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A Class of Iterative Methods for
Solving Nonlinear Projection Equations'
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Communicated by Z. Q. Luo

Abstract. A class of globally convergent iterative methods for solving
nonlinear projection equations is provided under a continuity condition
of the mapping F. When Fis pseudomonotone, a necessary and sufficient
condition on the nonemptiness of the solution set is obtained.

Key Words. Projection equations, variational inequalities, iterative
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1. Introduction

Assume that the mapping F: X< R" - R" is continuous and X is a
closed convex subset of R”. We consider the solution of the following projec-
tion equations:

x—Tly[x— F(x)]=0, (H
where for any yeR",
[y (y)=argminf{xeX||x—y}}.

Here, |- || denotes the l,-norm of R” or its induced matrix norm. 1t is well
known (see, e.g., Refs. | and 2) that the projection problem (1) is equivalent
10 a variational inequality problem, which is to find xeX such that

(r—x)"F(x)>0, for all yeX. (2)
For any >0, define
Ex(x, B)=x—Tlx[x— BF(x)]. 3)
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Without causing any confusion, we will use £(x, f§) to represent Ex(x, ).

[t is easy to see that x is a solution of (1) if and only if E(x, ) =0 for some
or any > 0. Denote

X*={xeX|xis a solution of (1)}. 4
Definition 1.1. The mapping F: R" — R" is said to be:
(1) monotone over a set D if

[F(x)=F(y)](x=3)=0, forall x, yeD; (5)
(i) pseudomonotone over a set D relative (o a set Y(< D) if

F(») (x—y)> 0implies *

F(x)"(x=y)>0, for all xe D, ye V. (6)

Remark 1.1, When Y= D, the pscudomonotonicity of F over a set D
relative to Y is the usual pseudomonotonicity, and in this case we say directly
that Fis pseudomonotone over 1.

For solving the projection equations (1) and relatcd problems, there is
a long history in the mathematical programming field; scc Refs. 2.4 for
details. Among the algorithms for solving (1), Newton’s method is the basic
method when the derivative of F exists and is easy to implement. In this
paper, we will investigate a globally convergent method for solving (1)
assuming only the continuity of the mapping F.

When F is monotone and Lipschitz continuous over X, i.e.. there exists
a positive number L such that

F)=FO)I<Llx—yl,, forallx, yeX,

Korpelevich (Ref. 5) proposed the foliowing extragradient (EG) method:
F =T [x* — BF(xM)],

X ST~ BF (],

where e(0, 1/L) is a constant. Since the Lipschitz constant is diflicult to
estimate in practice, by introducing an inexact line search to relax 3 to s
in the above formulas, Khobotov (Ref. 6), Marcotte (Ref. 7), and Sun
(Ref. 8) proposed an improved extragradient (IEG) method. The IEG
method does not need the value of the Lipschitz constant. EG and IEG
methods have global convergence if Fis monotone and Lipschitz continuous
over X (Refs. 5 7). Moreover, in Sun (Ref. 8) a global convergence theorem
was provided for the IEG method if F is pseudomonotone and continuous
over X only. For aigorithms with strong monotonicity and Lipschitz continu-
ity assumptions, see Fukushima (Ref. 9) and Pang and Chan (Ref. 3).
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When Fis an affine map, 1.e.,
F(x)=Mx+c,

where MeR" " and ce R", He (Refs. 10-13) and He and Stoer (Ref. [4)
proposed a class of projection and contraction (PC) methods for solving
(1). Some of the results of He (Refs. 10-13) and He and Stoer (Ref. 14)
were also obtained recently by Solodov and Tseng (Ref. 15). The numerical
results show that PC methods behave much better than the EG method or
IEG method in linear cases, i.¢., F(x)=Mx+c. This stimulates us Lo investi-
gate such algorithms that not only can compete with the PC methods in
linear cases, but also behave much better than the EG method or 1IEG
method in nonlinear cases. By introducing some parameters, Sun (Ref. 16)
made a first step toward this. The method introduced by the author of Ref.
16 behaves promisingly in practice, but the stepsize cannot be proved to be
bounded away from zero if F is Lipschitz continuous over X. So, a new
stepsize procedure was introduced in Sun (Ref. 17). Unfortunately, although
the new stepsize is bounded away from zero under the Lipschitz continuity
assumption, the corresponding algorithm does not perform as promisingly
as the algorithm in Sun (Ref. 16) does. In this paper, we propose a class of
iterative methods, which include the method in Sun (Ref. 16) and a new
method that not only performs promisingly in practice, but also has the
property that the stepsize is bounded away from zero under the Lipschitz
continuity assumption, for solving the projection problem (1), In addition,
we introduce a practically useful strategy to choose the initial value of B
at cach step. This strategy can greatly reduce the total number of inner
iterations. When F(x)=Mx+c¢ and M is a skew-symmetric matrix (i.e.,
MT=—M), some of our algorithms were also discussed by He (Refs. 10
and 12). For linear convergence of descent methods for solving convex
smooth minimization problem, see Luo and Tseng (Ref. 18). Here, we focus
our main attention on projection-type methods for the projection problem
(1) or the variational inequality problem (2).

In Section 2, we give some preliminaries. In Section 3, we give a class
of abstract search directions and the corresponding algorithms. In Section
4, we discuss two forms of search directions which satisfy the requirements.
In Section 5, we establish a necessary and sufficient condition on the non-
emptiness of the solution sct when F is pseudomonotone. Numerical results
are presented in Section 6. In Section 7, we give a discussion.

2. Basic Preliminaries

Throughout this paper, we assume that X is a nonempty convex subset
of R" and Fis continuous over X.
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Lemima 2.1, See Ref. 19, If Fis continuous over a nonempty compact
convex sel Y, then therc exists y*e Y such that

F(y")'(y-3*)>0, forallye?.

Lemma 2.2. Sce Ref. 20.  For the projection operator Ty (- ), we have:
(i) [z—Tly(2)] [y—Tx(2)] <0, when veX, for all zeR";
(i) My (z) Iy () <llz=pl, for all y, ze R".

L.emma 2.3. See Refs. 21 and 22. Given xe R"” and de R", the function
0 defined by

0(B) =My (x+ pd) —x|l/B,  B>0

is antitone (nonincreasing).

Choose an arbitrary constant 17e(0, 1), e.g., n=1/2. When xe .Y, define

max{n, 1 —1(x) /|| E(x, iWe(x)>0,
nix)= . (7N
1, otherwise,
— 112/ : .
sy = | U T NCONEG DI/, i 1(x) >0, )

1, otherwise,
where
((x)= {F(x) = F(Mx [x = F())} TE(x. 1).

It is easy 1o see that 0 <s(x) <.

Theorem 2.1. Suppose that F is continuous over X and ne(0, 1) is a
constant. If Sc XX * is a compact set, then there exists a positive constant
6 <1 such that, for all xeS§ with s(x)<1 and fe(0, 5], we have

{F(x) = F(Ix[x = BFOD }TE(x, )
<[1=n)JIE(x, B)I*/B. (9)
In addition, for all xe X \X™* with s(x)=1, (9) holds for g=1.

Proof. Note that, for any xe X\X* with s(x) <1, we have

1(x)>0 and n(x)>1—1(x)/|E(x, ],
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which means that 1(x)=r7. Since ScX\X* is a compact set and F is con-
tinuous over X, there exists a constant 5, >0 such that, for all xe S, we have

[Ty [x = F(x)] = x|l = 64>0. (10)
From Lemma 2.3 and (10), for all Be(0, 1] and x€ S, we have
Ix =Ty [x=BF)I/B=lx=Ty[x = F(x)][ = do. (11)

From the continuity of F, we know that F is uniformly continuous over
compacl sets. So, from (ii) of Lemma 2.2. we know that there exists a
positive constant § <1, for all xe S with s(x)<1 and fe(0, 6], such that

[F (I [x = BF)]) — F(x) [ <(1=n)d. (12)
Combining (11) and (12), for all xeS and fe(0, §], we have

{F(x) = F(My [x = BFOD}TE(x, B)

<IF(x) = F(Ily[x = BFODITECx, B))

<(I=mIE. PIF/B

=[1=nWIIE, BIF/B.

wlhich completes the proof of (9). If in addition xe X\ X * with s(x) =1, then
from the definition of s(x) we know that

Hx)<0 or (x)=[1~n@EM DI,
which means that (9) holds for g=1. U]

3. Algorithms and Convergence

Suppose that g: R"x R\, — R" is a continuous mapping. We will use
g(x, B) as a search direction in this section. The various forms of g(x, f§)
will be given in Section 4. First, we describe our algorithm in the abstract
form of g(x, B).

Projection and Contraction Method. Given x"eX, positive constants
n,ae(0, 1), and 0<A; <A, <2 Fork=0,1,...,if x*¢X*, do the following
steps.

Step 1. Calculate n(x*) and s(x*). If s(x*) =1, let B, = 1; otherwisc,
determine f3; =s(x*)a™, where ni, is the smallest nonnegative
integer /1 such that
{F(x*) = F(My[x* = s(x*)a" F(x* D }TE(x*, s(x*)a™)

<1 = nOUE W, s )a™ 1/ (s(x*)a™). (13)
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Step 2. Calculate g(x*, Bo).
Step 3. Calculate

pi=E(x*, Bu)"g(x*, Bi) /g (¥, Bl (14)
Step 4. Take yr€[A;, A;] and set

X =x =y prg(x®, o). (15)
XV =T, (3%). (16)

Remark 3.1. Theorem 2.1 ensurcs that §, can be obtained in a finite
number of trials if s(x*)<1. When s(x*)=1, (13) holds for m=0.

For >0, define
w(x, B)=n)IEC, BII/B. (17)

Theorem 3.1. Supposc that F,g are continuous over X, X xR\,
respectively. If X*# ¢, and if there exists x*€X * such that the infinite

sequence {x*} gencrated by PC incthods satisfies

(x*=x*)Tg(x", B = E(x%, B g(x", Bz w(x, Bu). (18)
then

7 = o = = a2 0w B gl B (19)

Proof. From (it) of Lemma 2.2 and (18), wec have
I = = T L = e pag (s, B)] = 2
<|x*=yipeg(x", Bk)-f‘ ¥
= |x* = x*|7 = 2ya pu (X = ) g (¥, Bi)
+yipkllg(x*, Bl
SIx = x* 1P = 2yu pe E(xF, Bi)Tg(x", Br)
+yipklg(x*, Bl
=[x~ X P -ye(2— v
X LE(x®, Bo)'g(x", BT/ lg(x*, Bl
U =X = v Q= vy (5 B/ lg(", B,

which verifies (19). . 0
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Define
dist(x, X *)=inf{||]x — x*||x*eX *}. (20)
Theorem 3.2. Suppose that the conditions of Theorem 3.1 hold. Then,
the infinite sequence {x*} generated by the PC mcthod is bounded and

lim inf, _ . dist(x*, X*)= 0. Furthermore, if (18) holds for cach x*€ X*, then
there exists e X * such that x* — % as k — wo.

Proof. For the sake of simplicity, we take y,=1.

From (19) we know that {ka—x* |} is a decreasing sequence. So, the
sequence {x*} generated by the PC method is bounded and the sequence
{dist(x*, X *)} is also bounded. Supposc that there cxists a positive constant
€ such that

dist(x*, ¥ *)y> e >0, for all k.
Define
S={xeX|dist(x, X *)>e€, fx—x*| < x"=x*|}.

Then, ScX\X™ is a compact set and {xk}CS. From Theorem 2.1, we
know that therc exists a positive constant 0 <1 such that, for all xeS with
s(x)<1 and Be(0, 5]. (9) holds. Hence, for cach & with s(x*) <1, we have

By=min{ad, s(x*)}. (21)
From the definition of s(x*), we know that, if s(x*)<1, then
{FON) = FUL X = FODTECS D>0,  n(x*)=n,
and
s = (L= mIEQ", DIF/(F(x*) = FOTLe ¥ = F()DTEWS 1)
> (1= mMIE S DIUIFC)E+IF(TL Y = F(AD (22)
From the continuity of F and {x*} cSc X\ X*, we know that

inf [E(x*, D >0. (23)
k

From (21) (23), there exists a positive constant 6 <1 such that
Bi>8>0, for all k with s(x*)<1.
If s(x*)=1. then 3, = 1. Hence,

12 B> >0, for all k. . (24)
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Therefore,

inf w(x*, B/llg(xX, Bl = €>0,

which in light of (19) (note that we just take y,=1) means that

X =P =) e
Taking limits in both sides of the above inequality, we can derive a contra-
diction, since {llx"—x*ll} is a convergent sequence. So, we have

lim inf dist(x*, X *)=0. (25)

k— oo

Furthermore, if (18) holds for cach x*eX™, we can conclude that there
exists xeX* such that x* > x, as k - . by the following argument. Since
X * is closed, (25) and the boundedness of {x*} mean that there exist veX *
and a subsequence {x*'} such that x* — ¥ as j— oc. Since {|x*— %] is a

. k = .
decreasing sequence and x“/— X as j— oo, the whole sequence {x*1 also

converges to X. J

When X is of the following form:
X={xeR"I<x<u}, (26)

where / and u are two vectors of {R U {—o0, v }}", we can give an improved
form of the PC method. For any xeX and B >0, denote

N(x, B)={il(x;=land (g(x, §));=0) or
(x;=w;and (g(x, f));<0)}. (27)
Denote gn{x, B) and ggs(x, ) as f(\)l!ows:
(5(x, B ifiEN(x, B),

. (28a)
0, otherwise,

(gn(x, B))iz{

»

(ga(x, B))i=(g(x, B))i—(gn(x, B))i,  i=1... 0 (28b)
Then, for any x*e X™* and xeX,

(x— x*) g (x, B) <O,
which means that

(x=x")ga(x, B)=(x—x*)"g(x, B). (29)
So, if in the PC methods we set

=Ty [~ yeprgs(x”, POl (30)
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where

pr=E(x*, B g(x*, Br)/llgs (x*, B,

then the convergence Theorems 3.1 and 3.2 hold for the improved PC
method. In practice, we use the iterative form (30) whenever X is of the
form (26). When X is a gencral convex polyhedral set, we cannot give similar
definitions of gy and gg.

4. Search Directions

In this section, under some conditions, we give two forms of search
directions which satisfy the assumptions of Theorems 3.1 and 3.2.
For any >0, define

glx, py=F(Ily[x = BF(x)]) (31

or

g, py=F(ly[x=PF(x)) ~ F(x)+ E(x, B)/B. (32)

The form (31) is a modification of the extragradient (Ref. 5) and was used
as a search direction by Sun (Refs. 16 and 17). The form (32) first appeared
in Sun (Ref. 17) as an auxihary vector function to obtain a new stepsize for
the algorithm proposed by Sun (Ref. 16). Recently, Solodov and Tscng
(Ref. 15) and He (Ref. 23) also considered the form (32) (including its
extension) as a search direction to obtain a new globally convergent method
for monotone variational inequalities. An Armijo-type inexact line search
was also introduced in both Solodov and Tseng (Ref. 15) and He (Ref. 23),
but no global convergence theorems were provided without assuming the
Lipschitz continuity of F.

Theorem 4.1. Suppose that F is continuous over X, that X * is non-
empty, and that g(x, B) is of the form (31) or (32). If F is pseudomonotone
over X relative to x*eX™, and if there exists B> 0 such that (9) holds for
some xe X\ X*. then

(x—x*)g(x, B)2E(x, B) g(x, B)=y(x, B). (33)

Furthermore, if Fis pseudomonotone over X relative to X *, then (33) holds
for all x*eX™*.

'Such theorem was given by Solodov and Tseng in a revised version of their paper (Ref. 15).
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Proof. Since F is pscudomonotone over X relative to x*eX *, for all
zeX we have

(z—x")'F(z)>0.
In particular, we have
(M [x= )] = x* T (Mx [x = BF(x)]) 20. (34)

First, we consider the case where g(x, () takes the form (31). Considering
(34), we have

(x=x%)g(x, )

=(x—x*)"F(Ily[x— BF(¥)])

=E(x B) gy, B)+{Tly[x = BF()] = x*} T F(My [y~ BF(x)])
= E(x, ) gy, B)

=E(x, ) {F(Ty[x— BF()]) = F(x)} + E(x. ) F(x)
=== n()UE G B/ B+E( B) F(x),

where the last inequality follows from (9). By taking z=x - fF(x) and y=
x in (i) of Lemma 2.2, we have

BE(x, B F(x)2E(x, PP,
which means that
(x=x%)"g(x, B) = E(x, B) gtx, B)
= [l = n(IEx B)IY/ B+ IECx, f)IF/B
= () ECx. )1/
= y(x, B).
Next, we consider the case where g(x, f#) takes the form (32). By taking
z=x—fpF(x) and yp=x*
in (i) of Lemma 2.2, we have
{x* =TIy [x— BF(x)]} {x—BF(x)— T [x— BF(x)]} <0.
By rearrangement, we have

(x=x*)TE(x, By= B{Ix[x— BF(x)] - x*}TF(x) + | E(x, B)I°.
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Therefore,

(x—x")g(x, B)
= (x =x*)"F(Iy[x— BF(x)})
—(x=x*)F(x)+(x—x*)E(x. B)/P
> (x = x*) F(Iy[x = BF(0)]) — (x=x*) F(x)
+{Ty [y = BF(0))=x* F) + I E(x, B)II*/B
=E(x. B) F(Ily[x= BF(x)])
+{lg[x = fF(x)] = x* | F (e [x = BF(x)])
~ E(x. B)F(x)+ | E(x, B)I*/B. (35)
Substituting (34) into (35) gives
(x—x*)g(x, B)
> E(x. B)TF(My[x— BF)]) — E(x, B)F(x)+ 1E(x, B)I*/B
=E. ) g(x. p).
Substituting (9) into the above formulas, we have
(x—x%)g(x, By=E(x, B) g(x, B)
=E(x, B) {F(Tly[x = BF ()~ F(x)}
+E(x, B)IP/P
>~ [1=n)HE(x, BIF/B+IER, BI/B
=n()IE(x. B)I*/B
=y(x, B). O
Remark 4.1.  Assume that F(x)=Mx+¢ and that M is skew-symmet-
ric, i.e., M= — M. 1If g(x, B) takes the form (31), then
Bi=1 and g(xx, Br) =M E(x", 1) +(Mx*+¢),

which means that, for linear programming (translated into an eqpivalent
linear complementarity problem), our method reduces to the same discussed
by He (Ref. 10). If g(x, B) takes the form (32), then

ﬂkzl and g(Xk, ﬂk):MTE(sti)+E(xks l)a

which also appeared in He (Ref. 12).
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Remark 4.2. Assume that F is Lipschitz continuous over X. Then, in
the PC method, by taking the form (32), we can easily prove that py is
bounded away from zero (under the Lipschitz continuity assumption, By is

bounded away from zero); by taking the form (31), we cannot prove such
conclusion.

Remark 4.3.  From the last part of the proof of Theorem 4.1 we know
that, under the conditions of Theorem 4.1, (33) holds for all x¢X * if we
take form (32). So, if in this case we set

K= x =y preg(xF, Bi), (36)
then the convergence theorems also hold. Considering the forms (15) and
(16), we know that, in (36), one projection step is saved per iteration. So,
from the theoretical point of view, it is more suitable to use form (36). But
according to our computational experience, we suggest to use the iterative
forms (15) and (16) in practice.

5. Existence of Solutions

When F is continuous and pseudomonotone over X, there exist some
results on the existence of the solutions of Eq. (1); see Harker and Pang

(Ref. 2). Here, we give a necessary and sufficient condition on the existence
of solutions.

Theorem 5.1.  Suppose that g(x, B) takes the form (31) or (32). If F
is continuous and pseudomonotone over X, then X * # (5 if and only if some
or any sequence {x*} generated by PC.r\nethods 1s bounded.

Proof. We just discuss the case where g(x, f) takes the form (31). The
proof on taking the form (32) is similar.

When X *# (&, then from Theorems 3.2 and 4.1, any sequence {x*}
generated by the PC method is bounded.

For the converse part of the theorem, we suppose that there exists a
bounded sequence {x" } generated by the PC method. From the boundedness
of {x*} and the continuity of F, there exists a positive constant r such that

Ix*1<r, [IF(x*)<r. for all k.
From (ii) of Lemima 2.2, for all k and Se[0, 1], we have

My [x* = BF ()Nl <2
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Choosing an arbitrary fixed vector veX, define
Y={xeR" x| <2r+ lol} nX.

Then, Y is a nonempty compact convex set and, for all K and Bel0, 1], we
have

My [x*— BF(x* )] =Ty [x* = BF(x*)),  forall pe(0,1). (37

X =M g, Bl =Tx* ~ vepeg(x*, Bl (38)
For any xe Y and j > (), define

hx) = {maX{n. 1= (x)/|Ev(x, DI}, ifT(0)>0,

1 otherwise,

_ {[l-ﬁ(X)]HEy(X.1)!l2/?(X), if7 (x)>0,
S(x)=

1, otherwise,
and
w(x, B)= )N Ev(x, BIN/B,
where
P (x) = F(x) = F(Iy [x = FD Ev(x, 1),

n : : n -k n
For each k, if 5(x*)=1, let B, = 1 ; otherwise, determine f,=3(x")a", where
m, is the smallest nonnegative integer m such that

(F(x*) = FITy[x* =5 amF e DY Er (%, 5(x)a™)
<[ = AONEy (x*, 5 a1/ (5 )a™).

From (37), we know that

AF)=nxh), St =), (39)
and for all B€(0, 1],

Ey(x* B)=Ex(x*, B). (40)
Therefore, for all k, we have

Bi= B (41)

Define
g(x, B)=F(Ily[x— BF(x))),
b= Ey (3, B 8", B/ g™, Bl
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Then from (37) and (39)-(41), we have

(X" B =g(x*, Br) and  pe=pu. (42)
Hence, from (38) and (42), we have
k+l

=TIy [ — yi prgtx®, Bo)]
Zn)'[.\"'_Ykpkg(x 7ﬁk)]
:l])'[J\‘k—’}/kl_)kg_(xka Bk)]a

which means that {x*} can be regarded as a sequence generated by applying
the PC mcthod to solve

Ey(x, 1)=0. (43)

Since Y is a nonempty compact convex subset of R”, from Lemma 2.1 and
Eaves (Ref. 1), we know that the solution set,

Y*={yeY|yisa solution of (43)},

is nonempty. According to Theorems 3.2 and 4.1, there exists x*e Y* such
that

x5 o x*, as k = o0.
Since x*e Y* and ve Y, from Eaves (Ref. 1) we know that
F(x*)(v—x*)>0.

Since v is an arbitrary fixed point of X and x* is the limit point of {x*},
we have

F(x" (x—x%)>0, for allxeX

which again from Eaves (Ref. 1) means. that Ex(x*, 1)=0;1ie, X* is non-
empty and x*e X *. ™ O

Remark 5.1... When X is of the form (26), Theorem 5.1 also holds for
the improved PC methods. The proof is similar and the details are omitted.

Remark 5.2. The procedure introduced here can be used to give a

positive answer to an open problem proposed by He and Stoer (Ref. 14).

6. Numerical Experiments

In the following examples, we take 3=a=0.5 and A,=A;=1.95 (the
algorithms behave better when 7y, dpproaches 2.0). We use ¢(x, 1)=
F(x)"E(x, 1) <€ [note that @(x, 1)> | E(x, )|’ for all xeX] as a stopping
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criterion, where € is a small nonnegative number. The projection and con-
traction method for solving nonlinear projection equations with forms (31)
and (32) is abbreviated as NPC1 and NPC2 respectively. The projection
and contraction method for solving linear projection equations by He (Ref.
10) is abbreviated as LPC. In the above algorithms, we use the improved
search direction gg(x, f3) instead of g(x, ). Here, we do not list the results
of EG and IEG methods, since we know from Sun (Ref. 16) that in general
EG and IEG methods cannot compete with PC methods.

Example 6.1. This example, discussed by Ahn (Ref. 24), is of the form
F(x)=Dx+c¢, where ¢ is an n-vector, D is an # X 1 nonsymmetric matrix,

T -
1 4 =2
1 4 =2
D=
-2
1 4
Take
X=[Lu], [=(0.0,...,0)7, wu=(,1,...,)"

Take €2=n10""", where n is the dimension of the problem. See Table 1.

Example 6.2. This problem was discussed by Sun (Ref. 16). Consider
F(x)=F(x)+ Fy(x), xX={x(,...,. )7, X0=Xp41=0,
Fu(x)=[/i(x), ... . fulx)),  Fyx)=Dx+c,
fi(x) =xP A XTH Xt XX, i=1,...,n,

and D and ¢ are the same as those of Example 6.1. Take

X=1I ul. [=(0,0,...,0)7, u=(1,1,..., D"

Take €= 110", where n is the dimension of the problem. See Table 2.

3= —_———— e
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Table 1. Results for Example 6.1, starting point (0,0, ...,0).

Number of iterations (left) and inner iterations (right)

Algorithms n=10 =150 n=100 n=200 n= 1500

LPC 39 - 39 39 — 39 — 39 —
NPC1 19 13 16 6 15 5 17 9 16 11
NPC2 16 8 17 11 14 4 14 4 13 4

Table 2. Results for Example 6.2, starting point (0,0, ...,0).

Number of iterations (left) and inner iterations (right)

Algorithms n=10 n=>50 n=100 n=200 n=1500
NPCI 9 0 9 0 9 ] 9 0 10 2
NPC2 9 0 9 0 9 0 10 0 10 0

7. Discussion

In this paper, a class of globally convergent algorithms for solving
nonlinear projection equations (1) is provided. He.re‘ the convergence rate
of the given methods is not discussed, since we .thl.nk that the be§t conver-
gence rate is Q-linear. The basic reason for this is that the derivative of
F is not assumed. However, the methods given here can converge to t.he
neighborhood of the solution set very fast. In practice. when the iterative
point is far away from the solution set, the PC methods can be used to make
the iterative sequence reach the neighborhood of the sotution set; when the
iterative sequence approaches the sqlution set close egough, more rapid
locally convergent methods, such as the Newton and quasi-Newton melhods,
can be used. For the Newton and quasi-Newton methods for solving Egs.
(1), see Ref. 4 and references therein for delai!s. ‘ .

In Section_4. two forms of search directions are given to satisfy the
requirements. In fact, more search directions can be giveq. For example, a
convex combination of the forms (31) and (32) is also a sugab}e ch0|ce.' For
various forms of the search directions for solving linear projection e.:quallons,
see He (Refs. 10-13) and He and Stoer (Ref. 14). As an extension of the
search directions used in this paper, we can set

g""(x, p)=G""g(x, ),

where G is an arbitrary symmetric positive-definite matrix. To choose a
suitable G is useful, but difficult in theory. ’

From the computational experiments presented here, therg is pot 190
much difference between choosing (31) and (32). But, when F'is Lipschitz
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continuous over X, the stepsize is bounded away from zero if we take the
form (32), and this result does not hold for the form 31).
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Inexact Algorithm for Continuous
Complementarity Problems on Measure Spaces’

S. Y. Wu?J. C. Yro,” anp J. S. Pang?

Communicated by P. Tseng

Abstract. In this paper, we discuss a type of complementarity problem
posed over a measure space. We give some conditions under which
there exists a solution for the problem and work toward a new inexact
algorithm for its solution. A general convergence proof for this algo-
rithm is given and the advantage of using this approach is discussed.

Key Words. Continuous complementarity problems, inexact solutions.

1. Introduction

Several problems arising in many different fields such as linear program-
ming, game theory, and quadratic programming lead to the consideration
of the linear complementarity problem,

(LCP) find xeR" such that

x>0, Mx+g>0, x'(Mx+q)=0,

where M is a given n X n matrix and ¢ is a given vector in R”. After the
finite-dimensional linear complementarity problem has been considered, a
number of authors have considered the linear complementarity problem in
infinite-dimensional spaces; see, e.g., Refs. 1-7. In particular, Anderson and
Wu (Ref. 2) considered the following generalization of LCP. Let X be a
compact Hausdorf space, let M(X') be the set of all regular Borel measures
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