*,y*) € IR x IR" solves problem (64) if and only if (*,y*_,) solves problem
(63).
The Karush-Kuhn-Tucker (KKT) conditions for (64) take the form of
O=7—t—ectp,
0€y— |z + pol|yllo , (65)
0< (77 = [lylloe) L 1 >0,
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where p € IR is the corresponding Lagrange multiplier.

We first introduce some notations for the case that (t,z) satisfies €||z||oc >t > —& 1||z|1.

Since t < ¢||z||oo = 5|xH, the integer k > 1 and for k = 1, it holds that

k
(Z ]} +8t> (k+£2) < |a|t.

Moreover, if for kK = 1 we have

el < (Z |} —l—et) J(k+¢%),

then k = 1. Otherwise, for k = 1 we have

k
b, > (Z o]} +5t>/(k+52),

J=1

or equivalently,
k+1

(D lal} +et) /((k+1) + &%) < Jalty, -
=1

By repeating the above process for k > 2, we can either find a k € {1,...

(55) or we have
n
(Z el + at)/(n ey < |zfb
j=1
In either case, we obtain

E
(Z ]} + et)/(zz; +e?) < Jaft,
j=1

which, together with the definition that ]a;\% > ... > ||}, implies

(Zk:kc\]i-—i-st) (l{:—ka)]a:|l (k—i—g)(zk:]gﬁ)/k
=1 =

Thus, we obtain that
Iz
kt <e Z ]x\]i .
j=1

Define y € IR™ and 7 € IR, respectively, by

[ () if1<i<k,
i |:1:|ll otherwise ,
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and
T:=eb(t, ).

Let

By noting that

we have

J=1
Kk
= (fsz:m\l ) (k+e?)=F.
7=1
Then we have B
k
>0 and Z (Jzlf — ;) = (66)

=1
Define (t*,y*, u*) € R x R™ x IR by
"y 1) =9 (55,8  if elzfle >t > —e 2],
(0,0, —ct) if t < —e7Yz|1.

Then, by using the facts that |z|! > 7 > 0 and (66) holds when &||z||oo >t > —e7||2||1, we can
readily check that (t*,y*, p*) € IR x R™ x IR satisfies the KKT conditions (65). Consequently,
(t*,9*) is the unique optimal solution to problem (64). Note that a = {7~ '(i)|i = 1,...,k}.
Thus, we obtain that (t*,sgn(x) oy’ ;) = (£,Z) .

(ii) By noting that C* = {(t,7) € R x R" |e 7!t > ||z||o} = {(t,2) € R x R™ |t > ez, t >
—ex;, @ = 1,...,n} is a polyhedral set, we immediately know that Il¢<(-) is a piecewise linear
function. For a short proof, see [39, Chapter 2] or [43, Chapter 5].

Since C¢ is a polyhedral set, from the results in [17, 32] we know that

Héﬁ((t z); (n, b)) = HEE (n,h).
Let f(z) := [|2]|c0, z € IR™. Then, by using Theorem 2.4.9 in [10], we know that
Te=(ef(2),2) ={(C,d) e R x R" | ¢ > ef'(2;d)} (67)

For any z € IR", let
I(z) = A{il|zi] = ||2|lcc, i=1,...,n}.
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Then, for any d € IR",

Pl = { st 1<) 102 20 o

We next consider the following five cases: R
Case 1: t > ¢|x||oo. In this case, (,Z) = (t,2) and C¢ = Te=(t,7) = IR x R™. Thus,

Ie-((t, 2); (n, h)) = g (n, h) = (1, h).
On the other hand, in this case, we know that k = 0 and
a=0, =0 and y={1,...,n}.

Therefore, § = ¢ and 1’ = 1. Since ’Dl‘sﬁ‘ =R if 3 = 0, we know that (7, h) = (1, h). This means
that (60) holds. R

Case 2: t = ¢l|x||oo. In this case, (¢,Z) = (t,z) and C* = Te=(t,Z). From (67) and (68) we
have

5 - ,d) € R x R™|e71¢ > sgn(x;)d;, i€ I(x if £ #£0,
CEZTCE(t,m):{égc ) |=71¢ > sen(ay) @} itar0

In this case, k = 0 and 6°(¢,7) = ||7||o. We know that

a=0, p=Ix) and ~y={1,...,n}\I(z).

Therefore, since 6 = £ and 1’ = 7, it can be checked easily that (7, h) satisfies the conditions
(61) and (62).

Case 3: ¢||7||oc >t > —c Y|z||1. In this case, (£,7) = (7,sgn(z) o y,-1) # (0,0) and
sgn(z) = sgn(x). Then, from (55) and (58), we know that

and

C.d
¢d) € R xR | S0, (7 — al))(e7'C) + Xiepo (|l — |Zi])sen(ai)d; = 0}
¢, d) € R x R"™| 3 jcpo(|wi] — |7i])(—e "¢ + sgn(wi)di) = 0},

which, together with (67), (68), and the facts that t = £||Z||o and |z;| > |Z;| for each i € I°,
implies that

Ce={(¢,d) e R x R™|e~'¢ = sgn(x;)d; Vi € I° and e ¢ > sgn(x)d; Vi € I(z)\I'}.

In this case, we know that 8 = I(x)\I°. Then, after simple transformations, Iz (n, h) can be

computed as in Proposition 3.1, from which we know that (7, h) satisfies (61) and (62).
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Case 4: t = —eY||z||; and (t,2) # (0,0). In this case, (£,Z) = 0 and C° = Te=(£,2) N
(t,x)+ =Cn(t,x)*. Let supp(z) := {i|x; #0, i =1,...,n}. Then, since

(t2)" ={((,d) e R X R" [ ([l = (w,d) },
we have
CE=Cn(tx) ={(¢,d) € Rx R"|sgn(z;)d; = e ¢ > ||d||oe, i € supp(z) }.
In this case, we know that k& = |supp(x)| and 6°(¢,z) = 0. Therefore,
a=supp(z), B={1,...,n}\supp(x) and ~=0.

Since for ((,d) € Cz, we have d; = e1( for any i € a, after simple transformations, we know

that Tl (n, h) can be easily computed as in Part (i) of this proposition and (77, k) also satisfies
(61) and (62). R
Case 5: t < —¢~!||z||;. In this case, (£,Z) = 0 and C¢ = T¢=(f,Z) N (¢, z)* = {(0,0)}. Hence,
Ie= (¢, %); (n, h)) = (0,0).
In this case, we know that

a={1,...,n}, =0 and y=0.

Also, since ' = 0 and Cl‘sﬁ‘ = IR, , we know that 7 = 0 and h = 0, which means that (60) holds.

(iii) This part follows from the proof of Part (ii) and the fact that Il¢ce(:,-) is Lipschitz
continuous. O

4 Projections over the epigraphs of the spectral and nuclear
norms

For any given positive number € > 0, define the matrix cone K7, ,, by
Kom ={(t,X) € R x R™" et > || X||2}. (69)

For the case that € = 1, we will simply use Ky, 5, to represent lC,lnvn. That is, Ky, 5, is the epigraph
of the spectral norm || - [|2 on IR™*™. In the following proposition, we will show that the dual
cone of Ky, , is the epigraph of the nuclear norm || - ||, and /Ky, 5, is a proper hyperbolic cone.
Therefore, we will mainly focus on the metric projector over Ky, ,,. The related properties of the
metric projector over the epigraph of the nuclear norm can be readily derived by using (11).

Proposition 4.1 The dual cone of the K, , s
Kon =1{(tX) e RxR™" [t > [ X]|. }.

Moreover, Ky, n is a proper hyperbolic cone.
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Proof. Let
C:={t,X)e RxR™"|t>|X].}.

Let (1,Y) € IR x R™*" be an arbitrary point in C. Then for any (t,X) € Ky, ,, from von
Neumann’s trace inequality (28)

(X, =Y) < (o(X),0(=Y))
and the fact that o(Y) = o(—Y) we obtain that
((t, X), (1, Y)) = tm + (X, Y) > &1 — {0(X),0(Y)) = t7 — [ X[]2[[Y] = 0.

This shows that (7,Y) € K}, ,,. Consequently, C C K7, ..

Next, we show that K7, , C C. Suppose on the contrary that this is not true. Then there
exists (£, X) € IR x R™" such that (¢,X) € K}, but £ < [|X].. Assume that X has the
singular value decomposition

X=UF oV,
where (U,V) € O™"(X) and ¥ is a diagonal matrix whose diagonal entries are the singular
values @; > ... > G,, of X. Let

Then, since (£, X) € Ky,

This contradiction implies K7, ,, C C.
To complete the proof we next show that X, ,, is a proper hyperbolic cone. This can be
done by using the polynomial function

pol(t, X) := det(diag(t, tI + B(X))), (t,X) € R x R™",

where B : IR™*" — §™*" ig defined by (30) and for any (¢, X) € IR x IR™*" the block diagonal
matrix diag(t,t] + B(X)) € S+ is defined by

diag(t,tI + B(X)) := [ (t) tI+25’(X) ] .

Let \i(t,X),i=1,...,m+n+ 1 be the real roots of pol(A(1,0) — (t,X)) = 0, where (1,0) €
IR x R™*™. Then K,,, can be written as

Kpn = {(t, X) € R x R™" | \(t, X) >0, i=1,...,m+n+1}.

That is, ICp, p, is a hyperbolic cone of pol(-) with the direction (1,0). This completes the proof
by the fact that pol(1,0) =1 > 0. O
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For any positive constant ¢ > 0, define the matrix cone M:, in IR x 8™ as the epigraph of
the convex function e\;(+), i.e.,

M ={t,X) e RxS"|e 't > \(X)}. (70)

Let I (-, ) be the metric projector over My, under the natural inner product in IR x S™.
That is, for any (¢, X) € IR x 8", Iy (8, X) is the unique optimal solution to the following

optimization problem
1 2 2
min 3 ((r =17 + Y = X|[?) -
st. e lr>N(Y).

Proposition 4.2 Assume that (t, X) € RxS™ is given and X has the eigenvalue decomposition
(12). Let D%, be the closed convex cone defined in (50). Let (t,7) € R x IR™ be given by
(t,y) = Hpg (¢, M(X)) ,
where Ip: (t, \(X)) can be computed explicitly as in Proposition 3.1. Then,
Iags (t, X) = (£, Pdiag(s)P" ). (72)

Proof. By the definition of Iy (+,-), we know that (¢, X) := ILy (¢, X) is the unique optimal
solution to the optimization problem (71). From Fan’s inequality (15), we know that

IAY) =AM P <Y - X[ VY es”.

Then, from the uniqueness of (£, X), we know that X = Fdiag()\(Y))FT as the Frobenius norm
| - | is unitarily invariant. Therefore, since (£,7) € IR x IR™ is an optimal solution to

min ~((r — 1) + [ly — AC)[?)

2
st. e lr>y, i=1,...,n
and 7; > ... > 7, we conclude that (¢, Fdiag(y)ﬁT) solves (71). Thus, (72) holds. O

Let Iz  (-,-) be the metric projector over Kj, , under the natural inner product in IR x

IR™*". That is, for any (¢, X) € IR x R™*", IIx: (t,X) is the unique optimal solution to the
following optimization problem

1 2 2
min (7~ +[[Y - X[}) -
st. e lr> Y]z

Theorem 4.1 Assume that (t,X) € IR x R"™*" is given and X has the singular value decom-
position (24). Let Cg, be the closed convex cone defined in (53). Let (t,5) € R x R™ be given

by
(t,y) = He;, (t,0(X)),
where Ie: (t,0(X)) can be computed explicitly as in Part (i) of Proposition 3.2. Then, we have

). (74)

M., (t, X) = (I, U [diag(y) 0]V
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Proof. By the definition of Ix: (-,-), we know that (f,X) := Ix: (¢, X) is the unique
optimization to the optimization problem (73). From von Neumann’s trace inequality (28), we
know that

lo(Y)—o(X) <Y =X |3 VY eR™".

Then, from the uniqueness of (£, X), we know that X = U[diag(c(X)) O]VT as the Frobenius
norm || - || is unitarily invariant. Therefore, since (¢,7) € R4 x IR™ is an optimal solution to

. 1
min 5((T—t)2+||y—0'(X)H2)
st e 17> |ylloo

and §1 > ... > ym > 0, we conclude that (£, U[diag(¥) O]VT) solves (73). Thus, (74) holds. O

Next, we will consider the (directional) differentiability of the metric projector over Ky, , 1.€.,
x,, . (-, ). In the following discussions, we will drop m and n from IC,, , when its dependence
on m and n can be seen clearly from the context.

Let (t,X) € IR x R™*" be given and X have the singular value decomposition (24), i.e.,

X=U[xX) 0V,

where U € O™ and V € O™. As in Section 2.2, we use fi; > fis > ... > fi, to denote all the
nonzero distinct singular values of X and denote fi,+1 = 0. For the sake of convenience, we also
let 0¢(X) = 400 and 0., +1(X) = —o0. Let so = 0 and s = Zle oi(X), k=1,...,m. Let k
be the smallest integer k£ € {0,1,...,m} such that

o1 (X) < (s +8)/(k +1) < op(X). (75)

Denote 0(t,0(X)) € IR by B
O(t,o(X)) = (s +1t)/(k+1). (76)

Let a, 8 and 7 be the three index sets in {1,...,m} defined by

a:={iloy(X)>0(t,o(X))}, B:={i]|oi(X)=0(t,o(X))} and v :={i|0;(X) < G(t,a(X)z} )
7
Let 6 := /14 k. Let S(-) and T(-) be defined by (32). Define p : R x R™*" — IR as follows

-1 —=T = .
ply, ) = § O TSWaHV)) 1012 X )y e moxcmmen . (7s)
0 otherwise,

Let (1,Y) € R x R™*" be given. Suppose that U € O™ and V € O" are such that
Y =U[E(Y) 0V,
For each k € {1,...,r}, let Px(Y') be defined by (43). Define go(7,0(Y)) € R and g(7,0(Y)) €

R™ by
(90(7—7 U(Y))7 9(7—7 U(Y))) = HCm (Ta U(Y)) . (79)
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Let
G(r,Y) := Uldiag(g(r,o(Y))) 0]VT. (80)

Then, from Theorem 4.1, we have
(90(T7U(Y))7G(Tv Y)) = HIC(Tv Y) . (81)

Note that from Proposition 3.2, we know for each k € {1,...,r}, gi(t,0(X)) = g¢;(t,0(X))
Vi,j € ag. Therefore, we may define

Uk = gi(t,0(X)) for an arbitrary i € ar, k=1,...,7.

Moreover, define

<

N

Gs(Y) =
k=1

tPr(Y) and Gg(1,Y):=G(1,Y)—-Gs(Y). (82)

Define Q; € R™ ™, Qy € R™*™ and Q3 € R~ (depending on X) as follows

gi(t,0(X)) — gj(t, 0 (X))

if 0;(X) # 0;(X),

(Ql)ij — O'Z(X) - O'j(X) i,j € {17 tee ’m}v (83)
0 otherwise,
Gl o (X)) +g(t0(X)
(Q)ij = o:(X) + J(X) FoiX)+o(X) 20 et (s
0 otherwise,
and
gi(t,o(X)) .
(Q3)ij == ai(X) if os(X) #0, ie{l,...,m}, je{l,...,n—m}. (85)
0 if Jz<X) =0,

Hence, from Part (i) of Proposition 3.2, we know that the matrices Q, Q2 and Q3 have the
following forms

0 0 (Ql)a
Ql _ 0 0 E,ny’y , QQ _ Egzgza (Qé)ab :| and Qg — { (Ql’(v))ac/ ] ’ (86)
(Ql)w Evﬁ (Ql)w ‘

where Eg, € R/ and E5€ RI*I8I are two matrices whose entries are all ones and a, b, ¢
are defined in (25) and ¢ :={1,...,n —m}.

Theorem 4.2 Assume that (t,X) € IR x R™*" is given. Let X have the singular value de-
composition (24). Then, the metric projector over the matriz cone IC, Ik (-,-) is directionally

differentiable at (t, X) along any direction. For any (n, H) € IR x R™*", let A := UTHE and

B:=TU HV>. Then, for given (n, H) € R xIR™*", the directional derivative - ((t, X); (n, H))
can be computed as follows:
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(1) if t > || X2, then I ((¢, X); (n, H)) = (n, H);
(ii) if | X2 >t > —|| X ||, then Wi((t, X); (n, H)) = (7, H) with

n = 5_1%5("7, H) ) (87)
L - [ 5_1¢3(ﬁ, H)I|a\ 0 (Ql)av © S(A) ay ] _r
H = U 0 o (n, H) S(A)s, Vi
(21)ya 0 S(A)ya  S(A)yp S(A)yy
7 (QZ)aa o T(A)aa (Q2 ab o T ab QS)ac’ o Bac 1
U |: (QQ)ba © T(A)ba + |: Bbc :| V2 ’ (88)

where <¢8(n,H),\I/5(n,H)> € R x S is given by
7T J—
(¥n H). W0 (0. H)) =Ty (o1, H), STHV ) (89)
In particular, if t = || X||2 > 0, we have that k =0, =1, a =0, p(n, H) =n and
V(n, H) +T(A)ps Ap,

T=vy(n,H), H = U[
vB ¥y

}vf LTBV!

(iii) if t = —[| X L, then TWe((t, X): (n, H)) = (7, H) with

7= 0 Wn H), (90)
I _ 7T 5_11/)5(777H)I|a 0 k92 i34 0 =T
= U[ To qf%(n,H)]Vl*U{wg(n,H)]V?’ O1)

where Y (n, H) € R, ¥i(n, H) € RIPXIBL gnd WY (n, H) € RIFXm=m) gre given by

(whn, 1), [in, 1) w301, 1)) ) = Ty

181, (n—lal) (p(n,H), [U?;Hvﬁ UEHV2} ) ;(92)
(iv) if t <~ X]|s, then Tic((¢, X): (n, H)) = (0,0).

Moreover, Tk(-,-) is calmly B-differentiable at (t,X), i.e., for any (n,H) € R x R™*™ with
(n,H) — (0,0), we have

i (t +n, X + H) = ic(t, X) — Wi ((t, X); (n, H)) = O(||(n, H)|*). (93)
Proof. By Theorem 4.1, we only need to consider the case that ||X|]s > t > —|X||«. For
any (7,Y) € R x R™" (go(1,0(Y)),g(1,0(Y))) is defined by (79), G(7,Y") is defined by (80)
and Gg(Y) and GRr(7,Y) are defined by (82). Let (n,H) € IR x R™*" be given. We write
(1,Y) :=(t+n,X+ H) e R xIR™". Suppose that U € O™ and V € O™ are such that

Y =U[Z(Y) o vT. (94)
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Since Gg(X) = G(t, X), we have
G(r,Y) -Gt X)=Gs(Y) - Gs(X) + Ggr(1,Y).

By Proposition 2.11, we know that there exists an open neighborhood N of X such that for
each k € {1,...,r}, Px(-) is twice continuously differentiable in A/. Then, for (n, H) sufficiently
close to (0,0), we know from (48) that

Gs(Y) = Gs(X) =Y w(Pe(Y) = Pe(X)) = Y Pi(X)H + O(| H|?)
k=1 k=1

= U D m(Tu(X) 0 S(A) + Ex(X) o T(A) | V1 +T | D wa(Tr(X) 0 B) | V5 + O(|H|?)
k=1 k=1
= T 0S(A)V: +T[Q 0 T(A)]V: +T(Q0 B)Va + O(|H|J), (95)

where A = U HV; € R™™, B = U HVy € R™ ™™ and Q1,0 € R™™ and Q3 €
IR™* (=) are given by (83), (84) and (85), respectively. On the other hand, by (42) and (43),
for H sufficiently close to 0, i.e., for Y sufficiently close to X, we have

Pk(Y):ZuiviT, E=1,...,r.

i€ay

Therefore, we obtain that for (7,Y) € IR x N (shrinking N if necessary),

Gr(r,Y) = 3 Y lgilr, 0 (1) — it o ()i + 3 gilr, 0V )uio! = 37 Apt Arpa, (96)

k=11€ay i€b k=1
where
JAVIRES Z[gi(T, oY) —=mpluivl, k=1,...,r and A,y := Zgi(T, o(Y))uvl .
1€ay i€b

Firstly, consider the case that X = [X(X) 0] and U = I,, V = I,,. Then, from (33) and
(34), for (n, H) sufficiently close to (0,0), we know that

0i(Y) = 0i(X) +ol(X; H)+ O(|H||*), i=1,...,m (97)
and o
oom={ i) e o8
Since II¢, (-, -) is Lipschitz continuous on IR x IR™, we obtain from (59) that
e, (7,0(Y)) — e, (t,0(X))
= T, (t+n,0(X)+0o'(X; H) + O(|H|*)) — g, (t,0(X))
= e, (t+n,0(X) +0'(X; H)) — e, (t,0(X)) + O(|(n, H)||*)
= Tl (n,0'(X; H))+O(||(n, H)|I*), (99)
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where C,, is the critical cone of Cy, at (t,0(X)). Let h :=o'(X; H) € R™. Then, from (98), we
have
Ry, = A(S(Hapa,)) € RI%* k=1, r (100)

and
hy = U([be Hbc]) S IR‘b‘ . (101)

Since (go(t,0(X)),g(t,0(X))) =g, (t,0(X)), from (99), we obtain that

90(1,0(Y)) = go(t,0(X)) = 171+ O(||(n, H)|1*) (102)
and ~
gi(r,0(Y)) = gi(t,0(X)) = hi + O(|(n, H)|*), i=1,....m, (103)
where R
(M, h) =15 (n,h). (104)
Hence, since for each i € {1,...,m}, u;v! is uniformly bounded, we obtain that
A= hiww! +O(l(, H)IP), k=1,....r
i€ag
and

Ay = ZEUW? +O(||(n, H)|)?).
ich

Furthermore, by (35), we know that for each k € {1,...,7}, there exists Q; € Ol%! such that

O([|H1]) O(llH1))
Uy, = | Qe +O([H|) | and Vo = | Qi+ O([|H]))
O(llH11) O([IH1])

Note that A(-) and o(-) are both Lipchitz continuous. Since II5 (-,-) is Lipschitz continuous on
R x IR™, from (104), we have

1@ 1) = 1T, (n,m)]| = O(l(n, ) (105)

Therefore, for each k € {1,...,r}, we have

O(|l(n, H)|1?) O(ll(n, H)|1?) O([l(n, H)[|?)
Ay = | O, H)IPP) Qudiag(ha,)QE +O(l(n, )P O(I(n, H)[[?) | +Ol(n. H)|*)
L O(ll(n, H)[?) O(l|(n, H)|I?) O(l[(n, H)|I?)
[0 0 0
= | 0 Qudiag(ha,)QT 0 | +O(l(n, H)|?). (106)
0 0 0
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On the other hand, from (36), we know that
S(Hapa,) = Qu(S(Y )agar — Irlia ) Q% + O(IH|?), k=1,...,r.
Therefore, we obtain from (97) and (100) that
S(Hapa,) = Qudiag(of(X; H) i € ax)Qy + O(|H|)
= Qudiag(ha,)Qf + O(H|?), k=1,...,r. (107)

Meanwhile, by (35), there exist W € Ol and Z = [Z, Z5] € O 1ol with Z; € R~ 1eDxI¥l and
Zy € R(M=lahx(n=m) quch that

Ol HI|) O(|H]])
b= and [V, V| = )
W+ O(|H||) Z+O(||H])
Therefore, from (105), we obtain that
A= oY +O(l(n. H)|?) (108)
T 0 Wdiag(hy) 27 g '

On the other hand, from (37), we know that
[Hyy Hycl = W(S(Y)w — irr1liy) 21 +O(|H?).
Therefore, since W and Z; are uniformly bounded, from (97) and (101), we have
[Hy Hy) = Wdiag(o}(X; H) : i € b)ZT + O(H|[2) = Wdiag(h) 2T + O(|H|?) . (109)

Hence, by (96), (106) and (108), we obtain that

Gr(r,Y)
[ Q.diag(ha,)QT 0 0 0 ]
0 Qadiag(ha,) Q5 -+ 0 0
= : : : : +O([[(n, H)|I*) -
0 0 o Qpdiag(ha,)QT
I 0 0 0 Wdiag(hy) Z{ |
(110)

Let

1€
0 otherwise,

{ 5N+ k) it > —[|X]x
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where § = \/1 + k. If t > —|| X ||, then by the definition of & we can conclude that for any i € «,
0i(X) > 0 because in this case 0(t,0(X)) > 0. Thus, by (100), we know that for t > —|| X |,

7' =61 (n+Tr(S(Haa))) = p(n, H) ,

~

where p(n, H) is defined by (78). By noting that (7, h) =1l (n,h) and o(X) > 0, we obtain
from Part (ii) of Proposition 3.2 that

hi=7 Vica, hi=h; Vicy (111)

and
HD5 (U/’hﬁ) if t > _HXH*a

~7 N 18]
(67, hg) = { HCfﬁ‘(n/’hﬁ) otherwise . 2

Next, we consider the following two cases:

Case 1: | X2 >t > —||X||«, ie., [[0(X)||ooc >t > —]|o(X)|l1. We first conclude from (76)
that for any i € a U, 0;(X) > 0 because 6(t,0(X)) > 0 in this case. We will separate this case
into two subcases.

Case 1.1: 3 # (). Then there exists an integer 7 € {0,1,...,7 — 1} such that

oz:Uak, B=ary1 and = U akUb.
k=1

k=142

From (112), we have
(07, hg) = Tpg (0, hg) -

By Proposition 4.2 and the fact that o' = p(n, H), we know
(07, Qpdiag(hs) Q) = Typs, (o1, H), Qadiag(hs)QF)

Note that HM(\Sﬁ\ (,-) is Lipschitz continuous on R x S!Pl. Then, from (107), we obtain that

(67, Qpdiag(hs) Q) = T, (p(n, H), 5(Hgp)) + O(||(, H)|I%).

8
|8
Therefore, by using the definitions of (87) and (89), we have

7=+ O0(|(r, H)|) (113)

and
Qpdiag(hs)QY = W0 (n, H) + O(||(r, H)|?).
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This, together with (110), (111), (107) and (109), implies

[l O 0 0 0 0 0
0 ©(n H) 0 0 0 0 0
0 0 S(Huryar,s) O 0 0 0
Gr(1,Y) = +O(|(r, H)|I?) .
0 0 0 0 S(Hga.) O 0
L0 0 0 0 0 Hy, Hyc |
(114)
Therefore, from (86), (95) and (114), we obtain that
G(r,Y)—-G(t,X)=Gs(Y) - Gs(X) + Ggr(1,Y)
|4 0 (Q1)ay 0 S(H)ay 0
()ya 0 S(H)ya S(H)qp S(H )y 0
(QQ)aa o T(H)aa (QQ)Qb o T(H)ab 0 0 (93)ac’ o Hye 2
o (e S ] Sk e o |y o, ). a15)

Case 1.2: 3 = (. Then there exists 7 € {1,...,r — 1} such that

r

a:Uak, B=0 and ~= U akUb.
k=1

k=741

Since D\éﬁl = IR, we know from (112) that 7 = 6~'5/. Also, since M(\SBI = IR, we have

7= 0""g(n, H) = 67" =7, (116)
Then, from (110), (111), (107) and (109), we obtain that
Kin 0 0 0 0 7
0 S(Heorar,,) O 0 0 0
Gr(1,Y) = +O0(ll(m. H)[%).
0 0 0 S(Hya) 0 0
L 0 0 0 Hy, Hpe |

This, together with (86) and (95), implies
G(r,Y)-G(t,X)=Gs(Y) - Gs(X)+ Gr(7,Y)

_ [ 7|4 (Q1)ay 0 S(H)ay 0 ] [ (22)aa 0 T(H)aa (Q2)ap o T(H)ap 0
(©21)ya 0 S(H)ya S(H )y 0 (Q22)pa © T'(H )pa T(H )p» 0
w o oo | ot mip). (117

32



Case 2: t = —|| X||4, i.e., t = —||o(X)||1. In this case, §(t,0(X)) = 0. Therefore, we have
a=a={i|o;(X)>0}, B=b={i|oy(X)=0} and ~v=0.

Then, from (112), we have R
(67/7\7 hﬁ) = HC‘%‘ (77,) hﬁ) .

From Theorem 4.1 and the fact that o' = p(n, H), we know that

(o7, Wdiag(hs)Z{ ) =TI (p(n, H), Wdiag(hg) ZT) .

K51, (n—lah
By noting that H,Cism _— (-,-) is Lipschitz continuous on IR x IRIZ*(=1al) " we obtain from (109)
that ’

(67, Wdiag(hg) Z{) = Tlics (p(n. H), [Hps Hpc]) + O(|[(r, H)|*) .

K
18] (n—lal)
Then, by using the definitions of (90) and (92), we obtain that

7=1+0(|(r. H)]*) (118)
and
Wiag(hp)Z1 = w501, H) Whin, 1)| + O(l|(r, H)|[?),
which, together with (110), (111), (107) and (109), implies
G 0 0

2
0  W(n H) U(n, H) +O(||(= H)|I?) -

Gr(7,Y) =

From (58) and the fact that 6(t,o(X)) = 0, we have
gi(t,o(X))=0(t,0(X))=0, i=1,...,m.
Thus, by using (95) and the fact that in this case, ; = 0, Q2 = 0 and Q3 = 0 we obtain that

G(r,Y) — G(t, X) = Gs(Y) — Gs(X) + Gr(r,Y)

B mo‘a| \Iﬂ{(s,H) 8 } + { 8 qjg(s’H) ] +O(/[(n, H)II?) - (119)

Next, consider the general case for X € IR™*". Re-write (94) as
2(X) 0+ U HV =T U[S(X +H) 0|VIV.
~ T

Let U:=TU U,V :=V'Vand H:=U HV = [UTHvl UTHVQ] —[A B]. Let

X:=[2(X) 0 and Y:=[S(X) 0]+H=U[S(X+H) 0]VT.

Then, we have
G(r,Y)-G(t,X)=T [G(T, Y) - Gt X’)} v
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Since 2(X) = £(X) and X = [S(X) 0], we know from (102), (113), (116), (115) and (117) that
if | X|l2 >t > —||X||«, then for any (n, H) € IR x R™*" with (n, H) — 0,

90(7,0(Y)) = go(t, (X)) = 71+ O(||(n, H)||*)
and

G(r,Y)—-G(t, X)

_ G0N 0 ()ar 0 S(A)ay |,
= v 0 WO (n, H) S(A)s, Vi
(Ql)'ya © S(A)'ya S(A),yﬁ S(A)’Y’Y
rad (Q2)aa o T(A)aa (QZ)ab o T(A)ab -1 T (93)ac’ o Bac’ -1
L o T T ] i+l [ B ] Vs + 0l D).

where (43(n, H), Wo(n, H)) € R x Sl is given by (89). Similarly, we know from (102), (118)
and (119) that if ¢ = —|| X ||, then for any (n, H) € IR x R"*" with (n, H) — 0,

go(m,0(Y)) = go(t, o(X)) = 71+ O([|(n. H)||?)

and

— | 71, 0 =T = 0 =T 9
Gry) =6l x) =T | Tl O VT gy |V ol .
where 13 (n, H) € R, U4 (n, H) € RIFXIB and ©4(n, H) € RIF*=m) are given by (92).
Finally, from (81) and the above analysis we have shown that I (-,-) is directionally dif-
ferentiable at (¢, X), the directional derivative of Ik (+,-) at (¢, X) along any direction (n, H) €
IR x IR™*™ is given by Parts (i)-(iv) in this theorem and for (n, H) € R x IR™*" with (n, H) — 0,
(93) holds. O

We characterize the differentiability of the metric projector Ik (-, ) in the following theorem.

Theorem 4.3 Let p : R x R™*™ — 1R be the linear operator defined by (78). The metric
projector i (-, ) is differentiable at (t, X) € IR x R™*"™ if and only if (t, X) satisfies one of the
following three conditions:

(i) t > [|X2;

(it) | X2 >t > —||X||« but o,1(X) < 6(t,0(X)), where k and 6(t,0(X)) are defined by (75)
and (76), respectively;
(117) t < —]| X]||«.

In this case, for any (n, H) € R x R™*" 1I\-(t,X)(n, H) = (7, H), where under condition (i),

(m,H) = (n, H); under condition (ii),
=138 "'p(nH) (120)
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and

T — T7 5_1p(77>H)I|a| (Ql)a OS(A)a =T
= U[(Ql)vaoS(A)w S(A).n V]Vl

_ (QQ)aa o T(A)aa (Qg)ab o T(A)ab 7 — (93)ac’ 0 By | =1
+U [ (Q2)pq 0 T'(A)pa T(A)y, } Vi+U [ By ] Vy o (121)

with A := UTHvl, B := UTHV2T; and under condition (iii), (7], H) = (0,0).

Proof. “ <= 7 Suppose that (¢, X) € IR x IR"™*"™ satisfies one of the three conditions (i),
(i) and (iii). Since IIx(+,-) is Lipschitz continuous on IR x IR™*" we know that the Gateaux
differentiability and Fréchet differentiability of Il (-, -) coincide [10]. Therefore, we only need to
show that I (-, -) is Gateaux differentiable at (¢, X). From Theorem 4.2, we know that IIx(-,-)
is directionally differentiable everywhere and the operator IIi-((t,X);(-,-)) : R x R™*" —
IR x R™*™ is linear. Therefore, IIx(-,-) is Gateaux differentiable at (¢, X).

“ =7 Let (t,X) € R x R™*™ be given. We only need to show that Ilx(-,-) is not
differentiable in the following two cases:

Case 1: [ X|2 =t >0or || X|2 >t > —[ X« and 0, (X) = 0(t,0(X)). In this case, we
know that 3 # () and for any (n, H) € R x IR"™*"™, p(n, H) is given by

pn, H) = 67 (n+ Tr(S(ULHV 4))) .

Let
O, H) =Ty (p(n, H), ST HV ) € Rx S, (5, H) € R x R™".

Choose (1, H) = (1,0) € R x R™*"™. Then, from Propositions 3.1 and 4.2 we know that
(1>(777 H) = HM%‘ (5_17 0) = (5_17 0)

and
(I)(_(an)) - @(—1,0) = HMfm<_6_17O) = _(’/8’ + 52)_1(57 Ilﬁ\) # _(I)(naH)'

Therefore, ®(-,-) is not a linear mapping. This, together with Part (ii) in Theorem 4.2, means
that IIx(-,-) is not Gateaux differentiable at (¢, X).
Case 2: t = —|| X]||+. In this case, we know that 6(¢,0(X)) = 0. Therefore, we have

a=a={ilo(X)>0}, B=b={ilos(X)=0} and =0
Also, in this case, we have
pln, H) =57 (0 + Te(S(U,HV.))), (1, H) € R x R™".

Let
771 771 1177 mxn
(. H) 1= Ty (ni‘u‘)<p(n,H), [UﬁHVb UBHVQD, (n, H) € R x R™".

Fix (n, H) = (1,0) € IR x R™*". Then, from Theorem 4.1, we know that ®(n, H) = (§71,0) €
R x RIF*"=lal) and &(—(n, H)) = (0,0) € R x RIFI*("=la) * Therefore, ®(-,-) is not a linear
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mapping. Consequently, we know from Part (iii) in Theorem 4.2, that IIx(-,-) is not Gateaux
differentiable at (¢, X).
From the fact that 3 = 0 if (¢, X) satisfies condition (ii), we can conclude from Theorem

4.2 that (120) and (121) hold. Moreover, the formulas for (77, H) under conditions (i) and (iii)
follow directly from Theorem 4.2. The proof is completed. O

Theorem 4.4 The metric projector Ilx(-,-) is strongly G-semismooth at (t,X) € IR x IR"™*".

Proof. Denote the set of points in IR x R™*"™ where Ilx(-,-) is differentiable by Dry,.. By
Lemma 2.1, in order to show that Il (-,-) is strongly G-semismooth at (¢, X) € IR x R™*" we
only need to show that for any (7,Y) € Dy, converging to (¢, X),

i (1,Y) = ic(t, X) = Wie(, Y) (n, H) = O(|ln, H]?), (122)

where (9, H) := (1,Y) — (t,X) € R x R™*". When t > || X]||2 or t < —|X||«, according to
Theorem 4.3, Tk (-, ) is locally a linear function near (¢, X) and thus (122) holds. From now on
we always assume that (¢, X) satisfies || X|[|2 >t > —|| X]||«.

Recall that for any (7,Y) € R x R"™*", (go(7,0(Y)), g(7,0(Y))) is defined by (79), G(7,Y)
is defined by (80) and Gg(Y') and Gg(7,Y) are defined by (82). Since Gg(X) = G(t,X), we
have

G(1,Y)-G(t,X)=Gs(Y)—Gs(X)+Gr(r,Y) V(r,Y)e R xR™".

Suppose that U € O™ and V € O™ (depending on Y') are such that
Y =U[Z(Y) ovT.

By Proposition 2.11, we know that there exists an open neighborhood A of X in IR™*" such
that for each k € {1,...,7}, Pg(+) is twice continuously differentiable in A/. By taking a smaller
N if necessary, we assume that for any Y € N and k,l € {1,...,r},

Ui<Y)>0, JZ‘(Y)%U]'(Y) Vi € ag, JEaq andk;«él. (123)

Then, from (48), we obtain that for any Y € N,

Gs(Y) = Gs(X) = > w(Pe(Y) = Pu(X)) = > wPu(Y)H + O(|H|*)
h=1 k=1

= > ULy o SNV +U[E o T(AV{ + Uy 0 BIVY) + O(|H?)
k=1

where A := UTHV; € R™™ and B := UTHV, € R™ (™). and for k € {1,...,r}, Ty €
R™ ™ =, € R™™ and T}, € R™(=™) are given in (45), (46) and (47), respectively. Since
Il¢, (-, -) is globally Lipschitz continuous on IR x IR™, we know that for any (7,Y) € IR x R"™*"
converging to (t, X),

gi(T,J(Y)):fk—i-O(H(’n,H)H) Vie€a,, k=1,...,1.
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TEherefore, since U € O™ and V € O™ are uniformly boEnded, there exists an open neighborhood
N of (t,X) in R x IR™*"™ such that for any (7,Y) € N,

Gs(Y) = Gs(X) = Ul o S(A)VF" + UE o T(A)V{" + UX o BIVy + O(||(n, H)|?), (124)
where I” € R™*™, = € R™ ™ and T/ € R™*("~™) are given, respectively, by

gi(r,0(Y)) = gj(1,0(Y))

ificar, jeaq andl #k,

()i = oi(Y) —o;(Y) kil=1,....r+1,
0 otherwise,
gi(r,0(Y)) +gj(r,0(Y)) ... ,
(&) = (V) + ](Y) ifi¢b or jéb,
0 otherwise
. (r.o(¥))
gi(t,0 L B
(Y)i; = o5(7) ificag, k=1,...,r, i=1...n-m
0 ifieb,

Let (1,Y) € D, ﬂﬁ. Note that by replacing (¢, X) with (7,Y), we can also use (75) to
define an index integer k for (7,Y). We denote this index integer by &’ to distinguish the index
integer for (¢, X). If 8 # (), then since || X||2 >t > —|| X]||«, from (75) and (76) we know that

01 (X) = 0(t,0(X)) < oz(X).

Therefore, since for any k € 8, o3 (X) = 05 1(X), we have

o1 (X) < (3 oi(X) + 0)/(k + 1) = 6(t,0(X)) < 05(X) V€.

=1

If 8 =0, we have
Tripip+1(X) < O0(t,0(X)) < op(X).

Therefore, in both cases, by the continuity of the singular value function o(+), we may assume
that the integer &' lies in {k,k + 1,...,k + |B|}, i.e., there exists an integer j € {0,1,...,|0[}
such that &' = k + j. Define the corresponding index sets in {1,...,m} for (1,Y) by

o ={iloy(Y)>0(r,0(Y))}, B ={ilo;(Y)=0(r,0(Y))} and v := {i|o3(Y) < O(r,0(Y))}

and

a:={ilo;(Y)>0} and b :={i|o;(Y)=0}.
Since (7,Y) € D, ﬂ/\Af, from Theorem 4.3 we know that 5’ = (). Meanwhile, by (123), we have

o Da, ¥ D7, dDa and b Ch. (125)

Let 6’ := /1 + k" and p' € R be defined by

(126)

o _ 8T+ Te(S(ULHV))) if 7> —|Y].,
P 0 otherwise .
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Define ) € R™ ™, Q) € R™ ™ and Q2 € R™* (=) by (83), (84) and (85), respectively with
(t, X) being replaced by (7,Y"). Therefore, from Theorem 4.3 we know that

G'(r,Y)(n, H)

_ v |: (5/_1PII\O/| (Qll)o/'y’ e} S(A)a"y’ :| VT
(Qll)'y’o/ o S(A)'y/o/ S(A)'y“y’ !
(QIQ)Q’(L’ (@] T(A)a/a/ (QIQ)a’b’ O T(A)a’b’ T (ng)a/c/ (@] Ba/c/ T
12
+U [ (e 0 T(A)yar T(A)yy i +U By vy, (127)
where A:=UTHV,, B:==UTHV,S and ¢ ={1,...,n —m}. Let
2
R(n, H) := G'(7,Y)(n, H) — (G5(Y) — G5(X)).
From the formula of ¢, (7,0(Y)) in (58), we know that
gi(t,0(Y)) = gj(1,0(Y)) Vi, je o and gi(1,0(Y))=0;(Y) Vier.

Therefore, by (124) and (127), we obtain from (125) that there exist Ry(n, H) € IRles|*laxl
k=1,...,r and R.41(n, H) € RIPX("=la) such that

" Ri(n, H) 0 0 0
R(n, H) =U : : : : VT O(I(n, H)?), (128)
0 0 Ry (n,H) 0
L 0 0 0 Rr+1(777H) _

where the formulas of R;(n, H), i =1,...,r + 1 are determined by the following two cases:
Case 1: || X||2 > ¢t > —||X||«. In this case, we know that 0(¢,0(X)) > 0 and there exists
7€ {0,1,...,r} such that

T

JoaUp

k=r’

a= Uak, B =as1 (or §) and ~=
k=1

where ' =7+ 2if f# 0 and ' =7+ 1 if 3 = (). Since there exists an integer j € {0, 1,..
such that ¥ = k + j, we can define two index sets

- 161}

51 :{E_Flv’l%_‘_j} and 62 :{E+]+1,,E+|(l1:+1|}

Therefore, by noting that o/ = aU 1, v/ = B2 U~y and 1 = 0 if 8 = 0, we obtain from (124)
and (127) that

;

Rp(n,H) = 6L, k=1,...,F,
& o'l 0 0 ()8,
RF+1(777 H) - |: 0 0 + (9/1)52,31 E o S(AGF+10W+1) ) (129)
Ri(n,H) = S(Aawa,), k=7T+2,...,r,
R.i1(n,H) = [Aw By,

\
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where E is a (|az4+1]| — j) by (Jar+1| — j) matrix whose entries are all ones.
Case 2: t = —|| X]||+. In this case, we know that 6(¢,0(X)) = 0. Therefore, we have

T

a:Uak:a, B=b and v=0.
k=1

Also, since there exists an integer j € {0,1,...,|3|} such that ¥ = k + j, we can define two
index sets ~ B _ _
B ={k+1,....k+j} and pBo:={k+j+1,....k+|b|}.

Therefore, since o/ = aU 31 and 7/ = (2 Uy, we obtain from (124) and (127) that

Ri(n,H) = 6L, k=1,...,r,
& 'L 0 0 ()16, (130)
R.i1(n,H) = K 0 0 > + ( ()i 2 > oAw Byl ,

where E is a (|b| — j) by (|b| — j) matrix whose entries are all ones.

Consider the singular value decomposition of X, i.e., X = U [%(X) 0] VT, where U € O™
and V € O™. Then, we have

S(X) 00+T HV =T U[E(Y) 0VIV.
Let H := UTHV, U=U'UandV:=V'V. Then,
UTHYV = UTU HVV = UTHV .

From (35), we know that there exist Q;, € Q%! k' =1,....r and Q' € O Q" € ©"lel such
that o B
Agpa, = UL HV, = UL HVy, = Qf Hapa, Qr + O(|H|I?), k=1,...,r

and
[Aw Buo] = [UFHV, UFHVG] = [@Tﬁ% ﬁfﬁ%} =Q" [flbb ﬁbc} Q"+ O(|H|?).
Then, from (36) and (37) in Proposition 2.10, we obtain that
S(Aarar) = QLS (Harar)Qr + O(IH|®) = £(V)apar, = E(X)aay + OUHIP), k=1,....r
and
(A Brol = Q7 [Hyy Hoe| Q"+ OIH|?) =[SV ) — X(X) 0]+ O(IIH|?).

Let h:=o'(Y; H). Since o(-) is strongly semismooth [45], we know that

S(Aapa,) = diag(oj(Y;H): i€ ap)+O(|H|)

= diag(ha,) +O(|H|?), k=1,...,r (131)
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and

[Aw, Bie] = [diag(cj(Y;H): ie€b) 0] +O(|H|)
= [diag(hs) 0]+ O(||H|?). (132)

Therefore, by noting that in each case o/ = a U and 7/ = 2 U~ and that 0 < (Q]);; <1 for
any i € 1 and j € (B2, we obtain from (128), (129), (130), (131) and (132) that

-~ |: 6,_1p,I|a’| 0

Ry = |7y o |V O IR, (133)

On the other hand, by (42) and (43), for Y sufficiently close to X, we have

Pk;(Y)ZZuw,T, k=1,...,r.

1€ay

Therefore, we obtain that for any (7,Y") € Dry, NN (shrinking N if necessary),

Gr(T,Y)=G(1,Y) = Gs(Y) =Y > [gi(r.0(Y)) = gi(t, 0 (X)]uiv] + Y gi(r,0(Y))uiw] .

k=li€ay 1€b

Note that from Part (iii) of Proposition 3.2 and Theorem 4.3, we know that IIx(-,-) is differen-
tiable at (7,Y") if and only if Il¢, (-, -) is differentiable at (7, 0(Y")). Since the continuous mapping
Ilg (-, -) is piecewise linear, it is strongly G-semismooth at (¢,0(X)). Meanwhile, we know that
the singular value function o(+) is strongly semismooth at X. Therefore, we obtain that for any

~

(1,Y) € Dy, NN (shrinking N if necessary),

e, (1,0(Y)) =T, (t,0(X)) = T, (1,0(Y))(n,0(Y) = (X)) + O(l|(n, H)*|)
= T, (1,0(Y))(n,0'(Y; H) + O(||H[*)) + O(||(n, H)?|))
= T, (1,0(Y)(n,0'(Y; H)) + O(|[(n, H)*|])
Let
(¢o(n, 1), é(n, b)) := ¢, (T,0(Y))(n,h).
Then, we have
90(1,0(Y)) = go(t,0(X)) = ¢o(, k) + O(||(n, H)||*) (134)

and

gi(r,0(Y)) = gi(t,0(X)) = ¢i(n. ) + O(| (. D)|?), i=1,....,m.
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Since U € O™ and V € O™ are uniformly bounded, we know that

Coimh) 0 0
oty = v| o Y | v ot m
0 0 (1, 1)
_gbl(n,h) 0 0 0
e VT 10| (n, ).
0 0 o Gmlnh) O

From Part (ii) of Proposition 3.2, we have

¢o(n,h) =0"""p (135)

and

Thus, from (133), we obtain that
R(n, H) = Gr(r,Y) + O(||(n, H)|]?) . (136)
That is, for any for any (7,Y’) € D, converging to (¢, X),
G(r,Y) -Gt X) ~G'(1,Y)(n,H) = Gs(Y)~Gs(X)—G'(r,Y)(n,H) + Gg(r,Y)
= —R(n,H)+ Gr(r,Y)
O(l(n, 1)),

which, together with (81), (135), (120) and (134), shows that (122) holds. O

5 Conclusions

In this paper, we have identified a class of matrix cone programming involving the epigraphs
of the [y, I, Frobenius, spectral and nuclear norms that has many important applications. In
order to make this class of problems tractable via variants of the augmented Lagrange method,
we have made efforts to establish several key properties including the closed form solution,
calm B-differentiability and strong semismoothness of the metric projection operator over the
epigraph of the I, |, spectral, and nuclear matrix norm, respectively. These results, together
with the known analogous ones for symmetric cones, will constitute the backbone for using
augmented Lagrangian methods to solve large scale problems of practical significance. Our next
step is to develop numerical algorithms and software along this line. The work done in this
paper on matrix cone programming is by no means complete. There are many unanswered
questions. For example, besides the analytic solution and the first order differentiability of the
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metric projector over the epigraphs of the spectral and nuclear matrix norms, the research on
the second order properties of these non-polyhedral closed convex sets is certainly of paramount
necessity for understanding second order optimality conditions of matrix cone programming.
Another direction is to consider convex matrix cones beyond epigraphs of matrix norms such as
the epigraph of the convex function that is defined as the sum of the first several largest singular
values of a matrix (or the Ky Fan k-norm). It is our firm belief that a better understanding of the
inherent structures of these matrix cones rather than projecting them into higher dimensional
spaces will lead to more efficient optimization methods for solving matrix cone programming.
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6 Appendix

Proof of Proposition 2.8: “<=" Obvious.
“=—" Define ¥ := X4,. Let a:= {1,...,n}\ a. From (29), we obtain that

Paa Pab 2+ 0 _ E-l— 0 Waa Waﬁ
Py Py 0o 0] | 0 O Waa Waa |’

which, implies
Paa2+ =S Z+Waa, Z+Waa =0 and Pbaz+ =0.
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Since Y4 is nonsingular, we know that W,z = 0 and Py, = 0. Then, since W and P are two
orthogonal matrices, we also have

AR L

which, implies W5, = 0 and P,;, = 0. Therefore, we know that

P, O | Waa O
P—[ 0 Pbb] and W—[ 0 Wm]’

where Wq, Pa € Old, Py € O™~ lal and W,; € O™~ lal. By noting that

[ Al O 0]

0 ﬁ21|a2| 0
E"r_ ’
[0 0 - Tl

from PpX = Y1 Wy,, we obtain that

_ ﬁlPauu E2Pa1a2 ﬁrPawT i [ ﬁlWa1a1 ﬁleaz ﬁlWamr i
ﬁlPazm ﬁQPazaz U ﬁTPU«QU«'r ﬁQWGQU«l ﬁQWCQaQ U ﬁQWazar

= ‘ ' ' . (137)

L ﬁlpartn ﬁ2para2 H'I‘Parar . L E’I‘Waral ETWCLTUQ ET‘WC’«TC’«T .

By using the fact that 77, >0, k =1,...,r, we obtain from (137) that
{ Porar, = Wagaps k=1,...,r, (138)
Popay = I TWapay,  kl=1,...,7m k#1. (139)
Next, we shall show by induction that for each k € {1,...,r},

Piap =Waa, =0 and Pyq, = Wae, =0 Vi=1,...,r, I #Ek. (140)

First for £ = 1, since P and W are orthogonal matrices, we have

T T
— E T § : T
I|a1| - PalalPalal - WalalWalal :
=1 =1

Therefore, by further using (138) and (139), we obtain that

r

Z(l - (ﬁ;lﬁl)2)Wa1a1W£¢zl =0.
=2
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Since for each l € {2,3,...,7r}, I ' > 1and W, WL

a1a, 18 symmetric and positive semidefinite,
we can easily conclude that

Wara, =0 VIi=2,3,...,r and W, . =WI .

From the condition that WTW = I,,,, we also have

a1a1 alal E alal alal-

Lo, =

Then, WL, W0, = Iq,| implies that

aiai
z : ala1 alal =0.

Therefore, we have Wy,q, = 0, for each [ € {2,3,...,7}. By (139), we know that (140) holds for
k=1.

Now, suppose that for some p € {1,...,r — 1}, (140) holds for any k£ < p. We will show
that (140) also holds for k = p+ 1. Since P and W are orthogonal matrices, from the induction
assumption we know that

Ilap+1\ § : Pap+1az apt1a; § : aptia ap+1az'
I=p+1 I=p+1

From (138) and (139), we obtain that

r

Z (]' - (ﬁl_lﬁp+l)2)wap+1alwg;+1al = 0 .
l=p+2

Since ﬁl_lﬁpﬂ > 1 foreachl € {p+2,...,r}, it can then be checked easily that

Wapiray =0 Yie{p+2,...,r} and W' =Wl . .
So we have
I|ap+1| Wa€+1ap+1 ap+1ap+1 + Z alapH azap+1 )
l=p+2
which, together with Wap+1ap+1Wap+1ap+1 = Ij4,,|> implies that

E : azap+1 azap+1 =0.

I=p+2

Therefore, we have W, =0forallle{p+2,...,r}. From (139), we know that (140) holds

ajap+41
fork=p+1.
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Since (140) holds for all k € {1,...,7}, we obtain from (138) that P, = Wa,. Let Q :=
Pog = Waa, @ := Py, and Q" := Wag. Then,

(38 i w-[2 8]

0 Q/ 0 Q/,
where @ = diag(Q1,Q2,...,Q,) is a block diagonal orthogonal matrix with the k-th diagonal
block given by Q = Py, € Olal = 1,...,r. The proof is completed. O

Proof of Proposition 2.10: Let X := [(X) 0]. Let H € R™*" be given. We use I; to
denote the p by p anti-diagonal matrix whose anti-diagonal entries are all ones and other entries
are zeros. Denote
Uj =Udy, and V] =VIl .
Let
pl_ L |l Uy 0 U Ui

V2| Ve Vi V2V =V -V
Then, from (31), we have

e R(m+m)x(m+n) (141)

B(Y) = B(X) + B(H) = PTA(B(Y))(P")T.
By Proposition 2.4, we know that for any H — 0, there exists P’ € O™"(B(X)) such that
P! —P'=O(|B(H)|)) = O(| HI)).- (142)

On the other hand, suppose that UeOmand V e O are two arbitrary orthogonal matrices
such that R
[2(X) 0]=U[E(X) ovT.

From Proposition 2.8, we know that

= T | it fum [T ] sy

~

where Upq = diaug((?am1 s Ugzags - -+ ﬁarar) is a block diagonal orthogonal matrix with the k-th
diagonal block given by U, 4, € Ol k=1,... r. Let

kQk
~ 1 U, (/jb 0 ﬁb Ul
PT _ Ja Ul R b a e IR(m-l—n)X(m-l—n) ,
V2 [ Ve Vi V2V -V, -V

where R R R R
Up =Uul and V] =VIl .
Then, from (31), we know that the orthogonal matrix P! € O™t"(B(X)). By Proposition 2.2,
we know that there exist orthogonal matrices Ny, N} € Olal k. =1,...,r and M € Q2blHn-—m
such that R
P’ = Pldiag(Ny,...,N,,M,N.,...,N}).

48



Therefore, from (142), we obtain that
[ U, ] | U,diag(Ny,Na,...,N,)
Vo |

~ O(||H]]) . 144
Vodiag(Ni, No, ..., N,) +OUIHN) (144)

Denote R
Q = Uaadiag(Nl, NQ, ves ,NT) .

Then, we know that @ = diag(Q, Q2, . - , Q) is a block diagonal orthogonal matrix with the
k-th diagonal block given by Qy = Ug,a, Nk € Olerl | =1,... r. Thus, from (143) and (144),
we obtain that

v.=| & | ot aa vi=| G |+oum.

Since U and Q are orthogonal matrices, from 0 = U U, = QTUy, + O(||H||), we obtain that
Uap = O(||H]) -
Therefore, we have
Ly = UgyUas + Uy Uy, = Uy Uy, + O(|| H|?) .

By considering the singular value decomposition of U, we know that there exists an orthogonal
matrix Q' € Ol such that
Upp = Q"+ O(|H|?) .

Similarly, since V and @ are orthogonal matrices, from 0 = V,I Vz; = QT V5 + O(||H||), we know
that
Vaa = O([|H]]) ,

where a = {1,...,n} \ a. Therefore, we have
Lig) = Vi Vaa + VasVaa = VagVaa + O(||H|?) .

By considering the singular value decomposition of V35, we know that there exists an orthogonal
matrix Q" € O™lal such that
Vaa = Q"+ O(|H|).

Thus,

U:{Q 0,]+O(||HH) and vz[Q 0

0 Q 2 o | +oum. (115)

Hence, (35) is proved. R R
From B(X) + B(H) = PTA(B(Y))(PT and P! € O™*"(B(X)), we obtain that

AB(X)) + (PYTBH)P' = (PHTPTABY))(PHTPT. (146)
Let P:= (PN P! and B(H) := (P")TB(H)P'. Then, we can re-write (146) as

PT(AB(X))+ B(H)P = A(B(Y)). (147)
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By comparing both sides of (147), we obtain that
PIANB(X)) Py, + (PL)TB(H)P) = ABY))aga, k=1,...,7. (148)
From (18) in Proposition 2.3, we know that
PEABX)) P, = Py AB(X)Jagar P + O(IH]?)

apa

By noting that for each k € {1,...,7}, A(B()?))akak = 3(X)apar = Hgljay) and A(B(Y))apa, =
Y(Y)apa,. we obtain from (148) that
BT o o + (PL)TBUH)P), = SV )y, + O(HI®), b =1,...7

akaf

By (19) in Proposition 2.3, we know that ﬁg};akﬁakak = Ijo,|+O(|H||?), k =1,...,r. Therefore,
from (141), we obtain that

S(Ua, HVay.) = B(Y )arar, — Frljay) TOUIH|?) = 2V )arar = E(X)apa +OHIP), k=1,....7.

By (145), we know that
U HVay, = Qf Hapa Qi + O(|H|?) .

Therefore, we have
QLS (Hapar) Q% = 2V agay = S(X)agay + OUHID), k=1,....7.

Hence (36) is proved.
Next, we shall show that (37) holds. Since [2(X) 0]+ H = U [2(Y) 0] VT, we know that

Uy ((B(X) 0]+ H)Va = [E(Y)w 0] - (149)

Again, from (145), we know that

U - [ o(|m ) } and o [ o) ] |

By comparing both sides of (149), we obtain that
Upy (2(X)ey 0] Vaa + Uy, [Hup Hoe) Vaa + O(|H||*) = [S(Y)w 0] -
Since X(X)p, = 0, we have
Upy [(Hop  Hae] Vaa = [Z(Y ) — (X))o 0] + O(| H||*) .
From (145), we know that
Ub [Hy Hye Vaa = QT [Hy, Hye] Q" + O(|H|P).

Therefore,
Q" [Hy Hp] Q" =[SV — E(X)w 0]+ O(|H|?).

Hence (37) is proved. The proof is completed. O
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