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Summary

The nonsymmetric matrix-valued function plays an important role in some basic
issues on designing and analyzing semismooth/smoothing Newton methods for
nonsymmetric matrix optimization problems, which have been recently the focus
of many studies in the science and engineering community. In this thesis, we study
some key properties of nonsymmetric matrix-valued functions and their smoothing
counterparts. The nonsymmetric matrix-valued function is defined as follows: For

any Y € RP*9 assume that Y has the singular value decomposition
Y =U[Y 0]VT.

Then, we define the nonsymmetric matrix-valued function G : RP*? — RP*? asso-

ciated with the real valued function g : *, — R by
G(Y):=Ulg®) ovT.

In Chapter 2, we study the well definedness of the nonsymmetric matrix-valued
function. Based on the relationship between the symmetric matrix-valued function
and the nonsymmetric matrix-valued function, we show that the continuity, dif-

ferentiability, continuous differentiability, locally Lipschitz continuity, directional




Summary

vi

differentiability and (strongly) semismoothness are inherited by G from g. Im-
portantly, we give the formulas for the directional derivative and the generalized

Jacobian of G.

In Chapter 3, we introduce a generalized smoothing function H of the nons-
mooth nonsymmetric matrix-valued function G by using the smoothing function h
of the real-valued function g. We show that the smoothing function H inherits the
properties of locally Lipschitz continuity, continuous differentiability, directional

differentiability and (strongly) semismoothness from h.



Chapter

Introduction

Let :P*? be the space of p x ¢ real nonsymmetric matrices. We assume without
loss of generality that p < ¢ (otherwise we can consider the transposition of the

matrix). Let Y admit the following singular value decomposition:
Y =U[ o)V =U[2 0][Vi Vo]" =UXVT, (1.1)

where U € RP*P and V € R9*? are orthogonal matrices, Vi € R9*P,V, € R7*(a-P)
and V = [V} V5], ¥ = diag[oy,...,0,], and 01 > 03 > ... > g, > 0 are the singular
values of Y. Let g : Ry — R be a real valued function. We can then define the

nonsymmetric matrix-valued function G : RP*9 — RP*? associated with g by:
G(Y) = Ulg(x) 0)V7, (1.2)

where g(X) = diag[g(o1), ..., g9(o,)]-

Our study of nonsymmetric matrix-valued functions is motivated by recent in-
terest in matrix optimization problems whose variables involve nonsymmetric ma-
trices. One particular example arising in many fields of engineering and science is
the so-called nuclear norm optimization problem, which has been the focus of sev-

eral recent studies. One common model is the following nuclear norm minimization



problem with linear and second order cone constraints considered in [11]:
min {HXH* C A(X) = b, Ay (X) — b, € K™, X € qu}, (1.3)

where || X[, is defined as the sum of singular values of X, the linear operators
At P — R™ and A, : RP*9 — R™2, the vectors b, € R, b, € R™? are given,
and ™2 denotes the second order cone of dimension ma; see also [2, 13] for the
studies on problem (1.3) with linear equality constraints only. Another common
model is the following nuclear norm regularized linear least squares problem with

linear and second order cone constraints ([12]):
.l m
min {2 AL(X) — bull® + X ALX) = b, AK) 2 b A,(X) — by € K7 (L)

where the linear operators A; : RP*1 — R™, j = u, e, [, q, the vectors b; € R™7, j =
u,e,l,qand p > 0 are given. For more discussions on special cases of problem (1.4),

one may refer to the papers [9, 13, 22| and references therein.

For each 7 > 0, the soft thresholding operator D, (-) arising from nuclear norm

optimization problems (see [9, 11, 13, 22])!, which is defined as follows:
D, (Y):=Ug-(Z)V", ¢,(%) = [diag({o; — 7}+) 0],

is a special case of the nonsymmetric matrix-valued functions associated with ¢,
(see Example 2.3.1 for the definition of g;). A recent result of Jiang et al. [9] shows
that the soft thresholding operator D, (-) is strongly semismooth everywhere. This
property plays a key role in analyzing the quadratic convergence of generalized
Newton methods for solving (1.4) with linear equalities only, see [9] for the details.
Another result developed in [12] proved that a smoothing function of D, (-) based

on Huber function is also strongly semismooth, which is crucial for the application

'Donald Goldfarb first reported the formula of the soft thresholding operator at the “Founda-
tions of Computational Mathematics Conference’08” held at the City University of Hong Kong,
Hong Kong, China, June 2008.



of the smoothing Newton methods to (1.4). These results motivate us to address
the following natural questions: Does the nonsymmetric matrix-valued function GG
inherit properties from ¢ in general as like in [3]7 Can we extend the results in
[12] to generalized smoothing functions of nonsmooth nonsymmetric matrix-valued

functions? The answer to these two questions is the main purpose of the thesis.

In Chapter 2, we first discuss about the well-definedness of the nonsymmetric
matrix-valued function G. We then study the continuity and differential proper-
ties of the nonsymmetric matrix-valued function G in general. In particular, we
show that the properties of continuity, (locally) Lipschitz continuity, directional
differentiability, differentiability, continuous differentiability, and (p-order) semis-
moothness are each inherited by G from g. These results parallel those obtained in
[3] for symmetric matrix-valued functions and are useful in the design and analysis
of generalized nonsmooth methods for solving nonsymmetric matrix optimization
problems. Our proofs are based on a relation between the nonsymmetric matrix-

valued G and a symmetric matrix-valued function defined by (2.5).

Chapter 3 is devoted to studying the smoothing functions of nonsmooth non-
symmetric matrix-valued functions. In particular, we are interested in the kind
of smoothing functions: H(e,Y) : ¥ x RP*9 — RP*? such that H is continuously
differentiable on R x RP*? unless ¢ = 0 and lim R(e, Z) = G(Y). We define a

€l0,Z—-Y
smoothing function H of G by

H(e,Y) := Udiag[h(e,01(Y)), ..., h(e, 0,(Y)) 0]V, (1.5)

where h : 8 x B — R is a smoothing function of g. Our analysis shows that
the properties of Lipschitz continuity, continuous differentiability, directional dif-
ferentiability and (strong) semismoothness are also inherited by H from h. The
property of (strong) semismoothness of the smoothing nonsmooth nonsymmetric
matrix valued functions paves a way for extending the smoothing Newton methods

for symmetric matrix optimization problems to nonsymmetric cases.



To make the thesis completely self-contained, we have also included two appen-
dices. Appendix A reviews some basic properties of vector-valued functions which
are continuity, (locally) Lipschitz continuity, directional differentiability, contin-
uous differentiability and (p-order) semismoothness. Appendix B contains some
results related to the properties of symmetric matrix-valued functions that are

used to analyze the properties of nonsymmetric matrix-valued functions.



Chapter 2

Nonsymmetric matrix-valued functions

In this chapter, we first present the nonsymmetric matrix-valued function G is
well-defined and then study the continuity and differential properties of the non-
symmetric matrix-valued function G in general. In particular, we show that the
properties of continuity, (locally) Lipschitz continuity, directional differentiability,
differentiability, continuous differentiability and (p-order) semismoothness are in-

herited by G from g.

2.1 Well-definedness

For any given real-valued function g defined on R only, without loss of generality

we can assume that g(0) = 0. This is because
G(Y) =Ulg(Z) 0)v" =U[g(2) 0]V" + g(0)Y,
where §(t) := g(t) — g(0), t > 0.
For subsequent discussions, we need to extend the values of g to R as follows

gy={ 9 =0 (2.1
—g(—t) ift<O.



2.1 Well-definedness

That is, g is odd as a function from R to R.

The first question that we must address is whether the nonsymmetric matrix-
valued function G as in (1.2) is well defined for any given function g : &, — R. We
give below an affirmative answer. For this purpose, we need to define the linear

operator = : RP*? — SPT1 ag follows:

0 X
=(X) = , VX e RPxa, (2.2)
X7 0
Proposition 2.1.1. Let g : Ry — R be a real valued function. Assume that

Y € RP*? has the singular value decomposition as in (1.1). Then, the corresponding

nonsymmetric matriz-valued function G(Y') given by (1.2) is well defined.

Proof. First define an orthogonal matrix Q € RP+ox@+a) by

Q- 1 U U 0 (23)
V2l o-v Vvaw | '

where U, Vi, V, are given as in (1.1). It follows from [7, pp. 448] that =(Y") has the

following eigenvalue decomposition:

2 0 0
EY)=Q| 0 -x o |Q" (2.4)
0 0 0

Since Z(Y) is symmetric, F(Z(Y)) (F is the symmetric matrix-valued function.
See Appendix B for its definition and properties.) associated with f = g is well
defined (see [1]). Let us define W : {P*? — SPT1 by

U(Y) = FE(Y)) = Q o(~) Q. (2.5)



2.2 Continuity and differential properties

Then, by (2.3), (2.4), and (2.5), we obtain that

i 9(%) Ur V'lT
wy) = LU0 0 . o
2 - 1
o 9(0) 0 V2Vl
- = _ U(g(®) +g(=%)U" U(g(X) — g(=2)ViT
2 | Vilg(®) ~ g(=3)UT Vi(9(D) + g(~D)V +2Vag(0)Va |

which, together with (2.1), implies that

0 Ug(X)VE 0 G(Y
b = v | LN B
Vig®UT 0 GY)T 0
This shows that the corresponding nonsymmetric matrix-valued function G(Y') is

well defined. The proof is complete. Il

2.2 Continuity and differential properties

In this section, we show that the properties of continuity, (locally) Lipschitz conti-
nuity, differentiability, and continuous differentiability are inherited by the nonsym-
metric matrix-valued function G defined as in (1.2) from the real-valued function
g : Ry — R. To this end, we review some useful perturbation results for the

spectral decomposition.

Let 8™ be the space of real symmetric matrices. For each X € §", we define

the following set of orthonormal eigenvectors of X by
Lx :={P € O|P"XP e D},

where O denotes the space of n x n orthonormal matrices and D denotes the space

of n x n real diagonal matrices with nonincreasing diagonal entries.



2.2 Continuity and differential properties

Lemma 2.2.1. [4, Lemma 3| For any X € 8", there exist scalarsn > 0 and € > 0
such that
in [P~ Q|| <X ~ Y| VY € B(X,e), ¥Q € Ly. (2.7)
X

Lemma 2.2.2. [1, p. 63] For any X,Y € 8", let A\y,..., A\, and puy,. .., i, be the

eigenvalues of X and 'Y , respectively. Then
Ni— | < || X =Y Vi=1,...,n. (2.8)

For any Y € RP*?, assume that Y has the singular value decomposition as in

(1.1), we define the following set of orthonormal eigenvectors of Z(Y') by
O=z(v) = {Q € O|Q"E(Y)Q € D},

where D denote the space of (p+¢) x (p+¢) real diagonal matrix diag[\y, . . ., Aptal,
where \; = o0y, @ = 1,...,p, \i = —0ip, t = p+1,...,2p, and \; = 0, 7= =
2p+1,...,p+q.

Lemma 2.2.3. For any Y € RP*9, there exist scalars n > 0 and € > 0 such that

pauin ([P = QI < 9l E(X) — Z()|| ¥ E(V) € BE(X), ), VQ € O=(Y). (29)

Proof. For any P € Lz(x) and ) € Lz(y), there exist a permutation matrix W
such that WP € Ozx) and WP € Ozy). Then from Lemma 2.2.1, there exist

scalars n > 0 and € > 0 such that

min [P —Qf= min [WP-WQ[ <nl=(X) -=)],

PELz(x) €Lz(x)
for any Z(Y) € B(2(X),¢€) and any @ € O=(Y). Then we get (2.9).
[

Theorem 2.2.4. Let g : R, — R be a real valued function. Then, the following
results hold:
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(a) G is continuous at Y € RP*9 with singular values o4, ..., 0, if and only if g

18 continuous at oq,...,0,.
(b) G is continuous on RP*? if and only if g is continuous on R

Proof. (a) From (2.6), we know that G is continuous at Y if and only if ¥ is

continuous at Y. We first show that if g is continuous at oy, ..., 0,, ¥ is continuous

at Y.

From Lemma 2.2.3, we know that there exist 7 > 0 and € > 0 such that for any
E(Y + AY) € B(E(Y),¢), where Y + AY = Uldiag(r, . ..,v,) 0]V,

min [|Q - Q[ < [E(AY)], VQ € Ozr1av).
Qe0xy)
Since ¢ defined by (2.1) is an odd function, we obtain that

U(Y) = (Y + AY)

= Qdiag[g(o1),...,9(0p), ..., —g(o1),...,—g(0,),0,...,0]Q"

—Qdiaglg(v1), ..., 9(¥p), ..., —g(1), ..., —9(1,),0,...,0/QT

= Qdiag[g(o1) — g(1), ..., 9(0p) — g(¥p), —g(o1) + g(1), - ., —g(op) + g(0y),0, ..., 0]Q"
+(Q — Q)diag[g(11), ..., —9(15),0,...,0]Q"

+Qdiag[g(v1), ..., —9(1),0,....0(Q — Q)"

—0 as AY — 0,

which shows that G is continuous at Y.

Suppose instead G is continuous at Y. Fix any orthogonal matrices U and V'

such that Y = U[X 0]VT, where ¥ = diag[oy, ..., 0,]. Then for any i € {1,...,p},
Z:U[diag[al’...70‘i717ui70-i+1,...,0-p] O]VT—>Y as Wu; — o0y,

and hence G(Z) — G(Y'). By the definition of G, we know that g(u;) — g(0:),

that is, ¢ is continuous at o;.

(b) is an immediate consequence of (a). O
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Now assume that the function g : ® — R defined by (2.1) is differentiable at
o1,...,0p, we denote by € the (p + ¢q) x (p+ ¢) symmetric matrix whose (i, j)th
entry is given by

( g(Ni) — 9()\3')

L TAEN
() — g'(N) if \i=M\;, andie{l,...,2p}, 7€ {l,...,p+q},
g'(0) if Ay =XN=0,andie {2p+1,....p+q}, j€{1,...,2p},
0 ifi,je{2p+1,....p+q}.

Lemma 2.2.5. VU is differentiable atY if and only if g is differentiable at oy, . .., 0p.

Furthermore, if ¥ is differentiable at 'Y, we have
V(Y)H = Q(Qo (QTZ(H)Q))QT VH € Rr*1, (2.10)

Proof. Suppose first that g is differentiable at o4, ..., 0,. Then, it is also differen-
tiable at —o4,..., —0,, that is, g is differentiable at A;, ..., Ag,.

By Lemma 2.2.3, we know that there exist scalars n > 0 and € > 0 such that

L Q= QI < allE(Y) ~Z(¥)]. V¥ € B(Y.0), ¥ Q € Oxir)

We show below that for any H € RP*? with || H|| < €, there exists Q) € Oz such
that

V(Y + H) = ¥(Y) - Q20 (Q"=(H)Q))Q" = of| H]). (2.11)
This together with the independence of the third term on @ (see [1]) would show
that WU is differentiable at Y and W/(Y) is given by (2.10).

Let vy, ..., Vp+q be the eigenvalues of Z(Y + H) and 7, ..., 7, be the singular
value of Y + H. Fix any Q € Ozgyym), then v; =7 (1 = 1,...,p), v; = —Tiy
(t=p+1,....2p)and v; =0 (i =2p+1,...,p+ q). By Lemma 2.2.3, we know
that there exists ) € Ozy) satisfying

1Q = QI < nlI=(H)]I. (2.12)



2.2 Continuity and differential properties 11

For simplicity, let r denote the left-hand side of (2.11), i.e
=U(Y +H)-¥(Y)-Q(Qo(QE(H)Q)Q",
and denote 7 := QTrQ and h := QTZ(H)Q. Then we have
F=o0"bo—a—Qoh, (2.13)

where for simplicity we denote a := diag[g(\1), ..., g(Apiq)], b := diag[g(11), . . ., 9(Vpiq)]s
and o := QTQ. Note that

0=Q'Q=Q-Q"Q+I,
which, together with (2.12), implies that
= O([=(H)]) vi# 7. (2.14)

Since Q,Q € O, we have o0 € O so that 0’0o = I. This implies

1_Ozz+zok1_0 +O ”“(H>||2)7 7':177p+QJ (215)
k#i

0= 0;i0i; + 04;05; + Z Ok;iOkj = 04045 + 04055 + O(||E(H)||2) Vi 7& j. (2.16)
ki,

On the other hand, since

diagA1, ..., Apag) = QTE(Y)Q = o' diagvy, . . ., Vpyglo — h,
we have
rtq _ A if i =7,
ZOkiij’/k — hij = wj=1,...,p+q (2.17)
= 0 otherwise,
We now show that 7 = o(||Z(H)||) = o(||H]|), which, by ||r]| = ||7||, would

prove (2.11). For any i € {1,...,2p}, from (2.13), (2.17) and the fact that g(v}) =
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g(0) =0 when k > 2p + 1, we have that

2p

T = Z 09 (i) — g(Ni) — g'(Ni)
k=1
2p

2p
= Y ong) —g(h) — g ) (=X + D opv)
k=1 k=1

= 05g(vi) — g(Ni) = g (M) (=N + o) + O(|E(H)P)

= L+ O(IEE)P)g(ri) = g(\i) — g' (M) (=i + (L + O(|E(H)|1*))vs)

+O(IE(H)|1?)

= g(i) — g(\) — g’ () (v = \) + O(IZ(H) %),
where the third and fifth equalities use (2.14), (2.15), and the local boundedness
of g. Since g is differentiable at A\1,..., Ay (\i = 0y, i = 1,...,p and \; = —0oy,
i=p+1,...,2p), by Lemma 2.2.2, we know that the right hand side is o(||Z(H)||).

Forie {2p+1,...,p+ q}, since k # i, we have
2p
T = Z 09 (Vi) = g(Ni) — 0 - Dy
k=1
= —g(\) +O(H|*).
Since \; = 0, it hold that 7;; = o(||H]|)-
Foranyi,j € {1,...,p+q} with i # j, from (2.13), (2.17) and g(vx) = g(0) =0
when k& > 2p + 1, we obtain that

p+q

Tij = E 0kiokj g (k) — Qijhij
k=1
p+q p+q

= Z Okiokjg<yk) - Qij Z Ok;iOkjVk

k=1 k=1
= 040i9(Vi) + 05i0j;9(v;) — Qs (0i04vi + 05i055v5) + O(|2(H)||?)
= (0405 + 05;055)9(vi) + 05:04;(g(v;) — g(v3))

(04045 + 05i0j;)v; + 05i055(v; — v3)) + O(||Z(H)||*)

= 05i0(9(v;) — g(wi) — Qi (v; — vi)) + O(IE(H)|1?),
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where the third and fifth equalities use (2.14), (2.16) and the local boundedness of

g. We consider the following six cases to prove r = o(|| H||).

Case 1:

Case 2:

Case 3:

Case 4:

Case 5:

N =N and i € {1,...,2p}, 7 € {1,...,p+ q}. The preceding relation
together with (2.14), (2.15) and |v; — A\;| < [|2(H)||, |vj; — Aj| < ||Z2(H)]| and
the continuity of g at \; yields

rij = o([Z(H)I])-

Ni=Aj,1€{2p+1,...,p+q}and j € {1,...,2p}. We know that v; =0, so
Tij = 05i0j;(9(v;) — ¢'(0)v;). Together with (2.14), (2.15), [v; — 0| < [[E(H),
and the continuity of ¢ at 0, we have 7;; = o(||=Z(H)]|).

i,j € {2p+1,...,p+ q}. In this case, we have v, = v; = 0 and hence
rij = o([[E(H)]])-
)\i §£ )‘j and ’l,j S {1, . ,2p} Then, we know that Qij = (g()\z)_g<)\j>>/<)\1_

A;) in this case. The preceding relation yields

g(\i) — g(N\)
)\i — )‘j

Ty = 05i0j(9(v) — g(vi) —

(v; — i) + O(IE(H)]*)

o0 (a(25) = 905) = (a%) — 901 + LK) + O,

This together with (2.14), (2.15) and |v; — N| < |[Z(H)||, |v; — Nj| < [|2(H)|
and the continuity of g at \; and \; yields 7;; = o(||E(H)]|).

N #Xj,1e{l,....2p} and j € {2p+1,...,p+ ¢}. Then, we know that
Q;; = g(A\;)/Ai in this case. The preceding relation yields

r = ono(—g(n) + L) + o)
op0si(=(x) + 901 + 52 + O ),

Ai
This together with (2.14), (2.15) and |v; — N;| < ||Z(H)||, and the continuity
of g at \; yields 7;; = o(||Z(H)||).
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Case 6: \; #\;, 1€ {2p+1,...,p+q} and j € {1,...,2p}. The analysis is the same

as Case 5.

Consequently, we can draw the conclusion that r = o(||=(H)||) = o(||H||). This
shows that ¥ is differentiable at Y and ¥'(Y) is given by (2.10). O

Remark 2.2.1. If 0, = 0, then g is differentiable at 0. From [3, Proposition 4.3],
F is differentiable at =(Y)). Then, by the chain rule of composite function, we

know that V¥ is differentiable at Y and
\Il'(Y)(H) = F’(E(Y))E(H) (2.18)

Although when 4,5 € {2p+1,...,p+ ¢}, ©;; = ¢’'(0) may not be 0, (=(H));; = 0.
So (2.18) coincides with (2.10).

In what follows, we want to give the formula of the differential of G. Since
Ni=o fori=1,....p, \s = —oj_p, fori =p+1,...,2p, and \; = 0 for 7 =
2p+1,...,p+ q, we define three index sets: « = {1,...,p}, 8 ={p+1,...,2p}
and y={2p+1,...,p+ ¢} and divide 2 into 9 parts,

Qaa Qaﬁ Qay
Qwa Qvﬂ Qw
where
(
g(0i) — 9(‘7]') it o, %o
[ IR
Qaa c %po and (Qaa)z] = 0; — 0y
gl<0-i) lf g; = O‘j,
\
(g<0i)+g(0'j) i o 7& s 7&0
7 7 9
Qop € RPP and (Qup)ij = o; +0j
9'(0) if 0; = —0; =0,
\
Q(Ui) if 0, £ 0,
Qory € RPXEP) and Qo )iy = T

g'(0) if g, =0,
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(—g(oi)—i-g(aj) if —0;#0;#0
7 j )
Q,Ba S RP*P and (QBQ)Z] = o; + gj
g'(0) if —0;=0;,=0,
\
'9(0-7)_9(0-]) lf _0_‘#_0_
—— i 79
Qg € RPP and (Qgp)ij = G
g'(oy) if —o; =—0;,
( .
g(o-l) lf — 0; 7é 0,

Qp, € Rrx(a—r) and (Qsy)i; =< i

\
.
9(05) o) 0,
Qo € RE-D*P and (Q0);; = %
g'(0) if g; =0,
\
;
—g<0_j) if — 0 7é O,
er[@ S %(pfq)xp and (QVﬁ>’LJ = gj

Q'Y’Y c §R(q—p)><(q—p) and (Qfm,)ij =0.

It should be noted that we have:

Qgq 1= Qgﬁ, Qo = ng Qg = Q;F/B.

Theorem 2.2.6. For any Y € RP*9, assume that Y adopts the singular value
decomposition as in (1.1). Then, G is differentiable at Y with singular values
O1,...,0p if and only if g is differentiable at o4, ...,0,. Moreover, G'(Y') is given
by

1
G'(Y)AY = §U[Q(mo(AT+A)—i—Qago(A—AT)]VlT—i—U(QmoB)VQT vV AY € RP9.

(2.20)
where A :=UTAYV, € RP*P, B := UTAYV, € Rp*(a-p),

Proof. From Lemma 2.10, we know that ¥ is differentiable at Y and ¥W'(Y) is given
by (2.10). By (2.6), the differentiability of U at Y means the differentiability of G
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at Y.

Next we show below G'(Y') is given by (2.20). Let @ is given as in (2.3). By a

direct calculation, we obtain that

UT V'lT
Tz(A 1 . . 0 AY U U
QUEMQY))Q = 5| U" -V Ayt
0
0 V2V
A+ AT AT _ A 2B
1
= 3 A—AT —AT - A 2B
v2BT  \/2BT 0

Denote A := UTAYV; and B := UTAY V4.

Let us denote

My Mo
M= (20 QTEAYNQQ" = = | My My
22
L M31 M32 .
Then, by simple calculations, we get
My = [Quao(A+AT) +Qupo (—A+ ATUT
My = [Quao(A+AT) —Qupo0(—A+ AT)]VT +2(y
My = [Qpao(A—AT)+Qgz0(—A— AU
My = [Qpa0(A—A") = Q50 (-A AT)]V1 +2(Qg, 0 B)V,
)
)

Msy = V2(00B" — Q30 BNV
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2.2 Continuity and differential properties
Consequently,
Q(Q2o QT(E(AY))Q)Q"
_ My, Mo
1 u U 0
= Z My Ma,
Vi —Vi V2,
i M3z, Mz ]
1 U(M11+M21) U(M12+M22)
= 1 [(2.22)
i Vi(Myy — M) + V2Va M3 Vi(Mig — M) + V2V M3y
Note that

Qaa - Qq/”/v QOW = Qﬂ“ﬂ

we obtain from (2.22) that

1 0 U Mo
V(Y)(AY) = ,
(UMy2)T 0
which, combining with
0 G'(Y)AY

V(Y)(AY)) =
(G'(Y)AY)T 0

yields (2.20).

On the other hand, suppose that G is differentiable at Y. Suppose for the
purpose of a contradiction that g : # — R is not differentiable at o; for some
i € {1,...,p}. Then either g is not directionally differentiable at o;, or if it is, the
right and the left derivatives at o; are unequal. In either case, this means there

exists two sequences of nonzero scalars tV and 7V, v = 1,2, ..., converging to zero,

such that the limits

hma@ﬁ%)—QWQ mﬂﬂm+7)—ﬂm)

V—00 tv V—00 TV
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exist and either are unequal or are both equal to oo or are both equal to —oo.
Consider any U € RP*P and V € RI*? satisfying Y = U[X 0]VT. Let AY =
Uldiag[0,...,1,...,0] 0]JVT with 1 being in the ith diagonal, we obtain that ¥ +
tAY = Uldiag[oy,...,0;, +t,...,0,] 0]VT for all ¢t € R and hence

G(Y +t*AY) — G(Y) g(oi + ) — g(os)

lim - = Uldiag[0, ..., lim = ..., 010V,
lim ST Azf) —GO) _ Uldiag[0, .. ., lim gloitT Z_g@),...,O] o7,
V—00 T V—00 T

It follows that these two limits either are unequal or both nonfinite, which implies
that GG is not differentiable at Y. This contradicts to the fact that G is differentiable

at Y. Therefore, g is differentiable at oy,..., 0. n

Theorem 2.2.7. The nonsymmetric matriz-valued function G is continuously dif-

ferentiable if and only if g is continuously differentiable.

Proof. By similar proof as in [4, Lemma 4] we know that ¥ is continuously differen-

tiable at Y. This, together with (2.6), implies that G is continuously differentiable.

To see “only if” direction, suppose G is continuously differentiable. Then it
follows from (2.20) and the definition of €,, that ¢’()\) is well defined for all
A € R. Moreover, G'([diag(A,0,...,0) ]) is continuous we get ¢'(\) is continuous.

This shows that ¢ is continuously differentiable. O

2.3 Semismoothness and the generalized Jaco-
bian

In this section, we show that G inherits the locally Lipschitz continuity, direc-
tional continuity and (strongly) semismoothness from g. First we introduce some

notations.
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For any X € 8™, A\ (X),..., A\ (X) be the eigenvalues of X and e1(X), ..., e,(X)
be a set of corresponding orthonormal eigenvectors. Assume that F is defined as
in (B.2), then

PO = 37 FOMX)er(X)e(X)T.
i=1

Let g1, ..., be the distinct values of A\j(X),..., A\, (X) and 7,...,r; the multi-
plicities, i.e., p; = Ay, 11(X) = ... = Ay, (X), 7 =1,...,t, where

$1:=0, S9:=71, ..., =711+ ...+1r1.

We denote by E;(X) the n x r; matrix whose columns are formed by the eigen-
vectors e;,41(X), ..., es,40,(X), 7 =1,...,t, and define P;(X) := E;(X)E;(X)".
Then we have

X =Y P and F(X)= Zf(uj)Pj-

j=1 j=1
We need the following lemmas in our sequent analysis, for the details, see [18] and

the references therein.

Lemma 2.3.1. [23, Theorem 3.1] For any j € {1,...,t}, the mapping X — P;(X)

s analytic in a neighborhood of X and

1
PI(X)H= )_ m _Nk(PjHPHPkHPj). (2.23)
k#jik=1 "7

Lemma 2.3.2. [10, Theorem 7] The directional derivatives X, (X, H), i =
1,...,7; exist and coincide with the corresponding eigenvalues of the matriz E]-THE]-

arranged in decreasing order.

Lemma 2.3.3. [20, Theorem 4.7] The eigenvalue function \; : S — R, i =

1,...,n, are strongly semismooth at every X € S™.

Let ¢;(-) :== f'(1,7), 7=1,....,t and ®; : 8" — S" be the corresponding

matrix functions.



2.3 Semismoothness and the generalized Jacobian 20

Let pu1, ..., fm, be the distinct values of o1, ..., 0p, fm+1, - - -, fom be the distinct

value of —oy,...,—0, and pom4+1 = 0 be the value of \;(Z(Y)) with ¢ > 2p + 1.

Lemma 2.3.4. If g is locally Lipschitz continuous at oy,...,0,, then U is locally

Lipschitz continuous at 'Y .

Proof. Since g is locally Lipschitz continuous at oy,..., 0y, it is also locally Lips-
chitz continuous at —oy,...,—0,. If 0y > ... > 0, > 0. Then, from
2m 2m s+
VY) =D gw)REY))+Y . > 9EN)) — g(m)lexEY))erE(Y))"
i=1 i=1 k=s;+1

we obtain that

2m
1Y) = e <D lg()lIBEY)) = BEX))
i=1
2m  s;+r; B - B
> D l9OwEX) = glu)lllernEX))enEX ).
i=1 k=s;+1
Since |lex(Z(Y))er(Z(Y))T|| are uniformly bounded, the conclusion then follows

from the locally Lipschitz continuity of the eigenvalue function A\g(-) and of Py(-).

If o, = 0. Then, from [3, Proposition 4.6], we know that F' is locally Lipschitz

continuous at Z(Y), i.e., there exists L > 0 such that
IFEY) +E(H)) = FEX)I < LIEH)]-
By the definition of ¥, we have
1W(Y + H) = w(Y)| < L|H],
which means W is locally Lipschitz continuous at Y. O]

Theorem 2.3.5. The following results hold:

(a) G is locally Lipschitz continuous at' Y € RP*? if and only if g is locally

Lipschitz continuous at o1, ..., 0p.
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(b) G is locally Lipschitz continuous on RP*? if and only if g is locally Lipschitz

continuous on R .

Proof. (a) As shown in Lemma 2.3.4, ¥ is locally Lipschitz continuous at Y. From
(2.6), we know that G is locally Lipschitz continuous at Y.

Suppose instead that G is locally Lipschitz continuous at ¥ and Y adopts the

singular decomposition (1.1). Then, there exist 6 > 0 and x > 0 such that
IG(X) — G(Z)| < #l|X — ZI, VX, Z such that | X — V| <4, |Z~ Y] <.

Choose v, 7 such that [v—o;| < 6, |7—0;| < 4. Let X = Uldiag(oy,...,v,...,0,) 0]VT
and Z = Uldiag(oy,...,7,...,0,) 0]VT. Then, we know that || X — Y| < § and
|12 = Y| < ¢ and hence [g(v) — g(7)| = |[G(X) = G(2)|| < | X = Z|| = Ky — 7].
So, ¢ is locally Lipschitz continuous at o;, 2 = 1,...,p.

(b) is an immediate consequence of (a). O

From Lemma 2.3.4, we know that W is also locally Lipschitz continuous if
g : R — R is locally Lipschitz continuous. Hence, 0¥ (Y') is well defined for any
Y € RP*9. Now we study the structure of this generalized Jacobian. Here we

denote by IT" the (p + ¢q) x (p + ¢) symmetric matrix whose (7, j)th entry is

(—g(x)i:i?j) if A # A\,

(1), = € dg(\;) if ;=X\, andie{l,...,2p}, j€{1,....p+q},
€ dg(0) ifN=XN=0 andie {2p+1,....p+q}, jE{1,...,2p},
0 ifi,je{2p+1,....p+qbh

Lemma 2.3.6. If g : ® — R is locally Lipschitz continuous at oy,...,0,, the
generalized Jacobian of U at'Y is well defined and nonempty. For anyV € 0gW¥(Y),

one has

VH =Q( o (QTE(H)Q))QT VH € RP*, (2.24)
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for some @ € Oz(y.

Proof. Fix any V € 0¥ (Y). According to the definition of dpW(Y'), there exists
a sequence {Y;} C RP*? converging to Y such that U is differentiable at Y} for
all k and V = limy_.,, ¥/(Y}). Let 0;, and oF be the singular value of Y and Y*
respectively. Let )\;, and A¥ (i = 1,...,p + q) be the eigenvalue of Z(Y) and
E(Y}) respectively. Then \; = 0; (i =1,...,p), \i = —0i—p (i =p+1,...,2p), and

i =00 =2p+1,....p+q) N =07 (i=1,...,p), \y = —a , (i =p+1,...,2p),
and NF =0 (i =2p+1,...,p+¢q). Choose any Q) € Ozy,). By Lemma 2.2.3,
there exist n > 0 and Q;, € O=(y) satisfying

1Qk = Qull < nlI=(Y) — E(V3)

for all k£ sufficiently large. By passing to a subsequence if necessary, we assume that
this holds for all k and that {Q}} converges. By Lemma 2.2.2, we have \F — \;
fori =1,...,p+q Denote \* = (\¥. ... \¥, YT Then, from Theorem 2.2.6, we

1 ptg
get that
V(Yo H = Qu(QFE(H)Qy) o THQE  VH € R0, (2.25)
where
( (2 k

—Q(X; - i?j Dot
F?j _ g (\F) if \f =X\ andie{l,...,2p}, je{l,....p+q},

q'(0) if \f =X=0, andie{2p+1,....p+¢q}, je{l,...,2p},

0 1,7=2p+1,....,p+q.

\

(2.26)
Since ¢ is locally Lipschitz continuous, then {Ffj} is bounded for all 7, . By passing
to a subsequence if necessary, we can assume that {Ffj} converges to some I';; € §

for all 1, j.
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Case 1.

Case 2.

Case 3.

Case 4.

Case 5.

For each i, 1 = 1,...,2p, we have
5 = g'(\}) — T € dpg(N).

For each i # j such that \; # \;, we have \} # /\g? for all k sufficiently large

and hence
pe 900 —g() L g) —g()
1] /\f; o )\? 1) )\Z — )\j .

For each i # j such that \; = A\jand i =1,...,2p, 5 =1,...,p+¢q If

)\f = )\;“ for k along some subsequence, then
TF = g/ (\) — Ty € Opg(As) C dg(N).

If \F A;‘? for k£ along some subsequences, then a mean-value theorem of

Lebourg yields
g(AF) —g(\))

ko
by = e \E
i J

€ 89()\?]-)

for some S\fj in the interval between A\¥ and /\f . Since dg is upper semicon-
tinuous, this together with 5\5“] — X\; = A; implies the limit of {I'};} belongs
to dg(\;).

Foreachi# jwithie {2p+1,...,p+q}and j € {1,...,2p}, i = ); =0,

the argument is similar to that in Case 3.
For each 7,j =2p+1,...,p+q, then \; = ), = \F :)\;‘? = 0. Then

Il =0=Ty.

Thus, taking limits on both sides of (2.25) and using the above results, we obtain

(2.24) for some @ € Oz and I' € SP*9, which are the limit of Q) and ['(\*),

respectively. O
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Next we give a formula for the generalized Jacobian of G. Since \; = o; for
t=1,...,p, i =—0ipfori=p+1,....2p,and \; =0fori=2p+1,...,p+gq,
we define three index sets: a = {1,...,p}, 8 ={p+1,...,2p} and v = {2p +
1,...,p+q} and divide T into 9 parts,

Lo Top Doy
=1 T4, Tz Tsy |> (2.27)
lya Ths Ty
Proposition 2.3.7. Assume that g is locally Lipschitz continuous, then, for any
Y € RP*) the generalized Jacobian OgG(Y') is well defined and nonempty. More-
over, for any W € 0gG(Y') and any H € RP*, we have

1
WH = SU[Laa 0 (AT + A) + Tag o (A= ANV +2U(Tay 0 BV, (2:28)

for some U,V such that Y = U[X 0|VT, and A = UTHV, € R°*P and B =
UTHV, € > (4—p)

Proof. Fixany W € 0pG(Y) for any Y € RP*?. By the definition of B-subdifferential,
we know that there exists {Y*} € 2P*? such that G is differentiable at Y* and for
any H € RP*9,

WH = lim G'(Y*)H. (2.29)

YkESY

Since G is differentiable at Y*, combining with (2.6), we obtain that ¥ is differen-

tiable at Y*. Moreover,

0 lim G'(Y"H 0  WH
lim V(Y H = Yk-y —
yh=Y (lim G'(YMH)T 0 (WH)T 0
YkY
Since limy_y U(Y*) € ¥ (Y), from Lemma 2.3.6,
Jim WO = QT e (Q"E(H)Q)Q

It follows from the same calculation as in (2.2.6) we get that WH is given by
(2.28). O
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In the next two theorems, we show that G inherits the directional differentia-
bility and semismoothness from g.

Assume that 07 > ... > 0, > 0 and g : ® — ¥ is directionally differentiable
at o1,...,0,. For any H € RP*9, we denote by A the (p + ¢) X (p + ¢) symmetric

matrix whose (7, j) entry is

S A Q;), :i@ L@@, it A £
i j
Ay = 3 ¢/ (O (QTE(H)Q),,) it Ay =Ajandij=1,...,2, (230)
0 ife,j=2p+1,....,p+q.

Lemma 2.3.8. If g is directionally differentiable at o4, ...,0, and o, > 0. Then,

U is directionally differentiable at Y. Moreover, for any H € RP*?, one has
U (Y;H) = QAQ". (2.31)
Proof. Let pu1,..., i, be the distinct values of o1,...,0p, fmi1,- .-, tom be the

distinct value of —oy,..., —0, and pg,+1 = 0 be the value of X\;(2(Y)) with ¢ >

2p + 1. Using the above notations, we have
2m
V(Y) = g\)PEN)). (2.32)
j=1
Consider the decomposition of ¥ at Y =Y + tH. Since

9(p2m+1(E(Y))) = g(pam1) = 9(0) =0

and

2m 2m S+
U(Y) = Z (1) P (E(Y)) + Z > 9(u(EX) = glpy)lex(EQ))er(E(Y)),
we have

+ > > [9ORED)) = gluy)erEF)er(E(Y))"(2.33)
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First, we have that

lim 3~ () [P (EV)) =~ Bl =3 () P(E()2(H).

and by Lemma 2.3.1, we further have that

9(u;) DP;(E(Y))E(H) = Z Z (PE(H) P, + PE(H)F))
Jj=1 j=1 k#j;k= 1
. —“"(“;), 90 peinp + PP
b 3 2 )Py + PrnaS ()R, (230
Next, for ¢ > 0 and j =1, let
s1+71
Ai(t) =t Y [gOREN))) = g(u)]er(EY))er(ET )"
k=s1+1

Note that

lim ¢~ [g(A(E(Y)) = 9(m)] = ¢ (s A(E(Y), E(H))),

by [18], we know that any accumulation point of Fy(Z(Y)) is a matrix Ey(Z(Y))

whose columns é1(2(Y)), ..., &, (E(Y)) satisfy the following two conditions

(a) éTE(H>éz:0fOI'Z7éj S {1,...,7’1}.

(b) e'=E(H)éy,...,eL=(H)é,, form the eigenvalues of the r x| matrix EYZ(H)E;

arranged in the decreasing order.

Then, by Lemma 2.3.2, we get
9 (1, N (E(Y), E(H))) = ¢' (11, € E(H)ey).

Moreover, since the eigenvalues of ETZ(H)E; coincide with the corresponding

eigenvalues of EYZ(H)E,, it follows that

s1+7r1
lim A (1) kzﬂg A, eLE(H)E)éwel = By (@ (ETE(H)Ey)ET.
S1
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The same calculations can be performed for every j € {1,...,2m}. Together with

(2.34), we have

(Y, H) = EjéMilMQ@am&+&amﬂ)

3 L) (=) Py + PaninZ(H)P) + 3 B[, (ETE(H)E,EY, (235

which is the same as (2.31). O

Remark 2.3.1. If 0y > ... > 0, = 0. Then, g is also directionally differentiable
at 0 since g is directionally differentiable at o7, ..., 0,. By [3, Proposition 4.2], we

know that F' is directionally differentiable at Z(Y"). Since

V(YiH) = lim

FEY +tH)) - F(Z(Y))
10 t

(1]

o FEX) +E0) - FE(Y))
10 t
— F(E(Y);

i
=

(2.36)

we obtain that U is directionally differentiable and ¥'(Y; H) = QXQT, where

g(Ai) —g(\)
A — Ai = A

ij
g (N3 (E(H))3j i A=A

(E(H))y i N # A,

Since for 7,7 € {2p+1,...,p+ ¢}, \; = A\; = 0 and =(H);; = 0, we have
g (\;E(H))s;; = 0. Thus, we get W'(Y; H) = QAQT, where

( g(Ni) — Q(Aj)

NN (QTE(H)Q)y if A # ;.

0 ifi,je{2p+1,...,p+q}.

\

9'(\; (QTE(H)Q)s5) if \i=Xjandi€{l,...,2p}, j€{1,...,p+q}
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Theorem 2.3.9. Let Y have the singular value decomposition as in (1.1). Then,
G is directionally differentiable at' Y € RP*? if and only if g is directionally differ-

entiable at 04, ...,0,. Moreover, for any nonzero AY € RP*4,

G'(Y;H) = U(Mgo — Nap) VT +V2U ALV (2.37)
where A=UTHV, and B =UTHV,.
Proof. Suppose first that g is directionally differentiable at oy, ..., 0,. Then, from

Lemma 2.3.8 and the above arguments, we conclude that G is directionally differ-

entiable at Y.

Next we calculate the directional derivative of G.
i GY +tH)—-G(Y)

0 lim
V(Y. H) = G +tH) = G(Y)\T " :
(i ) 0
_ 0 G'(Y; H) (238
@m0 | |

From (2.21), we know that
A+ AT AT-A 2B
Q'E(H)Q=| A-AT —A" - A V2B
V2Bt V2BT 0

Divide A into 9 parts as follows:

By the definition of A, we have

g(oi) — 9(03')(
(Aaa)ij = 7Y%

/ . 3 —
' (035 ai; + aj;) if 0; = oj,

aij +ajz~) if g; 7é O'j,
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g(az) + g<0j) (
(Aap)ij = 0i Tt 0;

g/(O, CL]‘Z‘ — aij) lf o; = —O'j = O,

ajz' — aij) lf g; 7é 0,

Vel it g 20,
(Aay)iy = 7i
q'(0, \/§bij) if o; =0,

g(oi) + g(oj)(
(Aga)ij = it 0

g’(O; Q35 — Cl,ji) if — 0, =05 = 0,

Q5 — Cl,ji) if g; 7£ O,

_g(ai) — g<o-j)<
(Aps)ij = 7iT 9
g (—oi; —(ai; + aj)) = —g' (0 aij + aji)  if 07 = 0y,

aij—i—ajz-) if O'i#O'j,

ﬂMbw if a; 7é 0, ﬂg?—j)bﬂy if aj 7& 07
(Agy)ij = 7i (Mra)ig = ’
g'(0;V2byy) if o; =0, 9'(0;v/2b5) if 5 =0,

\/§g<0—j)bji if 0j 7& O,
J

(Ayg)ig = 7 (Ays)ij = 0.
g’(O, \/§bﬂ) if 05 = O,
By calculation, we know that
_ UT V'lT
1|0 U 0
V'(Y;H) = = Al T _yT
2 1
Vi =i V21,
L 0 ﬁv’ZT
1 My, M,
20 My M, |
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where

My = U(Mao + Dgalas + Agg)UT,

My = U(Aaa + Nga = Aag — Agp) Vi + V2U (Aay + Mg )V,

Mz = Vi(Aaa = Mg + Dag = Ags)UT + V2Va(Aye — Ayp)UT,

My = Vi(Aaa — Mga — Nag + M) Vi + V2Va(Aye — M)V + V2Vi(Aw, — Mg ) Vi

By the definition of A, we know that

Moo = —Ngs, Aap = —Dga; Doy =Ny, Mo =N, Mg = (Rap)”, Ao = (Aar)",

which shows that M; = My, = 0, M3 = MI. Together with (2.38), we obtain that
G'(YiH) = U(Aga — Nap) Vi + V2UALL VY

Suppose instead that G is directionally differentiable at Y with singular values
01,...,0p. Fix any U € OP and V € 01 satisfying Y = Uldiag|oy,...,0,) 0]V7T.
For each i € {1,...,p} and each d; € R, let H := Ul[diagl0,...,d;,...,0] |[VT.
Since G'(Y; H) = Uldiag|0, ..., ¢ (0:;d;),...,0] 0]VT exists, we get that ¢'(o;,d;)
is well defined. O

Lemma 2.3.10. If g is (strongly) semismooth at o;, i = 1,...,p. Then, ¥ is
(strongly) semismooth at'Y .

Proof. We give below a proof for the strong semismoothness case. The semis-

moothness case can be derived in a similar way.

By Theorem 2.3.5 and 2.3.9, we know that G is locally Lipschitz continuous
and is directionally differentiable at Y. Since ¢ is strongly semismooth at o;,
1=1,...,p and in addition g is an odd function, it is also strongly semismooth at

—0;, t=1,...,p.
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We first show that if o1 > ... > 0, > 0, ¥ is strongly semismooth at Y. From
the decomposition of ¥ at Y =Y + H, we have

Uy) —u(y) = Zg(uj)[Pj(E(Y))—Pj(E(Y))]Jr

Z 9(u) [P (E(Y)) = P(ENY)] = Z 9(u) P{(E(Y)E(H) + O([I=(H)|)-

It follows from Lemma 2.3.3 the eigenvalue function Ak (+) are strongly semismooth
and g¢(-) are strongly semismooth at \;. Thus, for k € {s; +1,...,s; + r;} and
j€{l,...,2m}, we have that

9(EY))) = 9(iy) = ' (M(EN))), M (E(Y), Z(H))) + O([H|]%).

Since ||ex(2(Y))(ex(Z(Y)))T|| are uniformly bounded, we get that

+ D JEN)), NEY ), EH))eEY)(eEX))" + O(IH]P).

By Lemma 2.3.8 we know that for an appropriate choice of ¢;(Z(Y)), one has

V() = w(Y) = V(Y H)+O(|H|]),

which implies that W is strongly semismooth at Y.

We next assume that o, = 0. Then g is strongly semismooth at 0. By [3,

Proposition 4.10], we know that F is strongly semismooth at =(Y) and hence

FEY)+E(H) - FEY)) = F'(E(Y) + Z(H); 2(H)) + O(|E(H)]),
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which, together with (2.36), yields that
V(Y +H)—-9(Y)=V(Y +H;H)+ O(]|H|]?).
Thus, W is strongly semismooth at Y. O]

Theorem 2.3.11. If g is (strongly) semismooth at o;, i = 1,...,p. Then G is
(strongly) semismooth at'Y .

Proof. By Lemma 2.3.10, we obtain that

) _ 0 G(Y) - G(Y)
(V) —U(Y) - W(V,H) = ) _
(GY)-G)" 0
0 GV H) )
- _ = O(|HI%),
(G'(Y; H))" 0

which implies that G(Y) — G(Y) — G'(Y; H) = O(||H||?) and hence G is strongly

semismooth at Y. O

Example 2.3.1. For some given 7 > 0, let g : R, — R be defined by

glt) == (t = 7).

Note that g(0) = 0 in this case. We then get that the extended function g : § — R
has the following form:

(t — T)+ if ¢ Z O7

g(t) =

—(—t—1)y ift <O,
that is, g(t) = (t — 7)4+ — (—t — 7)+. It can be readily seen that the nonsymmetric
matrix-valued function G associated with g becomes the soft thresholding operator.
Since ¢ is strongly semismooth everywhere, by Theorem 2.3.11, we can get the

result that the soft thresholding operator is strongly semismooth everywhere, which
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has been shown by Jiang, Sun and Toh [9]. Therefore, our results on the properties
of the nonsymmetric matrix-valued function GG generalize the results of Jiang, Sun
and Toh [9] which considers the case of the soft thresholding operator to general

cases.



Chapter 3

Smoothing functions

In this chapter, we will discuss the continuity and differential properties of the
smoothing function for the nonsmooth nonsymmetric matrix function. We first
give the definition of the smoothing function and then show that the smooth-
ing function inherits the properties of locally Lipschitz continuity, continuous dif-
ferentiability, directional differentiability and (strongly) semismoothness from the

smoothing function h of the real-valued function g.

3.1 Definition

Let h: R,y x Ry — R be the smoothing function of g : R, — R. Now we define
the smoothing function H of the nonsmooth nonsymmetric matrix value function
G as follows:

H(e,Y) := Uldiag[h(e,a1), . .., h(e,0,)] O]VT. (3.1)
As h is only defined on R, x R, for later discussion we define the extended
function i : ® — R by

. h(e,y) — h(e,0) if t >0,

h(e,y) ==

—(h(e,—y) — h(e,0)) if t <O.
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We can easily see that h is an odd function and
H(e,Y) = Ulh(e,X) 0]VT = Ulh(e, 2) 0]VT + h(e, 0)Y.

For the convenience of discussion, we use h and H to represent h and H , respec-
tively.

In order to study the properties of H, we define the function ® : ® x RP*? —
SPHa by

O(e,Y) = F(e,Z(Y))
= Qdiag[h(e,01),...,h(e,0,), h(€e,—01),..., h(e,—0a,), h(€,0),..., h(e,0)]QT
= Qldiag[h(e,01),. .., h(e,0,),h(e,—a1), ..., h(e,—a,)] 0]QT,

where = and @ are given by (2.2) and (2.3), respectively. By the same calculation
as in (2.6), we can get
0 H(e,Y)

O(e,Y) = - (3.2)
(H(e,Y))" 0

3.2 Continuity, differential properties and semis-

moothness

In this section, we study the continuity, differential and semismooth properties of

the smoothing function of the nonsmooth nonsymmetric matrix-valued function.

Theorem 3.2.1. If h is locally Lipschitz continuous at (€,01),...,(€,0,). Then
H is locally Lipschitz continuous at (€,Y).

Proof. Assume that h is locally Lipschitz continuous at (e, 01), ..., (¢,0,). Then,
it is also locally Lipschitz continuous at (¢, —071), ..., (€, —0,). We show below that

® is locally Lipschitz continuous at (e,Y).
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We first consider the case of o7 > ... > 0, > 0. Since

2m  s;+r;

=D hem) BEE DY Y hle MEX))—hle m)lenEY DenEV ),

i=1 k=s;+1

we obtain that

|o(r,Y) - Z!h &, )| P(EY)) — BEX))

2m  s;+r;

D D 1 M(EX) = hle, m)lllen(EX))er(EX)) -

i=1 k=s;+1

Since ||ex(2(Y))ex(Z(Y))T]| are uniformly bounded, it follows from locally Lipschitz
continuity of the eigenvalue function Ax(-) and of Py(-) that ® is locally Lipschitz

continuous at (e,Y).

We next consider the case of o, = 0. Since h is locally Lipschitz continuous at
(€,0), from [24, Proposition 3.3], we know that ® is locally Lipschitz continuous at
(€,2(Y)), i.e., there exists L > 0 such that

[F(e+7,2(Y)+E(H)) - F(e,Y)|| < L[ (7, E(H))]|,
which, together with the definition of ®, implies that
|®(e +7.Y + H) — ®(e,Y)|| < L|(7, H)|

for some L > 0. Thus, ® is locally Lipschitz continuous. It follows from (3.2) that
H is locally Lipschitz continuous at (e,Y). O

Theorem 3.2.2. Given (¢,Y) € Ry x RP*U if h is continuously differentiable at
(e,0;) (i=1,...,p), then H is continuously differentiable at (¢,Y"). Moreover, for
any (1,AY) € Ry x RP*9, the derivative of H is given by

H'(e,Y)(1,AY) = Hy (e, Y)AY + H!(¢,Y)T.
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Proof. Fix e > 0. By Theorem 2.2.6 and 2.2.4, we know that H (e, -) is continuously
differentiable around Y € RP*? and for any AY € RP*9]

1
Hi (e, Y)AY = §U[Qaa o (AT + A) + Qupo (A — ANV + U Q4 0 BV,

where A := UTAYV, € ®R*?, B := UTAYV, € R®*@ ) and the matrices
Qaa, Qag, oy are defined by

h(e,0;) —r(e, o))

if g; 7é 03y,
(Qaa)ij = Ti = 9y
h' (e, 0;) if 0; = 0y,
h(e,0;) + h(e, o)) it on £ — o,
(Qap)ij = it
h'(e,0) if 0, = —0; =0,
h<€’ Ui) if ag; 7£ O,
(Q2ay)ij = 7i

h'(e,0) if o; =0.

For fixed Y € RP*9, since h(-,0;) (i = 1,...,p) are continuously differentiable
on R, , we know that H(-,Y) is continuously differentiable on R, and for any

7 € R, we have
H{(e,Y)r = tU[diag(hi(€, 1), - hile, o)) O]V

Since hl(v,0:(Z)) — hl(e,0,(Y)) as v — ¢, Z — Y, we have that ||H.(v,Z) —
H!(e,Y)|| — 0, which implies that H! is continuous.

The above arguments show that H is differentiable at (¢,Y") and
H'(e,Y)(1,AY) = Hy (e, Y)AY + H!(¢,Y)T.

Since Hi (¢,Y) and H/(e,Y) are continuous, H' is continuous and thus H is con-

tinuously differentiable. O
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Let pu1, ..., fm, be the distinct values of o1, ..., 0p, fm+1, - - -, fom be the distinct

value of —oy,...,—0, and pom4+1 = 0 be the value of \;(Z(Y)) with ¢ > 2p + 1.

Theorem 3.2.3. For any (¢,Y) € Ry x RP*U if h is directionally differentiable
at (e,04), i =1,...,p, then H is directionally differentiable at (¢,Y).

Proof. Since Y is directionally differentiable at (e, 0;), it is also directionally differ-

entiable at (€, —0;). First we show that ® is directionally differentiable at (e,Y).

For any t > 0, (1, H) € Ry, x R4 let Y =Y + tH and € = t7 + e. We first

consider the case o1 > ... > 0, > 0. Since

h(E, M2m+1(E(Y)) = h(E, :uQm-i-l) =0

and
B(EY) = i h(e, ) Pe(E(Y)) + f}[h(e, Ae(2(Y) = hle, Ae)]ex(E(Y)er(E(Y))"
we have _ _
B, Y) - le,Y) = ih(e, 1) [Pe(E(Y)) — Pu(E(Y))]
. iwe, MEW)) = hle, Mlex(ET)ex(ET)T
Let _
A= ime, i) [P(E(T)) — Pu(E(V)]
and

B = [h(e, W(EX)) = hle, W)ler(E(Y))er(E(Y))".

Then, we easily know that

limt ™ A =" h(e, ) PU(E(Y)E(H).

)
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Next we calculate the directional derivative of B. Since h is directionally dif-
ferentiable at (e, \g), k = 1,...,2p, together with the directionally differentiable of
M(E(Y)), k=1,...,2p, we obtain that for each k,

i £ (e, (7)) — Ae, Ae(Y)) = W ({6 M(Y)); (7, ALY ZC).

2p

Thus, hmt 'B = Zh/ &, () (1, M (Y3 Z2(H))))er(E(Y))er(E(Y))E. This means

that ® is dlrectlonally differentiable at (e,Y") and

2m

®((e,Y): (r H) = Y hle,m)PLE(Y))

k=1

+ ) W6 M) (7, N (Y E(H))er(E(Y)er(E(Y)T

[1]

(H)

We turn to the case 01 > ...0, = 0. Then, h is also directionally differentiable
at (€,0). From [24, Proposition 3.1], we know that F is directionally differentiable

at (¢,Z(Y). Since

, ‘ L O(e+tr,Y +tH) — P(e,Y)
(I) ((67 Y)7 (T7 H)) - 175111(131 t
Fle+1m,2(Y) + t2(H)) — F(e, 2(Y))

= lim
t10

t
= Fl((6E(Y)); (r.E(H))), (3:3)

we obtain that ® is directionally differentiable at (e,Y"). From (3.2), we conclude
that H is also directionally differentiable at (¢,Y). O

In the following, we show the (strong) semismoothness of H.

Theorem 3.2.4. If h is (strongly) semismooth at (€,0;), i =1,...,p. Then H is

(strongly) semismooth at (€,Y).

Proof. We give below a proof for the strong semismoothness case. The semis-

moothness case can be derived in a similar way.
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We first show that ® is strongly semismooth at (¢,Y") by considering two cases.

Case 1: 01 > ... >0, > 0. For any (7, H) € R4 x 1P*? we have
e+ 7,Y+H)—D(e,Y)

= (e, ) [P(E(Y + H)) — Pu(E(Y))]

+ Z[h(T, MEY 4+ H))) — hie, (EY))]exE(Y + H))er(E(Y + H)T.

Since P;(-) are twice continuously differentiable near =(Y"), we have

2m

> hle m)[PUEY +H) = P(E(Y))] = Y hle, i) PUEX))E(H) +O(IZ(H)?).
k=1 k=1

It follows from Lemma 2.3.3 and the strong semismoothness of A(:,-) at (¢, \;) that

for k € {1,...,2p},
h(e+7, M(E(Y)))=h(e, M) = B ((e47, M(E(Y))); 7, M(EY), Z(H)))+O(|[E(H) ).

Since [lex(2(Y))(er(Z(Y)))T|| are uniformly bounded, we get that

> b MEY + H))) = h(e, e(EY)er(E(Y + H))ex(E(Y + H))”

= Y W ((e+ 7 MEN))); 7 MEN), Z(H))) + O(IE(H)|?).
Consequently,
Ple+7,Y+H)—0(,Y)=d((e+7,Y + H);(r, H)) + O(|H||?),

which means that ® is strongly semismooth at (e,Y).

Case 2: 0, = 0. Then, the assumption implies that & is strongly semismooth at
(€,0). From [24, Theorem 4.2], we know that F'is strongly semismooth at (¢, Z(Y")),
that is,
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By the definition of ®, we get that
e+ 7Y +H)—0(e,Y) = ((e+7,Y + H); (r, H)) + O(||(r, H)|*).

which yields that ® is strongly semismooth at (e,Y"). From (3.2), we conclude that
H is (strongly) semismooth. O

Example 3.2.1. We use Huber smoothing function & : %, x ®; — R to smooth
the soft thresholding operator, which is defined by

t if ¢

v

£
29

het) = q L(t+5)? if —s<t<$

Then the smoothing function for the soft thresholding operator is

(

t—r7 ift>5+,

he(et) =q2(t—7+5)? ifr—s<t<r+E,

0 if ¢ <7t

\

We define the extended function A, : ® — R by,

h(et) — ——2—
h.(et) := 2e

—(h(e, —t) — (35"

if t>0,

) if t<O.

Since h, is strongly semismooth on R, x R, from the above theorem H, is

strongly semismooth on R, x RP*9,



Chapter

Conclusions

In this thesis, we studied various continuity and differentiability properties of the
nonsymmetric matrix-valued function and the smoothing function of the nons-
mooth nonsymmetric matrix-valued function. In particular, we showed that the
nonsymmetric matrix-valued function G and its smoothing function H inherit the
continuity, differentiability, continuous differentiability, locally Lipschitz continu-
ity, directional differentiability and (strongly) semismoothness from the real-valued
function ¢ and the smoothing function h of g, respectively. These results can be
applied to address some basic issues on the analysis of semismooth/smoothing
Newton methods arising from the nonsymmetric matrix optimization problems.
These issues are, however, beyond the scope of the thesis. We leave them for

future research.
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Appendix

Basic concepts

This appendix reviews some basic properties of vector-valued functions. These
properties are continuity, (locally) Lipschitz continuity, directional differentiability,

continuous differentiability and (p-order) semismoothness.

Throughout this appendix, we assume that A and ) are two finite dimensional

real vector spaces and WV is an open set in ). We consider a function © : W — ).

We say that © is continuous at x € W if
O(y) —»O(x) as y—uwx

and O is continuous in W if it is continuous at every x € W. The function O is
said to be locally Lipschitz continuous at x € VW if there exists k > 0 and § > 0
such that

10(y) = O(2)|| < klly — 2], ¥y €W such that |y —z|| <4, ||z —zf| <4;

and © is locally Lipschitz continuous in W if it is locally Lipschitz continuous at
every x € W. If § can be taken to be +oo, O is said to be Lipschitz continuous

with Lipschitz constant k.
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We say that © is directionally differentiable at x € W if for any h € X,

O'(z;h) = lim Ofz +th) — 6(z)
t10 t

exists;

and O is directionally differentiable on W if it is directionally differentiable at every
x € W. The function © is said to be (Fréchet) differentiable at « € W if there

exists a linear operator ©’(x) : W — ) such that
O(z 4+ h) — O(z) — O'(x)h = o(||h]]).

Moreover, © is continuously differentiablein VV it © is differentiable at every x € W

and ©' is continuous.

If © is a locally Lipschitz continuous function in WW. Then, by Rademacher’s
theorem [17, Chapter 9.J] we know that © is almost everywhere differentiable in
W. Let Weg denote the set of points in W where © is differentiable. Then, the
Clarke’s generalized Jacobian of © at x € W is defined by (cf. [5])

00(x) := conv{0pO(x)},
where “conv” denotes the convex hull and the B-subdifferential 0p©(z), defined by

Qi in [15], is given by

8B@(y) = {V : V= lim @/(xj), .rj — T, xj c W@}.

J—o0
The concept of semismoothness was first introduced by Mifflin ([14]) for func-

tionals and was extended to vector-valued functions by Qi and Sun ([16]).

Definition A.0.1. Assume that © is a locally Lipschitz continuous function on

W. We say that O is semismooth at a point x € W if
(i) © is directionally differentiable at x; and
(ii) for any y — x and V' € 00(y),

Oy) — O(z) = V(y —x) = o([ly — z|))
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The function O is said to be p-order semismooth at x € VW if © is semismooth at

© and, for any y — x and V' € 00(y), one has
O(y) — O(x) = V(y —a) = O(|ly — =[|"**).

We say that © is strongly semismooth at x € W if it is 1-order semismooth at
x € W.

The following result, originally shown by Sun and Sun [19], will be needed in

our analysis.

Proposition A.0.5. [19, Theorem 3.7] Suppose © is locally Lipschitz continuous
and directionally differentiable in a neighborhood of x € W. Then, for any 0 <

p < 00, the following two statements are equivalent:
(I) For any h € X and any V € 00(x + h),

O(x 4+ h) —O(z) — V(h) = o(||h]]) (respectively, O(||h]|**)).

(II) For any h € X such that © is differentiable at x + h,

O(xr +h) — O(z) — O (z + h)h = o(||h]]) (respectively, O(||h|'**)).



Appendix B

Properties of symmetric matrix-valued

functions

This appendix contains some results related to the properties of symmetric matrix-
valued functions, which will be used to analyze the properties of nonsymmetric

matrix-valued functions.

Let X € 8™ have the eigenvalue decomposition of the form:
X = Pdiag[\i, ..., \ P, (B.1)

where P is an orthogonal matrix and diag[Aj, ..., \,] denotes the n x n diagonal
matrix with its ¢th diagonal entry A;. Then, for any function f: R — R, we can

define a matrix-valued function F': 8" — 8™ (cf. [1, 8]), associated with f, by
F(X) = Pdiaglf(\), ..., FO)]PT. (B.2)
By [1, Chapter V], we know that F'(X) is well defined (independent of the ordering

of the eigenvalues and the choice of the eigenvectors).

From [3], we know that F' inherits the properties of continuity, (locally) Lip-
schitz continuity, directional differentiability, differentiability, continuous differen-

tiability and semismoothness of f. For the convenience of our proof, we list below
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the related results in [3] and the references therein.

Proposition B.0.6. The function F' is continuous at X € S™ with eigenvalues

Ay A if and only if fis continuous at Ay, ..., \,.

Proposition B.0.7. For any f: R — R, the following results hold:

(a) F is directionally differentiable at an X € S with eigenvalues Ay, -+, A, if
and only if f is directionally differentiable at Ay, --- , \,. Moreover, for any

nonzero H € 8",

F'(X;H) = P(F(\; PTHP)PT

for some orthogonal matriz such that (PTHP);; = 0 whenever \; = \; and
1#J.
A — F(\
FUNH) =4 A=A
f'(Ni; Hij) if A=A

(b) Fis directionally differentiable if and only if f is directionally differentiable.

Proposition B.0.8. The function F' is locally Lipschitz continuous at X € 8™ with

eigenvalues A1, ..., N, if and only if f is locally Lipschitz continuous at \1, ..., \,.

Proposition B.0.9. The function F s differentiable at X € 8™ with eigenvalues
Ay Ay if and only if f is differentiable at Ay, ..., \,. Moreover, F'(X) is given
by
F'(X)H = P(fY(\) o (PTHP))PY, VH € "

for some orthogonal matriz such that X = Pdiag[\;,---, \,|PT, where fIU(N) is
the symmetric matriz defined by

fN) = F(A)

)y =4 A
f'(N) if Ai = A

Zf>\7, 7& )‘j7
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Proposition B.0.10. Let f : ® — R be locally Lipschitz continuous. Then, for
any X € 8", the generalized Jacobian OpF(X) is well defined and nonempty.
Moreover, for any V € 0pF(X), we have

VH =P(Ao (PTHP))PT YheS"

for some orthogonal matriz P such that X = Pdiag[\y,..., \,|PT, where “”

denotes the Hardmard product of two matrices and the matrix A is defined by
) = ()
€ df(\) if \; = A

if A £ A,

Proposition B.0.11. The function F is semismooth if and only if f is semis-
mooth. Moreover, if f is p-order semismooth (0 < p < o0), then F is min{1, p}-

order semismooth.
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