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Abstract.  We study a smoothing Newton method for solving a nonsmooth matrix equation that
includes semide nite programming and the semide nite complementarit y problem as special cases.
This method, if specialized for solving semide nite programs, needsto solve only one linear system
per iteration and achieves quadratic convergence under strict complementarit y and nondegeneracy.
We also establish quadratic convergence of this method applied to the semide nite complementarit y
problem under the assumption that the Jacobian of the problem is positive de nite on the ane
hull of the critical cone at the solution. These results are based on the strong semismoothness
and complete characterization of the B-subdieren tial of a corresponding squared smoothing matrix
function, which are of general theoretical interest.
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1. Intro duction.

1.1. Motiv ation. Let S(ni;:::;ny,) be the linear spaceof symmetric block-
diagonal matrices with m blocks of sizesny  ng; k = 1;:::;m, respectively, and let
be a mapping from S(ny;:::;ny) to S(ny;:::; ny) itself. We considerthe problem

of nding aroot of ( X) = 0: This symmetric block-diagonal-matrix-valued equation
problem (matrix equation problem for short) has many applications in optimization.
For example, arising from Lyapunov stability analysis of systemsunder uncertainty
[4, 23], it is desiredto know whether there existsan n  n symmetric matrix X sudc
that the following systemis feasible

X (LiX + XLj) 0 i=1:::;k
(1.1) N 0:
where is agivenconstart, |;Li; i = 1;:::;k are givenn n symmetric matrices,

and for an arbitrary symmetric matrix Y wewrite Y OQandY 0if Y is positive
de nite and positive semide nite, respectively. It is easyto corvert (1.1) into a
matrix equation problem. For X 0 we denote its symmetric squareroot by X 12,
Let jXj:= (X?2)¥ and X, = (X + jXj)=2for any X 2 S(ni;::;ny). Note that
jXj X = 0if and only if X is positive semide nite. Let

X
(X):= [j X LiX XLijj X +LiX+XLi]J+[jX 1j X+1]:
i=1
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Then solving problem (1.1) is equivalent to solving the matrix equation ( X) = O:
Note that this equation is not di erentiable (in the senseof Fredet), but is strongly
semismmth [32, 5]. For the de nition of semismamth matrix functions and some
related topics seex2 below or referenceq32, 5] for more details.

Another application of matrix equationsrefersto semide nite programming (SDP).
As amodeling tool of optimization and a powerful relaxation form of somecombinato-
rial optimization problems,SDP hascaugh great attention of the researd community
in recert years. The website of semide nite programming ! contains a nice catego-
rized list of papersin this area. Assuming strict feasibility of both primal and dual
problems, a semide nite program is equivalent to nding X 0; S 0,andy2 IR™
sud that

X
(1.2 Al X =0Db; i=121:::;m; ViAj+ S=C; X S=0;
i=1

where denotesthe matrix Frobeniusinner product. It is showvn by Tseng[35] that
1.3) X 00 S 0 X S=0 () X [X Sl = 0:
Thus, system (1.2) can be re-written as

xn
14 A X =1b; i=1:::;m; ViAi+S=C; X [X S]+ = 0;
i=1

which has the form of ( W) = 0 with W := diag(y1;:::;Ym;S;X) being a block-
diagonal matrix.

A generalization of semide nite programming | the semide nite complemen-
tarity problem (SDCP) | can also be reformulated as a matrix equation. The
problem (SDCP) is to nd, for a given continuously di erentiable mapping F

(1.5) X 00 F(X) 0 X F(X)=0:
By (1.3) this problem is equivalent to
(1.6) X X FX)+ = 0:

A special caseof the SDCP, where F is linear, wasintroducedby Kojima, Shindo
and Hara [19] and further studied in e.g.,[12, 13, 17, 18]. For the general(nonlinear)
SDCP, Monteiro and Pang[21, 22] treated it asa constrainedequation and intro duced
interior-p oint methods for solving the constrained equation. Tseng [35] introduced
merit functions to reformulate the SDCP as an optimization problem. Chen and
Tseng [6] studied non-interior continuation methods for solving the SDCP. Kanzow
and Nagel[15] analyzedsmoothing paths for the Karush-Kuhn-T ucker (KKT) system
of the SDP and proposedsmoothing-type methods for solving the KKT system. Pang,
Sun and Sun [24] studied semismath homeomorphismsand strong stability of the
SDCP.

The interest in the nonlinear SDCP is stemmed from the researd on nonlinear
semide nite optimization problems. Shapiro [29] studied rst- and second-orderper-
turbation analysis of nonlinear semide nite optimization problems. Jarre [14] gave

Lhttp://www.zib.de/helmb  erg/ senidef .ht ml
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an interior-p oint method for solving noncorvex semide nite programs. Fares, Noll
and Apkarian [7] investigated a sequettial semide nite programming approac for a
variety of problemsin optimal cortrol, which can be cast as minimizing a linear ob-
jective function subject to linear matrix inequality constraints and nonlinear matrix
equality constraints. Leibfritz and Mostafa [20] proposedan interior point constrained
trust region method for a special classof nonlinear semide nite programming prob-
lems. Tseng [36] conducted a convergenceanalysis for an infeasible interior-p oint
trust-region methods for nonlinear semide nite programs.

In this paper we study a smoothing Newton method for solving a nonsmaoth
matrix equation that includesthe SDP and the SDCP as special cases.In particular,
for the SDP, this method achievesquadratic convergenceunder strict complemenar-
ity and nondegeneracy For the SDCP, quadratic cornvergenceis proved under the
condition that the Jacobian of the problem is positive de nite on the ane hull of
the critical coneat the solution. The strict complemenarit y condition is not assumed
here. To establish these results, we investigate the strong semismathnessand the
B(ouligand)-subdi eren tial of the so-calledsquaredsmoothing matrix function, which
are of their own theoretical interest.

The study on smoothing Newton methods can be traced back to a nonsmaoth
version of Newton's method by Qi and Sun [27] for solving nonsmaoth vector val-
ued equations. It was later found that smoothing techniques could be applied to
the nonsmoth Newton method to improve its computational performance. Many
researders have contributed to this area, seefor example the book [11] and the
referencestherein. The basic idea of the smoothing Newton method is to replace
the nonsmooth equation ( X) = 0 by a smoothing equation G("; X) = 0, where

G(Y)! (X); as(yY)! (0;X):

Herethe function G is required to be cortin uously di eren tiable at ("; X) unless" = 0:
The classicaldamped Newton method can then be usedto solve G("; X) = Oas" #0
to get a solution of ( X) = 0: Computational results shaw that this type of methods
is quite e cien t in solving vector complemenarit y problems [37].

For" 2 IR and X 2 S(nhg;:::;nm), the squaed smaothing function iR

(1.7) (" X):i= (" +XHE (X)2 IR S(ng;innm)
Then, is cortinuously di erentiable at ("; X) unless” = 0 and for any X 2
S(n1;:::nm),

[Y+ ("Y)]=2! X.; as(5Y)! (0;X):

Thuswe canuse to construct smoothing functions for nonsmooth systems(1.4) and
(1.6). We show that the smoothing function

(1.8) G("; X):=X [X FX)+ ("X FX)]=2

can be usedto designa quadratically convergert algorithm for (1.4) and (1.6). We
note that Chen and Tseng [6] have developed a nice smoothing Newton method for
the SDCP and reported promising computational results. The di erence betweenour
paper and theirs is that we show the strong semismamthnessof the smoothing function,
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which can be utilized to establish quadratic corvergencewhereaspaper [6] did not
prove the strong semismathnessof the smoothing function. As a result, paper [6]
needsthe strict complemerarit y assumption and the corvergencerate proved there
is only superlinear whereaswe obtain quadratic rate of cornvergencewithout this
assumption for the SDCP.

1.2. Notation and organization of the paper. The notation usedis fairly
standard. Generally, we usecalligraphic letters for sets,capital letters for matricesand
matrix functions, lowercaseletters for vectors, and Greek letters for scalarsand index
sets,respectively. A diagonalmatrix isdenotedby diag( 1;::; n) where 3;:::; , are
the diagonal ertries. Similarly, a block-diagonal matrix is written as diag(Bi;:::; Bm)
with By;:::; Bm being the block matrices.

Let and be two setsof indices. We designateby A  the submatrix of A
whoserow indices belongto  and column indices belong to : In particular, Aj

inner product is de ned as

A B := Trace(A"B) = Trace(AB):

KAk := (A A)¥2:

The Hadamard product of A and B is denotedby A B; namely (A B)j = Aj Bjj
for all i and j: The 2-norm of a vector x is denoted by kxk. Let | be the identity
matrix of appropriate dimension.

This paper is organized as follows. In x2 we review someresults on nhonsmaoth
matrix functions and prove the strong semismathnessof dened in (1.7). x3
is dewoted to characterizing the B-subdierential of , which will be usedin the
sequel. We describe the squared smoothing Newton method in x4. Applications of
the smoothing Newton method to the SDP and SDCP are discussedin x5 and x6,
respectively. Some nal remarks are givenin x7.

2. Strong semismo othness of ( "; X). This sectionis dewvoted to proving the
strong semismathness of the squared smoothing function  dened by (1.7). As
a preparation we introduce some basic de nitions and results on a general matrix

function :S(ni;:::;ngm) ! Si, whereS; is alsoa symmetric block-diagonal matrix
space,but could be of di erent shape and sizefrom S(ny;:::;nm)
Suppose that : S(ny;:ing) ! Sy is a locally Lipschitz matrix function.

According to [32], is dierentiable almost everywhere. Denote the set of points at
which isdierentiable by D andforany X 2 D ,letJ ( X) denotethe Jacobian
of atX. Let@ ( X) bethe B-subdi erential of at X de ned by

(2.1) @ ( X) = lim  J( X%
XK1 X
Xk2D

and let @( X) denotethe convex hull of @ ( X):

Definition  2.1. Supmsethat : S(ni;:::;nym) ! S is a locally Lipschitz
matrix function. is saidto be semismmth at X 2 S(ny;:::;ny) if  is directionally

(X+H) (X) V()= okHK):
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is said to be strongly semismath at X if is semismamth at X and

(2.2) (X+H) (X) V(H)= OKH K?):

Instead of showing the strong semismathnessby de nition, we will usethe fol-
lowing result [32, Theorem 3.6].

Theorem 2.2. Supmsethat : S(ni;:::;nm) ! S; is locally Lipschitz and
directionally di er entiable in a neighlorhood of X. Then is strongly semismath at
X if andonly if forany X + H 2D ,

(2.3) (X+H) (X) J(X+H)H)= OKHK:

In order to show that ( "; X) satis es (2.3), we will rst identify the di eren tial
points of . We shall show that is di erentiable at ("; X) if and only if "2l + X ?
is nonsingular. Here we view as a function from S(1;n) to S  S(n): This result
can be extendedto the generalblock-diagonal caseeasily. Unlessstated otherwise, S
is assumedto be of this simple structure here and below.

Forany X 2 S, let Lx bethe Lyapunov operator:

Lx(Y) := XY+ YX; 8Y2S

with L, ' being its inverse(if it exists at all).
For X 2 S, there exist an orthogonal matrix P and a diagonal matrix =

(2.4) X =P P":
De ne three index setsassaiated with the eigervaluesof matrix X:
= fi: ;> 0g; = fi: ;=09 and = fi: j < 0g:

By permuting the rows and columns of X if necessary we assumethat can be
written as

2 0 0 3
=% o0 0 % ;
0 0 O
where and are diagonal matriceswith diagonalelements ;i 2 and ;i 2 ,
respectively. Let := [ . De ne two diagonal matrices of orderj j:
" #
0
D :=
0
and jDj = (D?)'2, ie.,
" #
D 0
Iy = o
0 J

Lemma 2.3. For ("; X) 2 IR S, the following statementshold.
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(@) If "2l + X2 is nonsingular, then is continuously di er entiableat ("; X) and
J ("; X) satis es the following equation

(25) I (" X)(;H) = L by (Lx(H)+ 2" 1); 8(;H)2 IR S:

In particular, in this case,

(2.6) KI(X) :H)k PR} j+ kHk:
(b) is glokally Lipschitz continuous and for any ("; X); ( ;Y)2 IR S,
2.7) K(™X) ( :Y)k Phj" j+kx Yk
(c) is directionally dier entiableat (0;X) andfor ( ;H)2 IR S,
) L. l[D8 +18 D] |jDj 'D® #
WXy (;H) =P P PT;

|qT Dij 1 ( 2| + |,q2 )1:2

where 1§ := PTHP.
(d) is dier entiable at (*; X) if and only if "2l + X 2 is nonsingular.

Pro of. (a) Forany C 0, we have, by applying [35, Lemma6.2] or direct calculation,
that (C2+ W )¥2 C= L.Y(W)+ o(kWk) for all W 2 S su cien tly small. Then,
for "21 + X 2 nonsingular (and hencepositive de nite), we have

("+ ;X +H) ("%H) = (CP+w)¥= C
= Lt(Lx(H)+2 1)+ 0 2+ KHK? + o(kWKk);

where( ;H) 2 IR S,C:= (" X)andW := Ly (H)+ 2" | + 21 + H?. Thus,
is di erentiable at ("; X) and

I(X)CH) = LM (Lx(H) + 27 1)

By noting the fact that for all ("+ ;X + H) sucien tly closeto ("; X), ( "+ ;X +H)
is positive de nite, from the de nition of L * we know that L ! is cortinuous at
("; X). Hence, is continuously di erentiable at ("; X).

Let P and bedened asin (2.4). To prove (2.6), we rst note that

Lx(H)+2" 1 =P L (PTHP)+2' | P’
andforany Y 2 S,
LA(Y) = PL(lu;) (PTYP)PT:
Thus, we have

PTI("X) sHP =LA, L (PTHP)+2" |

Hence, by direct calculation, for i;j = 1;:::;n,
E p_— @ o
(PTHP)j ( i+ j) "2+ 2+ "2+ 2 if i 6]

(PTI(5X)(HPY) = s
i(PTHP); +" "2+ 2 7 otherwise;
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which implies that

X 2 X0 9
PTI (" X)(H)P n 2+ (PTHP); “:
i =1 i =1
Hence,
kI (" X)(iH)K® = kPTI (" X)( ;H)PK?
n2+kPTHPK?> = n 2+ kHK?:
This completesthe proof of part (a).
(b) By part (a) of this lemma, for " 6 0 and 6 O we have
k("X) (;Y)k
=k (j"EX) (i YY)k
Zl
= OJ(J’ Pty 7Yy X YUt g X Y)dt
pP_—. ... . .
njG"j J DitkX Yk
Pai"  j+kX Yk

By alimiting processthe above inequality is alsotrue for " = 0. Hence,(2.7) holds.
(c) Let P and bedened asin (2.4). Forany 2 IR andH 2 Sandt2[0;1),
let
(t)y:= (t; X+tH) (0;X)
and
¢t):= PT(t)P:
Then,

€0

PT(t;X+tH)P PT(0;X)P

2 21 + (PT(X + tH)P)2 ' jPTXP]|

t2 2] + (PTXP+tPTHP)2 > jPTXP]|

1=2
22+ ( 82

wherel§ := PTHP. Thus,
1=2
¢n= jjiP+W IE
where
W =t221+t B+t18 +t282
and
B #
.. b} 0
J 1= 0 o
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After simple computations we have

D +1¥ D DB
W=t
28 _BTD 0
' O(t2) O(t2) #

O(t?) t2 21 +t2[87T 19 + 1K/?]

By Lemma 6.2 in Tseng [35], we have

(2.9) ) = L )+ okivk);
(2.10) et) =ijbj W + okivk
and

(2.11) W =en" et +en?:
Hence,

(2.12) €t) =tjDj 'DB¥ + ot);

which implies that
213) €1)T €1) = t287T (jD] 'D)’® + ot?) = t28T 8 + o(t?):
According to (2.9) and (2.8),
(2.14) ¢t) =1t (DB +#® D)+oft):
Since
W =t22+t2187 8 +182];
from (2.11) and (2.13), we obtain
(2.15) e(t)2 = t? 2 + t?/82 + o(t?):

Furthermore, since ¢ ) is positive semide nite (seethe de nition of €(t)), we
know from (2.15) that € t) is well de ned and

(2.16) B0 =t 2 +8/82 +01)

Hence,from (2.14), (2.12), (2.16), and the cortinuity of ( )72,

i [ Llej[Dﬁ +1/& D] |Dj D
ot 8T DjDj 1 ( 2| + 182 )1:2

which, completesthe proof of part(c).
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(d) Only the \only if* part needsa proof. Obviously "2l + X2 is nonsingular

at" 6 0:If is dierentiable at (0;X), then part (c) of this lemma shows that

(0; X ); ( ;H)) is a linear function of ( ;H) only if = ;;i.e. only if X is nonsin-
gular. O

Lemma 2.3 shows that the squaredsmoothing matrix function is directionally
di erentiable everywhere and globally Lipschitz cortinuous. It also shaws that it is
di erentiable at (; X) 2 IR S if and only if "2l + X 2 is nonsingular.

The next result is vital in order to prove the strong semismmthnessof . By
noting the fact that | and X can be simultaneously diagonalized, we may extend the
proof usedin [32, Lemma4.12]from jXjto . Herewe follow the outline of a simpler
proof givenin [5, Proposition 4.10].

Lemma 2.4. LetX 2 S. Then, for any 2 IR andH 2 S suchthat 21 + (X +
H)? is nonsingular, is dier entiableat ( ;X + H) and

(2.17) ( ;X +H) (0:;X) J( ;X+H):;H)= 0k ZKk%:

where Z := ( ;H).
Pro of. Let D denote the spaceof n n real diagonal matrices with non-increasing
diagonal entries. Foreadh Y 2 S, de ne

Oy :=fP20:PTYP 2 Dy

whereO:=fP2IR" " : PTP = 1|g.
Let 1 ::: n denotethe eigervaluesof X . By [6, Lemma 3] or [33, Proposi-
tion 4.4], there exist scalars > 0and > 0 sud that

Pnz"nicr)] kP QKk kY Xk whenewer Y 2 S; kY Xk ;i Q2 Oy:
X

If = 0,then the left hand sideof (2.17)reducesto ( X +H) ( X) J( X+
H)(H), whereforeadh Y 2 S, ( Y) = jYj. Then, it follows from [32, Lemma 4.12]
that (2.17) holds.

Suppose 6 0. Let ; ::: n denotethe eigervaluesof X + H, and choose
any Q 2 Ox +n . Then, by (2.18), there exists P 2 Ox satisfying

kP Qk kH k:
For simplicity, let R denote the left hand side of (2.17), i.e.,
R:= ( ;X+H) (0;X) J( ;X+H);H):

Letting C := ( ;X +H)=( 21+ (X+H)?)¥ and noting that Q 2 O¢, we obtain
from Lemma 2.3 and the formula for LC1 givenin [35, Page 171] that

J( ;X +H) ;H) LMK+ H)H + H(X + H)+ 2 21]
QL (QTX+H)H+HX+H)Q+2?2QT;

wherethe matrix 2 S haserntries

i = =i+ j)

and ; = Pai is the i-th eigervalue of C. Then, letting R := QTRQ and

18 := Q"HQ, we have that
(2.18) R = sT s (U+22);
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where = diag(p 24 %;:::;p 2+ 2), = diag( 1;:::; n), S:=PTQ, and
Uij Z=( i+ j)ﬁij for all I,j
Sincediag( 1;:::; n)= Q'(X + H)Q = ST diag( 1;:::; n)S+ 14, we have
x i
(2.19) SkiSkj k+ & = ;oj=Ln:
k=1 0 else

SinceS=PTQ=(P Q)TQ+ 1 andkP Qk kHk, it follows that
(2.20) Sj = OkHk); 8i6ij:

SinceP;Q 2 O, wehave S 2 O sothat STS = |. This implies

X
(2.21) 1= S2+ SZ = S2 + OKkHK?; i=1:::;n
k6 i
and
P
0 = SiSj *+SjSjj+ ey xSk
(2.22)

SiiSij + SjiSjj+O(kH kz); 8i6j:

We now show that R = O(k Z k?), which, by kRk = kRk, would prove (2.17).

q 2 X 25 1 2
Ri= 2+ | Sl ki 7(2 +2 %)
k=1 ! I
q 2 .
= 2+ 7 Ski ki — — S
k=1 ! ! k=1
q P 2 i 2 2
= 2+ 2 ] — —(i SZi)+OKkHK
q ] ] ) -
= 2+ 2 (1+OKHK)] ij — —(i (@+OKHK?Y) i)+ O(kH k%
q 2 i I I
= e I e i)+ O(kH k?)
I I
=f(; ) 00 i) IT(; ) i i)+ O(kH K?):
(2.23)
where the third and fth equalities use (2.20), (%21) and the fact that j j=;j 1.
The last equality follows by dening f( ; ) := 2+ 2, Sincef is known to be

strongly semismath and, by a result of Weyl [2, page63],
(2.24) I ij kHk; 8i

and the right hand side of (2.23) is O(k Zk)?. Forany i;j 2 f1;:::;ngwith i 6 j,
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we have from (2.18) and (2.19) that

X.] . .
Ry = SkiSkjj «i i (it )M
k=1
xXo _ _ X0
= SkiSkij kit i Ci+ ) SkiSk «
k=t o k=1 ,
= (SiSi) it SGiSi D+ (it XSSy i+ i j)+ O(kH k)
= (Si Sy +SiS) iD+SiS;0 51 1))
+ 5 Ci+ DWSiS; +SiS;) i +SiSij( i) + O(kH k?)
= 0SS G0 0 qCit O D))+ OkH K?)
_ e 2y .
= SiS; gl bl ;i) +OkHK);
i i
(2.25)

where the third and fth equalitiesuse(2.20), (2.22)and jj i+ jj 1. Wehave

Vil o1l e [
o it
=1 1) J'+ ‘I(j i) J'+ 'I(j it i)
] 1 ] i
_ . . . . rg2+ ]2) (2+ |2) j+|
=il b = j+i(J it i)
i i
q q o
(2.26)= J il A L L
1

Sincej ; + =, + ) land | «j 2% 2 = kO 0k k(i k]
JO; W) (Wi it «x kj for k 2 fi;jg, we seefrom (2.24) that the right
hand side of (2.26) is O(j j+ kHK). This, together with (2.20), implies the right hand
side of (2.25) is O(kH k(j j + kHKk)): The proof is completed. O

According to Theorem 2.2 and Lemmas?2.3 and 2.4, we obtain the following main
result of this section.

Theorem 2.5. The squaed smaothing matrix function is strongly semismath
at (0;X)2IR S.

The theorem above provides a basis for quadratic corvergenceof the squared
smoothing Newton method for the SDCP, which is to be discussedin x 5.

3. Prop erties of the B-sub dieren tial of . In this section, we shall dis-
cuss some properties of the B-subdi erential of the squared smoothing function
at (0;X) 2 IR S. These properties play a key role in the proof of nonsingular-
ity of the Jacobiansarising from the SDP and the SDCP. Assumethat X has the
eigen-decomjsition asin (2.4), i.e.,

X =P PT,;



12 J. SUN, D. SUN AND L. QI

where P is an orthogonal matrix and is the diagonal matrix of eigervalues of X
and hasthe form

2 0 03
=90 o%:
0O 0 O

Partition the orthogonal matrix P accordingto
P=[W W W J;

with w 2 RR" J w 2IR" Jandw 2 R" I
Recall that the critical coneof S, :=fX 0: X 2 Sgat X 2 Sisdened as:

C(X;S+) == T(X+;Se)\ (X+ X)7;

where T (X4 ;S;) is the tangent coneof S, at X, and (X. X)? is the subsetof
matrices in S that are orthogonal to (X+  X) under the matrix Frobenius inner
product. The critical conecan be completely described [3, 9] by

(31) OX;S:)=fY2S:W'YW =0 W'YW =0 W'YW 0g:

Consequetly, the ane hull of C(X;S.), which we denote L(X;S.), is the linear
subspace

fY2S:W'YW = OOW'YW = 0g:

Pr oposition 3.1. Forany (O;H)2 IR SandV 2 @ (0 ;X), it holdsthat

(3.2) V(O;H) = P( PTHP)PT:
(3.3) H+ V(@O;H)2L(X:S:)

and

(3.4) [H V(@O:;H) [H+V(@O;H)] O;

where the matrix 2 S hasentries
8
> t2[ ;1] if ()2

ij_> i+j

———— otherwise:
Jilt il

Proof. LetV 2 @ (0 ;X). By Lemma 2.3 and the de nition of the elemers in
@ (0 ;X), it follows that there exists a sequencef ("¥; X *)g corverging to (0;X)
with ("%)21 + (X %)2 being nonsingular such that

V(O;H) = lim J ( "K:XK)0;H) = Jim Lor (Lxx(H)) ;

where CK := ( "k; X k). Let Xk = PX k(PKX)T be the orthogonal decomposition of
Xk, where ¥ isthe diagonal matrix of eigervaluesof X ¥ and P¥ is a corresponding
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orthogonal matrix. Without loss of generality, by taking subsequencesf necessary
we may assumethat fPKg is a corvergert sequencewith limit P = kIlilrn P and

= Jim K (clearly X = P PT). Then,

lim ¥ = 0:
k!l

For any H 2 S with 18k := (PX)THPK, we have

Lee J ("8 X*)O0;H) = Ly«(H);

()21 + (k)2 122 gk 4+ gk ()21 + (K2 122 _ 0 kigk 4 gk k.
where 8K := (PK)T J ( "k;XKk)(0;H) Pk. By denoting €% := (("%)2l + ( ¥)2)1=2,
we have

2 €k Bk + 8% € @€k Bk + Bk € €&k Bk + Bk €k

E@k@k+@k@k €k Bk + Bk € €k Bk + Bk €k

€k Bk + Bk € @k Bk + Bk €k €k Bk + Bk €k

2 kigk + 18k k  kigk 4 1@k k  kgk 4 @k K 3
- § Kigk + |8k k  kigk 4 |18k k  kjgk 4 |gk k
kigk + |8k k  k@k 4 8k k  k@k 4 gk K
For each k, de ne the matrix & 2 S with entries

q q 1

I G R O L G L N O L G I IR SR

Sincef kg is bounded, by taking a subsequencef necessarywe assumethat f ¥

a corvergert sequenceand

gis

lim ¥ =
k!1

Hence, it follows that
lim 8k = Jim % 1§k = PTHP;
k!l k!l

which, proves(3.2). Let B := PTHP. Then, we obtain

2 3
i 19 i

PTV(O;H)P = § g7 T 19 19 z :
g7 8T 9



14 J. SUN, D. SUN AND L. QI

Let E 2 S be the matrix whoseentries are all ones. Thus,

PT[H + V(0;H)]P

2 3
1] ( +E ) B o1

(3.5) = E BT ( +E )T 0 0 2
287 0 ( +E ) B
and
PT[H V(O;H)P
2 0 (E ) 1B 0 3
(3.6)= E 8T (E )7 218 218 Z:
0 287 (E Y 18
Hence,from (3.5), we get
WT[H + V(O;H)]W =0 and WT[H + V(O;H)]W = 0;

which, proves(3.3).
By noting the fact that 2 [ 1;1]for all i;j = 1;:::;n, from (3.5) and (3.6),
we obtain

[H V(@O:H)] [H+V(O;H)]

PT[H V(O;H)P  PT[H + V(O;H)IP

X X

= 20 )+ §)RF+ @ A+ §)Ee
i2;j2 i2 ;j2

which, proves(3.4). This completesthe proof. O
4. The squared smoothing Newton metho d. Let :S(ny; i nm) !
be an approximate function of such that G is continuously di erentiable at ("; X) 2

IR S(ni;:::;nm) unless" = 0 and

lim G("Y) = X):
™Y ) (0:X) ( ) ( X)

The existenceof such a G was proved in [31] for vector valued functions. It can be
easily extended to matrix valued functions by making use of the isometry between
IR" and S(n1;:::;nm). For the SDP and the SDCP, there are many choicesfor G.
In particular, a computationally e cien t form for the SDCP is

(4.1) G(";X): =X [X FX)+ (X FX)]=2:

The squaed smaothing Newton methad, in particular, solvesthe auxiliary equation

4.2) E(X) = G(,.';'X) =0
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and usesthe merit function (Z) := "2 + kG(Z)k? for the line seard, where Z :=
(" X):
Let" 2 IR.+ and 2 (0;1) besud that " < 1. De ne an auxiliary point Z by

(Z2):= minfl; (2)g:
Let
N:=fzZ=("X)2IR S(ng;:::5;nm) " (Z)"g:
Algorithm 4.1,
Step 0. Selet constants 2 (0;1) and 2 (0;1=2). Let"%:= ", X%2 S(ny;:::;nm)

be an arbitrary point and k := 0.
Step 1. If E(Z¥) = 0, then stop. Otherwise, let | := (Z¥).
Step 2. Compute ZK:= ( "k; XX¥)2 IR S(ny;:::;nm) by

(4.3) E(Z¥) + JE@Z¥)( ZY) = «Z:
Step 3. Let Ix be the smallest nonnegative integer | satisfying
(4.4) (zk+ 'zZ% 1o2@a ' @Ehy:

Dene zK* = zk+ I zk,
Step 4. Replae k by k + 1 and goto Step1.
Theorem 4.2. Assumethat
(i) for everyk 0, if "k 2 IR,+ and Z* 2 N, then JE(Z¥) is nonsingular; and
(i) for any accumulation point Z = (" ;X ) of fZkgif " >0andZ 2 N, then
JE(Z ) is nonsingular.
Then an innite sequen@ fZkg N is geneated by Algorithm 4.1 and each accu-
mulation point Z of fZKg is a solution of E(Z) = 0. Moreover, if E is strongly
semismmth at Z andif all V 2 @ E(Z ) are nonsingular, then the whole sequene
fzkg convemgesto Z

(4.5) kz"*t 7z k= 0okzK Z k¥
and
(4.6) "l = 0((")%):

The vector version of the above corvergenceresult is proved in [26], where the
smoothing parameter is a vector rather than a scalar. However, the proof was inde-
penden of the dimension of the parameter vector. Therefore, with a slight revision
if necessaryits matrix version can be establishedsimilarly. For brevity we omit the
proof.

The key conditions for quadratic convergenceof Algorithm 4.1 are: (a) the strong
semismathnessof the smoothing function E and (b) the nonsingularity of all V 2
@E(Z ) (in [26], @&(Z ), rather than @ E(Z ), was used. However, it is easyto
ched the cornvergenceproperties are still valid if we replace @ (Z ) by @E(Z ) in
the analysis). In the subsequen sectionswe will provide su cien t conditions for (b)
to hold in the casesof SDP and SDCP where (a) is naturally implied by the strong
semismamthnessof
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5. Application to the SDP. In this sectionwe shall show how to useAlgorithm
4.1 to solve (1.4), which constitutes the optimality conditions of the semide nite
programming. For this purpose, we assumethat fA;g", are linearly independert,
ie,any 2 IR™ satisfying M, A= 0implies ;=0,i=1::;m

Dene A:S! IR™ asfollows

2A1X3

A(X)::g : é; X2S:
An X

Then solving (1.4) is equivalent to nding a solution to

2 Ax) b 3

(5.1) (X;y;S):=§XnyiAi+s cz=0; X;y;8)2s R™ S
X X sk

Dene G:IR S IR™ SI IR™ S S asfollows

AX) b 3

2
0
(5.2) G(" X;y;S) 1= § yiAi+S C z :
X X S+ ("X 8=

Then G is corntinuously di erentiable at ("; X;y;S) with " 6 0. Let

(5.3) E("; X;y;S) := G(" X:y:S)
Hence, nding a solution of ( X;y;S) = 0 is equivalent to nding a solution of
E( X;y;S) = 0.

Similar smoothing functions for the SDP are rst usedin [6] and very recertly
in [15. Basedon these smoothing functions, smoothing Newton methods are also
designedin [6, 15]. The major di erences betweenour method and thosein [6, 15] in
the context of SDP are: (i) our algorithm needsto solve only one linear system per
iteration while the methods in [6, 15] needto solve two; (ii) quadratic convergence
has been establishedfor our algorithm while only superlinear corvergencehas been
establishedfor methods in [6, 15]; and (iii) numerical results are reported in [6, 15]
while our paper is focusedon theoretical analysis.

The next result shavsthat JE("; X;Y;S) isnonsingularat (*; X;y;S)2 IR S
IR™ S with " & 0. Similar proofs can be found in [6, 15, 34].

Pr oposition 5.1. Forany ("; X;y;S)2IRS IR™ S with" 6 0, JE("; X;Y;S)
is nonsingular.

Pro of. By Lemma 2.3, we know that JE("; X;Y;S) exists. Supposethat there exists
(;H;z,T)2IR S IR™ S sud that

JE("; X;Y;S)( ;H;z;T) = 0;
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A(H)
(5.4) X = 0;

ZA+ T
HoH T+3(%X S(H T)=2
which implies that
=0 and 2H [H T+J("X S)O;H T)=0:
Hence,by Lemma 2.3,
2H hH T+L %y glx s(H T)I = 0;

which implies that

Liwx sy(H+T)=Lix s9(H T);

"2+ (X S)2 TEH+T)+ (H+T) "2+ (X S)2 7
= (X SYH T)+(H T)YX S):

SinceX S 2 S, there exist an orthogonal matrix P and a diagonal matrix
eigernvaluesof X S sud that

X S=P PT:
By denoting 18 := PTHP and B:= PTTP, we have

("l TP+ P) (@ + (A )PP = (8 B+ (@ P

Hence,
B+®= (8 F);
wherethe matrix 2 S hasertries
q q 1
i = "24 24 24 2 (i+ j) Bj=1:0n:
Thus,
k=€ P

where the matrix © 2 S hasentries
q q 1 q

||2+ |2 ||2+ 2 i + + ||2+ |2 + ||2+

2

17

of
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wherei;j = 1;:::;n: From (5.4), we know that
X
Ai H=0i=1:::;m and zZiAi+ T = 0;
i=1
which implies that
!
X
T H= ZiAj H+T H = ZiAj + T H=20
i=1 i=1

Hence,
0=T H=F ®B=F (¢ P);

which, together with the fact that ©; < Ofor all i andj, implies that ® = 0. Thus,
=€ =0 and T=H = 0:

From the linear independenceof f A;gf; and that fact P i";l ziAj + T = 0, we can
concludethat z = 0. This showsthat JE("; X;y;S) is nonsingular. O

Proposition 5.1 shaws that Algorithm 4.1is well de ned whenit is applied to the
SDP. We state it formally in the following theorem. Its proof is a direct application
of Theorem 4.2 and Proposition 5.1.

Theorem 5.2. If Algorithm 4.1 is applied to the SDP, then an in nite sequene
f ZKg is geneated and each accumulation point Z of f Z¥g is a solution of E(Z) = 0.

For local corvergenceanalysis of Algorithm 4.1 for the SDP, we need the non-
singularity of @ E(Z ) at a solution Z of E(Z) = 0. Next, we discussa su cien t
condition to guarantee the nonsingularity of @ E(Z ) at a strict complementary and
nondegenerte solution Z = (0;X ;y ;S ) of E(Z) = 0, i.e., Z satis es the fol-
lowing two conditions: (&) X + S 0 and (b) forany (H;z;T)2 S IR™ S
satisfying

X0
A(H) = 0 zZAj+T =0 and X T+ HS = 0;
i=1

it holdsthat H = T = 0. Condition (a) is called the strict complemenarity, under
which E is continuously di eren tiable at Z . Condition (b) was rst introducedby Ko-
jima, Shida and Shindoh [16] for local analysis of interior-p oint methods. Conditions
(&) and (b) are also usedin non-interior point methods for solving the SDP [6, 15].
See[1] for a discussionon strict complemernarity and nondegeneracyconditions in
the SDP.

Pr oposition 5.3. LetZ = (0;X ;¥y;S)2IR S IR™ S bea strict com-
plementary and nondggeneate solution of E(Z) = 0. Then JE(Z ) is nonsingular.
Pro of. Since(X ;y ;S ) is a solution to the SDP, we have

X 0 S 00 XS =8SX =0;
which implies that there exists an orthogonal matrix P sud that

X =P P" and S =P PT;
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where = diag( 1;:::; n) and = diag( 1;:::; n) are two positive semide nite
diagonal matricesand ; ; = 0,i = 1;:::;n, where 1;:::; n and q;:::;  are
eigervaluesof X and S , respectively. By using the fact that X + S 0, we also
have

Denote = . Then, = diag( 1;:::; n) is nonsingular and
X s =P PT;

where | = =10,
Supposethat there exists( ;H;z;T)2IR S IR™ S sud that

JEO;X ;¥ ;S )( ;H;z;T) = 0:

d

? A(H)
(5.5) g : zZA + T z = O:

H+T J0:X S)OH T)
In particular, from the third equality of (5.5), we obtain
PTH+ T)P PTJ(@O:;X S)O;H T)P = 0;
which, together with Proposition 3.1, implies that
¥+ T=P'JO;X S)O;H T)P= | P,

wheret® := PTHP, = PTTP and 2 S hasertries

it

N ETESETE

Hence,

(5.6) (E ) B+% (E+) = 0;

where E 2 S denotesthe matrix whoseertries are all ones. Denote two index sets
=f i: i>0g and =f ;: i < 0g:

By noting the factthat ;= ;if > O0and ; = iif <O0and [ =1f1:::;ng,
from (5.6), we have

B =0 8(j) 2 ;

B j+F® =0 8(Gj) 2
and

B =0 8(j)2
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Thus,
F+18 =0;

X T+ HS = 0;

which, together with the rst and secondequalities of (5.5) and the non-degeneracy
assumptionat Z , shows that

H=T=0:

The linear independenceof fA;gt, and the fact that T = O imply z = 0. Hence,
JE(Z ) is nonsingular. O

We can now state quadratic convergenceof Algorithm 4.1 for solving the SDP,
which doesnot require a proof.

Theorem 5.4. If an accumulation point Z of f Z¥g generted by Algorithm 4.1
for solving the SDP is a strict complementary and nondegeneate solution of E(Z) =
0, then the whole sequene f ZKg convergesto Z  with

(5.7) kz¥l  z k= okzk Z k¥
and
(5.8 " = 0((")?):

In the above theorem for the SDP, we needthe non-degeneracyto prove quadratic
convergenceof Algorithm 4.1. In the next section, we shall shaw that, for the SDCP,
this assumption can be replaced by the positive de niteness of the Jacobian of the
problem on a certain subspace.

6. Application to the SDCP. In this section, we shall deducequadratic con-
vergenceof the squared smoothing Newton method in solving the SDCP. We rst
prove a result on the generalizedJacobian for a composite function.

Pr oposition 6.1. Let S;S; and S; be symmetric block-diagonal matrix spaces.
Let F : S! S; be continuously di er entiable on an open neightorhood N of X and

:S1! S, belocally Lipschitz continuous and semismath on an open neightorhood
of F(X). Then, for any H 2 S, it holdsthat

(6.1) @ ( X)(H) @ ( F(X))IF(X)(H);

where for any X 2 N, ( X):= ( F(X)).

Pro of. Since is locally Lipschitz continuous, by Rademader's theorem (see[28,
page403]), is dierentiable almost everywherein N. Forany V 2 @ ( X), there
exists a sequenceof di eren tiable points fX*Xg N of corvergingto X sud that

— i ky .
V = kI!|lrn\](X ):
Since s directionally dierentiable on an open neighborhood of F(X), for any
H2S,
J(XI)(H) = AFX)IF(X)(H)):



A SQUARED SMOOTHING NEWTON METHOD 21

Since is semismmth at F (X *), there existsaW 2 @ ( F(X*)) sud that [25]
(F (X' IF(X)(H)) = WIF(X)(H):

Thus,
J(XN)(H) 2 @ ( F(X)IF(X)(H);

which, together with the upper semiconinuity of @ (see[25]), implies

Jim 3 (X)(H) 2 @ ( F(X)IF()(H):

This proves(6.1). O
In the following analysis,we assumethat F : S! S is continuously di eren tiable
andE:IR S! IR Sisdened as

(6.2) E(" X) = (X)2 IR S;

G(" X)
whereG:IR S! Sisdened by (4.1), i.e.,
G X) =X [X FX)+ (%X F(X)]=2
andforany Y 2 S,
(YY) = (YR
Then solving the SDCP is equivalert to solving the following equation
(6.3) E(; X) = 0:

The next result is on the nonsingularity of the B-subdi erential of E at (0; X) 2
R S.

Pr oposition 6.2. Suppmsethat for a given X 2 S, the Jacobian JF(X) of F
at X is positive de nite on the linear subspoe L(X F(X);S:), the ane hull of
CX F(X);S:). Thenall U2 @E(0; X) are nonsingular.

Pro of. Let U bean elemert of @ E(0; X). Assumethat ( ;H) 2 IR S is sud that
U( ;H) = 0. Then, from the de nition of the B-subdi erential of E, we know that

= 0 and there existsa W 2 @ G(0; X) such that W(0;H) = 0. By Proposition 6.1,
thereexistsaV 2 @ (0 ;X F (X)) suc that

W@O;H)=H [H JFX)H)+V@O;H JF(X)H)]=2;
which, together with the fact that W(0;H) = 0, implies that
2H [H JF(X)H) VO;H JF(X)H)) = O:
LetH :=H JF(X)(H). We have
(6.4) 2H = H + V(0;H)
and

2 H+JF(X) (H+ V(O;H))=2 H V(;H) = 0;
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H V@O;H)+ JF(X)(H + V(0;H)) = 0;
which implies that

[H+V(@O;H)] [H V(@O;H) +
(6.5) [H+ V(©O;H)] [F(X)H + V(O;H))] = 0:

By Proposition 3.1, (6.5), and the assumption that JF (X)) is positive de nite on
L(X F(X);S+), we concludethat

H+ V(;H) = 0;

which, together with (6.4), impliesthat H = 0. This showsthat forany ( ;H) 2 IR S
satisfying U( ;H) = 0, onehas ( ;H) = 0. Hence,U is nonsingular. The proof is
completed. O

Finally, we can state quadratic convergenceof the squared smoothing Newton
method for solving the SDCP.

Theorem 6.3. Supmsethat F : S! S is continuously di er entiableon S. Sup-
posethat for each X 2 S, JF(X) is positive semide nite. Then an in nite sequene@
fZKg is geneated by Algorithm 4.1 for solving (6.3) and each accumulation point Z
of f Z*g is a solution of E(Z) = 0. Moreover, if JF () is Lipschitz continuous around
X and JF(X ) is positive de nite on the linear subs@ce L (X F(X );S:), the
ane hull of (X F(X );S:), then the whole sequene f ZXg convemesto Z ,

(6.6) kz"*1  zZ k= O(kzk Z K?)
and
(6.7) "= 0(("Y):

Proof. Forany " 6 0and X 2 S, by Lemma 2.3, E is continuously di eren-
tiable at ("; X). It can be chedked easily that JE("; X) is nonsingular if and only if
JG("; X)(0;H) = OimpliesH = 0. It hasbeenshown by Chenand Tseng|[6] that the
latter is true. Thus,forany " 6 Oand X 2 S, JE("; X) is nonsingular. By Theorem
4.2, anin nite sequence ZXg is generatedby Algorithm 4.1 and ead accurrulation
point Z of fZXgis a solution of E(Z) = 0.

If JF () is Lipschitz continuousaround X , then by Theorem 2.5 and a property
on the strong semismathnessof a composite function (originally due to Fischer [10],
for the matrix version,se€g[32, Theorem 3.10]), we know that E is strongly semismath
at (0; X ). Furthermore, by Proposition 6.2, all U 2 @ E(0; X ) are nonsingular.
Thus, by Theorem 4.2, the whole sequence Z¥g convergesto Z , and (6.6) and (6.7)
hold. O

7. Conclusions. We have studied quadratic convergenceof a squaredsmoothing
Newton method for nonsmaoth matrix equations. For the SDCP, the strong semi-
smoothnessof G, together with the positive de niteness of JF (X ) onthe ane hull
of C(X F(X );S:), implies that the proposed algorithm has quadratic rate of
convergencewithout requiring the strict complemenarit y.

There are sewral possible directions to extend our work. One direction is to
study the strong semismathnessof other smoothing functions usedin [6] and then
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to improve the local analysis in [6]; another direction is to relax the nonsingularity
condition on the Jacobians. It is also possibleto use someregularization techniques,
for example, the Tikhonov-type regularization, to get stronger global corvergence
results as has beendone for vector valued complemenarit y problems[8, 30].

Ac knowledgmen ts. The authors are grateful to the refereesfor their very con-
structive commernts. In particular, the presen proof of Lemma 2.4 was suggestedby
a referee.
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