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Abstract. We study a smoothing Newton method for solving a nonsmooth matrix equation that
includes semidefinite programming and the semidefinite complementarity problem as special cases.
This method, if specialized for solving semidefinite programs, needs to solve only one linear system
per iteration and achieves quadratic convergence under strict complementarity and nondegeneracy.
We also establish quadratic convergence of this method applied to the semidefinite complementarity
problem under the assumption that the Jacobian of the problem is positive definite on the affine
hull of the critical cone at the solution. These results are based on the strong semismoothness
and complete characterization of the B-subdifferential of a corresponding squared smoothing matrix
function, which are of general theoretical interest.

Key words. Matrix equations, Newton’s method, nonsmooth optimization, semidefinite com-
plementarity problem, semidefinite programming.

AMS subject classifications. 65K05, 90C25, 90C33.

1. Introduction.

1.1. Motivation. Let S(ni,...,n,) be the linear space of symmetric block-
diagonal matrices with m blocks of sizes ny x ng, kK =1,...,m, respectively, and let
U be a mapping from S(ni,...,nm) to S(n1,...,n,) itself. We consider the problem
of finding a root of ¥(X) = 0. This symmetric block-diagonal-matrix-valued equation
problem (matriz equation problem for short) has many applications in optimization.
For example, arising from Lyapunov stability analysis of systems under uncertainty
[4, 23], it is desired to know whether there exists an n X n symmetric matrix X such
that the following system is feasible

(1.1) {AX(LiX+XL¢)t0, i=1,....k

X-I%0,

where A is a given constant, I, L;, i = 1,...,k are given n X n symmetric matrices,
and for an arbitrary symmetric matrix Y we write Y > 0 and Y = 0 if Y is positive
definite and positive semidefinite, respectively. It is easy to convert (1.1) into a
matrix equation problem. For X > 0 we denote its symmetric square root by X1/2.
Let |X|:= (X2)Y/2 and X, := (X + |X])/2 for any X € S(ni,...,n,). Note that
|X| — X = 0if and only if X is positive semidefinite. Let

k
U(X):= Y [|AX = LiX = XLi| = AX + LiX + XL;] +[| X —I| - X +1] .

i=1

*The corresponding author. School of Business and Singapore-MIT Alliance, National University
of Singapore, Republic of Singapore. Fax: (65)6779-2621. (jsun@nus.edu.sg). The research of this
author was partially supported by Grant R314-000-028/042-112 of National University of Singapore,
and a grant from Singapore-MIT Alliance.

fDepartment of Mathematics, National University of Singapore, Republic of Singapore.
(matsundf@nus.edu.sg). The research of this author was partially supported by the Australian
Research Council and Grant R146-000-035-101 of National University of Singapore.

fDepartment of Applied Mathematics, The Hong Kong Polytechnic University, Hong Kong, China.
(maqilg@polyu.edu.hk). The research of this author was supported by the Research Grant Council
of Hong Kong.



2 J. SUN, D. SUN AND L. QI

Then solving problem (1.1) is equivalent to solving the matrix equation ¥(X) = 0.
Note that this equation is not differentiable (in the sense of Fréchet), but is strongly
semismooth [32, 5]. For the definition of semismooth matrix functions and some
related topics see §2 below or references [32, 5] for more details.

Another application of matrix equations refers to semidefinite programming (SDP).
As a modeling tool of optimization and a powerful relaxation form of some combinato-
rial optimization problems, SDP has caught great attention of the research community
in recent years. The website of semidefinite programming ! contains a nice catego-
rized list of papers in this area. Assuming strict feasibility of both primal and dual
problems, a semidefinite program is equivalent to finding X = 0, S = 0, and y € R™
such that

(1.2) Ao X =b;, i=1,....m, > yAi+S5=C, XeS=0,

i=1
where o denotes the matrix Frobenius inner product. It is shown by Tseng [35] that
(1.3) X0, S0, XeS=0 = X-[X-5;=0.

Thus, system (1.2) can be re-written as

(14) Ai.X:bi, ’iil,...,m, ZyZA,L*FS:C,X*[X*S}Jr:O,

i=1

which has the form of U(W) = 0 with W := diag (y1,...,Ym,S, X) being a block-
diagonal matrix.

A generalization of semidefinite programming — the semidefinite complemen-
tarity problem (SDCP) — can also be reformulated as a matrix equation. The
problem (SDCP) is to find, for a given continuously differentiable mapping F :
Sni,...,nm) = S(n1,...,ny), an X € S(ny,...,ny) such that

(1.5) X =0 FX)=0 XeFX)=0.
By (1.3) this problem is equivalent to
(1.6) X - [X-FX)]+ =0.

A special case of the SDCP, where F' is linear, was introduced by Kojima, Shindo
and Hara [19] and further studied in e.g., [12, 13, 17, 18]. For the general (nonlinear)
SDCP, Monteiro and Pang [21, 22] treated it as a constrained equation and introduced
interior-point methods for solving the constrained equation. Tseng [35] introduced
merit functions to reformulate the SDCP as an optimization problem. Chen and
Tseng [6] studied non-interior continuation methods for solving the SDCP. Kanzow
and Nagel [15] analyzed smoothing paths for the Karush-Kuhn-Tucker (KKT) system
of the SDP and proposed smoothing-type methods for solving the KKT system. Pang,
Sun and Sun [24] studied semismooth homeomorphisms and strong stability of the
SDCP.

The interest in the nonlinear SDCP is stemmed from the research on nonlinear
semidefinite optimization problems. Shapiro [29] studied first- and second-order per-
turbation analysis of nonlinear semidefinite optimization problems. Jarre [14] gave

Thttp://www.zib.de/helmberg/semidef . html
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an interior-point method for solving nonconvex semidefinite programs. Fares, Noll
and Apkarian [7] investigated a sequential semidefinite programming approach for a
variety of problems in optimal control, which can be cast as minimizing a linear ob-
jective function subject to linear matrix inequality constraints and nonlinear matrix
equality constraints. Leibfritz and Mostafa [20] proposed an interior point constrained
trust region method for a special class of nonlinear semidefinite programming prob-
lems. Tseng [36] conducted a convergence analysis for an infeasible interior-point
trust-region methods for nonlinear semidefinite programs.

In this paper we study a smoothing Newton method for solving a nonsmooth
matrix equation that includes the SDP and the SDCP as special cases. In particular,
for the SDP, this method achieves quadratic convergence under strict complementar-
ity and nondegeneracy. For the SDCP, quadratic convergence is proved under the
condition that the Jacobian of the problem is positive definite on the affine hull of
the critical cone at the solution. The strict complementarity condition is not assumed
here. To establish these results, we investigate the strong semismoothness and the
B(ouligand)-subdifferential of the so-called squared smoothing matrix function, which
are of their own theoretical interest.

The study on smoothing Newton methods can be traced back to a nonsmooth
version of Newton'’s method by Qi and Sun [27] for solving nonsmooth vector val-
ued equations. It was later found that smoothing techniques could be applied to
the nonsmooth Newton method to improve its computational performance. Many
researchers have contributed to this area, see for example the book [11] and the
references therein. The basic idea of the smoothing Newton method is to replace
the nonsmooth equation ¥(X) = 0 by a smoothing equation G(e,X) = 0, where
G:IRxS8ni,...,nm) — S(n1,...,nm), such that

GEY) - ¥(X), as(g,Y) — (0,X).

Here the function G is required to be continuously differentiable at (¢, X) unless ¢ = 0.
The classical damped Newton method can then be used to solve G(e,X) =0ase | 0
to get a solution of ¥(X) = 0. Computational results show that this type of methods
is quite efficient in solving vector complementarity problems [37].

For e € R and X € S(n1,...,nm), the squared smoothing function ® : IR x
Sni,...,nm) — S(n1,...,ny) is defined by

(1.7) Be,X):= (2T + XH)V2, (6, X) € R xS(n1,...,nm).

Then, ® is continuously differentiable at (¢,X) unless ¢ = 0 and for any X €
S(Tll, ce ,nm),

[Y+@(E,Y)]/2—>X+, as (57Y)~>(O,X)

Thus we can use @ to construct smoothing functions for nonsmooth systems (1.4) and
(1.6). We show that the smoothing function

(1.8) G(e, X) 1= X —[X — F(X) + ®(e, X — F(X))] /2

can be used to design a quadratically convergent algorithm for (1.4) and (1.6). We
note that Chen and Tseng [6] have developed a nice smoothing Newton method for
the SDCP and reported promising computational results. The difference between our
paper and theirs is that we show the strong semismoothness of the smoothing function,
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which can be utilized to establish quadratic convergence whereas paper [6] did not
prove the strong semismoothness of the smoothing function. As a result, paper [6]
needs the strict complementarity assumption and the convergence rate proved there
is only superlinear whereas we obtain quadratic rate of convergence without this
assumption for the SDCP.

1.2. Notation and organization of the paper. The notation used is fairly
standard. Generally, we use calligraphic letters for sets, capital letters for matrices and
matrix functions, lowercase letters for vectors, and Greek letters for scalars and index
sets, respectively. A diagonal matrix is denoted by diag (A1, ..., Ay ) where A1, ..., \,, are
the diagonal entries. Similarly, a block-diagonal matrix is written as diag (Bi, ..., Bm)
with By, ..., By, being the block matrices.

Let o and 8 be two sets of indices. We designate by A,3 the submatrix of A
whose row indices belong to o and column indices belong to 3. In particular, A;;
stands for the (4, j)-th entry of A. For matrices A, B € S(n1,...,Nn), the Frobenius
inner product is defined as

A e B := Trace (ATB) = Trace (AB).
Consequently, the Frobenius norm of A € S(n1,...,ny,) is
JA = (A0 4)V2,

The Hadamard product of A and B is denoted by Ao B, namely (Ao B);; := A;; B;j
for all ¢ and j. The 2-norm of a vector x is denoted by ||z||. Let I be the identity
matrix of appropriate dimension.

This paper is organized as follows. In §2 we review some results on nonsmooth
matrix functions and prove the strong semismoothness of ® defined in (1.7). §3
is devoted to characterizing the B-subdifferential of ®, which will be used in the
sequel. We describe the squared smoothing Newton method in §4. Applications of
the smoothing Newton method to the SDP and SDCP are discussed in §5 and §6,
respectively. Some final remarks are given in §7.

2. Strong semismoothness of (¢, X). This section is devoted to proving the
strong semismoothness of the squared smoothing function ® defined by (1.7). As
a preparation we introduce some basic definitions and results on a general matrix
function ¥ : S(ny,...,nm) — S1, where S; is also a symmetric block-diagonal matrix
space, but could be of different shape and size from S(nq, ..., 7).

Suppose that ¥ : S(nq,...,n,) — S1 is a locally Lipschitz matrix function.
According to [32], U is differentiable almost everywhere. Denote the set of points at
which U is differentiable by Dy and for any X € Dy, let J¥(X) denote the Jacobian
of U at X. Let 0¥ (X) be the B-subdifferential of ¥ at X defined by

(2.1) oV (X) = { thm . JU(X*)}
Xk e Dy

and let 0U(X) denote the convex hull of ¥ (X).

DEFINITION 2.1. Suppose that ¥ : S(ni,...,nm,) — S1 s a locally Lipschitz
matriz function. U is said to be semismooth at X € S(n1,...,nm) if U is directionally
differentiable at X and for any V € 0U(X + H) and H € S(ny,...,nm),

V(X +H) - V(X)-V(H) = o(| H]).
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U is said to be strongly semismooth at X if U is semismooth at X and

(2.2) U(X 4 H) — U(X) - V(H) = O(|H|?).

Instead of showing the strong semismoothness by definition, we will use the fol-
lowing result [32, Theorem 3.6].

THEOREM 2.2. Suppose that ¥ : S(ni,...,nm) — S1 is locally Lipschitz and
directionally differentiable in a neighborhood of X. Then VU is strongly semismooth at
X if and only if for any X + H € Dy,

(2.3) U(X+H) —UX)-JUX+H)H) =0 H|?.

In order to show that ®(e, X) satisfies (2.3), we will first identify the differential
points of ®. We shall show that @ is differentiable at (¢, X) if and only if £ + X?
is nonsingular. Here we view ® as a function from S(1,n) to & = S(n). This result
can be extended to the general block-diagonal case easily. Unless stated otherwise, &
is assumed to be of this simple structure here and below.

For any X € S, let Lx be the Lyapunov operator:

Lx(Y):= XY +YX, VY €S8

with L' being its inverse (if it exists at all).
For X € S, there exist an orthogonal matrix P and a diagonal matrix A =
diag (A1, ..., \,) of eigenvalues of X such that

(2.4) X = PAPT.
Define three index sets associated with the eigenvalues of matrix X:
a:={i: >0} p:={i: =0} and v:= {i: N\ <O0}.

By permuting the rows and columns of X if necessary, we assume that A can be
written as

A 0 0
A=| o0 A, 0],
0 0 0

where A, and A, are diagonal matrices with diagonal elements A;,¢ € @ and A;, @ € 7,
respectively. Let k := aU+y. Define two diagonal matrices of order | |:

Ao O
D :=
0 A,

and |[D| = (D?)Y2, i.e.,

A, 0
D] =
0 A

LEMMA 2.3. For (e,X) € IR X S, the following statements hold.
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(a) If %I+ X? is nonsingular, then ® is continuously differentiable at (¢, X) and
J®(e, X) satisfies the following equation

(2.5) J®(¢,X)(r,H) = L;

oo, x)(Lx(H) +2e7l), V(T,H) € RxS.

In particular, in this case,
(2.6) T2, X)(r, H)[| < Vn|r| + [ H].
(b) @ is globally Lipschitz continuous and for any (¢, X), (1,Y) € R x S,
(2.7) |®(e, X) - ®(r,Y)|| < Vnle—7[+[|X =Y.
(c) ® is directionally differentiable at (0, X) and for (r,H) € R x S,
Lip[DHuw + HoD] |D|7'DHyg

D
HT,D|D|~! (721 + H3,)'/?

o'((0,X); (. H)) = P "

where H :== PTHP.
(d) @ is differentiable at (¢, X) if and only if €I + X? is nonsingular.

Proof. (a)For any C > 0, we have, by applying [35, Lemma 6.2] or direct calculation,
that (C%+W)Y2 —C = L' (W) + o||W]|) for all W € S sufficiently small. Then,
for €21 + X2 nonsingular (and hence positive definite), we have

O+, X+H) -0, H) = (C>?4+W)/2-C
= L' (Lx(H) +2e7D) + O (7% + | H|]?) + o(|[W])),

where (1,H) € Rx S, C :=®(e,X) and W := Lx(H) + 2e7I + 721 + H%. Thus, ®
is differentiable at (¢, X) and

JO(e, X)(r,H) = Lg" (Lx(H) + 2¢71) .

By noting the fact that for all (e+7, X 4+ H) sufficiently close to (¢, X), ®(e+7, X+ H)
is positive definite, from the definition of L;l we know that L;l is continuous at
(e, X). Hence, ® is continuously differentiable at (e, X).

Let P and A be defined as in (2.4). To prove (2.6), we first note that

Lx(H)+2erl = P (Ly(PTHP) + 2e7I) PT
and for any Y € S,

LNY) = PL;(le,A)

(PTY P)PT .
Thus, we have

PTJ®(e, X)(r,H)P = Ly}

o(en) (LA(PTHP) + 2e71) .

Hence, by direct calculation, for i,7 =1,...,n,

1

T )\, . 2 2 2 2 e :

(PT 306, X)(r, H)P)ys — (PTHP);(\ + A)) ( Al [ )\]) if i # j
(N(PTHP); +e1) (24 /\12)71/2 otherwise,
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which implies that

n

Z ((PTJ®(5,X)(T, H)P)ij)2 SUSES Zn: ((PTHP)W')Q :

i,j=1 4,5=1
Hence,
T2, X)(r. H) > = || PTJ®(e, X)(r, H)P|?
< nr?+||PTHP|? = nt2 + | H|?.

This completes the proof of part (a).
(b) By part (a) of this lemma, for € # 0 and 7 # 0 we have

| @(e, X) - ®(r,Y) |
=[@(el, X) - (7|, V)|

:H/o Jq)(“'“('g"|T|)’Y+t<X—Y)>(|€|—|T|,X_Y)dtH
<vnl(el=IrDI+IX-Y]

<Vnle—T|+[|X-Y]|.

By a limiting process the above inequality is also true for e7 = 0. Hence, (2.7) holds.
(c) Let P and A be defined as in (2.4). For any 7 € IR and H € S and ¢ € [0, 0),
let

A(t):= ®(tr, X +tH) — (0, X)
and
A(t):= PTA(t)P.
Then,
A(t) = PT®(tr,X +tH)P — PT®(0, X)P

— (27T + (PT(X +tH)P)?)'/?

—|PTXP|
= (2721 + (PTXP+tPTHP)?)"? — | PTXP|
~ 1/2
= (t2721+(A+tH)2) —| A,
where H := PTHP. Thus,
- 5  —~\1/2
Aw) = (IAP+W) =1l
where

W = 2721 + tAH + tHA + t2H>

w1

and
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After simple computations we have

N DH,, + H..D DH,g
W=t

HT,D 0
o(t?) o(t?)
O(t?) #2721+ *[HI,H.p + H3) |

By Lemma 6.2 in Tseng [35], we have

(2.9) A)en = Lip (W) + o[V,
(2.10) A(t)us = |D[7'Wies + o(|[W]))
and

(2.11) Was = AW TA0)ws + Alt)%.
Hence,

(2.12) A(t)ws = t|D|"*DH,p + o(t),

which implies that
(2.13) AWZA() 5 = PH (D7 D) Hug + o(t?) = *HL,Hyp + o?).
According to (2.9) and (2.8),

(2.14) A(t)sn = tLp (DHyw + HewD) + oft).
Since

Wgﬁ = 2721 + t2[ﬁgﬁgng + géﬁ] ,
from (2.11) and (2.13), we obtain
(2.15) A(t)is = 72T + 2 H3 5 + o(t?).

Furthermore, since A(7)gg is positive semidefinite (see the definition of A(t)), we
know from (2.15) that A(t)gg is well defined and

27 . 72 1/2
(2.16) Alt)gp =t (T I+Hﬁﬁ+o(1)) .
Hence, from (2.14), (2.12), (2.16), and the continuity of (-)'/2,

po A _ [ Lip|[DHux + HexD] | D™ DHs
tlo t I?HTBD|D|_1 (721+ﬁ§ﬁ)1/2 )

which, completes the proof of part(c).
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(d) Only the “only if” part needs a proof. Obviously €21 + X? is nonsingular
at ¢ # 0. If ® is differentiable at (0, X), then part (c) of this lemma shows that
®'((0,X); (7, H)) is a linear function of (7, H) only if 8 = (); i.e. only if X is nonsin-
gular. O

Lemma 2.3 shows that the squared smoothing matrix function @ is directionally
differentiable everywhere and globally Lipschitz continuous. It also shows that it is
differentiable at (¢, X) € IR x S if and only if €2 + X? is nonsingular.

The next result is vital in order to prove the strong semismoothness of ®. By
noting the fact that I and X can be simultaneously diagonalized, we may extend the
proof used in [32, Lemma 4.12] from | X| to ®. Here we follow the outline of a simpler
proof given in [5, Proposition 4.10].

LEMMA 2.4. Let X € S. Then, for any 7 € IR and H € S such that 721 + (X +
H)? is nonsingular, ® is differentiable at (7, X + H) and

(217)  ®(r,X + H) — ®(0,X) — JO(r, X + H)(r, H) = O(| AZ ||?),

where AZ = (1, H).
Proof. Let D denote the space of n x n real diagonal matrices with non-increasing
diagonal entries. For each Y € S, define

Oy :={PcO: P'YPc D}

where O := {P € R"™" : PTP=1}.
Let Ay > ... > A, denote the eigenvalues of X. By [6, Lemma 3] or [33, Proposi-
tion 4.4], there exist scalars 7 > 0 and p > 0 such that

Prgi(lol IP-—Q| <n||Y—-X]| whenever Y € S, |[Y -X| < p, Q € Oy.
X

If 7 = 0, then the left hand side of (2.17) reduces to ¥ (X + H) — ¥ (X ) — JU(X +
H)(H), where for each Y € S, U(Y) := |Y|. Then, it follows from [32, Lemma 4.12]
that (2.17) holds.

Suppose 7 # 0. Let uy > ... > p,, denote the eigenvalues of X + H, and choose
any Q € Ox4pg. Then, by (2.18), there exists P € Ox satistying

[P=Ql <nlH].
For simplicity, let R denote the left hand side of (2.17), i.e.,
R:=®(r,X+H)—9(0,X)-J®(r,X+H)(r,H).

Letting C := ®(1, X + H) = (72T + (X + H)?)'/? and noting that Q € O¢, we obtain
from Lemma 2.3 and the formula for L(_;l given in [35, Page 171] that

JO(r, X+ H)(r,H) = L'[(X+H)H+H(X + H)+ 2721
= QEo (Q"((X+H)H+H(X +H))Q+2m1)|Q",
where the matrix = € S has entries
Eij = 1/(0:+0;)

and 0; = /724 pu? is the i-th eigenvalue of C. Then, letting R = QTRQ and
H := QTHQ, we have that

(2.18) R=%-STAS—Z o (U+272),
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where ¥ := diag (/72 + p2,..., /72 + p2), A == diag(A1,...,\), S := PTQ, and
Uij = (‘LL,L +[JJ])HZJ for all Z,j
Since diag (jt1, ..., un) = QT (X + H)Q = ST diag (\1,..., \n)S + H, we have

n

~ wi ifi=j

(219) E SkiSijkJrHij = y i,j = 1,...,n.
1 0 else

Since S = PTQ = (P —Q)TQ + I and |P — Q| < n||H||, it follows that
(2.20) Sii = O([HI), Vi#j.

Since P,@Q € O, we have S € O so that ST'S = I. This implies

(2.21) 1=S2+Y S =8 +0(H|*, i=1,...,n
kti

and

(2.22) 0 = S8iSij + SijSjj + Xjesi j SkiSkj

= SuSiy + 8iS;; +O(IHI|?), Vi#j.

We now show that R = O(|| AZ||2), which, by ||R| = ||R||, would prove (2.17).
For any 7 € {1,...,n}, we have from (2.18) and (2.19) that

n 1 .
T2 - Z Skl A | = 2—91_(272 + 2uiHi)

n T2 ; n
:\/T2+N?_Z‘S’zi|)‘k|_?_% <Hi—25§¢>\k>
2
=72 b uE = SEIN | = g = G = STA) + O H )

2
= /72 + i - 1+0||HH))|A|* - ( — @+ O(IH ")) +O( H |1?)

2
R T By oqH P

= F(ro) — FO.N) — JF(r i) (ra i — Ai) + O(| H|P),

(2.23)
where the third and fifth equalities use (2. 20) (2.21) and the fact that |u;/6;] < 1.
The last equality follows by defining f(7,u) := /72 + p2. Since f is known to be
strongly semismooth and, by a result of Weyl [2 page 63],

b
Il
—

(2.24) lpi =Xl < |H|l, Vi

and the right hand side of (2.23) is O(||AZ||)?. For any i,j € {1,...,n} with i # j,
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we have from (2.18) and (2.19) that

n
— Z SkiSksl Ak | — Zij (s + pg) Hyj

Ry =
k 1
= - Z SkiSki| Mk | + Zij (s + 1 Z SkiSkj Ak
= (S“S”| i |+ 858551 A5 ) + Eij (M'L + 145)(SiSij i + S5iS5; M) + O(| H ||2)
= —((SuSy + S5iSjs| Ail) + 85855 (| Aj | = 1A ])
+Ei5 (i + 145) ((SiiSij + SjiSj5) X + 85iS55 (N — Xi)) + O( H ||?)
= =85S (1N [ =X | = Zij(ps + 1) (N = X)) + O H |[1?)
= =88 (1] = [Nl = 5580 = ) ) + 001 1 1),
(2.25)

where the third and fifth equalities use (2.20), (2.22) and Z;;|p; + p;| < 1. We have

Wy =+
[ 1= 1A= =2 (Aj — i)

0; +0;
M]+Hz K+ i
=M= N - ) — N =ty i — A

(T +uj) (72 +pf) oyt
Jrirpi /g Ot

— | Cl 2 2 _ 2 2 Ky T+ i _
220)= 12y = |51 = (/P = /70 ) = SR =yt = 30,

=A==

(Aj = g+ i = Ai)

Since |us + pil/(8; + 6) < 1 and ||| = VP2 E| = [10.M)] = [ (r )| <
[ (0, k) — (7, ) | < |7| + | Ak — puie| for k € {4, 5}, we see from (2.24) that the right
hand side of (2.26) is O(|7|+ || H||). This, together with (2.20), implies the right hand
side of (2.25) is O(||H||(|7| + || H]])). The proof is completed. O

According to Theorem 2.2 and Lemmas 2.3 and 2.4, we obtain the following main
result of this section.

THEOREM 2.5. The squared smoothing matriz function ® is strongly semismooth
at (0,X)e R xS.

The theorem above provides a basis for quadratic convergence of the squared
smoothing Newton method for the SDCP, which is to be discussed in § 5.

3. Properties of the B-subdifferential of ®. In this section, we shall dis-
cuss some properties of the B-subdifferential of the squared smoothing function ®
t (0,X) € IR x §. These properties play a key role in the proof of nonsingular-
ity of the Jacobians arising from the SDP and the SDCP. Assume that X has the
eigen-decomposition as in (2.4), i.e

X = PAPT,
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where P is an orthogonal matrix and A is the diagonal matrix of eigenvalues of X
and has the form

A 0 0
A=|0 A, 0
0 0 O

Partition the orthogonal matrix P according to
P = [Wa W, Ws],

with W, € R™*, W, € R and W3 € R™V.
Recall that the critical cone of S; :={X = 0: X € S} at X € S is defined as:

C(X;8y) = T(Xy;8) N (Xp—X)*,

where 7(X ;S ) is the tangent cone of S, at X, and (X, — X)* is the subset of
matrices in S that are orthogonal to (X4 — X) under the matrix Frobenius inner
product. The critical cone can be completely described [3, 9] by

31) C(X;S4) ={Y € S: WJYW, =0, W]YW3 =0, Wi YW = 0}.

Consequently, the affine hull of C(X;S8;), which we denote £(X;S,), is the linear
subspace

{(YeS:WIyw, =0, W/YWs =0}.

PROPOSITION 3.1. For any (0,H) € R xS and V € 0p®(0, X), it holds that

(3.2) V(0,H) = P(Q o PTHP)PT,
(3.3) H+V(0,H) e L(X;S;)

and

(3.4) [H-V(0,H) ¢ [H+V(0,H)] >0,

where the matriz ) € S has entries

tel[-1,1 if (i,5)eBxp3

Qi = A 4 A\

! AT herwise.

Al + A

Proof. Let V € 9p®(0,X). By Lemma 2.3 and the definition of the elements in

Op®(0,X), it follows that there exists a sequence {(c¥, X*)} converging to (0, X)
with (e¥)2I + (X*)? being nonsingular such that

V(0,H) = lim Jo(ek X*) (0, H) = Jim Lo (Lxr(H)) |
where C% := ®(c¥, X*). Let X* = Pk A* (P*¥)T be the orthogonal decomposition of
X% where A* is the diagonal matrix of eigenvalues of X* and P* is a corresponding
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orthogonal matrix. Without loss of generality, by taking subsequences if necessary,
we may assume that {Pk } is a convergent sequence with limit P = lim P* and

A= klin;oAk (clearly X = PAPT). Then, o
Jim Af = 0.
For any H € S with H* := (P*)T HP* we have
Lo (J‘I’(gkan)(OaH)) = Lxx(H),
ie.,
((e5)21 + (Ak)2)1/2 ok 4 ok ((e5)21 + (Ak)2)1/2 — AMH* 4+ HFAF,

where U* := (PF)T [J®(*, X*)(0, H)] P*. By denoting CF = ((eF)21 + (AF)2)1/2

we have

Gk, Tk, + 0%, O

ax T oo (6763 ao

Ck Ok, + U, Gk,
Ck

a T oo

Ak TTk 1 Tk
CssUsa +Uj

AEHE, + HE AR

oo T

= | AbHE, + HE AL

vy ya yatta

ASHE, + HE AL

Gk, 0%, + Ok,

aa™ ay

ay ™~y

Ck Uk + Uk CF

YY T

Ak TTk [Tk Ok
Cs5U35, +Ug,C

By~ vy
A’ng;,Y + Hf;,YA’fY
kErrk Tk Ak
A’YHV’Y + HV’YA’Y

k 7k Tk Ak
AgHp, + Hg, Ay

For each k, define the matrix QF € S with entries

ko _
ol =

(\/(EW + (A2 + \/(ak)2 + (A?)Q)_l AP+, =1,

~k 7Tk Tk k]
CaaUaB + Uaﬁcﬁﬁ

~k 7Tk rrk Ak
ConUss + UssCss

~k 17k rrk ok
CssUss +UppChs

ARHE, + HE A

Ak HF

Tk Ak
Yy B + H’VBAﬁ

k 17k Tk k
AsHps + Highj

M.

Since {Q*} is bounded, by taking a subsequence if necessary, we assume that {QF} is

a convergent sequence and

Hence, it follows that

lim U* =
k—o0

lim QF = Q.

k—o00

Jim QF o H* = Q o PTHP,

which, proves (3.2). Let H:=PTHP. Then, we obtain

F[aa Qo © I?[a,y H.z
P'V(0,H)P = | HL o QL —H, —H,s
ﬁgﬁ —If:l,zﬂﬁ Qﬁﬁ [e] ﬁgﬁ
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Let E € S be the matrix whose entries are all ones. Thus,

PT[H + V (0, H)|P

2H g (Qry + Eay) © Hay 2H .
(3.5) = | HL o (Qay + Eay)” 0 0
2H 0 (85 + Epp) o Hpp

and

PT[H — V(0,H)|P

0 (Eay — Qary) © Hoy 0
(3.6)= ﬁg’y o (Eay — Qar)" 2ﬁv’v Qﬁvﬂ
0 2H, (Egs — Qpp) o Hpp

Hence, from (3.5), we get
WIIH+V(0,H)W, =0 and W.J[H+V(0,H)Ws=0,

which, proves (3.3).
By noting the fact that Q;; € [-1,1] for all 4,5 = 1,...,n, from (3.5) and (3.6),
we obtain
[(H —V(0,H)] o [H+V(0,H)]
= (PT[H — V(0, H)]P) o (PT[H + V(0, H)]P)
i€a, jEY €6, jEB

=0,

which, proves (3.4). This completes the proof. O

4. The squared smoothing Newton method. Let ¥ : S(ny,...,n,) —
S(ni,...,nm) belocally Lipschitz continuous. Let G : RxS(ny,...,nm) — S(n1, ..., nm)
be an approximate function of ¥ such that G is continuously differentiable at (¢, X) €
R x S(n1,...,ny,) unless e = 0 and

lim G(s,Y) = ¥U(X).
(e,Y)—(0,X) ( ) ( )

The existence of such a G was proved in [31] for vector valued functions. It can be
easily extended to matrix valued functions by making use of the isometry between
R"™ and S(ni,...,ny,). For the SDP and the SDCP, there are many choices for G.
In particular, a computationally efficient form for the SDCP is

(4.1) G(e,X):i= X — [X — F(X) + ®(c, X — F(X))] /2.

The squared smoothing Newton method, in particular, solves the auxiliary equation

(4.2) E(e, X) = {G(;X)} =0
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and uses the merit function ¢(Z) := €2 + ||G(Z)|” for the line search, where Z :=
© XL)e.t g€ IR,y and n € (0,1) be such that né < 1. Define an auxiliary point Z by
Z:=(5,0) € RxS8(ni,...,nm)
and 0 : R x S(n1,...,nm) — IRy by
0(2) : = yuin{1,6(2)}
Let
N:={Z=(EX)eRxSn1,...,nm) : e >0(Z)c}.

ALGORITHM 4.1.

Step 0. Select constants 6 € (0,1) and o € (0,1/2). Lete® :=¢&, X° € S(n1,...,nm)
be an arbitrary point and k := 0.

Step 1. If E(Z*) =0, then stop. Otherwise, let 0y, := 0(Z").

Step 2. Compute AZ* := (Ack, AXF) € R x S(ny,...,nm) by

(4.3) E(Z*) + JE(Z")(AZF) = 0,2
Step 3. Let Iy be the smallest nonnegative integer | satisfying
(4.4) H(ZF 4+ 6'AZF) < [1—20(1 —nE)d |p(Z").

Define ZF+1 .= Z* 4+ i AZF.
Step 4. Replace k by k+ 1 and go to Step 1.
THEOREM 4.2. Assume that
(i) for every k >0, if e € Ry, and Z* € N/, then JE(Z*) is nonsingular; and
(ii) for any accumulation point Z* = (¢*, X*) of {Z*} if * > 0 and Z* € N, then
JE(Z*) is nonsingular.
Then an infinite sequence {Z*} C N is generated by Algorithm 4.1 and each accu-
mulation point Z* of {Z*} is a solution of E(Z) = 0. Moreover, if E is strongly
semismooth at Z* and if all V € OpE(Z*) are nonsingular, then the whole sequence
{ZF} converges to Z*,

(4.5) | zMt =z = ol 2" - Z*|*)
and
(4.6) e = 0((eM)?).

The vector version of the above convergence result is proved in [26], where the
smoothing parameter is a vector rather than a scalar. However, the proof was inde-
pendent of the dimension of the parameter vector. Therefore, with a slight revision
if necessary, its matrix version can be established similarly. For brevity we omit the
proof.

The key conditions for quadratic convergence of Algorithm 4.1 are: (a) the strong
semismoothness of the smoothing function E and (b) the nonsingularity of all V' €
0pE(Z*) (in [26], OE(Z*), rather than OpE(Z*), was used. However, it is easy to
check the convergence properties are still valid if we replace OE(Z*) by OpE(Z*) in
the analysis). In the subsequent sections we will provide sufficient conditions for (b)
to hold in the cases of SDP and SDCP where (a) is naturally implied by the strong
semismoothness of ®.
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5. Application to the SDP. In this section we shall show how to use Algorithm
4.1 to solve (1.4), which constitutes the optimality conditions of the semidefinite
programming. For this purpose, we assume that {A;}7, are linearly independent,
ie., any a € R™ satisfying > .~ a; A; = 0 implies a; =0, i =1,...,m.

Define A: S — IR™ as follows

Al.X
AX) = , Xe€S.
A, e X

Then solving (1.4) is equivalent to finding a solution to

AX) —b
(51) V(XS5 :i= | Y ydi+S-C | =0, (X,y,9)eSxR"xS.
=1
X —[X -5

DefineG:IRxSxIR"™" xS — IR™ xS xS as follows
AX) —b

(52) G(s,X,y,S):: ZyiAi+S_C
=1

X—[X—S+®, X —9)/2

Then G is continuously differentiable at (e, X, y, S) with € # 0. Let

(5.3) E(, X,y,8) : = [G(&;’y’ S)] .

Hence, finding a solution of ¥(X,y,S) = 0 is equivalent to finding a solution of
E(,X,y,S) =0.

Similar smoothing functions for the SDP are first used in [6] and very recently
in [15]. Based on these smoothing functions, smoothing Newton methods are also
designed in [6, 15]. The major differences between our method and those in [6, 15] in
the context of SDP are: (i) our algorithm needs to solve only one linear system per
iteration while the methods in [6, 15] need to solve two; (ii) quadratic convergence
has been established for our algorithm while only superlinear convergence has been
established for methods in [6, 15]; and (iii) numerical results are reported in [6, 15]
while our paper is focused on theoretical analysis.

The next result shows that JE(e, X,Y, S) is nonsingular at (g, X,y,S) € Rx S x
IR™ x § with € # 0. Similar proofs can be found in [6, 15, 34].

PROPOSITION 5.1. For any (¢, X,y,S) € RxSXIR™ XS withe #0, JE(¢, X,Y, S)
s monsingular.

Proof. By Lemma 2.3, we know that JE(e, X, Y, S) exists. Suppose that there exists
(r,H,z,T) € R xS x IR™ x S such that

JE(E, X,Y,S)(r,H,2,T) =0,
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ie.,
T
A(H)
(5.4) m =0,

H = [H—T+ Jo( X — S)(r, H — T)] /2
which implies that
7=0 and 2H—-[H-T+ J®(,X - S)(0,H-T)] =0.
Hence, by Lemma 2.3,

2H — [H —T+ L;(IE,X—S)L(X*S)(H -T)| =0,
which implies that
Lo x-s(H+T) = Lix_g)(H-T),
ie.,
(21 + (X = S)2)? (H+T) + (H+T) (21 + (X — 5)2)"/*
=(X-S)H-T)+(H-T)(X-15).

Since X — S € S, there exist an orthogonal matrix P and a diagonal matrix A of
eigenvalues of X — .S such that

X -8 = PAPT.
By denoting H := PTHP and T := PTTP, we have
(ST+ M) P HAT) + (H + T) T+ )2 = MH-T) + (H-T)A.
Hence,
H+T=Qo (H-T),

where the matrix 2 € S has entries

1
Qi = (\/€2+)‘%+\/52+)\?> Mi+2j), 4,j=1,...,n.

Thus,

where the matrix () € S has entries

Qij = (Ai+Aj—\/s2+>\$ - \/52+>\§)_1 (Ai+>\j+\/52+>\$ + \/52+>\§) ,
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where 4,5 = 1,...,n. From (5.4), we know that

Aje H=0,i=1,...,m and Y zA+T =0,

=1

which implies that

m m
ToH:ZziAioH+ToH: (ZziAi-i—T) e H=0.

i=1 i=1
Hence,
0O=TeH=TeH=Te (QoT),
which, together with the fact that (NZZ-]- < 0 for all + and j, implies that T =0. Thus,
H=QeT =0 and T =H =0.

From the linear independence of {A4;}!™, and that fact > . z;4; + T = 0, we can
conclude that z = 0. This shows that JE(e, X, y,S) is nonsingular. O

Proposition 5.1 shows that Algorithm 4.1 is well defined when it is applied to the
SDP. We state it formally in the following theorem. Its proof is a direct application
of Theorem 4.2 and Proposition 5.1.

THEOREM 5.2. If Algorithm 4.1 is applied to the SDP, then an infinite sequence
{Z*} is generated and each accumulation point Z* of {Z*} is a solution of E(Z) = 0.

For local convergence analysis of Algorithm 4.1 for the SDP, we need the non-
singularity of dpE(Z*) at a solution Z* of E(Z) = 0. Next, we discuss a sufficient
condition to guarantee the nonsingularity of g FE(Z*) at a strict complementary and
nondegenerate solution Z* = (0, X*,y*,5*) of E(Z) = 0, i.e., Z* satisfies the fol-
lowing two conditions: (a) X* + S* > 0 and (b) for any (H,2,T) € S x R™ x S
satisfying

m
AH) =0, > zAi+T =0 and X'T + HS* =0,

i=1

it holds that H = T = 0. Condition (a) is called the strict complementarity, under
which F is continuously differentiable at Z*. Condition (b) was first introduced by Ko-
jima, Shida and Shindoh [16] for local analysis of interior-point methods. Conditions
(a) and (b) are also used in non-interior point methods for solving the SDP [6, 15].
See [1] for a discussion on strict complementarity and nondegeneracy conditions in
the SDP.

PROPOSITION 5.3. Let Z* = (0, X*,y*,5*) e Rx S x R™ x S be a strict com-
plementary and nondegenerate solution of E(Z) = 0. Then JE(Z*) is nonsingular.
Proof. Since (X*,y*, 5*) is a solution to the SDP, we have

X*=0, S" =0, X*'S*"=S5"X*"=0,
which implies that there exists an orthogonal matrix P such that

X* = PAPT and S* = PxPT,
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where A = diag (d1,...,d,) and ¥ = diag(o1,...,0,) are two positive semidefinite
diagonal matrices and d,0;, = 0, ¢ = 1,...,n, where d1,...,0, and o1,...,0, are
eigenvalues of X* and S*, respectively. By using the fact that X* 4+ S* > 0, we also
have

6i+o;, >0, i=1,...,n.
Denote A := A — X. Then, A = diag (A1, ..., A,) is nonsingular and
X*—-S* = PAPT,

where \; = 0; — o, i=1,...,n.
Suppose that there exists (7, H,z,T) € IR x § x IR™ x S such that

JEO, X", y*,8*)(r,H,2,T) = 0.
We have 7 = 0 and
A(H)
(5.5) S nd, T 0.
H+T- Jg(l(),X* —5%)(0,H—-T)
In particular, from the third equality of (5.5), we obtain
PY(H + T)P — PT J®(0,X* - S*)(0,H-T)P = 0,

which, together with Proposition 3.1, implies that

H+T=P'Jjo0,xX" —S*)0,H-T)P = Qo (H—T),
where H := PTHP, T = PTTP and Q € S has entries

)\i+)\j

= ji=1,...,n.
EA PV L

Hence,

(5.6) (E—Q)oH+To (E+Q) =0,

where E € S denotes the matrix whose entries are all ones. Denote two index sets
a:={N: A >0} and ~v:={N\ A\ <O0}.

By noting the fact that A\; = §; if \; > 0and A\; = —o; if \; < 0 and aUy = {1,...,n},
from (5.6), we have

T;; =0 V(i,j) € axa

Hijoj + Tyoi =0 V(i,j) € axny

and

Hi; =0 V(i,j) € vx7.
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Thus,

AT + HY =0,
ie.,

X*T + HS* =0,

which, together with the first and second equalities of (5.5) and the non-degeneracy
assumption at Z*, shows that

H=T=0.

The linear independence of {4;}7, and the fact that T = 0 imply z = 0. Hence,
JE(Z*) is nonsingular. O

We can now state quadratic convergence of Algorithm 4.1 for solving the SDP,
which does not require a proof.

THEOREM 5.4. If an accumulation point Z* of {Z*} generated by Algorithm 4.1
for solving the SDP is a strict complementary and nondegenerate solution of E(Z) =
0, then the whole sequence {Z*} converges to Z* with

(5.7) |z = Z*|| = o(| 2" — Z*|1*)
and
(5.8) e = 0((€"))

In the above theorem for the SDP, we need the non-degeneracy to prove quadratic
convergence of Algorithm 4.1. In the next section, we shall show that, for the SDCP,
this assumption can be replaced by the positive definiteness of the Jacobian of the
problem on a certain subspace.

6. Application to the SDCP. In this section, we shall deduce quadratic con-
vergence of the squared smoothing Newton method in solving the SDCP. We first
prove a result on the generalized Jacobian for a composite function.

ProposSITION 6.1. Let §;851 and Sz be symmetric block-diagonal matriz spaces.
Let F : S — 81 be continuously differentiable on an open neighborhood N of X and
U : 81 — Sy be locally Lipschitz continuous and semismooth on an open neighborhood
of F(X). Then, for any H € S, it holds that

(6.1) oY (X)(H) € 9p¥(F(X)) JF(X)(H),

where for any X € N, T(X) := ¥(F(X)).

Proof. Since T is locally Lipschitz continuous, by Rademacher’s theorem (see [28,
page 403]), T is differentiable almost everywhere in A/. For any V € d5Y(X), there
exists a sequence of differentiable points {X*} C A/ of T converging to X such that

V = lim JY(X").
k—o0o
Since ¥ is directionally differentiable on an open neighborhood of F(X), for any
HeS,
JY(X®)(H) = V'(F(X*); JE(X")(H)).
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Since VU is semismooth at F(X¥), there exists a W € ¥ (F(XF¥)) such that [25]
W (F (XM JF(XY)(H)) = W JF(X*)(H).
Thus,
JY(X*)(H) € 0pW(F(X*)) JF(X*)(H),
which, together with the upper semicontinuity of dp (see [25]), implies
Jim JY(X*)(H) € 0p0(F(X)) JF(X)(H).
This proves (6.1). O

In the following analysis, we assume that F' : S — § is continuously differentiable
and F: IR xS — IR x S is defined as

€

(6.2) B(e, X) = { 6. )

}, (. X) € RxS,

where G : IR x § — § is defined by (4.1), i.e.,
Ge,X)=X-[X-FX)+ 9, X -F(X))]/2
and for any Y € S,
B(e,Y) = (2T +Y?)V/2,
Then solving the SDCP is equivalent to solving the following equation
(6.3) E(,X) =0.

The next result is on the nonsingularity of the B-subdifferential of E at (0, X) €
R xS.

PROPOSITION 6.2. Suppose that for a given X € S, the Jacobian JF(X) of F

at X is positive definite on the linear subspace L(X — F(X);Sy), the affine hull of
C(X — F(X);S4). Then all U € 0pE(0,X) are nonsingular.
Proof. Let U be an element of g F(0, X). Assume that (7, H) € IR x S is such that
U(r,H) = 0. Then, from the definition of the B-subdifferential of E, we know that
7 =0 and there exists a W € dpG(0, X) such that W (0, H) = 0. By Proposition 6.1,
there exists a V € dp®(0, X — F(X)) such that

W(0,H) = H—[H— JF(X)(H)+ V(0,H — JF(X)(H))]/2,
which, together with the fact that W (0, H) = 0, implies that
2H — [H — JF(X)(H)] - V(0,H — JF(X)(H)) = 0.
Let H := H — JF(X)(H). We have
(6.4) 2H = H+V(0,H)

and
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ie.,
H-V(0,H)+JFX)H+V(0,H) =0,
which implies that

[H+V(0,H)e[H—V(0,H)] +
(6.5) [H +V(0,H)] e [JF(X)(H+V(,H) = 0.

By Proposition 3.1, (6.5), and the assumption that JF(X) is positive definite on
L(X — F(X);S+), we conclude that

H+V(0,H) =0,

which, together with (6.4), implies that H = 0. This shows that for any (7, H) € IRxS
satisfying U(7, H) = 0, one has (7, H) = 0. Hence, U is nonsingular. The proof is
completed. O

Finally, we can state quadratic convergence of the squared smoothing Newton
method for solving the SDCP.

THEOREM 6.3. Suppose that F': S — S is continuously differentiable on S. Sup-
pose that for each X € S, JF(X) is positive semidefinite. Then an infinite sequence
{Z*} is generated by Algorithm 4.1 for solving (6.3) and each accumulation point Z*
of {Z*} is a solution of E(Z) = 0. Moreover, if JF(-) is Lipschitz continuous around
X* and JF(X*) is positive definite on the linear subspace L(X* — F(X*);S), the
affine hull of C(X* — F(X*);S4), then the whole sequence {Z*} converges to Z*,

(6.6) |12 = z*| = o(|z" — Z*|)?)
and
(6.7) ghtl — O((&:k)Q).

Proof. For any ¢ # 0 and X € S, by Lemma 2.3, E is continuously differen-
tiable at (¢, X). It can be checked easily that JE(e, X) is nonsingular if and only if
JG(g,X)(0,H) = 0 implies H = 0. It has been shown by Chen and Tseng [6] that the
latter is true. Thus, for any ¢ # 0 and X € S, JE(e, X) is nonsingular. By Theorem
4.2, an infinite sequence {Z*} is generated by Algorithm 4.1 and each accumulation
point Z* of {Z*} is a solution of E(Z) = 0.

If JF(-) is Lipschitz continuous around X*, then by Theorem 2.5 and a property
on the strong semismoothness of a composite function (originally due to Fischer [10],
for the matrix version, see [32, Theorem 3.10]), we know that F is strongly semismooth
at (0, X*). Furthermore, by Proposition 6.2 , all U € dgFE(0, X*) are nonsingular.
Thus, by Theorem 4.2, the whole sequence {Z*} converges to Z*, and (6.6) and (6.7)
hold. O

7. Conclusions. We have studied quadratic convergence of a squared smoothing
Newton method for nonsmooth matrix equations. For the SDCP, the strong semi-
smoothness of G, together with the positive definiteness of JF(X*) on the affine hull
of C(X* — F(X*);Sy), implies that the proposed algorithm has quadratic rate of
convergence without requiring the strict complementarity.

There are several possible directions to extend our work. One direction is to
study the strong semismoothness of other smoothing functions used in [6] and then
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to improve the local analysis in [6]; another direction is to relax the nonsingularity
condition on the Jacobians. It is also possible to use some regularization techniques,
for example, the Tikhonov-type regularization, to get stronger global convergence
results as has been done for vector valued complementarity problems [8, 30].
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