CONSTRAINT NONDEGENERACY, STRONG REGULARITY AND
NONSINGULARITY IN SEMIDEFINITE PROGRAMMING*
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Abstract. It is known that the Karush-Kuhn-Tucker (KKT) conditions of semidefinite program-
ming can be reformulated as a nonsmooth system via the metric projector over the cone of symmetric
and positive semidefinite matrices. We show in this paper that the primal and dual constraint non-
degeneracies, the strong regularity, the nonsingularity of the B-subdifferential of this nonsmooth
system, and the nonsingularity of the corresponding Clarke’s generalized Jacobian, at a KKT point
are all equivalent. Moreover, we prove the equivalence between each of these conditions and the
nonsingularity of Clarke’s generalized Jacobian of the smoothed counterpart of this nonsmooth sys-
tem used in several globally convergent smoothing Newton methods. In particular, we establish the
quadratic convergence of these methods under the primal and dual constraint nondegeneracies, but
without the strict complementarity.
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1. Introduction. The standard semide nite programming (SDP) problem takes
the following form

min  hC; Xi
(1.1 st: AX =b;
X2sh,;

whereC 2 S", the linear space of alln £ n real symmetric matrices, h¢¢iis the usual
Frobenius inner product in S", A is a linear operator from S" to <™, b2 <™, and
S? is the cone of alln £ n positive semide nite matrices in S". Let A* : <M IS "
be the adjoint of A. The dual form of the SDP problem (1.1) is

max b'y
(1.2) st: A*y+S=C;
S2S!:

The Karush-Kuhn-Tucker (KKT) conditions, i.e., the "rst order optimality conditions,
for the SDP problem (1.1) and its dual (1.2), are

8
< A*¥y+S=C,;
(1.3) - AX =b;
SP3X?S82S!;

where \X ? S" means that X and S are perpendicular to each other, i.e.hX;Si = 0.
Any point (X; ¥;S) 2S" £< ™ £S" satisfying (1.3) is called a KKT point.

Due to its mathematical elegance and wide applications, the research on SDP has
been extremely active after the discovery of polynomial time interior point algorithms
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[1, 26] for solving this problem. For an excellent survey on this, see [46]. Our research
in this paper is motivated by [41] on various characterizations of strong regularity, one
of the most important concepts in sensitivity and perturbation analysis, introduced
by Robinson in his seminal paper [31], for a local optimal solution of the general
nonlinear SDP problem. The basic question we want to ask here is:

What does the strong regularity mean for the SDP problen{1:1) and its dual
(2:2)?

Certainly, all conditions equivalent to the strong regularity presented in [41] for
the general nonlinear SDP problem apply to the SDP problem (1.1) too. However,
due to the special structure of the SDP problem (1.1) and its dual, one may be able to
obtain more insightful characterizations about the strong regularity. This is exactly
the primary objective of this paper.

For the purpose of achieving this objective, we study the B-subdi®erential and
Clarke's generalized Jacobian of the nonsmooth system reformulated from (1.3). We
show that the primal and dual constraint nondegeneracies, the strong regularity, the
nonsingularity of the B-subdi®erential of this nonsmooth system, and the nonsingu-
larity of the corresponding Clarke's generalized Jacobian, at a KKT point (X; ¥;S) 2
S"£<™£S" are all equivalent. The equivalence of the nonsingularity of the
B-subdi®erential and the nonsingularity of Clarke's generalized Jacobian comes as
a surprise, at least to the authors, as we know that the nonsingularity of the B-
subdi®erential is only a necessary condition for the strong regularity while the non-
singularity of Clarke's generalized Jacobian is a sutcient condition for the strong
regularity (for more discussions, see [15, 27]). It is true, by [41, Theorem 4.1], that
the nonsingularity of Clarke's generalized Jacobian is also necessary for the strong
regularity in the context of SDP problems. However, it is never known if the nonsin-
gularity of the B-subdi®erential is suxcient too. Here, the unique structure exhibited
in SDP problems (1.1) and (1.2) plays a key role for us to prove these conditions equiv-
alent. Consequently, the quadratic convergence of some local nonsmooth Newton type
methods studied in [18, 14] follows from any one of these equivalent conditions. In
fact, by combining the two papers [18, 14], we know that the primal and dual con-
straint nondegeneracies are suzcient for the nonsingularity of the B-subdi®erential.
On the other hand, our equivalent results imply that they are also necessary for the
nonsingularity of the B-subdi®erential.

The second objective, largely motivated by the “rst one, of this paper is to study
under what conditions the globally convergent smoothing Newton methods studied
in [9, 10, 19, 45] for solving SDP problems (1.1) and (1.2) possess local quadratic
convergence, without assuming the strict complementary condition. We achieve this
objective by showing that the nonsingularity of the B-subdi®erential of one smoothed
system used in [9, 10, 19, 45] and the nonsingularity of Clarke's generalized Jacobian
of this smoothed system are both equivalent to any of the above stated equivalent
conditions, in particular, the primal and dual constraint nondegeneracies.

The organization of this paper is as follows. In Section 2, we study some useful
properties of the B-subdi®erential and Clarke's generalized Jacobian for Lipschitz
functions, in particular for the metric projector over S} and its smoothed counterpart.
The promised equivalent conditions are given in Section 3. In Section 4, we prove the
guadratic convergence of some smoothing Newton methods under the primal and
dual constraint nondegenerate conditions, but without the strict complementarity
condition. We give our conclusions in Section 5.
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2. Generalized Jacobians. Assume that X, Y, and Z are three nite dimen-
sional real vector spaces each equipped with a scalar produdt¢¢i and its induced
normk¢k OisanopensetinY,and¥: OuY !Z s alocally Lipschitz continuous
function on the open setO. By the well known Rademacher's theorem [36, Section
9.J], we know that ¥ is almost everywhere F(rgchet)-di®erentiable inO. Denote by
Dy the set of all points in O where ¥ is F-di®erentiable. Then Clarke's generalized
Jacobian of ¥ aty 2 O is de ned as follows [12]:

@(y) =convf @¥(y) g,

where \conv" denotes the convex hull and the B-subdi®erential@ ¥(y), a name coined
by Qi in [28], of ¥ at y takes the form

@¥(y)= fV : V= lim ¥'(y);y“! y;y“2Dyg

The next lemma, which is originally proven in [41, Lemma 2.1] under the ad-
ditional assumption of directional di®rentiability, is a useful property about charac-
terizing the B-subdi®erential of composite functions. Here we drop the condition of
directional di®erentiability and provide a self-contained proof as it may have applica-
tions in other places where the directional di®erentiability is not readily available.

Lemma 2.1. Let2: X 'Y be a continuously di®erentiable function on an
open neighborhoodl@ of kand¥: O pY ! Z be alocally Lipschitz continuous
function on an open setO containing ¥ := (1 x). Dene © : \ 4 by de ned by
©(x) = ¥(3( X)), x 2 N: Suppose that? /(X) : X 'Y is onto. Then there exists an
open neighborhood ok such that© is F-di®erentiable atx in this neighborhood if and
only if ¥ is F-di®erentiable at?( x) and

(2.1) @O(X)= @¥(V)? '(%):

Proof. Shrink N, if necessary, assume that 2M¥) u O and for eachx 2 1, 2 /(x)

is onto. Then © is Lipschitz continuous on M.
We shall st show that © is F-di®erentiable at x 2 N if and only if ¥ is F-
di®erentiable at 3( x), which, by the de nition of the B-subdi®erential, implies

@O(X) L @¥(Y)* '(X):

By the de nition of ©, we know that if ¥ is F-di®erentiable at 3( x), then © is F-
di®erentiable atx 2 N. Now, assume that © is F-di®erentiable atx 2 N. Since
A =2 /(x) is onto, AA* is invertible, where A* : Y I X is the adjoint of A. For any
¢ty2Y, let

¢x:= A*(AA")1ey:
Then, forany Y 3 ¢y! 0, we have
K¥@( x)+ ¢ y)i ¥3( X)) i O(x)(A*(AA*)"Iey)k

= kK¥@®( x)+ A¢tx)j ©X)i ©x)(¢ x)k

kO(x+¢ x)j ©X)i OX)(¢ x)k+ OK¥E( x+¢ X)) i ¥ x)+ At x)k)
o(k¢ xk)+ O(k3( x+¢ x)i (B( x)+ A¢ x)k)
o(ke xk)+ O(k3( x+¢ x)j 3( x)i 2’'(X)(¢ x)k)
o(ke¢ xk) = o(k¢ yk) ;
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which, implies that ¥ is F-di®erentiable at 3( x). This proves the rst part of our
conclusion.
Next, we show that the following inclusion holds:

@OX) T @¥(Y) '(x):

This part's proof follows exactly the proof of the second part of Lemma 2.1 in [41].
Let W 2 @¥(Yy) be an arbitrary element. Then there exists a sequencédy®g in
O converging to ¥ such that ¥ is F-di®erentiable at y* and W = I!im ¥/(y¥). Let

A :=2 /(%). By applying the classical Inverse Function Theorem to
. . ¢
@ 'x+ AT(yi ¥) i (x)=0;
we obtain that there exists a sequencé y¢g in O converging to y such that
i —%k k ¢ a k a
KA A( DY) i A= yi A(%x)

for all k sutciently large. Let xX := X + A" (y¥% | ¥). Then yX = a(~xk) and © is
F-di®erentiable at x¥ with

©' () = ¥ /() '(<):

By using the fact that ¥ | ¢ impliesx* | %, we know that there exists aV 2 @ ©(X)
such that

wa’(x) = liToo¥'(yk)k”L"ooa (%) = liTw@(*k) =V2@OK):

The proof is completed.O

For any nonempty closed convex seK pnZ ,let} x : Z!Z denote the metric
projector over K. That is, for any y 2 Z, | ¢ (y) is the unique optimal solution to
the convex programming problem:

. 1 .
2.2) min Ehzi Vizi Vi
st: z2K:

Since the metric projector | k (9 is globally Lipschitz continuous with modulus 1 [48],
I k (9 is F-di®erentiable almost everywhere inZ. Thus, foranyy 2 Z, @  (y) is
well de ned. In particular, it is shown in [24, Proposition 1] that for any y 2 Z,
V 2 @ k (y) is self-adjoint and satis es

- ®
(2.3) Vo v? je;h;Vd, dvid 8d2Z:

In our subsequent analysis, we need a ner characterization about the B-subdi®erential
and Clarke's generalized Jacobian of s» (§ and its smoothed counterpart. We write
A° 0andA A 0 to mean that A is a symmetric positive semide nite matrix and a
symmetric positive de nite matrix, respectively. For any A 2 S", let A, =] sn (A)
be the metric projection of A onto S under the usual Frobenius inner product inS".
Assume that A has the following spectral decompaosition

(2.4) A= PaPT;
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where & is the diagonal matrix of eigenvalues, ; , ¢¢¢ , of A and P is a corre-
sponding orthogonal matrix of orthonormal eigenvectors. Then

A, = Pa,PT;

where r, is the diagonal matrix whose diagonal entries are the nonnegative parts of
the respective diagonal entries of @, The formula forA. has been used by statisticians
for several decades, e.g., [37, Theorem 1]. Higham [16] and Tseng [47] brought it to
the attention of the optimization community. De ne three index sets of positive, zero,
and negative eigenvalues of\, respectively, as

®="fi:,j>0g ~=fi:,;j=0g °:=fi:, < 0g
Write
2u® 0 03
=90 OogandP:[P®P— P- ]
0 0 =

with Pg 2 <"*I® p- 2 <nxI'| and P- 2 <"*I°l, For this eigenvalue vector, 2 <",
de ne the corresponding symmetric matrix U 2 S™ with entries
maxf , ;;0g+ maxf, ;;09 ..
(2.5) Uj = AREIACRRLLARVELCH o= 15
NN
where 00 is de ned to be 1.
We know from Bonnans, Cominetti, and Shapiro [5, 6] that | s» is directionally
di®erentiable everywhere inS", and from Sun and Sun [42], |s» is strongly semis-
mooth everywhere inS" and the directional derivative | s» (A;H) of | s» at A with

direction H 2 S" is given by
2

3
I'q®® ﬁ@‘ Ug° il‘q®°
@O iwaMm=PE R o) o B
]I +UL. 0 0

wherel§ := PTHP and\ +" denotes the Hadamard product. For a general discussion
on (strongly) semismooth functions, see [25, 28, 30]. The tangent cone & at A.,
in the sense of convex analysis [35], can be characterized as

Tsi(Av)=fB2S" : B =} & (A.:B)g=fB2S" : [P- P- "B [P- P-]° 0g:

Note, however, that the characterization ongn (A+) was rst obtained by Arnold [3]
without using the directional derivative | Sn (As+;H). The Ilneallty sgace of Tsn (A4),

i.e., the largest linear space inTs» (A+), denoted by lin Tsn (A+) , then takes the
following form

(2.7) lin Tsn(A+) =fB2S" : PPBP-=0; PTBP- =0; PSBP- =0g:

The critical cone of S} at A 2 S", associated with the convex optimization problem
(2.2) with K = SI", is de'ned as

28) CA;SM): Tsr (Ac)\ (As i A)*
. fB2S" : PTBP-° 0; PIBP. =0; P/BP:- =0g;
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where (A. | A)* = fB 2 S" : IB;A, j Ai = 0g: Therefore, the axne hull of
C(A; S!"), which we denote a®((A; S!")), can be written as

[ ¢_© T T :
(2.9) a® C(A;S]}) = B2S" : P~BP-=0; P. BP. =0
In the case that = ; holds, i.e., the case thatA is nonsingular, | s» (9 is F-
di®erentiable at A and (2.6) reduces to the famous result of LAwner [21]:
2 3
Iq®® Uge iﬁ@o
(2.10) s (AH=P4 SPT 8H 2s":
: 9L +UZ. 0

From (2.10), one may compute the B-subdi®erential and Clarke's generalized
Jacobian of | s» (§ by their de nitions. 1 This has been done by a number of authors
[9, 19, 22, 23, 27]. One dixculty in obtaining good formulas for @} s» (A) and
@ s (A) is that they both depend on the orthogonal matrices P in the spectral
decomposition of A. This ditculty can be overcome by employing the following link
developed by Pang et al. [27] on@ | s (A) and the B-subdi®erential of £(¢ :=
i fsg (A; ¢ at the origin

(2.11) st (A)= @E(Q0) :

This link leads to the following useful result on @ | s» (A) and @ s» (A). See Sun
[41, Proposition 2.2] for a short proof.

Proposition 2.2. Suppose thatA 2 S" has the spectral decomposition as in
(2.4). Then aV 2 @, s»(A) (respectively, @ s» (A)) if and only if there exists a
V-2 @, S (0) (respectively, @ S (0)) such that

2 3
|’q®® |q®— Ug- i|q®°
(2.12) V(H)= P§ 19l V- (18-) 0 PT 8H 2S";
B8l +Ul. 0 0

where 8 := PTHP.

Proposition 2.2 simply says that in order to compute @; s» (A) and @ s (A),
one only needs to "x an arbitrary orthogonal matrix P satisfying (2.4) and compute
the corresponding \caged" part @ | s (0) (hence @ Sif,v(O)), which is much easier

to handle. To see this, letQ|-| be the set of all orthogonal matrices of ordefj j£j j
and
a

. © _
<[li="72<Il:2 ¢¢¢ 2z andz 60 8i

Let p: <! < Dbe the \plus" function de ned by p(t) ~ max(0;t), t 2 <. For any
z22< L ‘, let pitl(z) represent the rst divided di®erence matrix used in matrix analysis

INote that in numerical computations it is generally impossible to compute exactly the spectral
decomposition of A as in (2.4). Instead, the right hand side of (2.4) is the true spectral decomposition
of a nearby matrix of A [8]. Consequently, the numerically computed subdifferentials are actually
for this nearby matrix. In this paper, we will not address this numerical issue further.
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for p(¢ at z [4]

8 -
o < PAIPE) 600y 6,
Zi | Z v ) =1;::::n:

P(z)2f01g  ifz =g

£
213) @) =
Then, by (2.6) and (2.10), one can readily draw the conclusion thatV|-| 2 @ 4 (0)
if and only if there exist Q 2 Q- and - 2 U~ such that

(2.14) V(Z2)= Q[- £(Q"zQ)]Q" 8z 2sl;
where
© : e
U= -:-= Inpﬁoop[”(zk); K1 o0 Z¢2<l!

In [22], Malick and Sendov gave a detailed account on the structure obt-|. In this
paper, we do not need the exact structure ofU-| except the following fact that for
any - 2 U|—|,

- 2001 i =150y
Note that both the zero mapping V‘Q‘ " 0 and the identity mapping V‘Z‘ = | from
sl'lts I'lare elements in@| - (0). Let V° and VZ be de ned by (2.12) with V-,
being replaced byV?, and V\ZI' respectively. De ne

© a
(2.15) ex(@) s (A) = V% VT
Using the fact that both V° and VZ are elements in@ | sn (A), we have

ex(@ s (A) 1 @) s (A):

Since | s» (9 is not di®erentiable everywhere, several papers [9, 10, 19, 45] on
smoothing Newton methods, for solving the SDP problem and beyond, consider the
following smoothed counterpart of | s» (9:

o]

£ P
(2.16) O(A):= A+ "2 + A2 =2; (“A)2<ES";

where we usel to represent the identity matrix of appropriate dimension. Note that
the function ©(¢ ¢ is continuously di®erentiable around any (;A) 2 <£S " if "?| + A?
is nonsingular and when" = 0, ©(0;A) =} sn(A). Further more, ©(¢ 9 is globally
Lipschitz continuous and strongly semismooth at any (QA) 2<£S " [45]. For some
extensions on these properties, see [43].

Let A:<?!< be dened by

; £ P_———n&o
At)= t+ "2+ t2 =2, (Mt) 2<£<

Let A have the spectral decomposition as in (2.4). Then, by matrix analysis [4, 17],
we have
2 . 3
A", 1)
o(":A)= P LpT.
AC";, n)
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For any (";x) 2 <£< " such that "2+ x2 > 0 for all i, we use@(";x) 2 S" to represent
the rst divided di®erence matrix for A("; § at x given by

5 S ACix) i ACx)

Xii Xj 2 [0:1] it xi 8 X, p i =10
A ("xi) 2 [0;1] if Xi = x;

(2.17)5@("; X)

i

Then, according to Lemma 2.3 in [45], we know that for any’ 2 < such that"2+ 2 > 0
for all i (i.e., "2l + A2 is nonsingular), and any (¢;H) 2<£S ", we have

(2.18) ©(A) e H) = PIB(, ) £(PTHP) + ¢D(%;, )]PT
and
2
Kee e Uer +Hee

(2.19) ©((0;A);(¢;H) = PE 19 ©r(¢:8) 0 PT;

187 +Ul. 0 0
wheret® = PTHP, D(";, ) 2 S" is the diagonal matrix given by

2 . 3

A", 1)
(2.20) D, )= 4 £
A'/'("; . n)

U 2 S" is dened by (2.5), and for any (t;Z) 2<£S ||,
£ p_— =@
(2.21) O ((tZ)= Z+ 2 +22 =2:
Dene?: <£S"I<ES "y
3 ¢iH) = (¢:PTHP); (¢;H)2<£S !

and ¥:<£S"1S " hy

2
Moo Me~ Uge * Mgee
222) ¥HtM):= p§ MI- O (EM—) 0 ZPT;
MZ. +UL. 0 0

where ;M) 2<£S ": Write j( ¢~ ©'((0;A); (¢ ®). Then, we have
(2.23) i( ¢ H)=¥@®( ¢iH): (esH)2<£S ™

Since forany (;H) 2<£S ",2/(¢;H): <£S " I<£S " is onto, we know from the
“rst part of Lemma 2.1 that j is F-di®erentiable at ( ¢,;H) 2 <£S " if and only if ¥ is
F-di®erentiable at 2( ¢ ; H), which is equivalent to the nonsingularity of ¢21 +( 18— )?,
where 1§ = PTHP . Thus, we have

Lemma 2.3. For any (¢;H) 2 <£S ", let 1§ = PTHP. Then j(¢9 ~
©'((0;A); (¢ ) is F-di®erentiable at (¢;H) 2 <£S " if and only if ¢2I + (18—)2
is nonsingular.
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The following lemma establishes the equivalence betwee@ ©(0; A) and @ (0 ; 0),
which is analogous to (2.11) for operators |s» and £. Its proof largely follows that
given in [27, Lemma 11], but with new dixculties to overcome.

Lemma 2.4. Suppose thatA 2 S" has the spectral decomposition as irf2.4). For
(60" ©(0;A);(¢9), it holds that

(2.24) @O(0;A)= @i(0;0):

Proof. Let V 2 @®©(0;A). Then, by (2.18), (2.19), and the de nition of
@ ©(0; A), there exists a sequencd ("x;AX)g in <£S " converging to (G A) with
"Z| + (A¥)? being nonsingular such thatV = I!im O ("k; AX). Let Ak~ Pkak(pkyT

be the orthogonal decomposition ofA¥, where & is the diagonal matrix whose diago-
nal entries are the eigenvalues & , ¢¢¢ | X of AX and P¥ is a corresponding matrix

of orthonormal eigenvectors. Writing each o€ in the same form as x:

24 o o3
ek=9§ 0 = o0 &,
0 0 ok

we have o = [im oK

k—o0

k suxciently large and kIim ok = 0. For each k, let UK~ B("«;.*) be dened by

(2.17) andD* © D("k;, ¥) be de'ned by (2.20), respectively. Then, for an arbitrarily
chosen ¢;H) 2<£S " with 18k = (P*X)THP K, we obtain from (2.18) that

£ o
(2.25) O("k;AN) (¢ H) = PX UK £ (PH)THP* + ¢ D (PY)T:

, which implies that o § and =¥ are nonsingular matrices for all

By taking a subsequence if necessary, we may assume th&PXg is a convergent
sequence with limit P>~ kIim PX. This matrix P°° will play the role of the matrix

P in the spectral decomposition (2.4). Without causing any confusion, we will simply
use P, rather than P>, in our subsequent analysis. Since bottf Ukg and f Dkg are
uniformly bounded, by further taking subsequences if necessary, we may assume that
both sequences UXg and fD¥g converge. Taking limits on both sides of (2.25), we
obtain

2 3 2 3
Beo e U 186 0 0 0
PTV(¢iH)P :E 13- Jim Uk +18— 0 z+¢ﬁ 0 kILmOODK 0¢&.
]I +UL. 0 0 c o 0
where ) .
A'I'("k;= T®|+1)
Dk = 2 &Z; :
Al (- Kk
Al o))
For eachk, de ne
2 0O 0 O 3

Mk:= P30 ak 0&pT:
0 0 0



10 Z. X. CHAN AND D. F. SUN
Let % := PTMkP. Because"2l + (K% )2 = 2| + (2 X)2 is nonsingular, j is
F-di®erentiable at ("x; M ) with
it MR R tH) (oM ©
t

(" M9 (eiH) = lim)

2 3
Beo e Ue: * e
= pg T im O ("k + te;mk + tB—) | O (("k;nk) 0 pT
® t10 t
Bl Ul 0 0
2 & TTF 3
ﬁ®® |q®— Ug- iﬁ@o
:P§ 191- Uk +18— + ;DK 0 zPT;
/1. +UZ. 0 0

where we have applied (218) to ©-| de ned by (2.21) at ("; ak), Thus,
V(eiH) = lim /("G M (¢ H):

Since (¢;H) 2<£S " is arbitrary, it follows that V 2 @ j(0 ;0):

Conversely, letV 2 @ j(0;0). Since, from Lemma 2.3, j is F-di®erentiable at
(M) 2<£S "ifand only if "2I +(f— )2 is nonsingular with &1 = PTMP , there
exists a sequencd ("x;M*)g 2 <£S " converging to (G0) such that "2I + (f1k )2
is nonsingular for eachk and V = l!iLnooi '(";M¥), where f1k = PTMKkP. Let f1k
have the following spectral decomposition

1k = Q 8% QYT
where QX 2 Q- is an orthogonal matrix in S| | and € is the diagonal matrix whose
diagonal entries are the eigenvaluegi~, ¢ ¢ ¢ zf—‘ of X . Let ™k 2 <" be such that
ifi2®[ °, then ¥ = ;andifi2~, 7% isthe (i jj ®)-th eigenvalue of i1 | i.e.,
ZJ((H@\)- Then, by (2.19), for any (¢,;H) 2<£S " we have
i M+ tH) (MM E) ©
t

i’("k;Mk)(r;;H)=|itrPo

2 3
Bee Be Uer +1ee
_ O ("« + te: Mk +tB—) | © ("« 1k T
_PE 8T im F("k F te )i O ("k ) 0 %P
t10 t
L +UZ 0 0

(2.26)
with ¥ = PTHP and

O (" + te;fk +t8—) i o (ks Mk)

lim
t10 t
3 O (" + t;: 8% + t(QK)TI8— OK) | © ";SK'
- o 'J?g m(k F e (Q )t Q)i ©-("«; &%) Q4T

2.27) = Q"£f’k £((QVTH- Q4)+ & (QYT;
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where we have used (2.18) for ®, and the fact that ©-| is F-di®erentiable at ("x; gk)
because'Zl + ( €%)2 is nonsingular,

8 . .
> ACE) i Ak )

if 2K § 2K
(89 = 2 N TS
> i
o A;k (u; ZTk) if Zik = _ij
and
2 Ap/. "k;ZJI)
§=9
A, "k;ZJ‘(*\)
De ne
2 0 0 03 2 Be 0 0 3
Ak:A+P§o frk oépT and A%"=PTAKP=§ o Mk o Z:
0 0 0 0 0 ol

Since, for eachk, "2l + (f1X )2 is nonsingular, the matrix "2| + (A¥)2 = P['2 +
(B)2]PT is also nonsingular. Thus, © is F-di®erentiable at (i; AX). Let

Pk [ PS PX PX]=[ Py P-QK P. ]
and &% be the diagonal matrix whose diagonal entries are components gf. Then
Ak = pkgk(pk)T .
which, together with (2.18), implies that for any (¢;H) 2<£S ", we have
(2.28) O (" A& H) = PAB £ ((P¥)THP ) + (BX](P)T;
where 8% © B(";7%) and B¥ © D("x;7%). Since fQkg, f8kg, and fB*g are all

uniformly bounded, by taking subsequences if necessary, we may assume that all
these three sequences converge. By simple computations, we obtain

% 1 ifi2®; 2@
Ui ifi2® j2°
lim @ilj(: . K . . . ; |’J:1;...;n
o g klinoo(e Yi—lepii—jep fi12 5] 2
| 0 ifi2"[°j2°
and
2 0 0 03
lim @kzg 0 lim €K OZ;
k — oo K— 00

0 0 0
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which, together with (2.28), (2.26), and (2.27), imply that for any (¢;H) 2<£S ",
£ o
fim (P¥)T5 /("G M) H) | @k AK) (¢ H) PR =0

Consequently, we can conclude/ (¢,;H) = II(im O (" ;A (¢:H) forall (¢:H) 2 <£

S", which implies V 2 @ ©(0; A). Hence, (2.24) holds.O
Lemma 2.4 allows us to completely characterize@® ©(0; A) (hence, @(0; A)).
Proposition 2.5. Suppose thatA 2 S" has the spectral decomposition as in
(2.4). Then aV 2 @©(0;A) (respectively, @(0;A)) if and only if there exists a
V- 2 @ ©-((0;0) (respectively, @ -(0;0)) such that

2 3
|q®® ﬁ@‘ Ug° il’q®°
(2.29) V(¢ H) = PE 19 2- Vi-i(e:8) 0 ZPT
/1. +UZ. 0 0

forall (¢;H)2<£S ", wherel§ = PTHP.
Proof. We only need to prove that (2.29) holds forV 2 @©(0;A) and V-| 2
@ ©-/(0;0) as the case for Clarke's generalized Jacobian can be done similarly.
Let 2( ¢;H) := (¢;PTHP) forany (¢;H) 2 <£S"and¥: <£S"!'S " be
dened by (2.22). Then, since 2/(¢;H) : <ES" I <£S " is onto, we know from
Lemma 2.1 that

@i(0;0)= @¥(0;0)2 (0;0);

which, together with (2.24) in Lemma 2.4, completes the proof.0

Just as in the case for the metric projector | sn, Proposition 2.5 says that in
order to compute @ ©(0; A) and @(0; A), one only needs to "x P and compute the
corresponding easy part@ ©-((0; 0) (hence, @-(0;0)). For any (";z) 2<£< Il
with "2+ z2 > 08i, let § ";z) be dened by (2.17) with n and x being replaced byj
and z, respectively. Then, by (2.19) and (2.18), one can readily draw the conclusion
that V- 2 @ ©~((0; 0) if and only if there exist Q 2Q -j and - 2 @|—| such

(2.30) Vir(0:2) = Q[- £(Q"zQ)]Q" 8z 2s!;
where
G- = © = im  RGz (a9t 00) (21, eee, (29 (297 > 08i :

The next proposition establishes a link between@ | s» (A) and @ ©(0; A), and
so a link between@ s (A) and @(0; A).

Proposition 2.6. Forany Vo 2 @, sr (A), there existsV 2 @ ©(0;A) such
that

(2.31) Vo(H)= V(0;H) 8H 2S":

Proof. By comparing Proposition 2.2, together with (2.14), with Proposition 2.5,
together with (2.30), we can derive the conclusion directly.O
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We conclude this section by presenting a useful inequality for elements i@®(0; A),
which is analogous to (2.3) for the metric projector | k with K = SI.
Proposition 2.7.  For any V 2 @(0;A), it holds that

(2.32) H i V(O;H);V(O;H)i, 0 8H 2S":

Proof. Let V 2 @(0; A). Then, by Carathgodory's theorem, there exist a positive

integer - and V' 2 @©(0;A), i =1;:::;- such that V is the convex combination of
V1.V Let ty;::::t. be suchthatV = t;V', wheret; . 0,i=1;:::;- and
« i=1

tp = 1.
= From Sun et al [45, Proposition 3.1], we know that for eachi 2f 1;:::;- g,
(2.33) HH i VI(O;H);V'(O;H)i, 0 8H 2S":

In order to prove that (2.32) holds for V, let u(X) := hX;X i, X 2 S". By the

convexity of 4, we have for anyH 2 S" that

BVOH) = tVI(O;H) - (VIO H) = tiVI(O;H); V(O H)i;
i=1 i=1 i=1

which, together with (2.33) and the de nition of p, implies

X ‘ b x . E
WO;H);V(O;H)i-  tiH;VI(OH)i = H;  tVI(0;H) = HH;V (0;H)i:
i=1 i=1

Thus, (2.32) holds. O

3. Equivalent Conditions. Let X and Y be two nite dimensional real vector
spaces each equipped with a scalar produch¢¢i and its induced norm k ¢ k Let
g: X 'Y Dbe a continuously di®erentiable function andK be a nonempty and closed
convex set inY. Consider the following feasible problem

(3.1) gx)2K; x2X:

Assume that * 2 X is a feasible solution to (3.1). Let Tk (g(X)) be the tangent
cone of K and Nk (g(X)) be the normal cone of K at g(k), respectively. We write
lin( Tk (g(X))) for the lineality space of Tk (g(X)). Then we can de ne the following
nondegeneracy condition for problem (3.1).

Definition 3.1. We say that a feasible pointk to problem (3.1) is constraint
nondegenerate if

(3.2) g )X +lin Ty (g(k))¢: Y:

The concept of nondegeneracy for the abstract problem (3.1) rst appeared in
Robinson [32, 33]. The name \constraint nondegeneracy” was coined by Robinson
in [34]. The nondegenerate constraint condition (3.2) including its various equivalent
forms has been extensively used in [7, 39] for sensitivity and stability analysis in
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optimization and variational inequalities. If Y is the Euclidean space<™ and K =
fOog™: £< "2 with m; + m, = m, then the constraint nondegenerate condition (3.2)
is equivalent to the well known linear independence constraint quali cation [32, 39].
Here we shall apply De nition 3.1 to both the SDP problem (1.1) and its dual (1.2) to
de ne the primal constraint nondegeneracy and the dual constraint nondegeneracy,
respectively.

Definition 3.2. We say that the primal constraint nondegeneracy holds at a
feasible solutionX 2 S! to the SDP problem(1.1) if

A . f0g C o em
(33 ST T (X)) T s
or equivalently
i _ ¢
(3.4) Alin'Ten (X) = <™;

where | is the identity mapping from S" to S". Similarly, we say that the dual
constraint nondegeneracy holds at a feasible solutio¥;S) 2 <™ £S! to the dual
problem (1.2) if

o e l,p <m‘ﬂ+- ifog ’_.S”’
(3.5) 0 | SH lin" Tsn(S) — s"
or equivalently

i _¢
(3.6) A*<™ +lin ' Ten (S) = S":

Note that in the literature constraint nondegeneracy is called di®erently. Shapiro and
Fan [40] and Shapiro [38] termed it transversality. Primal constraint nondegeneracy
and dual constraint nondegeneracy are better known as primal nondegeneracy and
dual nondegeneracy, respectively in the interior point methods community. See, for
example, Alizadeh et al. [2]. To avoid potential confusions, we will stick to Robinson's
terminology here and interpret di®erent usages of constraint nondegeneracy in terms
of De nition 3.2.

LetZ "~ (X;¥;S)2S"£<™E£S" be a KKT point satisfying the KKT conditions
(1.3). SinceS} is a self-dual cone, from [13] we know that

SI3X?82S8!0i X2Ns(S)0 Siis[SiX]=Xijs[XiS]=0:
(3.7)

Therefore, (X; §;S) 2 S"£< ™ £S " satis es (1.3) if and only if (X; ¥; S) is a solution
to the following nonsmooth system of equations

3 2
CiA™yi S CiAyi S
(38) F(X;y;S) 4 AXib 5-4 AXib 5=0:
Si i s[Si X] Xitsl[Xi S]

where (X;y;S)2S"£<MES",
Note that both the KKT conditions (1.3) and the nonsmooth system (3.8) can
be written as the following special generalized equation

2 3 2 3
CiA"yi S Nsn (X)

(3.9) 024 AXib 5+4 Ngn(y) 5:
X Nsn (S)
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In [31], Robinson introduced an important concept called strong regularity for a so-
lution of generalized equations. Here we only de ne the strong regularity for (3.9)
rather than for the general problems.

Definition 3.3. let Z~ S "E£<MES" We say that a KKT point Z ~
(X; ¥;S) 2 Z is a strongly regular solution of the generalized equatioi3.9) if there
exist neighborhoodsB of the origin 02 Z and V of Z such that for every+2 B, the
following generalized equation

2 3 2 3
CiA"yi S Nsn (X)

(3.10) +24 AXib 5+4 Ngn(y) 5
X Nso (S)

has a unique solution inV, denoted byZ,,(+), and the mappingZ, : B!V is
Lipschitz continuous.

Recall that F is said to be a locally Lipschitz homeomorphism nearZ if there
exists an open neighborhood/ of Z such that the restricted mapping F jy: V! F(V)
is Lipschitz continuous and bijective, and its inverse is also Lipschitz continuous.
The following result, which holds in a more general framework, shows thatF is
locally Lipschitz homeomorphism nearZ if and only if Z is a strongly regular solution
of the generalized equation (3.9). This is almost intuitively true. For the sake of
completeness, however, we include a short proof.

Lemma 3.4. letZ " S"E<MES", LetF :Z!2Z be dened by(3.8)
and Z be a KKT point of the SDP problem. Then, it holds thatF is locally Lipschitz
homeomorphism nearZ if and only if Z is a strongly regular solution of the generalized
equation (3.9).

Proof. \ =) " Assume that F is locally Lipschitz homeomorphism nearZ. Then,
there exists an open neighborhood/ of Z such that F (V) is an open neighborhood of
the origin 02 Z and for any %2 F(V), the equation F(Z) = % has a unique solution
Pv(é) in V and 2, : F(V) !V s Lipschitz continuous.

Forany +=(#;#;+3) 2B " 1F(V), let Z(2) = (X (#);y(d);S(d) be a solution,
if exists, to (3.10). Write +~ (il;é;f) 2S"£<™£S": Then we have

2 3 2 3
CiA "y(®)i S(¥) t
4 AX@i b 5=4 25
(SH+ )i | so[(SH+ )i X (] +3
ie.,
2 g0 ?
FX(®:y@;s@+£)=4 £ 5
iS
2 0 3
Then Z (+) uniquely exists in V and Z () = By(xti £:£:43); 4 0 5 : Hence,Z(¢
13

is Lipschitz coninuous onB.

\ ( =" Assume that Z is a strongly regular solution of the generalized equation
(3.9). Then, there exist neighborhoodsB of the origin 0 2 Z and V of Z, and a
locally Lipschitz function Zy, : B!V such that for any £+ 2 B, Z,(%) is the unique
solution in V to (3.10). By reversing the arguments in the rst part of the proof, we
can conclude that for any " (#;42;,4%) 2 (1B)\ (S"£<™£S"), F(Z)= %hasa
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2 3
0
unique solution 2(2) 2 V given by 2(%) = z,(8+ #3;#2;8%)+ 4 0 5 ; which implies
2

that ?(d) is Lipschitz continuous on %B. Thus, F is Lipschitz homeomorphism near
Z.0

The concept of strong regularity for general nonlinear semide nite programming
is closely related to another concept called the strong second order suzcient condition
as shown by Sun in [41]. Here we will only present the strong second order suzcient
condition in terms of the SDP problem (1.1). First, for any B 2 S", we de ne a
linear-quadratic function " g : S"£S" I <

Definition 3.5. [41, De nition 2.1] For any given B 2 S", de ne the linear-
quadratic function " g : S" £S" | < | which is linear in the rst argument and
quadratic in the second argument, by

- ®
"8(S;H):=2 S;HBTH ; (S;H)2S"£SM;

whereB ' is the Moore-Penrose pseudo-inverse o .

Let X 2 S! be an optimal solution to the SDP problem (1.1). Denote M (X)
by the set of points (y;S) 2 <™ £S" such that (X;y;S) is a KKT point, i.e., for
any (y;S) 2 M (X), (X;y; S) satis es the KKT conditions (1.3). Let (%y;S) 2 M (X).
Write A” X j S. By using the fact S? 3 X ? S 2 S, we may assume thatA has
the spectral decomposition as in (2.4) by replacingA with A and

2 3 2 3 2 3
gg 0 O mg 0 O 0

0
A=P4 0 0 05P";X=P4 0 0 05pPT;S=pP4 0 0 SpT:
0 0 & 0 00O 0 o

[oNeNe)

(3.11)
Write P = [ P P- P- ]: Then, according to (2.7) and (2.9), we have

i ¢
(3.12) Iin'ng(X) =fB2S" : PTBP-=0; PTBP. =0; PBP: =0g;

i _¢
(3.13) Iiangg(S) =fB2S" : PABPs=0; P¢gBP-=0; P'BP-=0g;

and
P~ ¢_© T T 2
a® C(A:S") = B2S" : PTBP. =0; PTBP- =0
De ne
_ © - a
app(¥y;S) = B2S": AB=0; B2a® CA;S})
(3.14) = fB2S":AB=0; PTBP. =0; PJBP- =0g:

Then we can state the strong second order suzcient condition for the SDP problem
tailored from Sun [41] for the general nonlinear SDP problem.
Definition 3.6. Let X 2 S!' be an optimal solution to the SDP problem(1.1).
We say that the strong second order suzcient condition holds aiX  if
© a n \ 0
(3.15) sup i “x(iS;H) >0 806 H?2 app(y; S)
(y;S)eM(X) (v:S)eM(X)
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The strong second order suzcient condition (3.15) may look very complicated.
When M (X) is a singleton, the following result gives a very simple characterization.

Lemma 3.7. Let X 2 S! be an optimal solution to the SDP problem(1.1).
Assume thatM (X) = f(¥;S)g. Let X and S have the spectral decompositions as in
(3.11). Then the strong second order sucient condition(3.15) holds atX if and only
if, for any H 2 S", the following condition holds

(3.16) AH =0; PTHP. =0; PHP:- =0; and PJHP- =0 =) H=0:

Proof. For any H 2 S", write # = PTHP . SinceM (X) = f(¥;S)g, the strong
second order suzcient condition (3.15) becomes

i " (i S;H) > 0 8H 2 app(y; S)nfog;

which, by the de nition of S;H) and (3.11), is equivalent to

X .
2 L-1(19;)2>0  8H 2 app(y; S)nfog:
ie®;j €° >

For details, see [41]. Then, by (3.14), the strong second order sutcient condition
(3.15) holds at X if and only if

AH=0; 8~ =0; B~ =0; andH 60 =) §g 60 8H 2S";

which is equivalent to (3.16). This completes the proof.0

Next, we shall establish a link between the strong second order suzcient condition
and the dual constraint nondegeneracy:

Proposition 3.8.  Let X 2 S be an optimal solution to the SDP problem(1.1).
Under the assumptionM (X)) = f(¥;S)g, the following are equivalent:
(i) The strong second order suxcient condition (3.15) holds at X .
(i) The dual constraint nondegenerate condition(3.6) holds at (¥;S).

Proof. Let X and S have the spectral decompositions as in (3.11). For any
H2S" let 8 = PTHP. We prove \() =) (ii)" rst. By Lemma 3.7, (i) holds if
and only if we have the following implication:

(317) AH=0; 8~ =0; 8- =0; and8e =0=) H=08H 2S":

Suppose, for the sake of contradiction, that the dual constraint nondegenerate condi-
tion (3.6) does not holds at (; S). Then, we have

£ j _ Co
(3.18) [A*<™ X\ Tlin'Ten (S) 6 fog

Q.

_ £ _¢ _
Take an arbitrary 0 6 H 2 [A*<™]L\ Iin'TSE (S) We obtain from H 2

[A*<™ 1" that
(3.19) MH;A*yi=0 8y2<™=)hA H;yi=0 8y2<™=)A H=0
— _E = ¢7
and fromH 2 lin Tsn (S) that
T S N _ ¢
PTHP;PTBPi = tH;Bi=0 8B 2lin Ts (S) ;

2 A similar statement for the dual SDP problem (1.2) also holds. We omit it here for brevity.
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which, together with (3.13), implies
(3.20) PeHP: =0; PTHP. =0; and P/HP- =0:

By making use of (3.17), (3.19), and (3.20), we obtainH = 0, which contradicts the
choice ofH. This contradiction shows that (ii) holds.

Next, we show \(ii) =) (i)". Since the dual constraint nondegenerate condition
(3.6) holds at (¥;S), for any H 2 S" such that¢A H=0 8- =0, 8. =0, and
er =0, there exist y 2<™ and S 2 lin' Tg; (S) such that

H=A"y+S;
which, together with (3.13), implies
PH;Hi = MH;A*y+ Si = hAH;yi+ lH;Si =0+ WPPTHP;PTSPi
2 32 3
" Beo Be- O 0 o PIsp °F
= 48 B 0°4 0 0 PISP. 5 =0
0 0 O PSSPy PJSP- PJSP:

Therefore, by Lemma 3.7, it follows that (i) holds. O

Let (X;¥;S) 2 S"E£<™ £S" pe a KKT point satisfying the KKT conditions
(1.3) and F be de ned by (3.8). As we menioned in the introduction, by combining
the two papers [14] and [18], we know that if the primal constraint nondegeneracy
holds at X and the dual constraint nondegeneracy holds aty:S), then every element
in @F (X; ¥;S) is nonsingular. Actually, Proposition 3.8 and [41, Proposition 3.2]
allow us to prove even the nonsingularity of Clarke's generalized Jacobia@KX; ¥; S)
under the same primal and dual constraint nondegenerate conditions.

Proposition 3.9.  Let (X; ¥;S) 2 S"£< M£S " be a KKT point. Assume that the
primal constraint nondegenerate condition (3.4) holds at X and the dual constraint
nondegenerate condition(3.6) holds at (¥;S), respectively. Then, every element in
@KX; ¥;S) is nonsingular.

Proof. Since the primal constraint nondegenerate condition (3.4) implies that
M (X) = f(¥;S)g, we know from Proposition 3.8 that the strong second order suf-
“cient condition (3.15) holds at X. Consequently, by [41, Proposition 3.2], every
element in @K X; ¥; S) is nonsingular. O

Proposition 3.9 says that the primal and dual constraint nondegenerate conditions
are suzcient for the nonsingularity of all elements in @RX; ¥;S). Next, we shall
show that the nonsingularity of only two elements in @ F (X; ¥;S) will imply both
the primal and dual constraint nondegenerate conditions.

From Lemma 2.1, we know that W 2 @ F (X; ¥;S) if and only if there exists a
V2 @) s (A) such that

iAT(ty)i ¢S
(3.21) W( X;¢y;¢S)=4 A (¢ X) 5
¢Xj V(EXitS)
forall (¢ X;¢y;¢S)2S"£<™£S", whereA~ X S. Letex(@| s (A)) be
dened by (2.15). For V% VI 2 ex(@| s (A)), let W° and WZ be dened by (3.21),
respectively. Denote

. ® a o
(3.22) ex(@F(X; %;,9):= Woiw? p@F(X;¥,S):
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Proposition 3.10.  Let (X; ¥;S) 2 S"£< M£S" be a KKT point. If both W and
W7 in ex(@F (X; ¥:S)) are nonsingular, then the primal constraint nondegenerate
condition (3.4) holds atX and the dual constraint nondegenerate conditior(3.6) holds
at (¥;S), respectively.

Proof. First we show that the nonsingularity of W implies the primal constraint
nondegenerate condition (3.4). Assume on the contrary that (3.4) does not hold.
Since, equivalently, (3.3) fails to hold too, we have

L. . Yy . . s
Argn v i %9 ¢ g 0 5 N0,
I lin Tsn (X) 0 sh
Ya- A Ya,
which implies that there exists 06 (¢ y;¢ S) 2 st
Y5- Ya,

B

We obtain from (¢ y;¢ S) 2 'IA sn that

s L

(3.23) _(¢y;¢S);(AH;H)®:O 8H 2S"=)A *(¢y)+¢ S=0

s L

0 .
we obtain that

: ; ¢
and from (¢ y;¢ S) 2 lin Ing X)
- T 1.,.® - ® i _¢
P (¢S)P;P'HP = ¢S/H =0 8H 2lin Tsn (X) ;
which, together with (3.12), implies
(3.24) Pq (¢ S)Pe =0; Pg (¢ S)P-=0; and PJ (¢ S)P- =0:

Let U 2 S" be de ned by (2.5). Recall from Proposition 2.2 that forV° 2 ex (@ ! s (A)),
it holds that
3
P® (¢ S)P%T Pa (¢ S)P-  Uge x(Pg (¢ S)P-)
voes)=Pg P®(¢S)£ 0 0 LpT.
P® (¢ S)P- 0 0

which, together with (3.24), implies V(¢ S) = 0 2 S". Therefore, by (3.21) and
(3.23), we have for ¢X ~ 0 that
3 2
iA*(Cy)i ¢S 0
Woe X; ¢y;¢S)=4 A (¢ X) 5=4 0 5=0;
¢X i VOEXi¢s) VO(¢ S)

which, implies that W© is singular. This contradiction shows that the primal con-
straint nondegenerate condition (3.4) holds atX .

Next, we show that the nonsingularity of W implies the dual constraint nonde-
generate condition (3.6). Suppose not. Then,

£ _¢ao
[A*<m]L\ Iin'ng(S) * 6 fog:
Let06¢ X 2 [A*<m]L\ I|n Tsn (S) . We obtain from ¢ X 2 [A* <m] that

(3.25) he X; A*yi=0 8y2<™=)A (¢X)=0
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and from ¢ X 2 lin Tsn (S) that

-t Ten® - ® i _¢

PT(¢ X)P;PTSP = ¢X;S =0 8S2lin Ts (S) ;
which, together with (3.13), implies
(3.26) Pa (¢ X)P- =0; PT(¢ X)P- =0; and PJ(¢ X)P- =0
From Proposition 2.2 that for VZ 2 ex(@ | s» (A)), it holds that

3
) P(g(d: X)P%r P(g(d: X)P- Uge i(P(;)r((]: X)P:)
vIigX)=P§ 'Pg(q:X)g; PT (¢ X )P- 0 £pT.
'PI (¢ X)P- | £UL. 0 0

which, together with (3.26), implies VZ(¢ X) = ¢ X . Therefore, by (3.21) and (3.25),
we have for (¢y;¢S) " (0;0)2<™M™£S" that

3 2
iA*(Cy)i ¢S 0
Wi X; ¢y;¢S)= 4 At X) 5-4 0 5=0:
¢X i VI[EX | ¢S) ¢X i VI(¢X)

which, implies that W7 is singular. This contradiction shows that the dual constraint
nondegenerate condition (3.6) holds at ¢ S). This completes the proof. 0

Now, we are ready to state our main result of this paper.

Theorem 3.11. Let (X; ¥;S) 2 S"E< M£S " be a KKT point satisfying the KKT
conditions (1.3) and F be de ned by(3.8). Then, the following are all equivalent:

(i) The KKT point (X; ¥;S) is a strongly regular solution of the generalized equation
(3.9).

(i) The function F is locally Lipschitz homeomorphism near(X; ¥;S).

(iii) The primal constraint nondegenerate condition (3.4) holds at X and the dual
constraint nondegenerate condition(3.6) holds at (¥; S).

(iv) Every element in @KX; ¥;S) is nonsingular.

(v) Every element in @ F(Yl; ¥:'S) is nongingular.

(vi) The two elements inex @ F (X; ¥;S) are nonsingular.

Proof. We have already known from Lemma 3.4 that (i) ( (i) and from
Propositions 3.9 and 3.10 that (i) 0  (iv) 0 (v) 0  (vi). Furthermore, Clarke's
inverse function theorem for Lipschitz functions [11, 12] implies that (iv) =) (ii).
The proof of this theorem will be complete if one can show (ii) 3 (v). However,
the latter has been known to be true since [20] (Gowda [15] even obtained a stronger
conclusion than this by employing the degree theory).O

Remark 3.12. Note that the relations (i) () @iy 0 (iv) even hold for the
general nonlinear semide nite programming casg41, Theorem 4.1] whose proof fur-
ther relies on a number of important results achieved byBonnans and Shapiro in
their excellent monograph[7] on sensitivity analysis in optimization and variational
inequalities. Here, the structure displayed uniquely by the SDP probleifi.1) allows us
to derive them directly by avoiding the detour employed if41] for the nonlinear SDP
problem. An SDP example satisfying(iii) but with the strict complementary condition
failing to hold can be found in[2]. See also[19].
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4. Quadratic Convergence of Smoothing Newton Methods. In this sec-
tion, we shall show how the theoretical results obtained in Sections 2 and 3 can be
used to provide a quadratic convergence analysis on smoothing Newton methods for
solving the nonsmooth equationF (X;y;S) = 0, where F is de ned by (3.8). Let
©:<£S" 1S " bedened by (2.16). We then introduce the following smoothing
function for F:

3 2
CiA*yi S CiA"yi S
4.2 G(;X;y;S) 4 AXib 5=4 AXib S5,
Si ©";Si X) Xi©"Xi?s)

where (;X;y;S)2<£S "£< ™ £S". The above function G is continuously di®er-
entiable around any (; X;y;S) 2<£S "E<M£S" when" 6 0 and has been used by
several authors [9, 10, 19, 45] to design smoothing Newton methods for solving SDP
problems (1.1) and (1.2).

DeneE:<E£S"E<MESNI<KES NE<SMEST by

" >

", . . - . ", . n m n.
4.2) E(Xy;S) G X:y:S) (" X;y;S)2<ES "E<MESN:

Then we have
F(OX;y;S)=0(0 E(X;y;S)=0 8("X;y;S)2<£S"E<TMES":
Let (X;¥;S)2S"£<™ £S" be a KKT point satisfying the KKT conditions (1.3).
Then
E(0;X;¥;,5)=0:

Write A~ X j S. Let A, X, and S have the spectral decompositions as in (3.11).
Let the linear-quadratic function * (¢ ¢ be de ned as in De nition 3.5. Then, we
have the following result, which will play a key role in our analysis on quadratic
convergence of smoothing Newton methods.

Proposition 4.1. Let V 2 @(0;A). Then, for any ¢ X and ¢ S in S" such
that ¢ X = V(0;¢ X j ¢ S), it holds that

(4.3) heX;¢Si- " (i S;¢X):

Proof. Let ¢ X and ¢S be in S" such that ¢ X = V(0;¢ X | ¢S). Write
¢X " PT(¢X)Pand ¢S° PT(¢ S)P. Let ©| be dened by (2.21). Then, by
Proposition 2.5, there existsV|-| 2 @-(0; 0) such that

2 3
¢ ﬁ@@ ¢ ﬁ@* Uge £ ¢ |q®°
VO;¢X | ¢S)= P € Be)T Vo (0;¢18-) 0 zPT;
(¢ ﬁ@o )T iu(go 0 0

where ¢§ ©~ ¢X i ¢S and U 2 S" is dened by (2.5). Thus, by using ¢ X
V(0;¢ X j ¢S), we obtain

(4.4) ¢S =0; ¢S =0; ¢X¥~ =0; ¢X- =0;
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(4.5) ¢R— =V (0;6%— | ¢&);
and
(4.6) ¢ )@@0 i Uge =€ )@@0 =i Ug £¢ g®° .

By applying Proposition 2.7 to ©-| and using (4.5), we obtain

he X— ;i ¢ S—i
@7 - .
= V(056 %— | ¢8-);(¢®—j ¢8)i V(06 R—j ¢S-) | 0;

Therefore, from (4.4), (4.6), and (4.7), we have

heX;¢Si = X ¢Si
htX— ;¢S i+2ht Ree; ¢ Seei
2ht Ree ; ¢ See i

X .
2 (¢ ®)5)?;

ic®je *!

which, together with the fact that

- X )
(i S;eX)=2 L((e ®))%;

shows that (4.3) holds. O

The following result relates the nonsingularity of @ E (0; X; ¥;S) and @HO; X; ¥; S)
to both the primal constraint nondegeneracy and the dual constraint nondegeneracy.

Proposition 4.2.  Let (X;¥;S)2S" £<™ £S" be a KKT point satisfying the
KKT conditions (1.3) and E be de ned by(4.2). Then the following are equivalent

(i) The primal constraint nondegenerate condition (3.4) holds at X and the dual
constraint nondegenerate condition(3.6) holds at (¥;S).

(i) Every element in @ E (0; X; ¥;S) is nonsingular.

(iiiy Every element in @EO; X; ¥;S) is nonsingular.

Proof. Since \(iii) =) (ii)" holds trivially and \(ii)= ) (i)" follows from Propo-
sition 2.6 and Theorem 3.11 directly, we only need to show \(i) 3 (iii)". So in the
remaining part of our proof we always assume that part (i) holds.

Let W be an arbitrary element in @HO; X; ¥;S). We need to show that W is
nonsingular. Let (¢"; ¢ X; ¢y;¢S)2<£S "£<™ £< " be such that

W(E"eX, ¢y;¢S)=0:

Then, by Lemma 2.1, there existsV 2 @(0; A) such that

2
¢
W("eX ¢y;¢S)= g i~ *pf¢(¢y)xi)¢s Z=0;

¢X | VE"EX i ¢S)
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which, implies that ¢ " = 0. Thus, we have

2 3
0
(4.8) WX eyes)=§ A *A(‘]Eg)xi)‘ts L0,

¢X i VOeXi ¢S

Since the primal constraint nondegenerate condition (3.4) impliesv (X) = f(¥;S)g,
we know from Proposition 3.8 that the strong second order suzxcient condition (3.15)
holds at X and takes the following form

(4.9) i “x(i S;H)>0 806 H 2 app(y;S);

where the set app§t S) is de ned by (3.14). From Proposition 2.5, (4.8), and (3.14),
we know that

(4.10) ¢ X 2 app(¥;S):
By the second and the third equations of (4.8), we obtain that
O=htX;iA *(¢y)j ¢Si+hy,A@X)i=hX;j¢Si;
which, together with Proposition 4.1 and the last equation of (4.8), implies that
T (i S;¢X), O:

Hence, from (4.9) and (4.10), we can conclude that

¢X =0:
Thus, from (4.8), we get
CAT(Ey)+E S
(4.11) V(0 ¢ S) =0,
which, by Proposition 2.5, gives rise to
(4.12) Pe (¢ S)Pe =0; Pg (¢ S)P-=0; and Pg (¢ S)P- =0 :

From (3.3), which is equivalent to the primal colnstraiﬂt gondegenerate condition (3.4),
we know that there exist X 2 S" and S 2 lin Ts» (X) such that

AX=¢y and X+S=¢S;
which, together with (4.12), (3.13), and the rst equation of (4.11), imply
Ry ¢yi+hS;¢Si = hAX;Cyi + hX + S;¢ Si
= hAX; ¢yi + hX; jA *(¢C y)i + IS;¢ Si
= hS;¢Si=hTSP;PT(¢ S)Pi=0:

Thus, ¢y = 0 and ¢ S = 0, which together with ¢ " = 0 and ¢ X = 0, imply the
following

W(E"eX;¢y;¢S)=0=) (¢"¢X;¢y;¢S)=0:
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This shows that W is nonsingular. So, the proof is completedO

The signi cance of Proposition 4.2 is that it allows us to o®er a quadratic conver-
gence analysis on several globally convergent smoothing Newton methods presented
in [9, 10, 19, 45] for solving the SDP problem even when the strict complementarity
condition is not satis ed, i.e., when the condition X + S A 0 fails to hold. Instead
of working on these di®erent smoothing Newton methods one by one (with some
necessary modi cations), for simplicity we only use the smoothing Newton method
presented in [45] as an example to show how this objective can be achieved.

Forany (";X;y;S)2<£S "E£<MES" write Z~ (X;y;S)anddenef (";2) :=
KE(";Z)k? and u(";Z) := rminf1;f(";Z)g. Let®* 2 (0;1 ) and r 2 (0;1) be such
that r*< 1. The smoothing Newton method presented in [45] can then be stated as
follows.

Algorithm I (A Squared Smoothing Newton Method)
Step 0. Select constantst 2 (0;1) and %2 (0;1=2). Let "¢ :=*,Z°2S"E£<MES"
be an arbitrary point, and k := 0.
Step 1. If E("k;Z*) =0, then stop. Otherwise, let p := u("x; Z*).
Step 2. Compute (¢ ";¢ Z¥) by

.’19

(4.13) E(GZ) + E'(Z)(€ ez = we

Step 3. Let Ix be the smallest nonnegative integel satisfying
(4.14) f(+He";zKk+Hezk) - [1i 241 r)E ) (k2

Dene ("k+1; ZK) = (MK + HR e ZK + Hee Z9).
Step 4. Replacek by k +1 and go to Step 1.

The well posedness of Algorithm | hinges on the nonsingularity ofg’(";Z) for
any "> 0, which is equivalent to the surjectivity of the linear operator A : S"I< ™
[45]. The two conditions required for quadratic convergence of Algorithm | are: (i) the
strong semismoothness of the smoothing functiofe and (ii) the nonsingularity of all
W2 @QE(0;Z*) (orall W 2 @EO; Z*)). However, (i) has been proven in [45] and (ii)
can be derived from Proposition 4.2 under both the primal constraint nondegeneracy
and the dual constraint nondegeneracy. Thus, by employing the standard convergence
analysis laid out in [29] for the vector version of the squared smoothing Newton
method, we have the following convergence theorem. For more explanations on this,
see [45].

Theorem 4.3. Assume thatA : S" | < ™ s onto. Then an in nite se-
quencef ("«;Z¥)g is generated byAlgorithm | and each accumulation point(0;Z)
of f("x;Z¥)g is a solution of E(";Z)=0. Let Z =(X; ¥;S)2S"£<™£S". If the
primal constraint nondegenerate condition (3.4) holds at X and the dual constraint
nondegenerate condition(3.6) holds at(¥;S), then the whole sequenck("y;Z*)g con-
verges to(0; Z),

(4.15) K("es1:Z41) 1 (0;2)k = OK("k;Z%) i (0;Z) k%)
and

(4.16) "kl = O(ﬁ)
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Note that in Theorem 4.3, the quadratic convergence does not rely on the strict
complementarity, one common condition that was assumed in all known smoothing
Newton methods for solving the SDP problem (1.1) and its dual, as far as we know.
The smoothing function G can certainly take other forms. For example, in order
to improve the global convergence of Algorithm I, one may consider Tikhonov-type
regularized smoothing functions such as

CiA *yj S+"X 3 2 CiA *yj S+"X
G("; X;y;S):=4 AX i bty ¢2=14 AX bty ¢ S
Si ©"Si (X+"S) Xi©((X+"8§)i S +"S
(4.17)
The quadratic convergence of Algorithm | will not be a®ected because, by Lemma
2.1, the set@E(0; X; S;Y) is still kept the same for any (X;y;S)2S"E<ME£S" if
one replaces the smoothing functionG in (4.2) by the one given in (4.17).

5. Conclusions. In this paper, we presented several equivalent links among the
primal and dual constraint nondegenerate conditions, the strong regularity, and the
nonsingularity of both the B-subdi®erential and Clarke's generalized Jacobian of a
nonsmooth system at a KKT point in the context of linear semide nite program-
ming. These links were further used to derive for the rst time a quadratic conver-
gence analysis of globally convergent smoothing Newton methods without assuming
the strict complementarity. Variational analysis on the metric projector over the cone
of positive semide nite matrices and its smoothed counterpart plays a fundamental
role in achieving these. Given the fact that the metric projector over the more gen-
eral symmetric cone behaves quite similar to the metric projector over the cone of
positive semide nite matrices [44], one is tempted to wonder if the results obtained
in this paper can be extended to linear symmetric cone programming. We leave this
interesting question as our future research topic.
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