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A Class of Iterative Methods for 
Solving Nonlinear Projection ~ ~ u a t i o n s '  

Abstract. A class of globally convergent iterative methods for solving 
nonlinear projection equations is provided under a continuity condition 
of the mapping F. When F is pseudomonotone, a necessary and sufficient 
condition on the nonemptiness of the solution set is obtained. 

Key Words. Projection equations, variational inequalities, iterative 
mcthods, continuity. 

1 .  Introduction 

Assume that  the  mapping  F: Xc R "  -+ R" is cont inuous a n d  X is a 
closed convex subset of  R". W e  consider the solution of  the following projec- 
tion equat ions : 

where fur a n y  y E R", 

Here, I / .  / denotes  the  />-norm of  R" o r  its induced matr ix norm.  It is well 
known (see, e.g., Refs. 1 a n d  2) tha t  the projection problem ( I )  is equivalent 
to  a variational inequality problem, which is t o  find .VEX  such tha t  

(1'- U ) ' F ( X )  2 0, for all ! E X .  

F o r  a n y  p > 0, define 
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Without causing any confusion, we will use E ( x ,  P )  to represent EX(.r. P).  
It is easy to see that x is a solution of ( I )  if and only if E(.u, P )  = 0 for some 
or any j3 > 0. Denote 

~ * = { x ~ X ( x i s a  solution o f ( l ) ) .  (4)  

D e i o  I . .  The mapping F: R" + R "  is said to be: 

( i )  monotone over a set 1) if 

[ F ( X ) - F ( ~ ) ] ~ ( X - J . ) ~ O ,  f o r a l l . ~ , y ~ D ;  (5) 

(ii) pseudonionotone over a set L) relative to a set Y( c D) if 

F(~)"(.Y -y) 2 0 implies 

~ ( x ) ~ ( x - y ) 2 0 ,  for all .YE L). YE Y. (6) 

Remark 1.1.  When 1'= I) ,  the pseudomonotonicity of F over a set D 
relative to Y is the usual pseudomonotonicily, and in this case we say directly 
that F is pseudonionotone over I ) .  

For solving tlie projection equations ( I ) and relatcd problems, there is 
a long history in the mathematical program~ning field; scc Refs. 2 4 for 
details. Among the algorithms for solving ( 1 ). Newton's melllod is rhc basic 
method when the derivative of I; exists and is easy to implement. In this 
paper, we will investigate a globally convergent method for solving ( 1 )  
assuming only the continuity of the mapping F. 

When F is monotone and Lipschitz continuous over X. i.e.. there exists 
a positive number L such that 

I /  F(.u)- F(y)( l  < L ( ( s - y  /I, for all .u,  EX, 
t' 

Korpelevich (Ref. 5) proposed the following extragradient (EG) method: 

where p ~ ( 0 ,  1/L) is a constant. Since the Lipschitz constant is difficult to 
estimate in practice, by introducing an inexact line search to relax P to Pk 
in the above formulas, Khobotov (Ref. 6), Marcotte (Ref. 7), and Sun 
(Ref. 8) proposed an improved extragradient (IEG) method. The IEG 
method does not need the value of the Lipschitz constant. EG and IEG 
melhods have global convergence if F is monotone and Lipschitz continuous 
over X (Refs. 5 7). Moreover, in Sun (Ref. 8) a global convergence theorem 
was 1"-ovidctl for the IEG method if I; is pseudomonotone and continuous 
ovcr A' only. For algorithms with strong n~onotonicity and Lipschitz continu- 
ity assumptions, see Fukushima (Ref. 9) and Pang and Chan (Ref. 3) .  
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When F is an afine map, i.e., 

F(x)  = Mx + c,  

where  ME^<""" and C E R " ,  He (Refs. 10~-13) and He and Stoer (Ref. 14) 
proposed a class of projection and contraction (PC) methods for solving 
( I ) .  Some of the results of He (Refs. 1013)  and He and Stoer (Ref. 14) 
were also obtained reccntly by Solodov and Tseng (Ref. 15). The numerical 
results show that PC methods behave much better than the EG method or 
IEG method in linear cases, i.e., F( .u)  = M.u+ c .  This stimulates us to investi- 
gate such algorithms that not only can compete with the PC methods in 
linear cases, but also behave much better than the EG method or IEG 
method in nonlinear cases. By introducing some parameters, Sun (Ref. 16) 
made a first step toward this. The method introduced by the author of Ref. 
16 behaves promisingly in practice, but the stepsize cannot be proved to be 
bounded away from zero if F is Lipschitz continuous over X .  So, a new 
stepsize procedure was introduced in Sun (Ref. 17). Unfortunately, although 
the new stepsize is bounded away from zero under the Lipschitz continuity 
assumption. the corresponding algorithm does not perform as promisingly 
as the algorithm in Sun (Ref. 16) does. In this paper, we propose a class of 
iterative methods, which iliclude tlie method in Sun (Ref. 16) and a new 
metllod that not only performs promisingly in practice: but also has the 
property that the stepsize is bounded away from zero under the Lipschitz 
continuity assumption, for solving the projection problem (1). In addition, 
we introduce a practically useful strategy to choose the initial value of /Ik 
at each step. This strategy can greatly reduce the total number of inner 
iterations. When F(.Y) = M s  + c and M is a skew-symmetric matrix (i.e., 
M7= - M ) ,  some of our algorithms were also discussed by He (Refs. 10 
and 12). For linear convergence of descent methods for solving convex 
smooth minilnization problem, see Luo and Tseng (Ref. 18). Here, we focus 
our main attention on projection-type methods for the projection problem 
( 1 )  or the variational inequality problem (2). 

In Section 2, we give some preliminaries. In Section 3, we give a class 
of abstract search directions and the corresponding algorithms. In Section 
4, we discuss two forms of search directions which satisfy the requirements. 
In Section 5, we establish a necessary and sufficient condition on the non- 
emptiness of the solution set when Fis  pseudomonotone. Numerical results 
are presented in Section 6. In Section 7, we give a discussion. 

2. Basic Prelir~~iriaries 

Throughout this paper. we assume that X is a nonempty convex subset 
ol' I<" ~und F' is continuous over A'. 
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Step 2. Calculate g (xk ,  Pk). 

Step 3. Calculate 

pk = E( .Y~,  pk)'g(-rk, ljk), I I ~ ( - \ - ~ ,  ph)  12. (14) 

Step 4. Take yk€  [AI , A2] and set 
k .Vk=xk- y k p k g ( ~  , Pk), 

x ~ + ' = ~ , ( x ~ ) .  

Remark 3.1. Theorem 2.1 ensures that P k  can be obtained in a finite 
number of trials if s (xk ) < 1. When .y(.ik ) = 1, (1 3) holds for tn =0. 

For p > 0, define 

v (x ,  P )  = 11(x) llE(-\-> l12/P. 

Theorem 3.1. Suppose that F , K  are continuous over X. X x R:+ 
respectively. If X * #(a, and if thcrc exists \ * E X  * such that the infinite 
sequence { x h  } generated by PC ~netliods satisfies 

( . r k - x * ) k ( x k ,  P k )  2 E ( x k ,  ~ k ) ' ~ ( - l ~ .  P A )  2  W (  \ '. PA). (18) 

then 
k * 2  

l l x k + l  -x*1121 l l x  -.r 1 1  - ~ ~ ( 2 -  Y ~ ) ~ ? ( . \ - ' ?  pk) ,  I I ~ ( . ~ ' ?  ~ ~ 1 1 1 ~ .  (I9) 

Proof. From (ii) of Lemma 2.2 and ( 18), we have 
'r 

I I X " ~  - . Y * I I ~ =  1ln,[xk- ykPkg(xk, p k ) ]  - x*i12 

I 1 1 . x ~ -  yk pkg(xk, P~).,-I* l 2  

-r = I I X ~ - X * ~ ~ ~ - ~ ~ ~ ~ I , ( X ~ - . Y * ) ~ ~ ( . X ~ ,  P k )  

+ yip: I I ~ ( x ~ ,  Pk) 1 1 '  
i 1lxk -x* 1 ~ - 2 y k p k ~ ( - y ~ ,  pk)'g(xk, P k )  

+ Y: /-,: llg(xk3 p k  ) 1 1 '  
- - l l r k x * l i 2 -  yk(2-yL) 

x [E(.Yk, ~k) 'g ( . i -~?  ~ k ) ] ~ / g ( - \ - ~ ,  Pk)I2 

< I ~ X ~ . Y * / I ?  yh ( 2 -  Y k  ) v 2 ( x k 9  ~ k ) / ~ g ( . \ - ~ ,  /I!, )12, - 

which verilics ( 19). U 

i 

t 
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Define 

Theorem 3.2. Suppose that the conditions of Theorem 3.1 hold. Then, 
the infinite sequence { x k  1 generated by the PC method is bounded and 
lim 1nfk, . dis t (sk ,  X *) = 0. Furthermore, if ( 18) holds for each x*EX*, then 
there exists f s X  * such that .rA -+ f as k -+ a. 

Proof. For the sake of simplicity, we take yk = 1. 
From ( 19) we know that { /lxk - .Y* I /  ) is a decreasing sequence. So, the 

sequence {.xh ) generated by the PC method is bounded and the sequence 
(dist(.rA, X * ) )  is also bounded. Suppose that there exists a positive constant 
E such that 

dist(.vk. X * )  2 E >O, for all k .  

Define 

S =  {. \ -~X/dis l ( . \ - ,  X * )  2 € ,  / . Y x * / /  5 ( x O - X *  11 1. . 
Then. S c , Y \ , X  * is a compact set and ( s k )  c S .  From Theorem 2.1, we 
know that there exists a positive constant 6 I I such that, for all .XES with 
S(X) < I and p ~ ( 0 ,  61. (9) holds. Hence, for each k with s(xk) < 1, we have 

p k > m i n [ u 6 ,  s ( x k ) ) .  (21) 

From the definition of s ( x k ) ,  we know that, if s(.yh) < 1, then 

{ F ( x ~ ) - F ( ~ ~ [ . x ~ - F ( . Y ~ ) ] ) ) ' E ( . Y ~ ,  I)>O, r1(xk)= 1 1 ,  

and 

s(xk)  = (1 - 77)11~(.xk, l )12j  (F( .yk ) - F ( H , \ - [ . Y " F ( ~ ~ ) ] ) ) ~ E ( x ~ ,  1) 

2 (1 - V ) I I E ( X ~ ,  I ) I I ; [ I I F ( . ~ ~  111 + I I F ( ~ , . ( X ~  - F ( x ~ ) I )  I I .  (22) 

From the continuity of F and j.1 } c S c X \ X  *, we know that 

inf IIE( .Y".  l ) I 1  > 0. (23) 
A 

From (21) (23),  tllcrc cxists a positive constant $5 1 such that 

2 6> 0, for all k with s (xk)  < 1. 

If .Y(.Y' ) = I .  the11 PA = 1. Hence. 
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Therefore, 

which in light of (19) (note that we just take yk=  1) means that 

Taking limits in both sides of the above inequality, we can derive a contra- 
diction, since { l1xk - X* 1 1 )  is a convergent sequence. So, we have 

lim inf dist(xk. X*)  = O .  
i - m  

Furthermore, if (18) holds for each x*EX*, we can co~lclude that there 
exists %EX* such that x k  4%. as k - +  m. by the following argunlent. Since 
X *  is closed, (25) and the boundedness of { x k  } mean that there exist .VEX* 
and a subseque~~ce {sk l )  such that xkl -+ 2 as j -+ m. Since { l1.uk - ) is a 
decreasing sequence and skl -+ 2 as j -+ co, the whole sequence 1 . ~ ' :  ] also 
converges to 2. 

When X is of the following form: 

where I and u are two vectors of {R u {-w, a,) j", we call give an improved 
form of the PC method. For any .\-EX and P > 0, denote 

N (x, p )  = {il (x, = I ,  and (g(x, P)), 2 0) or 

(xi = ui and (g(.x, p)) ,  s o ) ) .  (27) 

Denote g,(x, 13) and g ~ ( x ,  13) as fd~lows: 

{ P i  if i€N(. \- ,  P I ,  
( g ~  (x, P)),= 

otherwise, 

Then, for any x*EX* and XEX, 

(.-.\-*)%N(.y, P)  5 0 .  

which means that 

(.Y- x*)'~B(x, P)  2 ( - \ - - X * ) ~ ~ ( X ,  P) 

So, if in the PC methods we set 

x h + ' = n x [ x k -  ykpkgs(xk3 Pk)], 
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where 

pk = w x k ,  ~ ~ ) ~ g ( x ~ .  P ~ ) / I I ~ ~ ( x ~ ,  pk)112, 

then the convergence Theorems 3.1 and 3.2 hold for the improved PC 
method. In practice, we use the iterative form (30) whenever X is of the 
form (26). When .Y is a general convex polyhedral set, we cannot give similar 
definitions of R N  and g" .  

4. Search Directions 

In  this section, under some conditions. we give two forms of search 
directions which satisfy the assumptions of Theorems 3.1 and 3.2. 

For any p > 0, define 

The tor111 (31) is a modification of the extragradient (Ref. 5) and was used 
as a search direction by Sun (Refs. 16 and 17). The form (32) first appeared 
in Suii (Ref. 17) as an auxiliary vector function to obtain a new stepsize for 
the algorithm proposed by Sun (Ref. 16). Recently, Solodov and Tscng 
(Ref. 15) and He (Ref. 23) also considered the form (32) (including its 
extension) as a search direction to obtain a new globally convergent method 
for rnonotone variational inequalities. An Armijo-type inexact line search 
was also introduced in both Solodov and Tseng (Ref. 15) and He (Ref. 23), 
but no global convergence theorems were provided without assu~lling the 
Lipschitz continuity of F.' 

Theorem 4.1. Suppose that I; is continuous over X, that X* is non- 
empty, and that g(x, P)  is of the form (31) or (32). If F is pseudomonotone 
over X relative to x* EX*, and if there exists 13 > 0 such that (9) holds for 
some .YEX\,X*. then 

Furthermore, if F is pseudomonotone over X relative to X*, then (33) holds 
for all .\-*EX*. 

'such tlleorem was given by Solodov and Tseng In a revised version of their paper (Ref. 15). 
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Proof. Since F  is pseudo~nonotone over X  relatlve to s* E X  *, for all 
Z E X  we have 

( z  - x * ) ~ F ( z )  20. 

In particular, we have 

+ (n,  [ x -  p l ; ( ~ ) ]  - ~ * } ~ l ; ( n , [ ~ -  P I ; ( x ) ] )  2 0 .  (34 )  
i9" 
'yl a First, we consider the case where g ( x ,  p )  takes the form (31 ) .  Considering 

1 (34 ) ,  we have 

'tf 
I: 

( x  - x * r g ( x ,  P )  
${ 
i! 

= ( x  - X * ) ~ F ( , ~ [ X -  P F (  \ ) I )  
= E(.\-. P ) ' i ( . u ,  p )  -t- { Hx [.\- - /?F( .v) j  - .x*) 7 ' ~ ( r 1 ,  I.\--- pF(.\-)]) 

2 E ( s ,  P ) ~ ~ ( . Y ,  p) 

= E(.x, P ) ~ { F ( H ~ [ . X -  pF( . v ) j )  - F(.\.) j + I*:(.\. / I ) ' ~ ( . \ - )  

2 -[I - v ( x ) ] l l E ( . ~ ,  P) l12iP + E ( x .  P)7'F(.\-), 

where the last inequality follows from (9). By taking z = s - P F ( s )  and y =  
.u in (i)  of Lcl~lma 2.2, we have 

P E ( x ,  P ) T ~ ( ~ )  2 l lE(x ,  P)112, 

which means that 

(-\- - x*j7K(x,  P )  2 E ( x ,  PITg(iX, P )  
2 -[I  - v ( . ~ ) I I I E ~ . ~ ,  P ) I I ~ / P  + I I E ( - ~ ,  P)i12/P 

'. 
= 11(x) IIE(s, P )  1 2 i P  

-> 

= v/(x, p) .  

Next, we consider the case where g ( . ~ ,  [ I )  takes the form (32 ) .  By taking 

z = x - p F ( x )  and !.=s* 

in (i)  of Lel~lnia 2.2, we have 

{ x *  - ~ , [ X - P F ( X ) ] ) ~ { . Y - P F ( . \ - )  - H., [ s - P F ( x ) ] )  10. 

By rearrangement, we have 
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Therefore, 

( x  - X * ) ~ ~ ( X ,  P )  
= ( ~ - x * ) ~ F ( n , [ x -  P F ( x ) ] )  

- ( x - . x * ) ~ F ( . Y )  + ( X  - X * ) . ~ E ( X .  p ) / P  

2 ( X  - x * ) ~ F ( ~ , [ x -  P F ( s ) ] )  - (.x- x * ) ~ F ( x )  

+ { n x [ . y -  ,!lF(.x)] - .Y*) 'F(X)  + \ \E(-Y,  P )  l 2 / p  

= E ( x .  P ) ~ F ( ~ ~ [ . X  - P F ( s ) ] )  

+ { n , [ x -  p F ( x ) ]  - x * ) F ( H x [ x -  P F ( x ) ] )  

- E(.x, p ) T ~ ( ~ )  + IIw, p )  12iP.  ( 3 5 )  

Substituting ( 3 4 )  into ( 3 5 )  gives 

( s - .X* ) 'K(x ,  p )  
2 E(.Y.  ~ ) T F ( , , - [ x - P F ( x ) ] ) - E ( . ~ ,  P ) T F ( x )  + IIE(x, P)ll2/P 

= E(.\., p )7 i ( . v ,  0 ) .  

Substitutiiig (9)  into the above formulas, we have 

( S  - . ~* )~ ' y ( . x ,  P )  2 E(.v, p ) - r g ( ~ ,  P )  
= E ( s ,  p )T  { F ( n x  [X - p F ( s ) ] )  - F(.x) )  

+ i ' l~( .u ,  p)l12iP 
2 - [ I  - 11(x)]IIE(x, p ) l i2 iP  + I I E ( ~ ,  P) l12iP 

Remark 4.1. Assurne that F ( u )  = M x  + L. and that M is skew-symmet- 
ric, i.e., h f7  = - M .  I f  g ( s ,  P )  takes the form ( 3 1 ) ,  then 

I PA= I and g(.yk, j 3 h ) = ~ T E ( ~ A ,  l )+( i z fduk+c) ,  ' which means that, for linear programming (translated into an equivalent 
linear complementarity problem), our method reduces to the same discussed 
by He (Ref. 10). If g(\, P )  takes the form (32 ) ,  then 

/ I h  = l and g ( ~ k ,  P A )  = M T E ( x k ,  i )  + E ( x k ,  l), 

( x - x * l T E ( x ,  P )> , ! I {n , [ x -PF( . \ ) ] -  Y * ) ~ F ( \ ) +  l E ( \ ,  p )12  I w h ~ c h  also appeared 111 He (Ref.  12). 
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Remark 4.2. Assume that I; is Lipschitz continuous over X. Then, in 
the PC method, by taking the for111 (32), we can easily prove that pk is 
bounded away from zero (under the Lipschitz continuity assumption, P k  is 
bounded away from zero); by taking the form (31), we cannot prove such 
conclusion. 

Remark 4.3. From the last part of the proof of Theorem 4.1 we know 
that, under the conditions of Theorem 4.1, (33) holds for all X ~ X *  if we 
take form (32). So, if in this case we set 

then the convergence theorems also hold. Considering the forms (15) and 
(16), we know that, in (36), one projection step is saved per iteration. So, 
from the theoretical point of view, i t  is more suitable to use form (36). But 
according to our computational experience, we suggest to use the iterative 
forms (1 5) and (1 6) in practice. 

5. Existence of Solutions 

When F is continuous and pseudomonotone over X .  there exist some 
results on the existence of the solutions of Eq. ( I ) ;  see Harker and Pang 
(Ref. 2). Here, we give a necessary and sufficier~t condition on the existence 
of solutions. 

l'heorem 5.1. Suppose that g(x, P )  takes the form (31) or (32). If I.' 
is continuous and pseudomonotone Aver X ,  then X  * #0 if and only if some 
or any sequerlce { x k )  generated by PC..methods is bounded. 

'L 

I'roof. We just discuss the case where g(x, p )  takes the form (3 1). The 
proof on taking the form (32) is similar. 

When x * # 0. the11 from Theorems 3.2 and 4.1, any sequence {.xk) 
generated by the PC method is bounded. 

For the converse part of the theorem, we suppose that there exists a 
bounded sequence { x k  ) generated by the PC method. Fro111 the boundedness 
of { x k }  and the continuity of I;, there exists a positive constant r such that 

k 
x I r 1lF(xk) I I r .  for all k. 

From (ii) of Lemma 2.2, for all k and PE[O, I], we have 
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Choosing an arbitrary fixed vector VEX, define 

Y =  {.YER"( Ilxll 12r+ /Ivl/) n X .  

Then, Y is a nonempty cortlpact convex set and, for all k and PE[o, 11, we 
have 

n , [ . ~ ~ - p F ( . ~ ~ ) ] = n , [ . ~ ~ - p F ( x ~ ) ] ,  f o r a l I P ~ [ O , l ] .  (37) 
k k 

x k + '  = nX[.rk - Y h P h g ( ~ k ,  Pk)] = ~ Y [ x  - y k ~ k g ( x  Pk)]. (38) 

For any X E  Y and p > 0, define 

rnax(q, 1 - T  (s)/\ lE,.(x, I)\\ '},  if 5 (x)  >0,  
ij(s) = otherwise, 

[I - ij(x)]/IE,(.r, 1)llZ/i (x), if i (x) >O, 
S(x) = otherwise, 

and 

~ ( s .  P )  = i l (x)IIE~(x,  P)l12/P3 
where 

i ( . x ) =  ~ / ; ( . ~ ) - I ; ( ~ , [ X - F ( X ) ] ) } ~ E Y ( X ,  1 ) .  

For each t ,  if i ( c k )  = I ,  let pi = I ; otherwise. determine pk =i(.rk)a"", where 
mh is the smallest nonnegative integer H I  such that 

{ F ( x ~ )  - F ( ~ ~ [ X * - ~ ( X ~ ) ~ " ' F ( X '  ) J )}~E , . ( .Y~ ,  i(xk)a"') 

From (37), we know that 

( r k ) = 1 ( . Y k )  i ( . r h )=s (xk ) ,  

and for all PE[O, I], 

E , ( sk ,  p)  = EA (sk, p ) .  

Therefore, for all k, we have 

Pk=Pk. 

Define 

g(x, p )  = F ( n  Y 1.r- PF(x)l),  

pk= E Y  (.\.I, p k  ) T g ( ~ k 7  j j k ) / ~ ~ g ( ~ ~ ?  Pk)l12' 



6 Hence, from (38) and (42), we have 

X k + ' = n \  [ ~ ~ - y k p k ~ ( \ I ' .  P k ) ]  

-%, 
= n 1 1." Y!. pkg(,yk, PA)]  

I 

= 111 [ x ~ -  ykl)kg(.yk3 pk)], 

traction method for solving nonlinear projection equations with forms (31) 
(42) f and (32) is abbreviated as NPCl and NPC2 respectively. The projection 

and contraction method for solving linear projectibn equations by He (Ref. 
10) is abbreviated as LPC. In the above algorithms, we use the improved 
search direction g,(s.  /3) ~nstead of g ( s ,  P) .  Here, we do not list the results 
of EG and IEG methods, since we know from Sun (Ref. 16) that in general 
EG and IEG methods cannot compete with PC methods. 

which means that { x k )  Cali be regarded as a sequence generated by applying 
the PC mcthod to solve Example 6.1. This example, discussed by Ahn (Ref. 24), is of the form - .  

Since Y is a nonempty compact convex subset of R", from Lemma 2.1 and 
Eaves (Ref. l ) ,  we know that the solution set, 

Y* = {YE YI y is a solution of (43)),  

is nonempty. According to Theorems 3.2 and 4.1, there exists .Y*E Y* such 
that 

Since X* E Y* and V E  Y, from Eaves (Ref. 1) we know that 

F(x*)'(u-x*) 2 0 .  

Since v is an arbitrary fixed point of X and .Y* is the limit point of { s k ) ,  
we have 

F'(.Y*)'(x-x*) 2 0 ,  for all,,x~X. 

which again from Eaves (Ref. 1) means that E,(.x*, 1 ) =O; i.e.. X * is non- 
empty and s* E,Y *. 

Remark 5.1., When X is of the form (26), Theorem 5.1 also holds for 
the improved PC methods. The proof is similar and the details are omitted. 

Remark 5.2. The procedure introduced here can be used to give a 
positive answer to an open problem proposed by He and Stoer (Ref. 14). 

6. Numerical Experiments 

In the following examples. we take 11 = a = 0.5 and A ,  = A2 = 1.95 (the 
algorithms behave better when yh approaches 2.0). We use rp(r, I ) =  
F(x)'E(x, 1) 5 c2 [note ihat rp(s, 1) 2 lIE(x, l ) / j 2 ,  for all X E X ]  as a stopping 

t..(.~) = D.u + c, where c 1s an tz-vector, U 1s an n x n nonsymmetrlc matnx, 

Take 

X=[I .U],  1=(0.0 , . . . ,  OjT, u = ( ~ , ~  , . . . ,  1)'. 

Take c2=ti10 - I J .  where n is the dimension of the problem. See Table 1. 

Example 6.2. This problem was discussed by Sun (Ref. 16). Consider 

F ( x ) = F ~ ( x ) + F ~ ( . Y ) ,  X=(,Y, , . . . . .  Y,,)', x ~ = . Y , + I = ~ ,  

F l ( s )  = [,fl(x), . . . , j;,(x)lr, F2(x) = D s  + c, 

,f; ( 9 )  = .xZ- I + ,Y: +.I-, - Ixl + x~.Y,+ I , i =  1, . . . , n, 

and D and c are the same as those of Example 6.1. Take 

X=[l ,  141. 1=(0, 0 , .  . . , o)', u = ( l ,  I , .  . . , 1)'. 

Take c 2 =  r71014, where t i  is the dimension of the problem. See Table 2. 
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Table 1. Results for Example 6.1, starting point (0, 0. . . . , 0).  continuous over X, the stepsize is bounded away from zero if we take the 

Number of itcr;~ti\,ns (left) and Inner iterations (right) form (32), and this result does not hold for the form (31). 

17 9 16 1 1  

NPC2 16 R 17 l l  14 4 14 4 13 4 1 I. EAVES. B. C.. 011 /lie Brr.rrc 7?reorcn1 of Con~plemerlturit~,  Mathematical Pro- 
gramming, Vol. I, pp. 68-75. 1971. 

71'ablc 2 liesults for Example 6.2, starting point (0 ,0 ,  . . . - 0 ) .  

Nurnber of iterations (left) and inner iterations (nght) 

Algor~tl~rns n=10 11 = 50 n =  100 n = 200 n = 500 

NPCl 9 0 9 0 9 0 9 0 10 2 

NPC2 9 0 9 0 9 0 10 0 10 0 

7. Discussion 

In this paper, a class of globally convergent algorithms f o r  solving 
nonlinear projection equations (1) is provided. Here. the convergence rate 
of the given methods is not discussed, since we think that the best conver- 
gence rate is Q-linear. The basic reason for this is that the derivative of 
F is not assumed. However, the methods given here can converge to the 
neighborhood of the solution set very fast. In practice, when the iterative 
point is far away from the solution set, the PC methods can be used to  make 
the iterative sequence reach the neighborhood of the solution set; when the 
iterative sequence approaches the sqlution set close enough, rnore rapid 
locally convergent methods, such as the Newton and quasi-Newton methods, 
can be used. For  the Newton and quasi-Newton methods for solving Eqs. 
(I ), see Ref. 4 and references therein for details. 

In Sectionp, two forms of search directions are given to  satisfy the 
requirements. In fact, Inore search directions can be given. For example, a 
convex combination of the forms ( 3  1) and (32) is also a suitable choice. For 
various forms of the search directions for solving linear projection equations, 
see He (Refs. 10-13) and He and Stoer (Ref. 14). As an extension of the 
search directions used in this paper, we can set 

where G is an arbitrary symnletric positive-definite matrix. T o  choose a 
suitable G is useful, but difficult in theory. 

From the computational experin~ents presented here, there is not too 
much ditTerence between choosing (31) and (32). But, when F is Lipschitz 
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Inexact Algorithm for Conti~~uous 
Complen~entarity Problems on Measure spaces1 

S. Y. ~ V U , '  J. c .  YAO,' A N D  J. S.  PANG^ 

Conimunicaled by P. Tseng 

Abstract. In this paper, we discuss a type of complementarity problem 
posed over a measure space. We give some conditions under which 
there exists a solution for the problem and work toward a new inexact 
algorithm for its solution. A general convergence proof for this algo- 
rithm is given and the advantage of using this approach is discussed. 

Key Words. Continuous complementarity problems, inexact solutions. 

Several problems arising in many different fields such as linear program- 
ming, game theory, and quadratic programming lead to the consideration 
of the linear conlplementarity problem, 

(LCP) find XE R" such that 

where M is a given t l  x 12 matrix and q is a given vector in R". After the 
: finite-dimensional linear complementarity problem has been considered, a 

number of authors have considered the linear complenlentarity problem in 
infinite-dimensional spaces; see, e.g., Refs. 1-7. In particular, Anderson and 
Wu (Ref. 2) considered the following generalization of LCP. Let X be a 
compact Hausdorff space, let M(X) be the set of all regular Borel measures 
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