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1 Introduction

The nonconvex semidefinite programming problem has wide applications in
system control, structural design, and other fields. It has recently become a
focal point in optimization research. For example, in the recent release of the
library COMPL,ib [24], a total of 168 test examples for nonlinear semidef-
inite programs, control system design, and related problems are collected.
Among very few algorithms for this problem, the augmented Lagrangian
method appears to perform well [26]. It naturally calls for a suitable theo-
retical explanation for this phenomenon. Note that algorithms for nonlinear
semidefinite programs may display quite distinctive features from conven-
tional nonlinear programming programs (see [14] for such an example). In its
general setting, the augmented Lagrangian method can be used to solve the
following optimization problem

(OP) min f(z) st. h(z)=0, g(z) € K,

where f : X — R, h: X — R and g : X — Y are twice continuously
differentiable functions, X and Y are two finite-dimensional real Hilbert
spaces equipped with a scalar product (-,-) and its induced norm || - ||, and
K is a closed convex cone in Y. For any given T € X and € > 0, let the
open ball be B.(Z) := {z € X ||z — Z|| < €}. Suppose that X’ and Y’
are two finite-dimensional real Hilbert spaces and that F': X x X' — Y’.
If F is Fréchet-differentiable at (z,2’) € X x X', then we use JF(z,2’)
(respectively, J,F(z,z')) to denote the Fréchet-derivative of F at (z,z’)
(respectively, the partial Fréchet-derivative of F' at (x,z’) with respect to
x) and VF(z,2') = JF(x,2")*, the adjoint of JF(x,a’) (respectively,
V. F(z,2") = T, F(x,a")*, the adjoint of T, F (x,z")). Moreover, if F is twice
Fréchet-differentiable at (z,2') € X x X', we define

J?F(w,a') = J(TF)(x,2'), TiF(x,2') = To(TuF)(@,2),

V2F(z,2') := J(VF)(x,2'), and V2 F(z,2'):= Jp(V.F)(z,2").

A feasible point x € X to (OP) is called a stationary point if there exist
¢ € R and £ € Y such that the following Karush-Kuhn-Tucker (KKT)
condition is satisfied at (z, ¢, &):

Volo(,(,6) =0, h(z)=0, g(z)e K, ek, (g(x),£) =0, (1)
where the Lagrangian function Ly : X X ®™ x Y +— R is defined as
Lo(x,¢,€) = f(z) + (¢, h(x)) — (£, 9(x))
and K* is the dual cone of K, i.e.,
K :={veY|{v,z) >0 Vze K}.

Any point (z,¢,§) € X x R™ x Y satisfying (1) is called a KKT point and
the corresponding point ({, &) is called a Lagrange multiplier at z. Let M(x)
(maybe empty) be the set of all Lagrangian multipliers at x.
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Let ¢ > 0 be a parameter. The augmented Lagrangian function with the
penalty parameter ¢ for problem (OP) is defined as (cf. [40, Section 11.K] or
[43])

c 1
Le(2,¢,€) i= f(@) + (G h(@) + S IW(@) 1 + o [T (€ = eg(@)* = 11€17]
(2)
where (z,(,£) € X x R™ x Y and IIk-(-) denotes the metric projection
operator onto the set K*. By observing (cf. [51])

g (y) = Hx(~y) +y and (Ix(-y)+y, Ix(-y)) =0 Vyey,
we have for any (z,(,&) € X x R x Y that

. 1 if *
i Lo (0.6, €) = Lo(e. .-l o[ Tc(egla)-) P = { P09 1 € 00

If there is no inequality constraint, problem (OP) specializes to
min f(z) s.t. h(z) =0. (3)

The corresponding augmented Lagrangian function is
c m
Le(w,¢) = f(z) + (G (@) + SlIR@)]7, - (2,0) € X xR,

which was introduced by Arrow and Solow [2] in the study of a differential
equation method for solving (3). The augmented Lagrangian method was
initiated by Hestenes [19] and Powell [31] for solving the equality constrained
problem (3) and was generalized by Rockafellar [34] to the following nonlinear
programming problem

(NLP) min f(z) s.t. h(z)=0, g(x) >0,

where f: R" — R, h: R" — R™ and g : R" — RP are twice continuously
differentiable. Problem (NLP) is a special case of (OP) with X := R, YV :=
RP, and K :=RE.

For the equality constrained optimization problem (3), Powell sketched
a proof in [31] to show that if the linear independence constraint qualifi-
cation and the second-order sufficient condition are satisfied, then the aug-
mented Lagrangian method can converge locally at a linear rate without
having ¢ — co. For convex programming, Rockafellar [34] established a sad-
dle point theorem in terms of L.(-) and Rockafellar [35] and Tretyakov [48]
proved the global convergence of the augmented Lagrangian method for any
c>0.

The augmented Lagrangian method for solving (OP) can be stated as
follows. Let ¢y > 0 be given. Let (¢%,£%) € R™ x K* be the initial esti-
mated Lagrange multiplier. At the kth iteration, determine 2* by minimizing
Le, (2,¢%,€F), compute (¢F+1,£F+1) by

{ ¢Frl = (P 4 cph(a*)
Rl = M- (€8 — crg(ah)),



4 Defeng Sun et al.

and update ci1 by
Ck41 = C  OI  Cky1 = KCg

according to certain rules, where x > 1 is a preselected positive number. If
the sequence of parameters {cy} is chosen to satisfy ¢y — +oo, then the
global convergence of the augmented Lagrangian method can be similarly
discussed to the penalty function method [4]. If ¢; has a finite limit, then
there exists a positive integer Ny such that ¢y = ¢ for £k > Ny and some
positive number c. In this paper, instead of considering global convergence
properties, we consider the local convergence properties of the augmented
Lagrangian method for (OP) when the second case occurs; namely the case
in which ¢, = ¢ for all sufficient large k. For simplicity in our analysis, for k
sufficiently large, we choose z* as an exact local solution of L.(-, ¥, &¥).

In [3] (also see [4, Section 2.2]), Bertsekas established an important re-
sult on the linear rate of convergence of the augmented Lagrangian method
for the equality constrained problem (3), in which the ratio constant is pro-
portional to 1/c. The significance of Bertsekas’s result resides in the fact
that theoretically, subject to numerical stability, we can select a large ¢ to
accelerate the convergence, which partially explains why the practical perfor-
mance of this method has been good. In [4, Chapter 3|, assuming the strict
complementarity condition, Bertsekas also discussed similar results for non-
linear programming (NLP). On the other hand, without assuming the strict
complementarity condition, many authors (e.g., Conn et al. [11], Contesse-
Becker[12], and Ito and Kunisch [21] ) derived linear convergence rate for
the augmented Lagrangian method. For more on the augmented Lagrangian
method for nonlinear programming, see the two monographs [4,17] and the
survey paper [39].

The main objective of this paper is to study, without assuming the strict
complementarity, the rate of convergence of the augmented Lagrangian method
for solving the nonlinear semidefinite programming problem

(NLSDP) min f(z) st. h(z)=0, g(z) e S},

where S% is the cone of all positive semidefinite matrices in SP, the linear
space of all p by p symmetric matrices in RP*P. The difficulty for achieving
this objective lies in the facts that the positive semidefinite cone S¥ is non-
polyhedral for p > 1 and very few established tools exist for dealing with the
augmented Lagrangian method in such a general setting. A work of similar
nature (but of different target) is Pennanen’s local convergence analysis of
proximal point methods for the inclusion problem

0€e7(x), (4)

where 7 is a set-valued mapping from a Hilbert space X' to itself [30]. Based
in part on Rockafellar’s convergence analysis for the inclusion problem (4)
with monotone operators [37,38], Pennanen [30] established local linear con-
vergence results of the proximal point methods under the condition that 7 —*
has a Lipschitz localization property at a solution T to (4). One interesting
part of Pennanen’s results is that he used his theory to establish the local
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linear convergence of the proximal point method of multipliers (the regular-
ized augmented Lagrangian method) for solving (NLP) without assuming the
strict complementarity condition. This suggests that one may do the same for
(NLSDP). However, by focusing on the optimization problem (OP) instead
of the more general inclusion problem (4), we hope to gain more by using the
rich symmetry structure uniquely possessed by this optimization problem. In-
deed, we are not only able to prove that the ratio constant is proportional to
1/c with the penalty parameter ¢ exceeding a threshold ¢ > 0, but also able to
provide nice properties on the generalized Hessian of the dual function used
in our analysis (cf. Proposition 5) for (NLSDP) that relate the augmented
Lagrangian method to an approximate generalized Newton method.

The organization of this paper is as follows. In Section 2, we discuss
several technical results used in our convergence analysis. In Section 3, we
develop a general theory on the rate of convergence of the augmented La-
grangian method for a class of constrained optimization problems under two
basic assumptions. Section 4 is devoted to applying the theory developed in
Section 3 to nonlinear semidefinite programming. Finally, we give our con-
clusions in Section 5. To show how the removal of strict complementarity
complicates the analysis, we provide a simple proof of the counterpart under
strict complementarity as an appendix.

2 Preliminaries

To analyze the problem without the strict complementarity condition, we use
tools from semismooth matrix functions. This section serves as a preparation
for our analysis. We will cite and prove some results that are essential to our
discussion.

Let X and Y be two finite-dimensional real Hilbert spaces. Let O be an
open set in X and @ : O C X — Y be a locally Lipschitz continuous func-
tion on the open set O. By Rademacher’s theorem, & is almost everywhere
Fréchet-differentiable in O. We denote by Dg the set of Fréchet-differentiable
points of @ in O. Then, the Bouligand-subdifferential of ¢ at x € O, denoted
OpP(x), is

Opd(x) := {klir{:o Jb(2F) | 2* € D, " — x} :

Clarke’s generalized Jacobian of @ at x is the convex hull of Op®(x) (see
[10]), i.e.,
0P (x) = conv {0pP(z)} .

The following concept of semismoothness was first introduced by Mifflin
[28] for functionals and was extended by Qi and Sun [32] to vector valued
functions.

Definition 1 Let @ : O C X — Y be a locally Lipschitz continuous function
on the open set O. We say that @ is semismooth at a point « € O if

(i) @ is directionally differentiable at x; and
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(ii) for any Az € X and V € 09(x + Azx) with Az — 0,
&(x+ Azx) — P(x) — V(Azx) = o(||Az]]) .

Furthermore, @ is said to be strongly semismooth at € O if @ is semismooth
at x and for any Az € X and V € 09(z + Ax) with Az — 0,

Oz + Az) — &(z) — V(Azx) = O(||Az|]?).

By combining Clarke’s implicit function theorem for locally Lipschitz con-
tinuous functions [10, Section 7.1] with [44, Theorem 1.1] and [23, Lemma
2], we can get the following lemma of implicit functions directly. Here and
below,

7,O0H (Z,7) = the projection of OH(Z,7) onto the space X.

Lemma 1 Suppose that H : X XY — X is a locally Lipschitz continuous
function in an open neighborhood of (Z,7) € X XY with H(Z,y) = 0. If every
element in 7,0H (T,y) is nonsingular, then there exist an open neighborhood
Oy of ¥ and a locally Lipschitz continuous function x(-) : Oy — X satisfying
x(g) = T such that for every y € Oy,

H(x(y),y) =0.

Furthermore, if H is (strongly) semismooth at every point in the open neigh-
borhood of (Z,7), then x(-) is (strongly) semismooth at every point in Oy .

The following two lemmas on the Bouligand-subdifferential of composite
functions are useful in determining 7,05(V,L.)(:). The first one is proved in
[45, Lemma 2.1] and the second one needs a proof, which will be given here.

Lemma 2 Let F : X — Y be a continuously differentiable function on an
open neighborhood O of T € X and @ : Oy CY — X' be a locally Lipschitz
continuous function on an open set Oy containing § := F(Z), where X' is a
finite-dimensional real vector space. Suppose that @ is directionally differen-
tiable at every point in Oy and that JF(Z) : X — Y is onto. Then it holds
that

Op(P+F)(z) = 9pP(y) T F (1),

« stands for the composite operation.

”

where “ x

Lemma 3 Let F: X — Y be a continuously differentiable function on an
open neighborhood O and & : X — X' be a locally Lipschitz continuous
function on O, where X' is a finite-dimensional real vector space. Suppose
that @ is semismooth at every point in O. Let W : X — Y’ be defined as

U(x):=F(x)P(x) = F(z) P(x), z€X,

7

where Y’ is a finite-dimensional real vector space and “ -7 is a bi-linear
operator from'Y x X' toY’'. Then for every x € O and Az € X,

0¥ (x)(Azx) = JF(x)(Az)®(z) + F(x)0pP(z)(Ax) . (5)
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Proof. Let x € O and Az € X be two arbitrary but fixed points. By using
the fact that if @ is Fréchet differentiable at y € O, then ¥ is also Fréchet
differentiable at y we obtain

Op¥(x)(Azx) 2 JF(x)(Az)®(z) + F(x)0pP(z)(Ax).

Conversely, let W € 9pW(z). Then there exists a sequence of Fréchet differ-
entiable points {z¥} C O converging to = such that W = limy_, ., J¥(z*).
Since @ is assumed to be semismooth at each z*, we have

&' (2¥; Az) € 0p®(a¥)(Ax).
Thus, for any k& > 1,

JV(2%)(Az) = TF(2%)(Ax)®(zF) + F(aF)P' (2F; Ax)
€ JF(z%)(Az)®(2F) + F(2*)0pd(2*)(Az),

which, together with the upper semicontinuity of dg®(-), implies
W (Az) = lim JU(2*)(Ax) € TF(x)(Ax)®(z) + F(x)0pd(z)(Ax).

Consequently, (5) holds. O

Let K be a closed convex set in Y. It is well known [51] that the metric
projector ITk (+) is Lipschitz continuous with the Lipschitz constant 1. Then
for any y € Y, 0llk(y) is well defined. Below is a lemma on the general
properties of OITk(+).

Lemma 4 [27, Proposition 1] Let K CY be a closed convex set. Then, for
anyy €Y and V € 0IIk(y), it holds that

(i) V is self-adjoint.

(ii) (d,Vd)y >0 VdevY.

(ii) (Vd,d—Vd) >0 VdeY.

For discussions on nonlinear semidefinite programming we need more
properties about the Bouligand-subdifferential of the metric projector IT st ()

over Si under the Frobenius inner product in SP. We write C' = 0 to

mean that C is a symmetric positive semidefinite matrix. Let Z € SP and
Zy =11 st (Z). Suppose that Z has the following spectral decomposition

7 =PAP", (6)

where A is the diagonal matrix of eigenvalues of Z and P is a corresponding
orthogonal matrix of the orthonormal eigenvectors. Then

Z,=PAP,

where A, is the diagonal matrix whose diagonal entries are the nonnegative
parts of the respective diagonal entries of A [20,49]. Define three index sets
of positive, zero, and negative eigenvalues of Z, respectively, as

a:={i| >0}, g:={i|\ =0}, v:={i| N < 0}.



8 Defeng Sun et al.

Write
A, 0 0
A=1000 | and P=[P, Ps P,]
0 04,
with P, € Rpxlel, P € RP>181 and P, e ®P*1l, Let © be any matrix in
SP with entries
max{\;, 0} + max{\;,0} .

@ij: |>\Z|+|)\j| lf(i,j)¢ﬂ><ﬂ7 (7)

0,; €10,1] if (i,7) € Bxp.

The projection operator I Si(') is directionally differentiable everywhere in

SP [5,6] and is a strongly semismooth matrix-valued function [46]. For any
H € §P, we have

P HP, P.HP; O, 0P.HP,
_ — T —T  — —=T
50 (Z:H)=P PyHPo g (P HPp) 0 P, (8)
—T  —
P, HP,06,, 0 0

where “o” denotes the Hadamard product [29,46]. When g = 0, Hsi(') is

Fréchet-differentiable at Z and (8) reduces to the classical result of Lowner
[25]:

[ PLHP, 6.,0P.HP,]_,
Tlsy (Z)H=P | __* P’ vHes. (9)
P HP,o06,, 0

The tangent cone of S¥ at Z, denoted Tsi (Z,), can be completely charac-
terized as follows
Tot(Zy) = {B € | B= Iy (Z,:B)} = {B € 8| [P P, ] B[Py P, = 0}

The characterization of Zg» (Z,) was first obtained by Arnold [1] by using
a different approach from the above. The lineality space of Tsi (Z,), ie.,

the largest linear space in ,Z:gi (Z,), denoted by lin (%i (7+)>7 takes the

following form:
lin (7s7 (Z4)) = {B € 8| [Py P,)" B[Py P,] = 0}.

The critical cone of St at Z € 8P associated with the problem of finding the
metric projection of Z onto SV (i.e., Z) is defined as [8, Section 5.3]

C(Z;8Y) = Tsr (ZL)N{B €S| (B, Z4 — Z) = 0}
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Thus, it holds that

C(Z;S") = {B e sP

PyBP; =0, PyBP, =0, Py BP, =0}
The affine hull of C(Z;S%), denoted by aff(C(Z;S%)), can then be written as
aff (C(Z;S7)) = {B e S|Py BP, =0, P,BP, =0}, (10)

The following lemma on 9gII st (Z) is part of [45, Proposition 4], which
is based on [29, Lemma 11].

Lemma 5 Let © € SP satisfy (7). Then W € 831755)r (Z) if and only if there
exists Wo € Opll gip) (0) such that
+

P HP, P.HP; ©,,0P,HP,
5 =T = G — =T
W(H)=P | PyHP, Wy(PzHPp) 0 P’ VHes.
P HP,06,, 0 0

Let Q be the set of all orthogonal matrices of order || x |3|. Let
P:={PeR?|P=[P, P P,]=[P, (PsQ) P,], Qe Q} . (11)

Note that all P € P have the same P, and P,. From the definition of
Op1l415(0) and (9) we know that if Wo € dpllgs(0), then there exist ma-
+ +

trices Q € Q and 2 € S with entries £2;; € [0,1] such that
Wo(D) = Q(20(Q"DQ)QRT vD e Sl

For an extension to the above result, see [9, Lemma 4.7]. By using Lemma 5
we obtain the following useful lemma, which does not need further explana-
tion.

Lemma 6 For any W € 831755; (Z), there exist two matrices P € P and
O € 8P satisfying (7) such that
W(H)=P (6o (PTHP))P" VHEeES".

The following result, due to Debreu [13], is useful for the study of the
Bouligand-subdifferential of VL. (-).

Lemma 7 Let ¢ : X — R be continuous and positive homogeneous of degree
two:

p(td) =t?¢p(d) Vt>0anddec X.

Suppose that there exists a positive number ng > 0 such that for any d sat-
isfying Ld = 0, one has ¢(d) > no||d||?, where £ : X +— Y is a given linear
operator. Then there exist positive numbers n € (0,10] and co > 0 such that

&(d) + co(Ld, £d) > n(d,d) Vde X.
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Next, we provide a technical result used in Section 4.
Lemma 8 Let a,b,c, and ¢y be four positive scalars with ¢ > cq. Let

1t+ £
b+ (c—co)t’

P(t;e,a,b,c0) i =a — - te[0,1]. (12)

Then, for any ¢ > max {co, (b— 00)2/00}, ¥(+5¢,a,b,¢9) s a convex function
on [0,1],

1 b
1 t' b = _— ———— 1
tg%ég“/’(vcam 700) a C(\/E+\/a)27 ( 3)
and
max w(t c, a, ba CO) = max {T/)(Oa c,a, b7 CO), ’(/}(11 c,a, b7 CO)} . (14)
t€[0,1]

Proof. By simple calculations for any ¢ € [0, 1] we have

Co _ b2
clc—co) (c—co)(b+ (c—c)t)?

vtw(u c, a, b7 CO) =

and
252

b+ (c—co)t)®
Then, since for ¢ > ¢, VZ4(t,c,a,b,cq) > 0 for all t € [0,1], ¥(-;¢,a,b,co)
is a convex function on [0, 1]. Consequently, (14) holds.

Let ¢t := b/(co + /o). Then Viip(t;c,a,b,co) = 0. Since for any ¢ >
max{co,(b — 00)2/00}, t € (0,1] and ¥(;¢,a,b,c) is convex on [0, 1], we
have

v?tlp(tv ¢ a, ba CO) =

min w(tv C, a, b7 CO) = w(L c, a, ba CO) ’
tel0,1]

which, implies that (13) holds. O

3 General discussions on the rate of convergence

In this section, we always assume that the cone K presented in the opti-
mization problem (OP) is a self-dual cone, i.e, K = K* and that ITx(-) is
semismooth everywhere. In particular, this is the case for any closed symmet-
ric cone because a closed symmetric cone is always self-dual [16] and ITk (-) is
strongly semismooth everywhere [47]. The cones R’ and S¥ are special cases
of symmetric cones. For more on symmetric cones, see Faraut and Koranyi
[16].

Let ¢ > 0 and T be a stationary point of (OP). Then M(T), the set
of Lagrange multipliers at T, is nonempty. Since f,h, and g are assumed
to be twice continuously differentiable, we know from (2) and [51] that the
augmented Lagrangian function L.(-) is continuously differentiable and for
any (z,(,§) e X x R™ x Y,

VaLe(z,(,€) = Vf(x) + VA(z)(C + ch(z)) — Vg(z) Tk (€ — cg(z)). (15)
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Therefore, from (1) and [15], we have V,L.(Z, ¢, &) = 0 for any ({,§) € M(T).
Define F,. : X x R™ x Y — Y by

FC(:C,C,f)Zf—cg(x), (%C,f)EXX%mXY.

Since [Tk (-) is assumed to be semismooth everywhere, ITk (-) is directionally
differentiable at any point y € Y. Hence, by using the fact that for any
(,(,) e X xR XY, JF.(2,(,€) : X XxR™ xY — Y is onto, we know
from Lemma 2 that

aB(-ZYK * Fc)(l'v C?g) = aBHK(g - Cg(x))ch(xa Cvf) (16)
For any (z,(,§) € X x R™ x Y, let
Ve(,(,§) := Vg(a)(Ux * Fe) (2, (,§) = Vg(a) Ik (§ — cy(x)) -

Let (2,(,&) € X x ™ x Y. Then from the semismoothness of ITx(-) and
Lemma 3 we obtain that for any (Az, A, A) € X x ™ x Y,

0¥ (z,¢, &) (A, AL, AE) = V2g(x)(Ax) [Tk (€ — cg(x))
+v9($)aB(HK * Fc)(l', Ca 6)(A:L’7 ACv Af) .
From (15) and the definition of ¥.(-) we know that
8B(Vch)($a Cv g) = (VQf(x)v 0, O) - aB!pc(xv Ca f)

(17)

+ <§:(Ci + chi(2))V?hi(x) + cVh(z) T h(x), Vh(@), 0)

i=1
which, together with (16) and (17), implies that for any Az € X,
(m208(VaLe)(z,¢,€)) (Ax)
= ViaLo(x,¢ + ch(@), Ik (§ — cg(x)))(Az) + cVh(z) Th(z)(Az)  (18)
+cVg(x)dpllk (€ — cg(x)) T g(x)(Az),
where
VieLo(x,¢ + ch(@), Ok (€ — cg(x)))(Az)
= V2 f(2)(Az) + V2h(2)(Az)(C + ch(@)) — Vg(2)(Ax) Tk (§ — cg()) -
Let (¢,€) € M(T) be a Lagrange multiplier at . For any W : Y + Y, let
Ac(C € W) := V3, Lo(T, (,€) + cVAT) Th(T) + Vg(@WTg(@) . (19)
Then for any Az € X,
(7208(VaLe)(Z, ¢, §)) (Ax)

Next, we make two basic assumptions for the constrained optimization
problem (OP). The first one is about the positive definiteness of A.((, &, ).

(20)
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Assumption B1. We assume that (¢,€) is the unique Lagrange multiplier
at T, i.e., M(Z) = {((,£)} and that there exist two positive numbers ¢y and

7 such that for any ¢ > co and any W € dpllk (€ — cg(T)),
(d, A(C,EW)d) > n{d,d) VdeX.

Assumption Bl is related to the sufficient conditions for the constrained
optimization problem (OP). It will be shown in Proposition 4 that, under the
constraint nondegeneracy condition and the strong second order sufficient
condition, Assumption B1 is valid for (NLSDP).

For the remaining part of this section, we suppose that Assumption B1 is
satisfied. Let 7 := ((,€). Then V. L.(Z,y) = 0. Let ¢y and 1 be two positive
numbers defined in Assumption B1 and ¢ > ¢y be a positive number. Since
by (20) and Assumption B1, every element in 7,05(V.L.)(Z,7) is positive
definite, we know from Lemma 1 that there exist an open neighborhood Oy
of § and a locally Lipschitz continuous function z.(-) defined on Oy such that
for any y € Oy, VzLe(zc(y),y) = 0. Furthermore, since ITx (-) is assumed
to be semismooth everywhere, x.(-) is semismooth (strongly semismooth if
V2f,V2g, and V2h are locally Lipschitz continuous and ITk(-) is strongly
semismooth everywhere) at any point in Oy. Moreover, there exist two pos-
itive numbers € > 0 and 09 > 0 (both depending on ¢) such that for any
z € B:(7) and y € By (y) := {y € R™ x Y |[[ly — 7|l < do} C O, every
element in m,0p(V,L:)(x,y) is positive definite. Thus, for any y € Bs,(7),
z.(y) is the unique minimizer of L.(-,y) over B.(Z), i.e.,

{z.(y)} = argmin {Lc(aﬁ,y) |z e BE(E)}. (21)

For ease of reference, we write these conclusions in the following proposition.

Proposition 1 Suppose that Assumption B1 is satisfied. Let ¢ > cq. Then
there exist two positive numbers ¢ > 0 and dg > 0 (both depending on ¢) and
a locally Lipschitz continuous function x.(-), giwen by (21), defined on the
open ball B, (7) such that the following conclusions hold:

(i) The function x.(-) is semismooth at any point in B, (7).

(ii) If V2f,V2%g, and V?h are locally Lipschitz continuous and Ik (-) is
strongly semismooth everywhere, then x.(-) is strongly semismooth at any
point in By, (7).

(#ii) For any x € B.(T) and y € By, (), every element in 7,05 (VyLe)(2,y)
is positive definite.

(iv) For any y € Bs,(7), z:(y) is the unique optimal solution to

min L.(z,y) s.t.z € B.(T).
Let 9. : ™ x Y — R be defined as
Ve(C,€) = min,) Le(z,¢,€), ((,§) e R xY. (22)

z€B. (T

Since for each fixed € X, L.(z,-) is a concave function, J.(-) is also a con-
cave function as it is the minimum function of a family of concave functions.
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By using the fact that for any y € Bs, (7), z.(y) is the unique minimizer of
L.(-,y) over B.(T), we have

Ve(y) = Le(we(y),y), vy € B, (¥) -
For any y € B, (7) with y = ({,£) € R™ x Y, let

(£) = (aed 25e) - (23)
Then we have

VaLo(xe(y), Ce(y), &c(y)) = VaLe(zc(y),y) =0, vy € Bs, (7). (24)

Proposition 2 Suppose that Assumption B1 is satisfied. Let ¢ > cqg. Then
the concave function 9.(-) defined by (22) is continuously differentiable on
Bs, (?) with

_ h(z.(y)) _ =
Vi.(y) = (—le + CilﬂK(g _ cg(xc(y)))) , y=1(0¢) € By, (m). (25)

Moreover, VU.(-) is semismooth at any point in Bs, (3). It is strongly semis-
mooth at any point in Bs,(y) if V2f,V2g, and V*h are locally Lipschitz
continuous and ITk(-) is strongly semismooth everywhere.

Proof. Let y = (¢, ) € Bs, (7). Then from (24) and [10, Theorem 2.6.6] we
have for any (A(, AE) € R™ x Y that

Ve (y)(AC, AE) = TuLe(wc(y), y) (02 (y) (AC, AS))
+TcLe(we(y), ¥) (AQ) + TeLe(we(y), y) (AE)

= (h(xe(y)), AC) — c7HE AL) + (™ Tk (€ — cg(we(y))), AE) -

Thus, 0Y.(y)(A(, A) is a singleton for each (A, A¢) € R™ x Y. This implies
that 0Y.(y) is a singleton. Therefore, ¥.(-) is Fréchet-differentiable at y and
Vi.(y) is given by (25). The continuity of ViJ.(-) follows from the continuity
of z.(+).

The properties on the (strong) semismoothness of Vi.(-) at y follows

directly from (25) and Proposition 1. O
For any ¢ > ¢y and Ay := (A, Af) € R™ x Y, define
Ve(4y)

= { <_MJ/}«L7(§()$)> A (7, W)71 (—=Vh(Z)(AC) + Vg(T)W (AE))

+ <_CIA§ +001W(A§)> W e oplik(E - cg(m»}.

Since by Assumption B1, A.(y, W) is positive definite for any W € g Il (£~
cg(Z)), Ve(-) is well defined. The next proposition establishes an important
relationship between V() and d5(V9..)(7)(-). Note that the function Vd.(-)
given by (25) involves two nonsmooth functions ITx (-) and x.(-), which are
related to each other.

(26)
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Proposition 3 Suppose that Assumption B1 is satisfied. Let ¢ > cqg. Then
for any Ay := (A, AE) e R™ < Y,

9p(V1.)(7)(Ay) € Ve(Ay) - (27)

Proof. Let Ay = (A(,Af) € R™ x Y be an arbitrary but fixed point.
From Proposition 2, we know that Vi.(:) is semismooth at any point y €
Bs, (7). Let Dy, denote the set of all Fréchet-differentiable points of V()
in By, (7). Then for any y = (¢,&) € Dyy,, we have

V2. (y)(Ay)
Th(ze(y))(xe)' (y; Ay)
—c AL+ cTHT ( —cg(@e(y)); AE — cT g(@e(y))(ze)' (y3 Ay)) '
28
Let y € B, (7). Now, we derive the formula for (z.)'(y; Ay). From 224;
and (23) we have

0= VauzLo(zc(y), Cc(y): &c(¥)) () (y; Ay)
+cVh(ze(y)) T hwe(y)) (ze) (y; Ay) + Vh(ze(y))(AC) (29)

V(o) e (& = cglee(v)): A = T g(we(y) (o) (4 Ap) )

Since [Tk (-) is semismooth everywhere, there exists an element W e Oy (€~
cg(z.(y))) such that

115 (& = egleey)); A — T glwely) () (4 Ay)
= W(AE — T g(xe(y)) () (y; Ay)).
For any W € 0pITk (£ — cg(xc(y))), let

Ac(y, W) » = Vi, Lo(c(y), Ce(y), &e(y)) + eVh(ze(y)) T h(ze(y))
+cVy(ze (Y)W Tg(ze(y)) -

(30)

)
From (18) and the definition of dy, A.(y, W) is positive definite for any
W € 0pIlk(§ — cg(zc(y))). Then from (29) and (30) we obtain that

(2)' (43 Ay) = Ay, W)~ (=Vh(zeW))(AQ) + V(e (y) W(AE)) . (31)
Therefore, we have from (31) and (28) that for any y = ((,€) € Dywv.,

vronan € { (it ) A Ot a0

Vo)W A + (_s(ag) L eriwiag )| W € 00T (e~ calantu)}.

which, together with the continuity of z.(-) and the upper semicontinuity of
OpITk(-), implies that for any V € 0p(V9I,.)(7), one has V(Ay) € V.(Ay).
Consequently, (27) holds. O
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The second basic assumption needed in this section is stated below.
Assumption B2. There exist positive numbers ¢ > ¢q, po > 0, go > 0, and
7 > 1 such that for any ¢ > ¢ and Ay € R™ x Y,

[(ze) (7; Ay))|l < 0ol Ayl|/c (32)
and
(V(Ay) +c Ay, Ay) € po [-1,1] | Ay|* /™ VYV (Ay) € Ve(Ay). (33)

Relation (32) in Assumption B2 is about an estimate of the directional
derivative of z.(-) at ¥ while (33) pertains to the generalized Jacobian of
V() at . It will be shown in the next section that Assumption B2 is valid
for (NLSDP) when the constraint nondegeneracy condition and the strong
second order sufficient condition are satisfied.

Under Assumptions Bl and B2, we are ready to give the main result
on the rate of convergence of the augmented Lagrangian method for the
constrained optimization problem (OP).

Theorem 1 Suppose that K is a self-dual cone and that k() is semis-
mooth everywhere. Let Assumptions B1 and B2 be satisfied. Let co, 1, €, 1o,
00, and T be the positive numbers defined in these assumptions. Define

01:=200 and 3 :=4py.

Then for any ¢ > ¢, there exist two positive numbers € and 6 (both depending
on c) such that for any (¢,€) € Bs((,€), the problem

min L.(z,(,§) s.t. x € B.(T) (34)

has a unique solution denoted x.(C,§). The function x(-, ) is locally Lipschitz
continuous on Bs((, &) and is semismooth at any point in Bs(C, ), and for

any (¢, €) € Bs((,€), we have

lzc(¢,€) = 7l < 01]1(¢,€) = (¢, )/ e (35)

and

1¢e(¢,€),€0(¢,€)) = (GOl < e2ll(¢:€) = (GO, (36)
where (.(C,€) and £.((,&)) are defined by (23), i.e.,

(G, 8) i= C+ch(ze(C,€))  and  &e(C,€) == Mk (€ — cg(zc(C,€))) -

Proof. Let ¢ > ¢. From Proposition 1 we have already known that there
exist two positive numbers € > 0 and Jy > 0 (both depending on ¢) and a
locally Lipschitz continuous function z.(-,-) defined on By, ((, &) such that
the function .(-,-) is semismooth at any point in By, ((,€) and for any
(¢,€) € By, (C,€), 2.(¢, €) is the unique solution to (34).

Denote y := (¢,£) € R™ x Y. Since z.(-) is locally Lipschitz continuous
on By, (7) and is directionally differentiable at g, by [41] we know that z.(-)
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is Bouligand-differentiable at 7, i.e., z.(-) is directionally differentiable at 7

and

||$c(y) - xc(?) — (l‘c)/(y; Yy — y)”
y—7y ly — 7l

By Proposition 2, Vd.(-) is semismooth at g, and thus is also Bouligand-

differentiable at §. Then there exists d € (0, do] such that for any y € Bs(7),

zc(y) = 2:(@) — (ze) Ty — D) < oolly —7ll/c (37)

=0.

and
IVOe(y) — VIe(y) — (VIe) @y — DIl < polly — 7l /™ (38)
Let y := (¢,£) € Bs(y) be an arbitrary point. From (32), (37), and the
fact that z.(y) = 7, we have
[ze(y) = 2| < (@) @y — DI + oolly = Fll/c = erlly = Fll/c.

which, shows that (35) holds.

Since V¥.(-) is semismooth at 7, there exists an element V' € d5(V¥.)(7)
such that (V9.)' (7;y —7) = V(y—7). By using the fact that V is self-adjoint
(see Lemma 4), we know from (33) in Assumption B2 and Proposition 3 that

V(=75 +c =7l <3uolly —7l/c". (39)

Therefore, we have from (38) and (39)

ly + cVie(y) — 7l
= ¢||Vie(y) — VI(7) — (VO @y —9) + (VO) (9 —7) + ¢y — )l
< IVPe(y) = VI(H) — (VI) Ty =D +clV(y —7) + ¢y - 7)l
< polly =3ll/c™ " +3uolly = gl /" = o2lly =7l /™,

which, together with (25) and the definitions of (.(¢, ) and &.(¢,§)), proves
(36). The proof is completed. O

Under Assumptions Bl and B2, Theorem 1 shows that if for all k£ suffi-
ciently large with ¢, = ¢ larger than a threshold and if (z*,¢*, £F) is suffi-
ciently close to (T, (,€), then the augmented Lagrangian method can locally
be regarded as the gradient ascent method applied to the dual problem

max 9.((,€) s.t. ((,§) eR™ XY

with a constant step-length ¢, i.e., for all k sufficiently large

k41 k
<gk+1> = (gk> + V(R €.

By (32) in Assumption B2, we see that locally the augmented Lagrangian
method can also be treated as an approximate generalized Newton method
applied to the following nonsmooth equation

Vie(¢,€) =0
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with —c™1Z as a good estimate to elements in OVI.(C*,&F) for all (¢F, &)
sufficiently close to (¢,€) as every element in OV9.(C,€) is in the form of
—c~ 1+ O(c™7), where T is the identity operator in R™ x Y. Since Vd.(-, -)
is semismooth at ({,&) (cf. Proposition 2), the fast local convergence of the
augmented Lagrangian method comes no surprise for those who are familiar
with the theory developed by Kummer [22] and Qi and Sun [32] on the
superlinear convergence of the generalized Newton method for semismooth
equations.

The local rate of convergence for {(¢*,£*)} established in Theorem 1 is
proportional to 1/¢"~1, which tends to zero as ¢ — oco. However, to increase
the value of ¢ may force the convergence sphere to shrink. In the next section,
we shall check whether Assumptions B1 and B2 imposed in this section can
be satisfied by nonlinear semidefinite programming.

4 The case for nonlinear semidefinite programming

This section is devoted to studying the following nonlinear semidefinite pro-
gramming

(NLSDP) min f(z) s.t. h(z)=0, g(z) € S},

where f: R" — R, h: R — R™, and g : R" — SP are twice continuously
differentiable. Nonlinear semidefinite programming (NLSDP) is a special case
of (OP) with X :=R", Y := 8P and K := S7. The Lagrangian function for
(NLSDP) is

Lo(z,¢, 5) = f(2) + (¢ h(2) — (Z,9(z)), (2,¢,5) € R" x R™ x &,

where we use = instead of £ to represent the Lagrange multiplier correspond-
ing to the constraint g(z) € S¥. Then for any (z,(,Z) € R" x R™ x SP,

VaoLo(z,¢,Z) = Vf(z) + Vh(z)( — Vg(z)=.

Let (7,(, Z) € R x R™ x SP be a given KKT point. Then, (%, {, £) satisfies
szO(f,ZaE):Ov h(f):07 EEO, g(f)tov and <§ag(f)>:0

_ _ (40)
Let Z := £ — ¢g(T). Suppose that Z has the spectral decomposition as in (6),
i.e,

Z=PAP",

where A is the diagonal matrix of eigenvalues of Z and P is a corresponding

orthogonal matrix of orthonormal eigenvectors. Define three index sets of
positive, zero, and negative eigenvalues of Z, respectively, as

a:={i|l ;> 0}, g:={i|\y =0}, v:={i| N < 0}.

Write
A, 0 0

A=1000 | and P = [P, Ps P,]
004,
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with P, € ®RP¥lel Py € ®p>18l and P., € <1, From (40), we know that
Zg(7) = g(z)Z = 0. Thus, we have

A, 00 00 0
E=P|000|P, g@=P|00 0 |P"
000 00—A,
A, 0 0
E_tg@=P| 000 |P. (41)
0 0tA,
Let
Vg = Zelgljlé’y)\ iJIN|, Do = [hax AN (42)

Let Q be the set of all orthogonal matrices of order |3| x |3|. Define P by
(11), ie
P={PeR?|P =[P, (PsQ) P,], Qe Q} .

We now introduce the conditions needed in this section.
Assumption (nlsdp-A1l). The constraint nondegeneracy condition holds

at :
(%Eg) e <hn (Tj; <}g<m>>)> - (§m> - (43)

Assumption (nlsdp-Al) is the analogue to the linear independence con-
straint qualification for nonlinear programming [33,42]. It also implies that
M(T) is a singleton [8, Proposition 4.50].

Assumption (nlsdp-A2) The strong second order sufficient condition holds
at T [45]:

(d,V3,Lo(.C, 2)d) + Ty (2, Tg(@)d) >0 Vd € app((, =) \ {0},
where
app(C, Z) == {d| Th(T)d = 0, Tg(T)d € aff(C(9(T) — =:S%))}  (44)
and for any given B € SP, the linear-quadratic function Y'5(+,-) is defined as
Tp(I,C):=2(ICB'C), (I,C)eS” xS

with Bt being the Moore-Penrose pseudo-inverse of B.

Note that if the strict complementarity condition (i.e., 3 = ) holds,
then the strong second order sufficient condition made in Assumption (nlsdp-
A2) reduces to the so called “no gap” second order sufficient optimality
condition [8, Section 5.3.5] as in this case the two sets aff(C(g(z)—Z=; SY)) and
C(g(z)— Z;8%) coincide. In the general case, as its name suggests, the strong
second order sufficient condition is a stronger condition than the second order
sufficient optimality condition. See [43,45] for many conditions equivalent or
related to Assumptions (nlsdp-Al) and (nlsdp-A2).
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Let P € P. Then there exists Q € Q such that P = [P, (PgQ) P,]. For
index sets x, X’ € {«, 3,7}, let

Coxny(P) = (vee(PLT,, g(@)Py) -+ vee(PL T, (@) Py) )
and
Cox (P) i= (svec(PL Toyg(@)Py) -+ svec(PL T, 9@ Py))

where vec(B) denotes the vector obtained by stacking up all the columns of
a given matrix B and svec(B) denotes the vector obtained by stacking up
all the columns of the upper triangular part of a given symmetric matrix

B. Since P, = P, and P, = P, we write C(y ) and a(x,x) instead of
Cix)(P) and G(X»()(P), respectively if x, x’ € {«,~}. Define

nyi=m+af(jal +1)/2, ng =01 + B8] +1)/2 + |al[f], ns:=n—ny,

and
Th(@)
—C
AP)i=| 5 @
—Ca.(P)
~Cla,p)(P)
Suppose that Assumption (nlsdp-A1) holds. Then by (43) in Assumption
(nlsdp-A1) we know that A(P) is of full row rank!. Let A(P) have the fol-

lowing singular value decomposition:
A(P)=U[X(P) O]R", (45)

where U € R"2*"2 and R € R"*" are orthogonal matrices, X(P) = Diag (01 (A(P)),
L o, (A(P))), and o (A(P)) > 05(A(P)) > -+ > o, (A(P)) > 0 are the

singular values of A(P). It should be pointed out here that U and R also
depend on P. But for the sake of notational simplification, we drop the ar-
gument P from U and R in our analysis below.

Let

o := min {1,min min aiQ(A(P))} and 7 := max{l,max max oiQ(A(P))} .
PEP 1<i<n, PEP 1<i<n,

Then, since P is a compact set and X(P) changes continuously with respect
to P, both ¢ and & are finite positive numbers. Thus there exist two positive
numbers v and 7 such that for any P € P and s € Rlel17l

sl < max { {5, o) (PYCE ) (PD)s) s (5. Cla Clrps) b < Tl
(46)

! One may consult [8, Proposition 5.71] for a proof, where Bonnans and Shapiro
only considered the case that g(z) € S7. However, it is easy to modify their argu-

ments to include the equality constraint h(z) = 0.
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where

c > ~ 17T
C(OéfY)(P) = C(a”Y)R and R = R |:Z(P) U 0 :| )

0 I,

When no ambiguity arises, we often drop P from A(P), C( ) (P), and

Clam (P). B
Let ¢ > 0and W € 83HS$ (5 — ¢g(T)). Define A\, € R as

L i ifiECYU67
Ae)s = {c)\i ificn.

Then it follows from Lemma 6 that there exist two matrices Q € Q with
P =[P, (P3Q) P,] and O, € SP such that

W(H) =P (6.0(P"HP))P" VHeS” (47)
with the entries of O, being given by

{ (O0);) = max{(A¢)s, 0} + max{(\

[ ()i |+ (Ae); ] .f(‘,y.) ¢ B x B,
(O €0 if (i,5) € B x 8.

For index sets x, x' € {«, 8,7}, we introduce the following notation:

(@C)(XJ(') = Diag (Vec((QC)xx/)) ) (éC)(X,x) = Diag (svec((@c)xx o Exx)) )

« »

where “o” is the Hadamard product and F is a matrix in SP with entries
being given by

(48)

Let
I, R 0 0 0
b | 0 Bdam 0 0
0 0 (@c)(ﬁﬁ) 0
Let A.(C, E W) be defined as (19), i.e,
Ac(C,E W) = V3, Lo(T,C, Z) + V(@) Th(T) + cVg(T)W T 9(T).

A compact formula for A.((,&, W) is given in the next lemma.
Lemma 9 The matriz A.(C,&, W) can be expressed equivalently as
AC W) = V2,Lo(7,, B) + ¢ (Vh(@)Th(@)
+C 1) (0N (@) Claa) + 20 5)Clap) (49)
+2C7, 1 (0c)(amClam + a@,g)(@c)(ﬁ,ﬁ)a(ﬂﬁ)) :
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Proof. Let d be an arbitrary point in R". By the definition of Vg(T), we
have for H := Jg(T)d that

(Ja:9(T), W(H))

(Jo,9(z), W (H))
Noting that from (47) and (48), for any 1 <1 < p,

(Taug (@), W (H)) = <PTJx,g<f>P, ZPTW(jmg(T)di)P>

=1

PT T, 9(7 (ZP% )Pd;) )

= ((C, a))u Cla, a>d> <(Cw,a>)zv Cp,a)d) + ((Cla,p))1; Ca,p)d)
H{(Cr,0)1, (0c) (7,0)Clr,0)d) + {(Cla,)i: (Oc) (a,7) Cla,y)d)

+{(Cs,8))1 () (5,5)C5,5)d)

= ((Claa)ts (Oc) (@,0)Claar @) + ((C5.0))1, Cp.00d) + {(Cla))ts Cla )
<(C(v a) )17( )(w o) C(r,a) d) + <(C(ow))la (Qc)(a,'y)c(aﬁ)d>
H(Ca,p)i: (6e) (5,5 Cip.5)d)

we have from (50) that

_|_

Vg(f)W(ng(f)d) = (a(’g,a)(é\C)(a,a)a(a,Q) + 20(275)0(05,[3)
+2C (4.7 (@c) (@ Clam + C@,m(@c)(ﬁ,mcw,ﬁ))d

Since d is arbitrarily chosen, ( 2) holds. O
Lemma 9 shows that A.((, =, W) can be written as

AC(Z) §7 W) = vixLO (Ev Zv ‘ﬁ) CATD A + 2CC a 'y) (QC)((X,’}’)C(OL,’Y) N (51)
For any ¢, c > 0, let
Bc’,c(Zv Ev W) = VizLO(fa Za )+C ATD A+2CC (e,y) (@C)(a,’y)c(a,'y) . (52)

The following proposition shows that, under Assumptions (nlsdp-Al) and
(nlsdp-A2), the basic Assumption Bl made in Section 3 is satisfied by non-
linear semidefinite programming.

Proposition 4 Suppose that Assumptions (nlsdp-A1) and (nlsdp-A2) are
satisfied. Then there exist two positive numbers co and 1 such that for any

c>co and W € 33173};(?* cg(T)),

(d, A(C,Z,W)d) > (d, Bey o(C,E,W)d) > n(d,d) VdeR".
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Proof. It follows from Assumption (nlsdp-A2) that there exists ny > 0 such
that

(d, V2. Lo(T,(, E)d) + Ty (2, Tg(@)d) = molld|* Vd € app(C, Z). (53)

By (10), (41), (44), and the fact that g(ZF) — £ = —Z, we have

app(C, E) = {d| Th(@)d = 0, Po(Tg(@)d)Pa =0, Po(Jg(x)d)Ps = 0}

or equivalently

app (Z7 ?) = {d | jh(f)d = 07 6(oz,oc)d = Oa C(a,ﬁ) (ﬁ)d = 0} . (54)
Since (53) and (54) hold, by using Lemma 7 with ¢ and £ being defined
by ¢(d) := (d, V3, Lo(%,C, E)d) + Vyz) (2, Tg(@)d) and L(d) := (Th(Z)d;
Cla,0)d; Ca,p)(P)d) for any d € R", respectively, we know that there exist
two positive numbers ¢; and 7 € (0,10/2] such that for any ¢ > ¢y,

el TH@AIR + Gyl + e Cray PYIP > 2gldIP V€ R

(55)
Let ¢y > ¢ be such that for any ¢ > ¢,
2 i
i — 7 < p/2. 56
s IZg@I° Y s < (56)

1€Y,jEx

Letc>cpand W € aBﬂsi (2 —cg()). Then there exist two matrices Q € Q
with P = [P, (P3sQ) P,] and O, € SP satisfying (48) such that (47) holds,

ie.,

W(H) =P (0.0 (P"THP))PT VHeS".
It is easy to see from (56) that for any ¢ > ¢p and d € " we have
Tg(g) (E, jg(f)d) —2c <d Ci ) (@C)(aﬁ)C(aﬁ)d>
=2(5,J9(@)dg(7)' T 9(T)d) — 2¢ <d7 C@w)(@c)(a,wo(an)@

=2 Z (ZPTJM Pdl>2

i€, an

2
2 >, 3 +c|/\| <ZP Jud( Pdl)

i€Y,JEQ

< — 2
2 2 [u pW) leszg P15

1€y, JEQ

’L

2

—d2
Wikl

< 2 max |7, 9(7)[” >

) i€y, jEQ
SﬂHdH :
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which, together with (55), implies that for any ¢ > ¢y we have

(d, V2, Lo(T,C, Z)d) + 2¢ <d el 7)(QC)W)C(WCQ

+eo[| TR@)AI? + ol Craaydl® + coll Clasy(P)dl? = nlld|> Vd € R
(57)
Let “®” denote the Kronecker product. Since for any d € 1",

1Ca.8)(P)d||* = (Cla,p)(P)d; Clap)(P)d)

<Zvec (P 7.,9(T)Ps) dl,Zvec (PT 7,97 )Pg)dl>

=1 =1

<Zvec (P T2 9(®)P5Q) duZVeC (PoTug(@ )PBQ)dl>

=1 =1

(@7 L) 3. veel P g(0) P, (Q7 1) S vee( P (),

=1 =1
n _r . n _r L
= (D" vee(Po T g(@)Pa)di, Y vee Py Tuyg(@) P)dr)
=1 =1

= (Cla,p)(P)d, Clap3)(P)d) = ||Ca,5)(P)dl|?,

from (52), (57), and the fact that C(ﬁ 5)(0c)(8,8C(s,8) = 0, we can see that
for any ¢ > cg,

<d,BC(J (¢, E,W)d) ZQHdHQ VdeR".
By noting the fact that
AC(Z7 E? W) = co, (C7 — ) (C - CO>ATDCA 5

we complete the proof. a

Let Assumptions (nlsdp-Al) and (nlsdp-A2) be satisfied. Let the two
positive numbers ¢y and 7 be defined as in Proposition 4. Let ¢ > ¢g. Then,
by Propositions 1 and 4 and the fact that I7, st (+) is strongly semismooth
everywhere, there exist two positive numbers ¢ > 0 and é9 > 0 (both de-
pending on ¢) and a locally Lipschitz continuous function z.(-,-) defined
on By, (¢, =) such that for any (¢,Z) € Bs,((,Z), z.(¢, =) is the unique
minimizer of L.(-,{, =) over B.(T) and z.(-,-) is semismooth at (¢, =). Let
Pt R™ x SP — R be defined as (22), i.e.,

9e(¢,Z) == min L.(z,(,=5), ((,Z)eR™ xR

z€B.(T)

Then it holds that
9e(¢,5) = Le(2(¢, 2),¢, 2) ., (¢, 2) € By, ((, 5).
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Furthermore, it follows from Propositions 2 and 4 that the concave function
Je(+, ) is continuously differentiable on By, (¢, Z) with

9=

For any (A(, AZ) € R™ x 8P, let V.(A(, AZ) be defined as in (26). By
Propositions 3 and 4, we have for any (A{, AZ) € R™ x SP that

h(zc(¢, Z))

V0.(C, = 4 Iy (€~ cqlre(c, 2))))

> ) (CvE)EB&J(z’E)'

Since
A
RY

<.

lim ¢(6.);; = lim ¢

Cc— 00 Cc— 00

_— v
>\l+C|)\J| (ZL])GQX’}/?

we know that there exists a positive number 77 such that

<d, Bey.o(C, E, W)d> <7{d,d) VdeR",c>cy,and W € 63H5i (E—cg(T)) .
(58)
Let ¢ > ¢p and W € 0gll st (2 — cg(Z)). Then there exist two matrices

Q € Q with P =[P, (PgQ) P,] and O, € SP satisfying (48) such that (47)
holds. Let A(P) have the singular value decomposition as in (45), i.e.,

A(P)=U[X(P) O|RT. (59)

Let 7 := ((, £). Then we have the following result for A.(y, W).

Lemma 10 Letc > co and W € 331751 (£ — cg(T)). Suppose that Assump-
tions (nlsdp-A1) and (nlsdp-A2) are satisfied. Then we have

] » ]

A5 W) < R 2—1UT(ggIn2 + (C—CO)DC) Ust 0 BT
- i 0 Q_lﬂ_llng_

(60)
[ 1777 (o -t 1 1

AW sr|ZU (on[m ¥ (e— cO)DC> Us 0 AT
I 0 T g |

(61)

and

(@, W) AT Deul| < V2 (@ + (an)~*(@n)*) l[ull/(c—co) Yu e R, (62)

where X := X(P).
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Proof. Let ¢ := ¢ — ¢g. By (51), (52), and the singular value decomposition
(59) of A := A(P), we have

-1
A7, W) ™ = (Bugo @ W) + ¢ATD,A)
= (Beo (W) + R 0]TUTDU[E O]RT)™"

- [z o[uTpuo][x o\
_ T ¢ '
R(R Bcg,c(y,W)R+C[0 [nj [ 0 0} 1 0 Im,D R

-1 _ TuTp,u ol [£1 0
R[ 0 Inj(gco(y,wwc[ 0 OD o InJRT’ (63)

where

_ 7t _ (210
gco (97 W) = I: O In3:| RTBCQ,C(y7W)R L 0 In3:| '
It follows from Proposition 4, the definitions of ¢ and @, and (58) that
z1to7?
Geo (@, W) =1 = anln (64)
0 I,
and
z-1t o]
6w < | % 2 | <o, (65)
ng

Therefore, (60) and (61) follow from (63).
Now we turn to the proof of (62). Let

_ T _ _
Geo (9, W) = [g 10] Geo (5, W) [UO 12 ] and Fle, (7, W) := Geo (7, W) -

Partition H,, (y, W) as
Ho (W) = H(W) Hy(W)"
P o) )

with Hy(W) € §"2, Hy(W) € R™3*"2 and H3(W) € S8™. Then, it follows
from (64) and (65) that

[Hi(W)l2 < (em)™", [HI(W) 7|2 <777, and [[Ho(W)Hy(W) ™2 < (an)~'o7.
(66)
For any € > 0, let
Dee:=Dc+elp,, Ac(G.W):=Be o, W)+ AT D, A.

Let € > 0. By referring to (63), we obtain

N ST 0] (= ID..01\ ' [uz-t o
R A N AR e ] I R
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which, together with (59) and the Sherman-Morrison-Woodbury formula (cf.
[18, Section 2.1]), implies
AC,E (ya W)ilATDc,s

(Hy(W)~* +¢D..) "' D,
1

Hy(W)H (W)™t (Hy (W)™ ' +¢éD.c) Do,

ST o
0 I,

Since, it follows from the Sherman-Morrison-Woodbury formula that
(Hy(W) ™ +¢Dec) ™ Do
= (&l + DL H (W) 1)
U, — 2D (I, + T HI(W)TIDY)
1, — ¢ (éDee + Hy (W)=Y Hy (W),

T H (W)

I
(o)

Il
[

we have
Ac(g, W) T ATD, = lim Ac.o (7. w)~tATD,
y-igt
| 007
Therefore, from the definition of @ and (66) we have for any « € 1" that
A7, W)~ AT Doul?

1] ((’34[@ — ¢ (eD, +H1(W)*1)’1H1(W)*1) .

2

< (@ + (an)"2(m7)?) \ (6—11n2 — &1 (éD, + Hy (W)~ ! H1<W)—1) uH
< (@ + (an)2@m)?) (7 ful + & |[(eDe + H W) |1 W)~ l))
< (T + (an)2@m)%) &2 (1 + [ Hy (W) |2 [|HL (W)~ l2)* [l
< (74 (en)2@m)?) e72 (1+ (an) " @) |lul®,
which, together with the fact that @ > 1, proves (62). O
Let
z:= max {(2 +V2)co, (77 — c0)?/co, (an/2 — CO)Q/CO} (67)
and
00 == (max {4050 *n "7, 4/{8})1/2 . (68)
where

Ko == V2 (T + (an) "2 (@7)?) .

Proposition 5 Suppose that Assumptions (nlsdp-A1) and (nlsdp-A2) are
satisfied. Then there exists a positive number g such that for any ¢ > ¢ and
Ay € R™ x SP,

(o) (@ Ay)ll < ooll Ayl /e (69)

and

(V(Ay) + ¢ Ay, Ay) € pol-1,1][|Ay[?/c* YV (Ay) € Ve(Ay).  (70)
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Proof. Let ¢ > ¢ Let Ay := (A(,AZ) € R™ x SP. From the proof of

Proposition 3 we know that there exists an element W € OgIT st (5 —cg(T))
such that

(ze) (7 Ay) = Ao(m, W) ™! (=VA@)(AC) + Vg(m)W (AZ)) . (71)

For this W € 83179; (£ —cg(T)), there exist two matrices P € P and O, € SP
satisfying (48) such that

W(H) =P (6.0(PTHP))PT VHeS".
Let A := A(P) have the singular value decomposition as in (45), i.e.,
A=U[Y 0]RT, (72)
where X' := Y(P). For any two index sets x, X' € {a, 8,7}, let

Wixx) i= vec(PXTAEPX/) Y svec(PXTAEPX) .

Define
AC
Ady = | Lo | Ag .= (Ado ) .
w(,B) Wia,y)
W(a,B)

Then, from (71), we have
((ze)(7; Ay), (z.)' (7 Ay))
<[ATDC 20(277)(9c)(a,'y)}Ad7 Ac(ya W)72[ATDC 2C(€ﬂ)(90)(a,'y)]Ad>

< 2(ATD.Ady, A.(y, W) 2AT D Ady)

+8(CE (O @) AelB W) 2CE ) (O)(am)@ia ) -

From (62), we have for ¢ >¢ (> (2+ v/2)cp) that "
(ATD.Ady, Ac(y, W) 2ATD.Ady)

| A, W)=t AT D Ado||?

Kie ™2 (| Adol)*

IN

#5672 (I1(AC Wiasa)> w (s, I” + 2w, 1)

1,5
50002 (IAG a0, w01 + 2lw@p ) - (74)

IN

IN

Let
__ - = -1
E, = (NI, + (c—c))De) ™, Eci= (anln, + (¢ — co) D)

and .
. = | & 0
ﬂc i |: 0 U—ln—1]n3:| ) Hc T |: 0 0_—1,'7—1]”3:| . (75)
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By recalling that

~ ~ ~ —177T
Clam = Clam R and R:R[E vt o ]

0 I,

we know from Lemma 10, (75), (46), and (42) (by denoting M = A.(7, W))
that

<O<§ ) (0) (@) Wiam Ac(@, W) T2CF, v>(90)<aﬁ>”<a”>>

M- 1/20<T (O 0oy MM (O0) o)
T2CE (60 @) wam BTN (0 amianm )

T H{OE (O an@am s AT W) HCE ) (0@ )

22 (G (00 wtorny Oy (Oo) i)

72772”( C)(aﬁ)w(aﬁ)HZ

IN
Q] T~

IN
Q

IN
Ql
\Q

IN
“\
q
S

2

<veo~ 2 éemwé Ai/ (N +c|As]) ) lwamI?
1€a,j
<voo 20 *v5(To + ¢) 2 |wiay I
<voo~ ﬂ 2y, 2 Hw(a,'y)” 5
15, _
< g% ¢ 2 2llwiam II?) (76)

which, together with (73) and (74), implies

((xe) (7 Ay), (zc) (7; Ay)) < o5l Ayl? /.
Thus (69) holds.

Let V(Ay) € V.(Ay). Then from the definition of V.(Ay), there exists
W e 331751(5 — ¢g(T)) such that

)
vian = (e ) Adm ) (- h@Ac + VoW (az)

0
+ —c_lAE—i-c_lW(AE)) '

For notational convenience, we assume that this W € dgll st (2 —cg(T)) is
the same as in (71). After direct calculations (cf. Lemma 9), we obtain

—(V(AQy), Ay)
<[ATD 200 1 (60) (@) Ad, Ac(y, W) AT D, Qc(m(ec)(m)]A@

+e | AZ|? — ¢ (A, W(AS))
— (AT D, Ado, M~ AT Do Ado) + 4 AT D, Ado, MTIC, ) (02 1)%(a) )

+4 <C<a (0c) (@ m@Wiam, MTCE, w(@c)(a,v)ww>>
Fe AR - ¢ (AZ, W(AZ)) .
(77)
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Next, we estimate the lower and upper bounds of the right hand side of
(77). By using (72) and Lemma 10 we obtain

E. 2 AA(G,W) AT < €.
Thus, we have

(AT D Adg, Ac(y, W) AT D, Ady) > (D.Ady, € .D.Ady)
> @+ (¢ — o) (AC wiaa) P + 4@+ 2(c — c0) " [wias

+ <( D@60 (Faia+1/2 + (= ) (O3 ) (Qc)<ﬁ,ﬂ>@<ﬂ,ﬂ>>
> (@7 + (¢ = o)) " IIAG wiasa) 17 + 4 (@7 +2(c = 0)) ™" HlwiapI”

-1
+{(0)p,0126.0), ([Fp1 + (¢ = 0)(O)5.0) " (O s.9w(5,)
(78)
and

<ATDcAd0aAC(y7 W)ilATDcAdO> < <DcAd07EchAdO>

< (on/2+ (¢ = c0)) " (AG waam)|2 +4 (a0 +2(c = ¢0)) " llwiam|I?

~ ~ -1
+ <(96)(5,B)W(ﬁﬁ)v (Qﬂf Ilsl+1) /2 + (€ = Co)(Qc)w,a)) (Qc)w,ﬂ)ww,ﬂ>>
-1 -1
< (en/2+ (c = o)) 1A wiaa)lIP +4 (2n+2(c = o)) llwia,pl?

—1
+ <(9c)(5,ﬁ)w(ﬁ,ﬁ)’ ((en/2)Tj5 + (¢ = c0)(Oc)(s.)) (90)(6,ﬁ)w(ﬂ,ﬁ)> :
(79)
From Lemma 10, (75), (46), and (42) we know that

<C(§ 1 (Oc) (a7 W(a ) Ac(T: W)*lc(ﬁm(9c)<a,w>ww>>
<C(a (00 (@m@Wam HeCll ) (@6)(aﬁ)w(aw)>

>
> (77 + 2(c — c)) <C(£,»Y)(9c)(a,7)w(a,w)v C(z,v)(96>(aﬁ)w(aﬁ)>
>

v (@7 +2(c = 0)) " 1(6) (@ Wiam I”
2
v+ 2e= )™ (i M/Ou+eD) oo

> v (@7 + 2(c — c0)) " 31y + )2 |wiam I, (80)
{ (aw)(@C)(a (e AT W) TCE (00 @wiam )
L (00 Wian HC y)(QC)(aw)w(aﬁ)>

lﬂfl <C(a,’y) (@c)(a,ry)w(a,'y), C(a,w) (@C)(a77)w(a),y)>
(O @m@am I

<

IN
\Q /\

IN
N
19

IN

N
S
S

2
—1p-1 g max A;/(Ai +c|A |)> ||W(a77)H2

1€Q, )€Y
75 (@0 + &) [wiam 17 (81)

IN
N
S)
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and

CE ) (O am@iam O ) (O am@ian )
1(Oe) )& (e I

NI

IN

IA
N

2
gma_x )\i/()\i+0)\j|)) ||w(a7’Y)||2

i€, jEY

7oc lwiam lI?- (82)

A
J

By using (74) and (82) we have

’<ATDCAdo,Ac@, w )*10&7)<@c><aw>“’<w>>‘

<A@ W) AT DA O (02 iy |

<

Qo Ve (_ = _

5 (IAG w@a) wian)I” + 2w ) (Pov7e e )
2070VV
4

2 (IAG wiaya), wis,e)) 1?4 2llwia,p) |1 + 2llwaqm I?) -
(83)

By direct calculations we have

|AZ]? - (AZ,W(AZ))

= (HW(’Y,’Y)HQ + 2”“’(577)H2) +2 (”‘*’(aﬁ)H2 — {W(am) (96)(a,’v)w(aw)>) (84)
+ (lw I? = (weap): (O @.awe.8)) -

Now we are ready to estimate the lower and upper bounds of —(V (Ay), Ay).
In light of (77), (78), (80), (83), and (84), we have

—(V(AQy), Ay) > e ([l 17 + 2llwisn 1?)

a1 (OI(AC wia,a)IIP + 262(0) [wapll (85)
+263(¢) [w(am 7 + £a(0) |wia,p) 17,

= @+ (c— )" — eoPoVe 2,

(@7/2 + (c — c0)) ™" — ooPoVTe 2

= ¢ 1l =po@o+ )+ 2 (@ +2(c— ) 1Ky +¢) 77 — eoPoVTC?,

Ka(c) == tg[l(iﬁ] Y(t; ¢, ac, be, co)

with t(+;-) being defined as (12) in Lemma 8 and

1 — = -2
ae = c ' — poToVTC2, b, :=77].

It follows from (13) in Lemma 8 that for ¢ > ¢,

kale) = ¢ = pomVTEE —

(et V@)
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Thus, there exists a positive number p; such that for ¢ > ¢ we have

min{x;(c), k2(c), k3(c), ka(e)} > ¢t — 2.

Therefore, from (85) we have

—(V(4y), Ay) > min{c ™, k1 (c), k2(c), 3(c), ka(e)}| Ayl* > (C_l—ulc_i)ll)AyHQ-
86
On the other hand, in light of (77), (79), (81), (83), and (84), we have
—(V(4y), Ay) < ! (llwyn lI? + 2llwis %)

11 (OI(AC, Wia,a)) I + 2p2(0) lw(a, ) [I? (87)
+2p3(¢) W, 1> + pale) [wis,p I,

where

pi(e) = (an/2+ (c—co)) ™ + eoWoVTe 2,

pa(c) == p(c),

pa(e) == ¢ M1 —wolug + o)+ 20y TG (B + (¢ — )7 + aoPoVEeT?,

= t; b /7b/7
M4(C) tren[(s)i,}i]w( C; Qe Oc CO)

with
al,:=c '+ ooV, b i=0n/2.

It follows from (14) in Lemma 8 that for ¢ > ¢,
pa(c) = max{(0; ¢, az, be, co), (15 ¢, ag, b, co) }
= 09UV % + max{c™!, (an/2+ (c — co))_l} : (88)
Then there exists a positive number g > p1 such that for ¢ > ¢ we have

masc{ 1 (0), piz(e), s (€), pa(c)} < ¢+ poe2.

Therefore, from (87) we have

—(V(Ay), Ay) < max{c™", pi(c), pz(c), us(c), pa(e) I Ay|* < (¢ +puoc™)| Ayl

(89)
By (86) and (89), noting that 1o > 1, we obtain that
poc”?(|Ay|* = —(V(Ay) + ¢ ' Ay, Ay) > —poc™? || Ay]*.
This shows that (70) holds. The proof is completed. O

Now we are ready to state our main result on the rate of convergence of
the augmented Lagrangian method for nonlinear semidefinite programming.
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Theorem 2 Suppose that Assumptions (nlsdp-A1) and (nlsdp-A2) are sat-
isfied. Let co and n be two positive numbers obtained by Proposition 4. Let 7,
¢, and oo be defined as in (58), (67), and (68), respectively. Let g be obtained
by Proposition 5. Define

01: =200 and g2 :=4uo.

Then for any c > ¢, there exist two positive numbers € and 0 (both depending
on c) such that for any (¢, =) € Bs((, Z), the problem

min L.(z,(,Z) s.t. z € B.(T)

has a unique solution denoted x.(C,Z). The function x.(-,) is locally Lip-
schitz continuous on Bs(¢, =) and is semismooth at any point in Bs((, =),
and for any (¢, =) € Bs((, Z), we have

zc(¢, Z) =7 < el (¢, Z) = (¢, ) /e
and L L
||(<C(C75)7EC(C7E)) - (CvE)” < QZH(C; E) - (C?E)H/C7
where (.(¢, =) and &.(C, Z)) are defined as

Cc((a E) =(+ Ch(xc(gv E)) and Ec(Cv E) = HSi (6 - c.g(xc(<7 E))) .

Proof. If Assumptions (nlsdp-Al) and (nlsdp-A2) are satisfied, then from
Propositions 4 and 5 we know that both Assumption B1 and Assumption B2
(with 7 = 2) made in Section 3 are satisfied. Then the conclusions in this
theorem follow from Theorem 1. O

Before closing this section, we make a final comment. Note that if the
strict complementarity condition is satisfied, then the result on the rate of
convergence can be deduced in a much more straightforward way. For a com-
parison, we present the corresponding analysis, i.e. Theorem 3 below, as an
appendix. Another purpose of the appendix is to point out that one can
adopt the proof used in Theorem 3 to deal with (NLP). By doing so, one can
actually give a corrected proof of the approach sketched in Bertsekas [4] for
(NLP) (compared with the proof given in the appendix, the missing parts
in Bertsekas’ approach [4, Section 3.1] can be readily seen). Just as in the
case for (NLP) [4], the second order sufficient condition in Theorem 3 auto-
matically implies the strict complementarity condition. For (NLP), when the
strict complementarity condition holds, an approach to derive results similar
to (94) and (95) was also suggested by Golshtein and Tretyakov [17, Chapter
7).

The conditions imposed in Theorem 3 are equivalent to Assumptions
(nlsdp-Al) and (nlsdp-A2) plus the strict complementarity condition, i.e.,
B = (. Compared Theorem 2 with Theorem 3, we can see that there is no
loss on the rate of convergence of the augmented Lagrangian method for
(NLSDP) even the strict complementarity condition fails to hold. However,
different from Theorem 3, the convergence region in Theorem 2 may depend
on c. It would be interesting to know if this dependence can be removed
under Assumptions (nlsdp-Al) and (nlsdp-A2) only.
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5 Conclusions

This paper provides an analysis on the rate of convergence of the augmented
Lagrangian method for solving nonlinear semidefinite programming. By as-
suming that K is a self-dual cone and that ITx(-) is semismooth everywhere,
we first establish a general result on the rate of convergence of the augmented
Lagrangian method for a class of general optimization problems. Then we
apply this general result to nonlinear semidefinite programming under the
constraint nondegeneracy condition and the strong second order sufficient
condition. This procedure suggests that our result may be used to deal with
other optimization problems. For example, it seems possible to apply our gen-
eral result to nonlinear second order cone programming by using the strong
second order sufficient condition recently proposed in [7] for second order
cone programming.
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6 Appendix: An analysis under strict complementarity

In this appendix, we shall provide a direct analysis, with strict complemen-
tarity, on the rate of convergence of the augmented Lagrangian method for
solving nonlinear semidefinite programming

(NLSDP) min f(z) s.t. h(z) =0, g(z) € St

where f: R" — R, h: R" — ™, and g : R" — SP are twice continuously
differentiable. For any two matrices C' and D in R™*"™ we write

(C,D):=Tr (C"D)
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for the Frobenius inner product between C' and D, where “Ir” denotes the
trace of a square matrix. Since in this case 8§ = {z?|z € SP}, (NLSDP) can
be transformed into the following equality constrained optimization problem:

min f(z) st h(z) =0, 22 —g(x) =0, (z,2) € X x SP. (90)

Let ¢ > 0. Let Ec(x, z,(, &) be the augmented Lagrangian function for (90).
Define L. : X x SP x ™ x S§P — R by

Le(@,0.6,€) = f(2) + (¢, h(@) + 5 [h(@)|* + {0 = g()) + F v — g(@)]>-

Then for any (z,2,(,§) € X x SP x R™ x SP, we have

2

Le(2,2,(,€) = Le(x, 2%,(,€)
f

(2) + (¢ h@)) + 5 IR@)IP + (€, 2> = g(@)) +

2
: 2.

2" = g(x)

For any (z,(,£) € X x R™ x SP, let

3,6, ¢) = gy (9(@) = 7€) = (9(a) = 7€) + ¢ Mgy (€ = eglx))
Since

viensfi L.(x,v,(,€)
= F@)+ (. h(@) + ZI@)? + inf (&v—g(2) + Sllv - g(a)]

veSY

= F@)+ (¢ h(@) + @) + (&, 8z, &,0) = g(2)) + 5[0, ,€) — g(a)]”
= Zc(xvg(xagvc)’C7£)
= LC('TH<7£)3

we have for any (z,(, &) € X x R™ x SP

Le(2,¢,€) = Le(, 2e(2, ¢, €), ¢, €) = L(x, 22(2,(,€),6,6),  (91)

where z.(z, (, ) is the square root of H‘Sﬁ (g(x) — c’lf), ie.,

2e(w,6,€) ==\ /s (9(x) = c71). (92)
Define 7 : X x SP — R™ x SP by

Bz, 2) = (ZJ_(?@O (@) e X xS

Then we have the following conclusion on the rate of convergence of the
augmented Lagrangian method for nonlinear semidefinite programming.
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Theorem 3 Consider (NLSDP) and its equivalent problem (90). Let (%,%,(,€) €
X x 8P x R™ x S¥ be a KKT point of (90) with Z := /g(T). Suppose that
j/h\(f, Z): X X 8P — R™ x 8P is onto and that the second order sufficient
condition is satisfied at (T,%,(,€). Let ¢ be a positive scalar such that

<d, V2, oy L@ 2., f)d> >0 Y0#deX xSP.

Then there exist positive scalars € > ¢, 9, €, and og such that

(i) For all (¢,&,c) in the set D C R™ x SP x R defined as
D:={(¢,& ) € R™ x 8" x R[[[(C,€) — (¢, &)l < dc, €< c},

the problem
min L.(z,(,&) s.t. x € B.(T) (93)

has a unique solution denoted x((,&,c). The function x(-,-,-) is contin-
wously differentiable in the interior of D, and, for all ((,€,¢) € D, we

have -
[2(¢, & ¢) = || < 00ll(¢,€) — (G, &)l /e (94)
(i1) For all (¢,€,¢) € D, we have

I (C(6:€.0,€¢.6.9) = €O < 20ll(€.6) — CDl/e,  (95)

where

€(6,&¢) :=C+ch(x(C,6 ), &8 )= g (§—cg(2(¢,€,0))) -

Proof. Tt follows from [3] (also see [4, Section 2.2]) that there exist positive

numbers 9§, €, and g such that for all ({,&,¢) in the set D CR™ xS xR
defined as

D :={(¢,&,9)[ll(¢,€) = (C.E) < e, e< e},
the problem

min Le(z,2,(,€) st (z,2) € Ba(T) x Ba(2) (96)

has a unique solution denoted (£((, &, ¢), 2(¢, &, ¢)) satistying

1(2(¢,€50),2(¢:€50) = (@,2)]] < eoll(¢,€) = (G ) e -
||(6(Ca€70)ﬂé(<-7§>c)) - (Zf)” S QOH(C?&) - (Zu E)H/C,

where

C(C,60) == C+ch(#(¢,€,0) , €(66¢) i=E+¢(22(( & 0) — g(i(c,f,c)(z))g)-

Assume that rank (g(Z)) = r¢ and g(Z) has the following spectral decom-
position

s =r[o 0 | Pr.
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where Ay € 8™ is a diagonal matrix whose diagonal elements are the g
positive eigenvalues of ¢(T) and P is an orthogonal matrix. Then the mapping
G : 8" — S8 defined as

G(A) :=\/VA2, AeS™
is analytic at Ag [50, Theorem 3.1]. Therefore there exists a positive number
€1 € (0,é) such that for any A € 8™ with ||A — Ag|| < 2¢;, A is positive
definite and
IVA = VAl = [G(A) = G(A) < 21T G (A A= Aol (99)
Let &3 € (0,£1] be such that
8V + 1617 G (L)€ < &3 (100)
Since g is continuously differentiable, there exists [, > 0 such that
lg(z) —g(@)| <lgllz =7 V2 eB(T).
Let ¢ € (0,£], 6 € (0,6], and € > ¢ be such that
lge +0+ €l /c< & (101)
Define
D:={(¢,&0c) € R™ x S” x R|[|(¢,§) = (C. &) < bc, e<c}.

Then, for any ((,£,c¢) € D and x € X such that ||z — Z|| < ¢, it follows from
(92) and (101) that

I122(2,¢,€) — 9@)|| = [Hsr (9(x) — &/c) — s (9(T))]]

< lg(x) — 9(@) — (€= &) /c—E/c]|
< llg(z) — g@)| + 1€ = &) /cll + lIE/ell
<lgllz =+ 5+ ||l /e < &2 (102)

Let v € SY be such that v € Bg,(g(Z)). Define Z1; € SP770, Zj5 €
RP=ro)xr0 and Zyy € 8™ by

[ Z11 Z1a|  or
E 222] — PT P,

Then

Therefore,

Zn Zh2 27 00
Z1y Z 0 Ao

| = |[PTvP — PTg(@)P| = |lv - 9(@)| < &.

<21217 2121> < éga <Z1221T27Z12ZITQ> < égv <Z222+ZlT22127AOa Z222+Z1TZZ127AO> < éga
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which, implies
Tr(Z1) < /péa, Tr(Z1223)) = Tr (Z13712) < /Déa . (103)
Let Iy := Z3, — Ag. Then
Lol = 1| (235 + Z{3212 — Ao) — Z{3205|| < &3 + || Z12 215 < 265
Hence, by (99),

1222 = /Aol = [[V Ao + To = VAol < 2[TG(A)[[[[ o]l < 4é2|\jG(/1(())|| )
104
Therefore, by (103), (104), and (100), we have

— |2 o le le 0 O
H\f v g(”“")H - H [ZlTQ Zys | |0 V7Ag
Zu ?
Z12 222 - AO
=Tr(Z}) + Z12Z1y) + Tr(Z{3212) + Te((Z22 — vV Ao)?)

< 3y/pé2 + 1663|| T G(Ao)||* < €7,

which implies that for any v € S% satisfying v € B, (g(Z)) we have

Vo -zl <é.

In particular, by (102), for any (¢, &, ¢) € D and & € X such that ||z —Z| < e,
we have

2

Zc(l'v C,g) € Bél (E) .
Thus, from (91) we know that for any (¢,&,¢) € D,

min_ Le(z,(,€) = min_ Le(z, z.(2,(,€), ¢, )

2€B.(T) z€B:(T)

> min Ec(l',Z,C,f)

(¢,2)€B. (Z) xBe, (2)

> min (mlnL (z,2,¢, 5))

2EB.(T) \2€5?P

f— 1 L
Lain | min Le(@,v, ¢,€)

min  L.(z, C ). (105)

z€B.(T)

Let

z(¢, &, ¢) == 2((,&0), ((,&c)€D
Then, by (105), for any ((,&,¢) € D, (¢, &, ¢) is a solution to problem (93).
The uniqueness of z((, &, ¢) follows from the uniqueness of (Z(¢, €, ¢), £(¢, €, ¢)).

For any ((, &, ¢) € D, by using (98), (105), and the fact that (2({, €, ¢), 2((, &, ¢))
is the unique solution to (96), we know that

(¢, €, ¢) = ¢+ ch(#((,€,¢)) = ¢+ ch(@(C, €, ¢)) = C(C. & 0)
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and
£(¢, &) = E+c(22(( € 0) — g(2(C, €. 0))
£+ng(x(<a§7 ) C g)_cg( (C7
§—cg(w((,£, ))+CHSP( (x(C
¢

§,0))
,€,0) — )

:HS_T;_ ({—cg( (C f’ ))) §(<7 , C

Finally, the estimates (94) and (95) follow from (97).



