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Abstract

The aim of this paper is to provide a viable measure–theoretic framework for the study
of random phenomena involving a large number of economic entities. The work is based on
the fact that processes which are measurable with respect to hyperfinite Loeb product
spaces capture the limiting behaviors of triangular arrays of random variables and thus
constitute the ‘right’ class for general stochastic modeling. The primary concern of the
paper is to characterize those hyperfinite processes satisfying the exact law of large
numbers by using the basic notions of conditional expectation, orthogonality, uncorrelated-
ness and independence together with some unifying multiplicative properties of random
variables. The general structure of the processes is also analyzed via a biorthogonal
expansion of the Karhunen–Loeve type and via the representation in terms of the simpler´
hyperfinite Loeb counting spaces. A universality property for atomless Loeb product spaces
is formulated to show the abundance of processes satisfying the law. Generalizations to a

Ž .hyperfinite number of continuous or discrete parameter stochastic processes are consid-
ered. The various necessary and sufficient conditions for the validity of the law provide a
rather complete understanding about the cancelation of individual risks or uncertainty in

1 Some of the results were presented at the 23rd Conference on Stochastic Processes and Their
Applications of the Bernoulli Society for Mathematical Statistics and Probability in June 1995. The
paper was revised while the author was visiting the Cowles Foundation for Research in Economics,
Yale University in 1996–1997.
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1. Introduction

The aim of this paper is to provide a viable measure–theoretic framework for
the study of the ideal limit of a large number of random variables. Since large
economic systems with uncertain environments are often modeled by a large
number of random variables, our results can be used along with other standard
measure–theoretic methods to study various mass economic phenomena in a
rigorous and effective way. The main concern of our work is the characterization
of macroscopic stability as formalized by the law of large numbers via certain
microscopic conditions involving the basic notions of conditional expectation,
orthogonality, uncorrelatedness and independence as well as some unifying multi-
plicative properties of random variables.

When one models an economic situation involving a large number of random
Žentities, it is natural to consider a continuum of random variables simply called a

.process since the continuum is commonly used to idealize a large number of
objects. However, it will be seen below that if a large number of random variables
has low intercorrelation, one may have difficulties using a continuum of random
variables in the usual sense to model the ideal limit.

Ž .In economic applications, exact equality between the mean or distribution of
Ž .a sample function and the theoretical mean or distribution is obtained by

assuming that a continuum of independent and identically distributed random
variables satisfies the law of large numbers. 2 This is often referred to as
‘aggregation removes individual uncertainty’, i.e., risks or uncertainty are allowed
for the individual entities but there is no uncertainty from macroscopic point of

Ž .view. The required exact equality between the sample mean or distribution and
Ž .the theoretical mean or distribution allows the formulation of conceptually

simpler and analytically more tractable models.
Now the question is: is there really a law of large numbers for processes with a

continuum of random variables? There are two serious difficulties with the validity
of the law in this case. The first is the well known measurability problem. As

2 Ž . Ž . Ž . Ž .See, for example, Bertola 1994 , Bewley 1986 , Diamond and Dybvig 1983 , Lucas 1980 ,
Ž . Ž .Lucas and Prescott 1974 , and Noe and Rebello 1994 .
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already pointed out by Doob 6 decades ago, the sample functions of such a process
Žare usually too irregular to be useful see Doob, 1937, 1953, p. 67 and p. 148,

.respectively . For example, it was shown that if the random variables of a
continuous parameter process are independent and have a common distribution
Ž .not concentrated at a single point , then the process is not measurable and even
has no measurable standard modification with respect to the relevant product

Ž . Ž .measure see Doob, 1953, p. 67 . In fact, as noted by Judd 1985 , there is a
naturally constructed process with independent and identically distributed random

Ž .variables indexed by the unit Lebesgue interval for which it is not true that
almost all sample functions are measurable. If one considers a natural extension of
the probability measure on the sample space so that the measurability problem
disappears, one still has to face the second difficulty. That is, the set of sample
realizations satisfying the property that the expectation or distribution of the
sample function is the theoretical one has outer measure one and inner measure
zero; this set is, therefore, not measurable. Of course, one can again extend the
measure on the sample space so that the law is satisfied by this very special
process. But it has to be noted that the measure can also be extended in such a way
that almost no sample realizations have the required properties. Thus, even if one
obtains the law as described, the honesty of the results based on such a law is
necessarily under strong suspicion, since one can also claim the almost sure failure
of the relevant results if the measure is extended differently.

From another point of view, the law of large numbers is a result on macro-
scopic stability based on microscopic conditions; that is, whenever the microscopic
conditions are satisfied by a process, then almost all sample functions should
stablize in some sense. Finding a particular process to satisfy both the microscopic
conditions and macroscopic stability is simply not enough. Since the law of large
numbers does hold approximately for the discrete case, it follows that the usual
concept of a continuum of random variables is a poor model for the ideal limit of a
triangular array or, more specifically, of a sequence of random variables with low
intercorrelation. Thus, to model large random economic phenomena with individ-
ual risks or uncertainty in an ideal setting, one has to go beyond the usual
continuum framework.

This paper presents our successful treatment of the law of large numbers using
hyperfinite processes which are measurable with respect to Loeb product spaces
and also reveals their many hidden characteristics. This class of processes can be
justified to be the ‘right’ class for modeling random phenomena with a large
number of economic entities on the following three grounds.

First, to study the asymptotic properties of a large finite collection of random
economic entities, there is virtually no need to consider processes beyond the class
of hyperfinite processes, since all the asymptotic properties are already embedded
in the limit setting. Consider m individual economic entities moving simultane-
ously. Their actions are not deterministic, and hence the system can be modeled by
m random variables. When m is large, one can use a sequence of finite collections
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� n 4 Žof random variables in the form x :1F iFn , ns1,2, . . . , called a triangulari
.array of random variables to describe some asymptotic properties of the large

economic system. By transfer, these asymptotic properties are equivalent to some
properties of internal processes with a hyperfinite index set, which in turn are
equivalent to some properties of processes that are measurable with respect to the
Loeb space of the relevant internal product of a hyperfinite internal probability

Ž .space with another internal probability space the Loeb product space by the
Ž .standardization procedure i.e., by rounding off some infinitesimals . Thus, those

Loeb product measurable processes, which form the class of hyperfinite processes
studied here, capture the nature of all the asymptotic properties of a large finite
probabilistic system as described by a triangular array of random variables. In fact,

Žby appealing to the ultrapower construction on natural numbers see, for example,
.Hurd and Loeb, 1985 , the hyperfinite processes in this context are simply

equivalence classes of triangular arrays of random variables, and the external
cardinality of their index sets is the same as the cardinality of the continuum,
which means that a hyperfinite number of random variables is a continuum of
random variables.

Second, a general hyperfinite process f is usually not reducible to a continuous
parameter process measurable with respect to the relevant product measure. It can
be done so if and only if a sort of essential continuity in term of the index variable

Žt must be imposed on the random variables f see, for example, Keisler, 1988, p.t
.118, and also Lemma A.5 in Appendix A . As noted in Sections 3.2 and 4.3

below, f usually has a non-trivial part with low intercorrelation, or in other words,
the process admits randomness on the individual level and thus even not measur-

Žable with respect to the relevant product space of Loeb spaces the essential
.continuity certainly cannot be satisfied . Thus, if a typical large random economic

system is modeled by a continuous parameter process, then some economic
phenomena associated with the large system are already lost by the choice of the
continuum model. In fact, to model a probabilistic phenomenon involving a large
number of random variables in situations where there is no natural topological
structure on the set indexing these random variables, it is also not meaningful to
use a Lebesgue interval instead of a hyperfinite set as the index set. On the other

Ž .hand, when a time parameter which allows a natural topological structure is
explicitly introduced into a model with many economic entities, one can use a

Žhyperfinite number of stochastic processes to model the economic situation see
.Sections 5.4 and 8 .

Third, exact results on hyperfinite processes can be routinely translated to large
Ž .finite results and vice versa this is also relevant to the first point . This type of

Ž .property, called asymptotic implementability in Khan and Sun 1997a , essentially
comes from the basic requirement on a non-standard model being elementarily
equivalent to the standard model, i.e., they have the same collection of true
sentences in a formal language. The property guarantees that the pathological
phenomena as discussed in the early part of this introduction will not arise in the
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hyperfinite setting. Such kind of translations were already used by Brown and
Ž .Robinson 1972 to obtain approximate results on the core of large finite economies

from some internal results. We also illustrate such a translation in Section 9 to
relate some exact results on hyperfinite processes to approximate results on
triangular arrays of random variables.

The paper contains various versions of the law of large numbers for processes
over Loeb product spaces. 3 There are also some unexpected findings in our work.
In particular, we show that almost sure uncorrelatedness and almost sure pairwise
independence are not only sufficient, but in contrast to the previous literature, also
necessary for the validity of appropriate versions of the law of large numbers.
Such intrinsic characterizations are then used to unify many other conditions
involving characteristic functions, generating functions, method of moments,
maximum of random variables, etc. The reinterpretation of some of the results to
the large finite setting shows that asymptotic uncorrelatedness or asymptotic

Žpairwise independence is necessary and sufficient for a triangular array or a
.sequence of random variables to satisfy appropriate versions of the law of large

numbers. For a general real-valued square integrable hyperfinite process, we
analyze its structure in Sections 4.2 and 4.3 below. The asymptotic interpretation

Ž .of the structural result called a hyperfinite factor model roughly says that a
process formed by a large finite number of random variables can be expressed as
the sum of a relatively small number of product functions together with a residual
term which has low intercorrelation. Moreover, linear combinations of random
variables in the residual term in general satisfies the law of large numbers
approximately. This is another instance of ‘aggregation removes individual uncer-
tainty’, which also indicates the central importance of the particular topic of law of
large numbers in a general theory of hyperfinite processes.

Most of our results can be understood in the aspect that these results are valid
Ž .on a special kind of standard measure spaces i.e., the Loeb spaces but not valid

on the traditional measure spaces. 4 In fact, there is no hope of developing an
Žanalog of our theory for processes with a Lebesgue interval parameter set see

.Appendix A . Our results differ from those in the literature of non-standard theory
of stochastic processes in the aspect that both the conditions we use and the results
we derive involve standard notions of conditional expectation, orthogonality,

3 Note that Theorems 3.17 and 4.2 as well as some parts of Theorems 4.6 and 7.6 in this paper are
Ž .announced in Sun 1996a .

4 Since Loeb spaces are standard measure spaces, one can understand almost all the results and
many proofs by regarding Loeb spaces as some special measure spaces endowed with certain desired
properties not shared by other measure spaces. Note that when Lebesgue measure on the real line is
used, one can usually ignore the Dedekind set-theoretic construction of real numbers and the particular
construction of Lebesgue measure. For applications of the theory developed here, the particular
construction of hyperfinite sets as well as that of Loeb spaces can also be ignored.
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uncorrelatedness and independence rather than the transferred version of these
notions. 5 In fact, the study of non-standard processes has been focused on those
internal processes or their standardizations, which are reducible to the usual

Ž .continuous parameter processes see, for example, Albeverio et al., 1986 .
Once the conceptual foundations are properly set, the proofs of many of our

results on Loeb product spaces are not particularly difficult. Except for a few
special results whose proofs depend on non-standard arguments, most other proofs
are based on the application of these special results through standard measure–the-
oretic methods. 6 On the other hand, by comparing the asymptotic results with
their exact versions in the Loeb space setting, we observe that complex approxima-
tions in the large finite case are reduced to simple truth in the ideal setting. These
two facts together show the power of the chosen analytical framework as well as
the regularity of the objects being studied. Thus, additional power is injected into
probabilistic and measure–theoretic methods via the special measure spaces–Loeb
spaces.

We conclude this introduction by summarizing the economic relevance of the
results in this paper. First, as already emphasized earlier, hyperfinite processes
form a suitable class for modeling large random economic phenomena. Second, on
a more specific level, the meaning of individual risks, as documented in Anderson
Ž . Ž . Ž .1991 , Feldman and Gilles 1985 and Green 1994 , is that these risks are borne
by individual economic entities but not by ‘large’ coalitions; thus, our characteri-
zations of those hyperfinite processes satisfying the relevant versions of the law of
large numbers by the various microscopic conditions provide a rather complete
understanding about the description and cancellation of individual risks or uncer-
tainty in general situations. Third, the results in this paper as well as their

Ž .generalizations in Sun 1997b are already applied to particular economic models.
The endogenous hyperfinite factor model as summarized in Corollary 4.8, which
derives factors endogenously through the Karhunen–Loeve type biorthogonal´
expansion and allows the complete removal of individual risks through diversifica-

Ž .tion, are used in Khan and Sun 1997b to single out three types of risks in a large
asset market and then to unify some basic ingredients in the capital-asset-pricing

Ž . Ž .model of Sharpe 1964 and Lintner 1965 , and the arbitrage pricing theory of
Ž .Ross 1976 . The law of large numbers for set-valued processes is developed in
Ž .Sun 1997b and then used to establish stochastic consistency in general equilib-

5 These standard notions are very helpful for the discovery and the proof of those results which have
no analog in classical probability theory as well as in nonstandard probability theory developed so far.
Indeed, as noted above, if we interpret the results asymptoticly, we can obtain many new results about

Ž .triangular arrays or sequences of random variables.
6 Except that of Theorem 3.1, all the proofs in Sections 3, 4, 7 and 8 can be understood without

knowledge about nonstandard analysis, provided that either Theorem 3.1 or a Fubini theorem for Loeb
measures is assumed.
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rium models with idiosyncratic shocks in endowments and preferences; 7 a coun-
Ž .terpart in the setting of large games is also considered by Khan and Sun 1996b .

Finally, we note that a main contribution of this paper as well as that of Sun
Ž .1996a,b, 1997a,b is to obtain special probabilistic and measure–theoretic proper-
ties of Loeb spaces which have direct significance for problems in economic
theory, game theory and finance, where traditional measure theory is not applica-
ble.

2. The mathematical background

As usual in the probabilistic literature, in this paper, a measurable function of
two variables will be referred to as a process. When processes with the classical
parameter sets such as the set Zq of positive integers or a Lebesgue interval are
involved, we shall use the term ‘stochastic processes’ to describe them since, in
this case, we are more interested in the finite dimensional distributions of the
processes generated from the parameter sets rather than the means or distributions

Žof the sample functions. When a continuum or a hyperfinite number in our
.setting of stochastic processes are concerned, we may also call the collection a

hyperprocess. For a continuum of continuous parameter stochastic processes, the
first continuum is an index set and the second continuum often refers to time.

We shall now give a brief discussion about Loeb spaces and refer the interested
Ž .readers to Khan and Sun 1997a for constructions of Loeb spaces based on

Ž .sequences for details, see Albeverio et al., 1986; Hurd and Loeb, 1985 . Let T
and V be internal sets, TT and AA be some internal algebras of internal subsets of
T and V respectively. Let l and P be finitely additive internal probability

Ž . Ž .measures on T , TT and V , AA respectively. Define a real-valued set function
Ž . Ž . Ž Ž ..8P on V , AA such that for each AgAA, 8P A is standard part 8 P A of the

Ž .finite non-standard real number P A . The / -saturation property implies that a1

countably infinite union of disjoint non-empty sets in AA is never itself in AA, and
hence 8P is trivially countably additive. Thus the Caratheodory extension theorem´

Ž .shows that 8P can be extended to a standard probability measure L P on the
Ž . Ž Ž . Ž ..s-algebra s AA generated by AA. Let V , L AA , L P be the completion of the

Ž Ž . Ž ..space V ,s A , L P . This completion is usually referred to as the Loeb space.
Ž Ž . Ž ..We can also obtain the corresponding Loeb space T , L TT , L l in the same

way.

7 Ž .A sequential version was first formulated by Hildenbrand 1971 . General equilibrium models with
Ž . Ž .indivisible goods as studied by Mas-Collel 1977 and Khan and Yamazaki 1981 are also considered.

In contrast to the approach based on the special connection between two Loeb spaces as used here and
Ž . Ž .in Sun 1997b , the papers of Sun 1996b, 1997a focus on the special properties of one Loeb space,

Ž .and these properties are applied to non-cooperative game theory in Khan and Sun 1996a, 1997a .
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Ž .Note that the internal product space T=V , TmAA, lmP is also an internal
Ž Ž .probability space. The corresponding Loeb space is denoted by T=V , L TTmAA ,

Ž ..L lmP ; it is referred to as the Loeb product space. In this paper, all processes
on the Loeb product space are assumed to be measurable with respect to the Loeb
product algebra. Given a process f on the Loeb product space, for each tgT , and

Ž . Ž .vgV , f denotes the function f t,P on V and f denotes the function f P,vt v

on T. When we interpret T as the parameter space and V as the sample space of
the process f , the f are usually called the random variables of the process, whilet

the f form the sample functions of the process.v

A real-valued measurable process f on the Loeb product space is said to satisfy
Ž . Ž .the law of large numbers or simply the law if for L P -almost all vgV ,

H f t d L l t sHH fd L lmP ,Ž . Ž . Ž . Ž .T v T=V

i.e., for almost all sample realizations vgV , the mean of the sample function fv
on the parameter space is equal to the mean of f as a random variable on the joint
space of parameters and samples. For the case that f takes values in some metric

Žspace X, we say that f satisfies the law of large numbers in distribution or simply
. Ž .the law in distribution if for L P -almost all vgV , the empirical distribution of

the sample function f is the same as the distribution of f as a random variable onv

the Loeb product space.
As proposed in Section 1, it is appropriate to use hyperfinite sets to index

processes. Since asymptotic versions of hyperfinite sets are sequences of finite
sets, there is no probabilistic reason to use a general internal set T as a parameter
space of processes. In fact, from the point of view of scientific modeling, it is even
not necessary to consider sample spaces beyond hyperfinite sets, since processes
with hyperfinite sample spaces already capture the asymptotic as well as continu-
ous nature of the phenomena being modeled. The main reason to allow the sample
space V to be a general internal set is to relate our results on Loeb spaces to the
part of probability theory involving a triangular array of random variables on a

Ž .common probability space see Section 9 . Since V is allowed to be non-hyper-
finite, we also allow T to be so for symmetric treatment of the mathematical
results as well as for the sake of completeness and generality.

Note that standard models and the corresponding non-standard models have the
same collection of true sentences in a suitable formal language. This fact allows
the formulation of the transfer principle, which precisely states that the truth
values of the interpretation of a sentence in the standard and non-standard models
are the same. Thus it is important to note that the transfer of an existing result in
the standard model will not give us anything new, other than a reinterpretation of
the same result. In the case of the law of large numbers, one can transfer a version
of the standard weak law of large numbers in the form involving a second moment
Ž Ž . .see, for example, Chung 1974 , pp. 228–229 to obtain immediately a law of
large numbers for a hyperfinite sequence of )-independent random variables with
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Ža hyperfinite counting probability measure on the index set see, for example,
.Anderson, 1991; Keisler, 1977; Nelson, 1987 and Stroyan and Bayod, 1986 . In

fact, one can even obtain the stronger central limit theorem for a hyperfinite
sequence of )-independent random variables by interpreting some standard ver-

Žsion of the central limit theorem in non-standard models see Albeverio et al.,
.1986; Anderson, 1976; Nelson, 1987; and Stroyan and Bayod, 1986 .

In spite of the fact that the law of large numbers obtained by transfer is
mathematically the same as its classical counterpart, we note that )-independence
is not a robust condition for probabilistic modeling, since any infinitesimal error
will destroy the property. From another aspect, to relate to traditional measure–
theoretic results, one needs to work with a general standard process on a Loeb
product space. Then )-independence is not a condition on the standard process but
a condition on some lifting of the process, which is unfortunately not unique. Even
if it is satisfied by one lifting, it will not be satisfied by almost all the rest. Thus,
even though one can obtain a process satisfying both the macroscopic stability and
the independence condition through transfer and pushing-down, this is not really a
law of large numbers for processes on a Loeb product space as argued in the

Ž .introduction in the context of the example in Judd 1985 . Moreover, the existence
of an internal sequence of )-independent random variables on a hyperfinite set V

with a hyperfinite index set T imposes restriction on the comparative size of T
Ž .and V . For example, let f be an internal process from T=V , TTmAA, lmP to

� 4y1,1 such that the f are identically distributed with equal distribution on y1t
< < < <and 1. Let T and V be the internal cardinalities of T and V respectively. If the

� 4f are )-independent, then, for any given internal sequence i of y1 and 1,t t t g T
Ž� Ž . 4 <T <P v: ; tgT , f v s i s1r2 . That set is non-empty, and hence V is thet t

<T < <T < < <union of 2 many disjoint non-empty sets. Therefore, 2 F V . Even if we only
assume the random variables f to be pairwise independent, similar problem stillt

exists. In this case, the f , tgT are not equal to each other. Since there are onlyt
< V < � 4 < < < V <2 many different internal functions from V to y1,1 , we know that T F2 .

Thus, results with the assumption of )-independence or even pairwise indepen-
dence rule out many possible underlying spaces. It will be seen in Theorem 6.2
below that the almost sure pairwise independence condition proposed in this paper
has a sort of strong universality. Moreover, almost sure uncorrelatedness and
almost sure pairwise independence will prove to be intrinsic pertaining to the

Ž .study of the law of large numbers see Theorems 3.17, 4.6 and 7.6 .
Now we recall the following easily established fact about non-standard product

Ž Ž . Ž .. Ž Ž .spaces: Given the standard measure spaces T , L TT , L l and V , L AA ,
Ž .. Ž .L P , as first noted in Anderson 1976 , the standard product measure space

Ž Ž . Ž . Ž . Ž ..T=V , L TT mL AA , L l mL P is contained in the Loeb product space
Ž Ž . Ž .. ŽT=V , L TTmAA , L lmP see also Cutland, 1983; Stroyan and Bayod,

. Ž . Ž .1986 . Let UU denote the product s-algebra L TT mL AA . For an integrable
Ž < .real-valued process f on the Loeb product space, we let E f denote theUU

conditional expectation of f with respect to UU.
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The difference between the two different types of non-standard product spaces
needs special attention in the main body of this paper. Those non-standard product
spaces which are obtained by taking the internal product first and the Loeb
operation later have been called the Loeb product spaces, while spaces which are
obtained by taking the Loeb operation first and the standard product later will be

Žcalled the product Loeb spaces. On the other hand, the difference between T=V ,
Ž . Ž . Ž . Ž ..L TT mL AA , L l mL P and its completion will not be elaborated in this

paper. Both will be referred to as product Loeb spaces and denoted by UU.
The rest of the paper is organized as follows. Section 3 presents various

versions of the law of large numbers for real-valued processes on Loeb product
spaces. Real-valued square integrable processes on Loeb product spaces are
studied in detail in Section 4. Section 5 concerns with random variables and
processes taking values in a separable metric space. In Section 6, it is shown that
one can construct a process with almost surely pairwise independent random
variables from a general atomless Loeb product space to a Polish space with given
variety of distributions, and thus our theory is always not vacuous. Section 7
characterizes the consistent law of large numbers in distribution via various
multiplicative properties of random variables. In Section 8, some results in
Sections 5–7 are generalized to the setting of a hyperfinite number of continuous

Ž .parameter stochastic processes a hyperprocess . In Section 9, several results on
Loeb product spaces are translated to asymptotic results about triangular arrays of
random variables. Section 10 contains some concluding remarks and finally some
negative results on processes indexed by the unit Lebesgue interval are presented
in Appendix A.

3. The law of large numbers for real-valued processes

3.1. Introduction

We focus on real-valued processes in Sections 3.2, 3.3, 3.4 and 3.5 below.
Since our primary concern in this paper is the study of functions of several
variables, it is important to know the probability measure with which the functions
are integrated. Thus, for a real or complex valued random variable g on a

Ž .probability space L, BB, m , we usually use the integral H gdm rather than EgL

to denote the expectation of g. When there is no confusion, Eg will also be used.
We establish in Section 3.2 the relevance of the law of large numbers with the

conditional expectation with respect to UU. In particular, for a real-valued inte-
Ž < .grable process f on a Loeb product space, if the conditional expectation E f UU

of f with respect to the associated product Loeb algebra UU is essentially a
function of the index variable t only, then f satisfies the law. That result is, in a
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Žcertain sense, the best possible for the class of integrable processes see Theorem
.3.17 in Section 3.5 . One can regard Theorem 3.1 as a primitive version of the law

of large numbers which can be used to prove the Fubini theorem for Loeb
measures and all other versions of the law of large numbers in this paper by using
only simple measure–theoretic constructions. Section 3.3 presents the law for
processes with almost surely orthogonal or uncorrelated random variables. Section
3.4 gives several versions of the law in distribution. In Section 3.5, we study in
detail an important concept, the consistent law of large numbers, which formalizes
and generalizes an intuitive probabilistic observation ‘‘No betting system can beat
the house’’, i.e., a gambler cannot change the expectation of his return by timing
his betting. 8 Note that Theorems 3.1, 3.17 and 3.21 allow us to use various
properties of conditional expectations. This will prove to be very important in our
study.

( < )3.2. The conditional expectation E P and the lawUU

This section shows the importance of the conditional expectation operator with
respect to UU pertaining to the study of the law of large numbers. The main
theorem of the section, Theorem 3.1, says that for a real-valued integrable process

Ž Ž . Ž .. Ž < .f on the Loeb product space T=V , L TTmAA , L lmP , if E f isUU

independent of the particular samples, then f satisfies the law. For any given
real-valued integrable process e on the Loeb product space, let e be the residue

Ž < . Ž .process fyE f or the singular part of f . It follows from a property ofUU

conditional expectation that

< < < < < <E e sE f yE E f sE f yE f s0.Ž . Ž . Ž . Ž . Ž .Ž .uu uu uu uu uu uu

Hence, e satisfies the law. On the other hand, as noted earlier in the introduction,
one should start with a hyperfinite process on a Loeb product space for the
purpose of general stochastic modeling. If the hyperfinite process considered is
real-valued and integrable, then its residue process always satisfies the law. Since
there is no reason to impose the additional assumption that the residue process of a
general hyperfinite process is zero, one has to deal with processes satisfying the
law but not measurable with respect to the UU. This also means that the law of
large numbers plays an essential role in general stochastic modeling.

Note that the internal algebra TTmAA has a particularly simple structure. For
any set CgTTmAA, C can be expressed as a hyperfinite union of disjoint internal
rectangles. It can be shown that the Fubini property holds for lmP-integrable

Ž .internal functions on T=V it is trivial when T or V is hyperfinite .

8 The version of the consistency law defined here as well as other versions in Definitions 7.3 and 8.3
will prove to be crucial for the intrinsic characterizations of uncorrelatedness and independence in later
sections.
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Theorem 3.1. Let f be a real-Õalued integrable process on the Loeb product space
( ( ) ( )) ( < )T=V , L TTmAA , L lmP . If E f sh, where h is an integrable function onUU

( ( ) ( )) ( ) ( )T, L TT , L l , then for L P -almost all vgV , f is integrable, and H f dL lv T v

( ) ( ) ( ) ( ) ( ) ( )sH h t d L l . MoreoÕer, for any giÕen AgL TT , H f d L l sH h t d L l forT A v A
( )L P -almost all vgV .

Ž . � Ž .Proof: It is easy to show that for a L lmP -null set D, the section D s t: t,vv

4 Ž . Ž . Ž .gD is L l -null for L P -almost all vgV see Albeverio et al., 1986, p. 76 .
For the sake of completeness, we include the proof here. Choose a decreasing

� n4` 0 ` n 0sequence A of internal sets in T=V such that A sF A , D:A andns0 ns1
Ž .Ž 0.L lmP A s0. Then for each nG1,

L lmP An s 8 lmP An s 8H l An d PsH 8l An d L PŽ . Ž . Ž . Ž . Ž .Ž . Ž .V v V v

sH L l An d L P .Ž . Ž .Ž .V v

Ž .Ž 0 . Ž . Ž .Hence, H L l A d L P s0, which implies that for L P -almost all vgV ,V v
0 Ž .A is L l -null. The result then follows from the fact that D:A .v 0

Now we assume hs0. Let g be an S-integrable internal lifting of f on the
� Ž . Ž . 4Loeb product space and let B s v:H g t,v dl t )1rn for each nG1. It isn T

Ž . Ž .clear that x Pg is still an S-integrable internal lifting of x P f , whereT=B T=Bn n

Ž < .x is the indicator function of the set T=B in T=V . Since E f s0, weUUT=B nn

have

HH x fd L lmP s0,Ž .T=V T=Bn

Ž . Žand hence, HH gd lmP ,0 by a result on S-integrability see, for example,T=Bn

.Anderson, 1976, p. 20, or Albeverio et al., 1986, p. 72 . On the other hand,

HH gd lmP sH H gdld P)1rnP B .Ž . Ž .T=B B T nn n

Ž . � Ž . Ž .Therefore, P B ,0. Similarly, the P-measure of the set v:H g t,v dl t -n T
4 Ž . Ž .y1rn is also an infinitesimal. Hence, H g t dl,0 for L P -almost allT v

vgV . By the result shown in the previous paragraph, we know that for
Ž .L P -almost all vgV , g is an internal lifting of f . We still need to show thatv v

Žg is S-integrable. The proof given here is adopted from Albeverio et al., 1986,w
.p. 76 . It can be checked that

< < < <lim H 8 H g dl d L P F lim 8H H g dld PŽ .Ž .V < g < ) n v V < g < ) n vv vn™` n™`

< <s lim 8H g d lmP s0.Ž .< g < ) n
n™`

< <Therefore, the monotone decreasing sequence of functions 8H g dl con-< g < ) n vv

Ž . Žverge to 0 for L P -almost all vgV . By Proposition 3.2.10 Albeverio et al.,
. Ž .1986, p. 72 , we obtain the S-integrability of g for L P -almost all vgV .v

Ž . Ž .Hence for L P -almost all vgV , f is integrable and H f d L l s0.v T v
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Ž < . Ž < . Ž < .For the general case, let es fyh. Then E e sE f yE h s0.UU UU UU

Ž . Ž . Ž .Hence, H e d L l s0 for L P -almost all vgV . Therefore, for L P -almostT v

Ž . Ž . Ž .all vgV , f shqe is integrable and H f d L l sH h t d L l .v v T v T
Ž . Ž < . Ž < .Finally, for any given AgL TT , it is clear that E x f sx E f sx h,UU UUA A A

where x is the indicator function of A in T. Thus, the result shown aboveA
Ž . Ž . Ž .implies that for L P -almost all vgV , H x f d L l sH x hd L l , and henceT A v T A

Ž . Ž . Ž .H f d L l sH h t d L l . IA v A

To appreciate the power of Theorem 3.1, we shall show in the next proposition
that Theorem 3.1 together with the usual Fubini theorem for product measure
spaces implies the Fubini theorem for Loeb measures. The latter Fubini theorem is
also known as Keisler’s Fubini theorem for Loeb measures. It was first proven for

Ž .bounded functions on hyperfinite Loeb spaces in Keisler 1977 and generalized in
Ž . Ž . Ž .Albeverio et al. 1986 , Cutland 1983 , Loeb 1985 and Stroyan and Bayod

Ž .1986 .

Proposition 3.2. We assume the following Õersion of Theorem 3.1: if e is a
( ( )real-Õalued integrable process on the Loeb product space T=V , L TTmAA ,

( )) ( < ) ( )L lmP with E e s0, then for L P -almost all vgV , e is integrable andUU v

( ) ( (H e d L l s0. Then for any real-Õalued integrable process f on T=V , L TTmT v

) ( ))AA , L lmP , we haÕe

HH fd L lmP sH H fd L l d L P sH H fd L P d L l .Ž . Ž . Ž . Ž . Ž .T=V V T T V

Ž < . Ž < .Proof: Let e be the residue process fyE f of f. Then E e s0. By theUU UU

Ž . Ž .assumed version of Theorem 3.1, we obtain H e d L l s0 for L P -almost allT v

Ž . Ž . Ž < .vgV , and hence H H ed L l d L P s0. Since E f is integrable with re-UUV T

spect to the completion of the relevant product Loeb space. The usual Fubini
theorem for product measures implies that

< <HH E f d L lmP sH H E f d L l d L P .Ž . Ž . Ž .Ž . Ž .uu uuT=V V T

Hence, we also have

<HH fd L lmP sHH E f d L lmPŽ . Ž .Ž .uuTmV T=V

<sH H E f d L l d L PŽ . Ž .Ž .uuV T

sH H fd L l d L P yH H ed L l d L PŽ . Ž . Ž . Ž .V T V T

sH H fd L l d L P .Ž . Ž .V T

By symmetry, the other equality follows. I

Ž .Note that integrability conditions on f and on H f d L l , which are implicitlyv T v

used in the statement and proof of Proposition 3.2, follow from the standard
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Fubini theorem and the corresponding integrability condition on e . Since thev

Žmain arguments in the proof of the Fubini theorem for Loeb measures see
.Albeverio et al., 1986 are used in the proof of Theorem 3.1, it is not surprising

that we can give a shorter proof of Theorem 3.1 based on that theorem. Thus,
Theorem 2.1 is essentially equivalent to the Fubini theorem for Loeb measures in
the sense that we can prove one by assuming the other.

Remark 3.3. A proof of Theorem 3.1 by using the Fubini theorem for Loeb
( ) ( < )measures: Fix any AgL TT . Since E f sh, it follows from the definition ofUU

the conditional expectation that

<HH fd L lmP sHH E f d L lmP sHH hd L lmPŽ . Ž . Ž .Ž .uuA=B A=B A=B

( )for any measurable set B in L AA . By the Fubini theorem for Loeb measures

H H f t d L l d L P sH H h t d L l d L P .Ž . Ž . Ž . Ž . Ž . Ž .B A v B A

Ž Ž .. Ž . Ž Ž t .Thus, the measure n on V , L AA defined by n B s H H f yB A v

Ž .. Ž . Ž .h t d L l d L P is the zero measure. By the uniqueness of the Radon–Nikodym
Ž . Ž .derivative see, for example, Royden, 1968, p. 238 , we obtain for L P -almost all
Ž . Ž . Ž . Ž .vgV , H f yh d L l s0, and hence, H f d L l sH hd L l . The rest isA v A v A

clear. I

( )Remark 3.4. Let f be a real-Õalued integrable process such that for L lmP -almost
( ) ( < )( ) ( ) ( ) ( )all t, v gT=V , E f t, v sh t . Then we must haÕe h t sH f d L P forUU V t

( )L l -almost all tgV . This claim is easy to proÕe. Since for any AgTT,
( ) ( ) ( )H f d L l sH hd L l for L P -almost all vgV . By integrating the functionsA v A

( )on both sides of the identity with respect to L P on V , the Fubini theorem for
( ) ( ) ( ) ( )Loeb measures implies that H H f d L P d L l sH h t d L l . Hence, by theA V t A

arbitrary choice of A and the uniqueness of the Radon–Nikodym deriÕatiÕe, it
( ) ( ) ( )follows that h t sH f d L P for L l -almost all tgT.V t

The next proposition presents a sort of uniform law for processes whose
conditional expectations with respect to the relevant product Loeb spaces are
independent of particular samples. The essential idea in the proposition will also
be used in the appendix to formulate Lemma A.1. Note that a s-algebra on a
space is said to be countably generated if it is generated by some countable family

Ž .in the s-algebra Cohn, 1980, p. 110 .

Proposition 3.5. Let f be a real-Õalued integrable process on the Loeb product
( ( ) ( )) ( < )space T=V , L TmA , L lmP . Assume that E f sh and h is an integrableUU

( )function on T. Let BB be a countably generated sub-s-algebra of L TT . Then for
( )L P -almost all vgV , the following equality

H f t f t ,v d L l t sH f t h t d L l tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .T T
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holds for all bounded BB-measurable function f . In particular, if a is a Loeb
( )measurable function from T to a separable metric space X, then for L P -almost

all vgV , the identity

H c a t f t ,v d L l t sH c a t h t d L l tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .T T

holds for all bounded Borel function c on X.

Proof: Since BB is countably generated, we can choose countably many sets
A , ns1,2, . . . , such that the vector space V spanned by the indicator functionsn

of all the A over the rational field is dense in the space of integrable functionsn
Ž Ž .. Ž . Ž < .over T , BB, L l Cohn, 1980, p. 110 . For fgV , since E f sh, we haveUU

Ž < .E f f sfh. Hence it follows from Theorem 3.1 thatUU

H f t f t ,v d L lmP sH f t h t d L lŽ . Ž . Ž . Ž . Ž . Ž .T T

Ž .for L P -almost all vgV . Since V is still countable, we can choose a subset B
Ž . Ž . Ž .of V with full measure such that for each vgB, H f t f t, v d L l sT

Ž .H fhd L l holds for all fgV. Without loss of generality, we assume A sT ,T 1

and thus the constant function 1 is in V. Therefore, for each vgB, f isv

Ž Ž . Ž ..integrable over T , L TT , L l .
Now for any bounded BB-measurable function f with an essential bound M,

� 4`we can choose a sequence f from V such that the f are bounded by Mn ns1 n

and converge to f almost surely. Thus for each fixed vgB, the f f aren v

Ž Ž . Ž ..integrable over T , L TT , L l and converge to f f almost surely. Since thew
< < < <f f and the f h are dominated by the integrable functions M f and M hn w n v

respectively, we obtain

H f f d L l s lim H f f d L l s lim H f hd L l sH fhd L lŽ . Ž . Ž . Ž .T v T n v T n T
n™` n™`

Ž . Ž .Hence, H f f d L l sH fhd L l for all bounded BB-measurable function f.T v T

For a Loeb measurable function a from T to a separable metric space X, let
Ž .`O be a countable open base of X and BB the s-algebra generated by all then ns1

y1Ž .a O . Then for all bounded Borel function c on X, c(a is BB-measurable.n

The rest is clear. I

3.3. The law for square integrable processes

For simplicity, hereafter the Fubini theorem shall refer to the usual Fubini
theorem for product measures as well as the Fubini theorem for Loeb product
measures. Theorems 3.7 and 3.8 below present versions of the law for processes
with almost surely orthogonal or uncorrelated random variables. To prove the
theorems, we need the following technical lemma on the integrability of some
relevant functions. The proof is based on the Tonelli theorem for Loeb measures in

Ž . Ž .Hurd and Loeb 1985 p. 204 . Similar integrability problems will arise quite
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often in the later part of this paper. They can usually be solved by using the same
idea and the proofs will be omitted.

( ( ) ( ))Lemma 3.6. Let f be a real-Õalued process on T=V , L TTmAA , L lmP .
( ) 2( ) ( )Assume that f is L lmP -square integrable. That is, HH f t, v d L lmP -`.T=V

Then,
( ) Ž . Ž . Ž . (1 the function G on T=T=V defined by G t ,t ,v s f v f v is L lml1 2 t t1 2

)mP -integrable;
( ) ( ) Ž . Ž . Ž . (2 for L lml -almost all t ,t gT=T , f v f v is integrable oÕer V ,1 2 t t1 2

( ) ( ))L AA , L P ;
( ) ( ( ) ( ))3 the function Ef is square integrable oÕer V , L AA , L P .v

Ž . Ž . Ž .Proof: First note that the function G t ,t ,v s f v f v on T=T=V is1 2 t t1 2

Ž .L TTmTTmAA -measurable. The Tonelli theorem for Loeb measures implies that,
Ž . Ž . Ž .for L lml -almost all t ,t gT=T ,G is L AA -measurable, and also1 2 Ž t , t .1 2

< <HHH G t ,t ,v d L lmlmPŽ . Ž .T=T=V 1 2

< <sHH H f v f v d L P d L lmlŽ . Ž . Ž . Ž .T=T V t t1 2

< <sH HH f t ,v f t ,v d L lml d L PŽ . Ž . Ž . Ž .V T=T 1 2

< < < <sH H f t ,v d L l t H f t ,v L l t d L PŽ . Ž . Ž . Ž . Ž . Ž . Ž .V T 1 1 T 2 2

2
< <sH H f t ,v d L l d L PŽ . Ž . Ž .Ž .V T

2 2< < < <sH E f d L P FH H f t ,v d L l d L PŽ . Ž . Ž . Ž .Ž .V v V T

sHH f 2 f ,v d L lmP -`.Ž . Ž .T=V

Ž . Ž . Ž .Hence, G is L lmlmP -integrable, and for L lml -almost all t ,t gT=1 2
< < ŽT ,G is integrable. It is also clear that E f is square integrable over V ,Ž t , t . v1 2

Ž . Ž .. < < < <L AA , L P . Since Ef FE f for all vgV , it is obvious that Ef is squarev v v

Ž Ž . Ž ..integrable over V , L AA , L P . The proof is thus complete. I

Ž . Ž . Ž .Let H v ,v ,t s f t f t . If f is square integrable over the Loeb product1 2 v v1 2

Ž .space, then by symmetry, the above lemma also shows that H is L PmPml -
Ž Ž . Ž .. Ž . Ž .integrable; Ef is square integrable on T , L TT , L l ; and f t f t ist v v1 2

Ž . Ž . Ž .L l -integrable for L PmP -almost all v , v gV=V . We shall now present1 2

a law of large numbers for processes with almost surely orthogonal random
variables.

Theorem 3.7. Let f be a real-Õalued square integrable process on the Loeb
( ( ) ( ))product space T=V , L TTmAA , L lmP . Assume that the random Õariables ft

( ) Ž .are almost surely orthogonal, i.e., for L lml -almost all t ,t gT=T , Ef , f1 2 t t1 2

( )s0. Then for L P -almost all vgV , Ef s0.v
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Ž .Proof: By Lemma 3.6, the function G on T=T=V defined by G t ,t ,v s1 2
Ž . Ž . Ž .f v f v is L lmlmP -integrable. Then the same calculations as in thatt t1 2

lemma together with the Fubini theorem imply that

HHH G t ,t ,v d L lmlmPŽ . Ž .T=T=V 1 2

sH HH f t ,v f t ,v d L lml d L PŽ . Ž . Ž . Ž .V T=T 1 2

2
sH H f t ,v d L l d L P .Ž . Ž . Ž .Ž .V T

Ž .2Hence, E Ef sEG. On the other hand,v

EGsHHH G t ,t ,v d L lmlmPŽ . Ž .T=T=V 1 2

sHH H f f d L P d L lml s0.Ž . Ž .T=T V t t1 2

Ž .2 Ž .Therefore, E Ef s0, which implies that Ef s0 for L P -almost all vgV .v v

I

Ž .Note that in the above theorem, if A is an atom of L l , then there is a random
Ž .variable f such that f sf for L l -almost all tgA. By the assumption oft

almost sure orthogonality, f must be orthogonal to itself, and hence f'0.
Therefore, f '0 for almost all tgA. In the next theorem, we establish a versiont

of the law for real-valued processes with almost surely uncorrelated random
variables. Note that two real-valued random variables f and c are uncorrelated, if
Ž . Ž .E fc sEfEc . Atoms are also allowed for L l . In particular, if A is an atom

Ž .for L l , then f needs to be uncorrelated to itself for almost all tgA, i.e.,t
2 Ž .2Ef s Ef . The classical Cauchy–Schwarz inequality implies that for almost allt t

tgA, f must be a constant function.t

( ( ) ( ))Theorem 3.8. Let f be square integrable oÕer T=V , L TTmAA , L lmP .
Assume that the random Õariables f are almost surely uncorrelated, i.e., fort

( ) ( )L lml -almost all t , t gT=T, f and f are uncorrelated. Then for1 2 t t1 2

( ) ( ) ( )L P -almost all vgV , Ef sEf, i.e., H f dL l sHH fdL lmP .v T v T=V

Ž . Ž .Proof: Let e t,v s f t,v yEf . Since f is square integrable, it is clear that e ist

also square integrable over the Loeb product space. By the fact that the random
variables f are almost surely uncorrelated, we know that the e are almost surelyt t

Ž .orthogonal. Hence, Theorem 3.7 implies that Ee s0 for L P -almost all vgV .v

Therefore the Fubini theorem implies that

Ef sE e qEf sEe qE Ef sEe qEfsEfŽ . Ž .v v t v t v

Ž .for L P -almost all vgV . I
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3.4. The law in distribution

In this section, we present some sufficient conditions for a real-valued process
to satisfy the law in distribution. To do this, we introduce the following type of
independence, which is called diagonal independence in the sense that the diagonal
of the joint distribution function is required to be the product of the relevant
marginal distribution functions.

Definition 3.9. Let f , f be real-valued random variables on some probability1 2

space, F , F their distribution functions, and F their joint distribution function. If1 2
Ž . Ž . Ž .for any xgR, F x, x sF x F x , then f and f are said to be diagonally1 2 1 2

independent.

It is obvious that independence implies diagonal independence. But the con-
Ž .verse is not true see Examples 7.1 and 7.2 . We can also view the above

definition in another perspective. Let c be the maximum of real-valued random
Ž . Žvariables f and f , and let F be the distribution of c . Then F x sF x,1 2 max max

. Ž .x Chung, 1974, p. 141 . Hence, f and f are diagonally independent if and1 2

only if F sF F . We can, of course, introduce diagonal independence for moremax 1 2

random variables. However, only the notion of pairwise diagonal independence is
relevant to our study. The following simple theorem says that almost sure pairwise
diagonal independence is sufficient for the satisfiability of the law in distribution.

( ( ) ( ))Theorem 3.10. Let f be a real-Õalued process on T=V , L TTmAA ,L lmP . If
the random Õariables f are almost surely pairwise diagonally independent, i.e.,t

( ) ( )for L lml -almost all t , t gT=T, f and f are diagonally independent,1 2 t t1 2

( )then for L P -almost all vgV , the distribution function F of the samplev

( ( ) ( ))function f on T, L TT , L l equals the distribution function F of f Õiewed as av

random Õariable on the Loeb product space.

Proof: Fix any xgR. Let g be the indicator function x y1 of the setf ŽŽy`, x x.
y1ŽŽ x.f y`, x in T=V . Then for any fixed tgT , g is the indicator functiont

y1ŽŽ x.y1x of the set f y`, x in V , and for any fixed vgV , g is thef ŽŽy`, x x. t vt
y1ŽŽ x.y1indicator function x of the set f y`,x in T. By the assumption off ŽŽy`, x x. vv

Ž . Ž .diagonal independence, we know that for L lml -almost all t , t gT=T ,1 2
y1ŽŽ x. y1ŽŽ x.f y`, x and f y`, x are independent events in V . Thus, the randomt t1 2

variables g are almost surely uncorrelated. By Theorem 3.8, we obtain that, fort
Ž .L P -almost all vgV ,

H g d L l sHH gd L lmP ,Ž . Ž .T v T=V

Ž .Ž y1ŽŽ x.. Ž .Ž y1ŽŽ x..which implies that L l f y`, x sL lmP f y`, x . By workingv

Ž .with a countable dense set in R, we can obtain that for L P -almost all vgV ,
the distribution functions F and F are the same. Iv
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It is well known that if two random variables f and c are independent, then
the characteristic function of the sum fqc is the product of the respective

Ž . Žcharacteristic functions. However, the following example in Loeve 1977a p.´
.275 shows that the converse of the previous statement is not true. The characteris-

tic function of a real-valued random variable a will be denoted by G .a

Example 3.11. Let f be a real-valued random variable with the Cauchy distribu-
1 1 y1Ž .tion function G x s q tan x, and let csf. Then the characteristic func-2 p

tions of the random variables f, c are the same and equal to e < uu<. The
characteristic function G of the random variable fqc is equal to e2 < uu<. Let Ffqc

Ž . Ž .be the joint distribution function of f and c . Then F 1,1 sG 1 s3r4, which
Ž . Ž .is certainly not equal to G 1 PG 1 s9r16. Thus, f and c are even not

diagonally independent and, of course, not independent. In fact, we should not
expect any sort of independence from them, since f and c are the same
non-constant random variable.

Ž Ž . Ž ..Now take a random variable f on the Loeb space V , L AA , L P with the
Cauchy distribution function as above. If we define a process f on the Loeb

Ž Ž . Ž .. Ž . Ž .product space T=V , L TTmAA , L lmP by letting f t, v sf v for all
tgT , then for all t ,t gT ,G sG G . This process f certainly does not1 2 f qf f ft t t t1 2 1 2
satisfy the law of large numbers. So it seems not plausible to obtain a general
version of the law of large numbers by using the multiplicative property of
characteristic functions. However, it is surprising that it can be done provided that
the sum is replaced by difference. For convenience, we introduce the following
definition.

Definition 3.12. Two real-valued random variables f, c are said to be G-uncorre-
lated, if G sG PG , i.e., the characteristic function of the random variablefyc f yc

fyc is the product of the characteristic functions of the random variables f and
yc .

Note that if we take a and b to be f and yf respectively, where f is the
random variable in Example 3.11, then a and b are G-uncorrelated but are
neither diagonally independent nor uncorrelated. On the other hand, as shown by
the following theorem, almost sure G-uncorrelatedness is also sufficient to ensure
the validity of the law in distribution.

( ( ) ( ))Theorem 3.13. Let f be a real-Õalued process on T=V , L TTmAA , L lmP . If
( )the random Õariables f are almost surely G-uncorrelated, i.e., for L lml -almostt

( ) ( )all t , t gT=T, f and f are G-uncorrelated, then for L P -almost all1 2 t t1 2

vgV , the distribution function F of the sample function f on T equals thev v

distribution function F of the random Õariable f on T=V .
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Proof: Note that the Fubini theorem for complex functions on Loeb product
spaces is still valid, which can be used to obtain the following: for any ugR,

< iu fv iu f < 2H Ee yEe d L P vŽ . Ž .V

sH H H eiu f t1
Žv .yEeiu f t1 eiu f t2

Žv .yEeiu f t2Ž . Ž .V T T

=d L l t L l t d L P vŽ . Ž . Ž . Ž . Ž . Ž .1 2

sHH G yG PG d L lml .Ž .Ž .T=T f yf f yft t t t1 2 1 2

It follows from the assumption of almost sure G-uncorrelatedness that the last
iu fv iu f Ž .integral is zero. Hence, Ee yEe s0 for L P -almost all vgV . This means

Ž .that for L P -almost all vgV , the characteristic function G the samplefv
function f on T is equal to the characteristic function of the process f viewed asv

a random variable on T=V . Since distribution functions are uniquely determined
Ž Ž . .by characteristic functions see, for example, Breiman 1968 , p. 170 , the theorem

follows. I

We observe that the process f in Theorems 3.10 and 3.13 is not required to be
integrable. However, if f is also assumed to be integrable, then the satisfiability of
the law in distribution by f implies that f satisfies the law. The following
corollary is thus obvious. Here we note that there are two diagonally independent

Žrandom variables which are neither uncorrelated nor G-uncorrelated see Example
.7.1 . It is also pointed out earlier that G-uncorrelated random variables could be

neither uncorrelated nor diagonally independent. It is straightforward to check that
Ž . Ž . w xsin p x and cos p x on the Lebesgue interval y1r2, 1r2 are uncorrelated but

neither G-uncorrelated nor diagonally independent. However, it will be seen in
Section 7.4 that the almost sure versions of diagonal independence and G-uncorre-
latedness are, in fact, stronger than almost sure uncorrelatedness.

Ž Ž .Corollary 3.14. Let f be a real-valued integrable process on T=V , L TTmAA ,
Ž ..L lmP . Assume that the random variables f are either almost surely pairwiset

Ž .diagonally independent, or almost surely G-uncorrelated. Then for L P -almost all
vgV ,

H f d L l sHH fd L lmP .Ž . Ž .T v T=V

3.5. The consistency law

In general, averages of a mass phenomenon stabilize at some fixed value as the
number of observations increases. The same limiting value is obtained if the
averages are evaluated over a previously given subsequence of the observations.
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This property has been characterized with the aphorism ‘‘No betting system can
Ž .beat the house’’ see, for example, Papoulis, 1965 ; it means that a gambler cannot

change the expectation of his return by timing his betting. For instance, in the
rolling game of a fair dice, if one considers the averages of every eleventh rolling,
the percentage of occurrences of a particular face approaches 1r6, and the same
average should also be obtained if every seventh rolling is counted. It is also

Ž .documented by Feldman and Gilles 1985 that if the special case of a continuum
of iid random variables is used to model individual risks, then one should require
sample averages of any non-negligible subcollection of the random variables to be
constant, which is shown by them to be inconsistent, however.

Next, we formalize and generalize the above intuitive observation to the
hyperfinite setting. The following notion of consistent satisfiability of the law of
large numbers will prove to be crucial in our theory. The rest of the section
explores the implications of this concept.

Definition 3.15. Let f be a real-valued process on the Loeb product space
Ž Ž . Ž ..T=V , L TTmAA , L lmP . We say that f satisfies the consistent law of large

Ž .numbers or simply the consistency law if for any internal set AgTT with
Ž .Ž . A ŽL l A )0, the process f on the reduced Loeb product space A=V ,
Ž A . Ž A .. Ž .L TT mAA , L l mP still satisfies the law. This means that for L P -almost

all vgV ,

H f Ad L l A sHH f Ad L l A mP ,Ž . Ž .A v A=V

where f A is the restriction of f to A=V , TT A is the collection of all internal
A Ž A.subsets of A in TT, and l is the internal probability measure on A, TT

rescaled from l.

The above definition simply says that a process satisfies the consistency law if
a set of random variables are taken away from the process and the resulting
process still satisfies the law. Though we considered the reduced Loeb product
spaces for all internal sub-index sets with positive Loeb measure, the following
lemma shows that we can actually focus on those large index sets only. It means

Ž .Ž .that we can only consider those A with L l A )1y´ for some prior given
Ž . Ž .real number ´g 0, 1 no matter how small ´ is . By this fact, we can reinterpret

the idea in Definition 3.15 as ‘‘a slight change in the size of the index set does not
affect the satisfiability of the law’’. It will also be seen in the proof of Proposition
9.2 that this relaxation is convenient. One can also find the asymptotic version of

Ž .Definition 3.15 in Proposition 9.2 2 , which seems quite reasonable from the
statistical point of view.

( ( )Lemma 3.16. Let f be a real-Õalued integrable process on T=V , L TTmAA ,
( )) ( )L lmP . If there is a real number ´g 0, 1 such that for any internal set AgTT

( )( ) A (with L l A )1y´ , the process f on the reduced Loeb product space A=V ,
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( A ) ( A ))L TT mAA , L l mP still satisfies the law, then f satisfies the consistency law.
Here f A, TT A and l A are the same as those in Definition 3.15.

Ž .Ž .Proof: For a given internal set AgTT with L l A )0, take a partition
Ž .Ž . Ž .Ž .A , . . . , A of A such that each L l A is less than ´ . Fix i. Since L l TyA1 n i i

Ž .Ž . Ž .and L l T are greater than 1y´ , we can obtain that for L P -almost all
vgV ,

H f d L l sHH fd L lmPŽ . Ž .TyA v ŽTyA .=Vi i

and

H f d L l sHH fd L lmP .Ž . Ž .T v T=V

Ž .These two identities imply that for L P -almost all vgV ,

H f d L l sHH fd L lmP .Ž . Ž .A v A =Vi i

Ž .Hence, for L P -almost all vgV ,
n n

H f d L l s H d d L l s HH fd L lmPŽ . Ž . Ž .Ý ÝA v A v A =Vi i
is1 is1

sHH fd L lmP .Ž .A=V

Ž .It means that for L P -almost all vgV ,

H f Ad L l A sHH f Ad L l A mP ,Ž . Ž .A v A=V

and we are done. I

It is obvious that f satisfies the consistency law if and only if for any
Ž .AgL TT ,

H f d L l sHH fd L lmP ,Ž . Ž .A v A=V

Ž .for L P -almost all vgV .
Next, note that for a process f , the assumption that the conditional expectation

Ž < .E f is equal to a function h on T seems to be a strong condition for f toUU

satisfy the law, since some properties of conditional expectations also imply that
Ž Ž . Ž . Ž . Ž ..any real-valued measurable function g on T=V , L TT mL AA , L l mL P

such that fPg is integrable over the Loeb product space, the equality

H f t ,v g t ,v d L l sH h t g t ,v d L lŽ . Ž . Ž . Ž . Ž . Ž .T T

Ž .holds for L P -almost all vgV . It will be seen below that this condition is also
the weakest in a certain sense. In particular, we show in the following theorem that

Ž < .f satisfies the consistency law if and only if E f is essentially a function onUU

the index set T.
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Theorem 3.17. Let f be a real-Õalued integrable process on the Loeb product
( ( ) ( ))space T=V , L TTmAA , L lmP . Then the following are equiÕalent:

( )1 f satisfies the consistency law;
( ) ( ) ( ) ( < )( ) ( )2 For L lmP -almost all t, v gT=V , E f t, v sh t , where h is anUU

( ( ) ( ))integrable function on T, L TT , L l .

Ž . Ž . Ž . Ž .Proof: For 1 ´ 2 , pick any measurable sets AgL TT and BgL AA .
Ž . Ž . Ž . Ž .Define h on T by letting h t sH f d L P . By 1 , we have for L P -almost allV t

vgV ,

H f d L l sH H fd L P d L l sH h t d L l .Ž . Ž . Ž . Ž . Ž .A v A V A

Whence

H H f d L l d L P sH H h t d L l d L P .Ž . Ž . Ž . Ž . Ž .B A v B A

Thus,

<HH fd L lmP sHH E f d L lmP sHH hd L lmP .Ž . Ž . Ž .Ž .uuA=B A=B A=B

Ž Ž . Ž ..This means that the singed measures defined on T=V , L TT mL AA by
Ž < . Ž . Ž .integrating E f and h respectively on sets in L TT mL AA agree on theUU

Ž . Ž .rectangles. Since L TT mL AA is generated by all the rectangles A=B and the
collection of rectangles is also closed under finite intersections. It means that the

Žcollection is a p-system. By applying Dynkin’s pyl theorem see Cohn, 1980,
.p. 44 and Durrett, 1991, p. 404 , we obtain the fact that the two singed measures

Ž Ž . Ž .. Ž < .are equal to each other on T=V , L TT mL AA . Thus both E f and h areUU

Radon–Nikodym derivatives of the same measure. By the uniqueness of the
Ž < .Radon–Nikodym derivatives, we have E f sh.UU

Ž . Ž .2 ´ 1 follows from Theorem 3.1. I

From the above proof, it is easy to conclude that for any given AgT ,
Ž . Ž .H f d L l s0 for L P -almost all vgV if and only if for any given BgAA,A v

Ž . Ž . Ž < .H f d L P s0 for L l -almost all tgT , which is equivalent to E f s0. TheUUB t

following example shows that there are processes which satisfy the law but not the
consistency law.

Ž Ž . Ž .. Ž Ž . Ž ..Example 3.18. Let T , L TT , L l and V , L AA , L P be atomless Loeb
� 4spaces. Choose random variables f and c from T and V to y1,1 respectively

such that both f and c are equally distributed on y1 and 1. Define a process f
Ž . Ž . Ž . Ž < .on T=V such that f t, v sf t c v . Then it is obvious that E f s f andUU

H f d L l sH H fd L P d L l s0.Ž . Ž . Ž .T v T V
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Ž . Ž . Ž < .On the other hand, h t sH f d L P s0 for any tgT , and hence E f /h.UUV t

By Theorem 3.17, we know that f satisfies the law but not the consistency law.

Note that if we have a reasonable sufficient condition for the validity of the
law, then a process satisfying the condition should satisfy the consistency law.
This claim is illustrated by the following simple observation.

Proposition 3.19. Let PP denote some symmetric binary relation between pairs of
( ( ) ( ))integrable functions on V , L AA , L PP . Suppose we haÕe the following Õersion

of the law of large numbers:

for any real-Õalued integrable process f on an arbitrary Loeb product space
( ( ) ( )) ( ) ( )T=V , L TTmAA , L lmP if for L lml -almost all t , t gT=T,1 2

( . ( ) ( ) (PP f , f holds, then for L P -almost all vgV , H f d L l sHH fdL lt t T v T=V1 2

) ( )mP , where T, TT, l is any internal probability space

.

Ž < .Then f satisfies the consistency law and E f sh, where h is the function on TUU

Ž . Ž .defined by h t sH f dL P .V t

Ž .Ž . A A AProof: Pick any internal set AgTT with L l A )0. Let f , TT , and l be
Ž A A. Ž .the same as in Definition 3.15. Since L l ml is also a rescaling of L lml

Ž A A. Ž .on A=A, it is certainly true that for L l ml -almost all t , t gA=A,1 2
Ž A A.PP f , f holds, and hence by the assumed law,t t1 2

H f Ad L l A sHH f Ad L l A mPŽ . Ž .A v A=V

Ž .for L P -almost all vgV . Therefore f satisfies the consistency law. By Theo-
Ž < .rem 3.17, E f sh. IUU

( )Remark 3.20. In the aboÕe proposition, if we assume that PP g, 0 holds for any g
( ( ) ( ))integrable oÕer V , L AA , L P , then it is eÕen not necessary to introduce

subprocesses. To illustrate, suppose PP satisfies the additional condition and we
haÕe the following Õersion of the law of large numbers:

(for any real-Õalued integrable process f on the Loeb product space T=V ,
( ) ( )) ( ) ( ) ( .L TTmAA , L lmP if for L lml -almost all t ,t gT=T, PP f , f1 2 t t1 2

( ) ( ) ( )holds, then for L P -almost all vgV , H f d L l sHH fdL lmPT v T=V

.

Then we can claim that f satisfies the consistency law. To prove this claim, pick
Ž .any measurable set A in L TT . By the assumption on the binary relation PP, it is

Ž .obvious that for any given t ,t gT , if PP f , f holds, then so does1 2 t t1 2

Ž Ž . Ž . . Ž . Ž .PP x t f ,x t f . Thus, for L l m l -almost all t , t g T = T ,A 1 t A 2 t 1 21 2

Ž Ž . Ž . . Ž .PP x t f , x t f holds. By the assumed law, we know that for L P -almostA 1 t A 2 t1 2
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Ž . Ž . Ž .all v g V , H x f d L l s HH x fd L l m P , hence, H f d L l sT A v T=V A A v

Ž .HH fd L lmP . Therefore f satisfies the consistency law.A=V

We only considered binary relations above. It is clear that we can also
formulate results concerning the law of large numbers involving other kind of
relations. The same proof can also be used to show the satisfiability of the
consistency law.

Next we observe that the almost sure versions of pairwise diagonal indepen-
dence, G-uncorrelatedness, and uncorrelatedness are all stronger than the assump-

Žtion involving conditional expectations as in Theorem 3.1 they are not necessarily
.strictly stronger .

Theorem 3.21. Let f be a real-Õalued integrable process on a Loeb product space
( ( ) ( )) ( ) ( )T=V , L TTmAA , L lmP . Define a function h on T by letting h t sH f dL P .V t

If one of the following is satisfied,
( )1 the random Õariables f are almost surely pairwise diagonally independent;t
( )2 the random Õariables f are almost surely G-uncorrelated;t
( )3 f is square integrable and the random Õariables f are almost surelyt

uncorrelated;
( < )then E f is essentially a function on T. In addition, if the random Õariables fUU t

( < )are almost surely orthogonal, then E f s0.UU

Ž . Ž . Ž .Proof: If item 1 or 2 , or 3 is satisfied, we can prove directly that f satisfies
the consistency law by using Theorem 3.8 or Corollary 3.14 as in the proof of the
results in Proposition 3.19 and Remark 3.20, and then appeal to Theorem 3.17 to
finish the proof; we can also define binary relations on the space of integrable
functions by using pairwise diagonal independence, or G-uncorrelatedness, or
uncorrelatedness, and then use Proposition 3.19 or Remark 3.20 to finish the
proof.

If the random variables f are almost surely orthogonal, then for any AgTT,t
Ž .the x t P f are still almost surely orthogonal, and hence by Theorem 3.7,A t

Ž . Ž . Ž . Ž . Ž .H x t f t d L l s0 for L P -almost all vgV . Thus, HH fd L lmP forT A v A=B

any AgTT and BgAA. By applying Dynkin’s pyl theorem as in the proof of
Ž < .Theorem 3.17, we obtain E f s0. IUU

p( ( ))Remark 3.22. For 1Fp-`, let LL L lmP the space real-Õalued processes
( ( ) ( )) < < pon a Loeb product space T=V , L TTmAA , L lmP such that f is

( ) `( ( ))L lmP -integrable. Let LL L lmP be the space essentially bounded real-Õal-
( ( ) ( )) pued processes on T=V , L TTmAA , L lmP . For 1FpF`, we use V touu

p( ( )) ( < )denote the space of those processes in LL L lmP such that E f s0. WeUU
p( ( )) p( ( ))also regard the space LL L l as a subspace of LL L lmP . Since the

p( ( ))conditional expectation operator is a linear contractiÕe mapping on LL L lmP ,
p( ( ))Theorem 3.17 shows that the linear space of the processes in LL L lmP which
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p p( ( ))satisfy the consistency law is the direct sum of V and LL L l . It will be shownuu

in Proposition 6.7 that V p is, in fact, a large space. In addition, we note thatuu
( ) ( ) ( )Conditions 1 , 2 and 3 in Theorem 3.21 are all microscopic conditions which

guarantee the Õalidity of the consistency law. On the other hand, the existence of a
process which satisfies both an independence condition and the consistency law is
triÕial. One can simply transfer an independent sequence of random Õariables to
obtain a hyperfinite process by standardization. The Õalidity of the consistency law
for this hyperfinite process can be obtained by applying the classic law to

( )subsequences. The work of Green 1994 contains the construction of a particular
process satisfying the consistency law based on a different measure space. As
noted earlier, such kind of results which inÕolÕe the existence of particular
processes satisfying both the microscopic independence condition and the macro-
scopic stability are not really law of large numbers.

4. Conditional expectations for square integrable processes

4.1. Introduction

In Sections 4.2 and 4.3 we provide a more detailed study for square integrable
Žprocesses. For a square integrable process f on a Loeb product space T=V ,

Ž . Ž ..L TT m AA , L l m P , Lemma 3.6 shows that the joint moment
Ž . Ž . Ž . Ž . Ž .H f v f v d L P exists for L lml -almost all t , t gT=T. Define aV t t 1 21 2

Ž . Ž . Ž . Ž .function R on T=T by letting R t ,t sH f t ,v f t ,v d L P . This function1 2 V 1 2
Ž .is called the autocorrelation function of the process f see Papoulis, 1965, p. 282 .

Ž < .Since the conditional expectation E P has been shown to be crucial in ourUU

study, it will be desirable to obtain a more concrete description of the process
Ž < .E P in terms of the original process f. In Section 4.2, we provide a biorthogo-UU

Ž < .nal representation for E f in terms of the autocorrelation function of f. SectionUU

4.3 contains various characterizations for processes with almost surely orthogonal
or uncorrelated random variables. It is also noted that almost sure uncorrelatedness
of random variables f is the weakest condition for f to satisfy the consistent lawt

of large numbers. Finally, by combining some of these results together in
ŽCorollary 4.8, a structural result for general square integrable processes called a

.hyperfinite factor model is presented.

( < )4.2. A biorthogonal representation of E f UU

Ž Ž . Ž ..Let f be a square integrable process on T=V , L TTmAA , L lmP and R
Ž .its autocorrelation function. The proof of Lemma 3.6 shows that R is L lml -

Ž .integrable. In fact, we can show that R is L lml -square integrable by the same
method. The following lemma says that R is essentially the same as the autocorre-

Ž < .lation function of the process E f .UU
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( )Lemma 4.1. The autocorrelation function R of the process f is L lml -almost
( ) ( )surely equal to the L TT mL TT -measurable autocorrelation function of the

( < )process E f .UU

Ž < .Proof: For notational simplicity, denote E f by g and fyg by e. ThenUU

Ž < . Ž < . Ž .E e s0. By Theorem 3.1, E e s0 implies that Ee s0 for L P -almostUU UU v

all vgV . By symmetry, one can obtain Ee s0 for almost all tgT. Since botht

f and g are square integrable, the Fubini theorem implies that there is a
Ž .Ž .measurable subset C of T with L l C s1 such that for any tgC , f , g and1 1 1 t t

Ž . X Ž < .Xe are L P -square integrable. Thus, for any fixed t gC , E f e s0, whichUUt 1 t
Ž . Ž .Xalso implies that E f e s0 for almost all tgT. Hence, for L lml -almost allt t

Ž . Ž . Ž . Ž .t , t gT=T , E f e s0. Similarly, for L lml -almost all t , t gT=T,1 2 t t 1 21 2

Ž .E e g s0, and hence,t t1 2

E f f sE f g qE f e sE g g qE e g sE g g .Ž . Ž . Ž .Ž . Ž . Ž .t t t t t t t t t t t t1 2 1 2 1 2 1 2 1 2 1 2

Therefore, the desired result follows. I

Ž < .Now we move to a series expansion for E f . In the classical theory ofUU

stochastic processes where parameter sets are intervals, a given process has
Ž .various kinds of orthogonal decompositions for example, Fourier expansion .

Ž < .Since E f is measurable with respect to the product measure space in the usualUU

Žsense, it can be written as an infinite series in many ways see, for example,
.Kadison and Ringrose, 1983 ; but a general series expansion will not provide any
Ž < .additional information on E f other than its square integrability with respect toUU

the product measure. We shall focus on a special series expansion. A proper
9 Ž . Ž .orthogonal decomposition theorem is contained in Loeve 1977b see p. 144 .´

The theorem provides a biorthogonal expansion for processes continuous in
Žquadratic mean on an interval or simply require the autocorrelation function to be

.continuous; see Papoulis, 1965, p. 457 . Let f be a real-valued square integrable
process with autocorrelation function R. By serving as a kernel, the autocorrela-

2Ž Ž ..tion function defines an integral operator K on the space L L l of functions
Ž Ž .. Ž .Ž . Ž . Ž . Ž .Ž .square integrable on T , L TT . That is, K h t sH R t , t h t d L l t1 T 1 2 2 2

2Ž Ž ..for hgL L l . One can also define the autocorrelation function S of sample
Ž . Ž . Ž . Ž .functions f by letting S v , v sH f t,v f t,v d L l . Let L be thev 1 2 T 1 2

integral operator with S serving as the kernel function. Now K and L are
ŽHilbert–Schmidt operators and thus compact operators see Conway, 1985, p. 43,

.or Kadison and Ringrose, 1983, p. 170 . These operators are also self-adjoint and
semi-definite. Let g , g , . . . be the non-increasing sequence of all the positive1 2

eigenvalues of K with each eigenvalue being repeated up to its multiplicity. Let

9 It is also called the Karhunen–Loeve expansion theorem, which is simply the continuous version´
Ž .of the expansion in classical principal components analysis; see Basilevsky 1994 , Chap. 3.
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c , c , . . . be the corresponding eigenfunctions adjusted to form an orthonormal1 2

family. This sequence of functions is called a complete eigensystem for K. The
Ž < .following biorthogonal theorem gives a representation for E f in terms of theUU

eigensystems of K and L. Note that if there are only m positive eigenvalues, then
we should replace the infinite sum by a finite sum of m terms.

{ }`Theorem 4.2. Let c be a complete eigensystem for the integral operator Kn ns 1

defined by the autocorrelation function R of a square integrable process f. Then

`

<E f t ,v s l w v c t ,Ž . Ž . Ž .Ž . Ýuu n n n
ns1

11r2 Ž . Ž . Ž . Ž .where l sg , w v s H f t c t d L l , and g is the correspondingn n n T v n nln

eigenÕalue for both c and w . MoreoÕer, the functions w are orthonormal,n n n

forming a complete eigensystem for the integral operator L defined by the
autocorrelation function S of the sample functions in the process f.

2Ž Ž ..Proof: First, we note that for a function f in LL L l , if f is orthogonal to
every function in the range of the operator K , then f must be in the kernel of the

Ž . Ž . Ž . Ž . 2Ž Ž ..operator F defined by F h s H f t,v h t d L l for h g L L l , i.e.,T
Ž .Ž . Ž . Ž . Ž .F f v sH f t,v f t d L l s0. We simply observe thatT

H f t K f t d L l tŽ . Ž . Ž . Ž . Ž .t g T 2 2 22

sH f t H f t H f t ,v f t ,vŽ . Ž . Ž . Ž .t g T 2 t g T 1 V 1 22 1

=d L P d L l t d L l tŽ . Ž . Ž . Ž . Ž .1 2

sH H f t ,v f t d L l t H f t ,v f tŽ . Ž . Ž . Ž . Ž . Ž .V t g T 1 1 1 t g T 2 21 2

=d L l t d L PŽ . Ž . Ž .2

2 2sH H f t ,v f t d L l d L P sH F f d L P .Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .V T V

Ž .Hence, F f s0.
Now fix bounded Loeb measurable functions a on T and b on V . Let c be

the projection of a on the range space of K and let fsayc . Then f is
Ž . Ž . Ž .orthogonal to the range space of K , and hence F f s0, F a sF c . Since the

functions c form a complete orthonormal basis for the range space of K , it isn

also clear that

`

c P s H a t c t d L l c P .Ž . Ž . Ž . Ž . Ž .Ý T n n
ns1
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Next, we compute the following integrals.
`

X X XH H a t b v H f t ,v c t d L l t c t d L lmP t ,vŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .ÝT=V T n n
ns1

`
X X XsH b v H f t ,v c t d L l t H a t c tŽ . Ž . Ž . Ž . Ž . Ž . Ž .ÝV T n T n

ns1

=d L l t d L PŽ . Ž . Ž .
`

X X
XsH b v H f t ,v H a t c t d L l t c tŽ . Ž . Ž . Ž . Ž . Ž . Ž .ÝV t g T t g T n n

ns1

=d L l tX d L PŽ . Ž . Ž .
sH b v H X f tX ,v c tX d L l tX d L P vŽ . Ž . Ž . Ž . Ž . Ž . Ž .V t g T

sH b v F c v d L PŽ . Ž . Ž . Ž .V

sH b v F a v d L PŽ . Ž . Ž . Ž .V

sH b v H f t ,v a t d L l d L PŽ . Ž . Ž . Ž . Ž .V T

sHH a t b v f t ,v d L lmP .Ž . Ž . Ž . Ž .T=V

` Ž X . Ž X. Ž .Ž X. Ž . Ž . Ž .Since Ý H t ,v c t d L l t c t is L TT mL AA -measurable, we thusns1 T n n

have
`

X X X<E f t ,v s H f t ,v c t d L l t c t .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ýuu T n n
ns1

by the arbitrary choices of the a and b.
It is easy to check that

H H f t ,v c t d L l t H f t ,v c t d L l t d L P vŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .V T 1 m 1 1 T 2 n 2 2

sg d m ,n n

where d m is equal to 0 if m/n and 1 if msn. Hence, the functions w aren n
Ž < .Ž . ` Ž . Ž .orthonormal, and E f t,v sÝ l w v c t . By symmetry, Lemma 4.1uu ns1 n n n

Ž .also implies that S is L PmP essentially equal to the autocorrelation function of
Ž < . Ž .the sample functions of the process E f . Thus, S v ,v sUU 1 2

` 2 Ž . Ž .Ý l w v w v , which implies that the functions w form a completens1 n n 1 n 2 n

eigensystem for the Hilbert–Schmidt operator L. I

Ž < .Note that the biorthogonal expansion of E f is almost unique in the senseUU

Ž < . ` Ž . Ž .that if E f sÝ m a v b t with the conditions that both sequences ofuu ns1 n n n

functions a , nG1 and b , nG1 are orthonormal, and also the numbers m ,n n n

nG1 are non-negative and decreasing in terms of n, then m sl , and a andn n n

b are the respective eigenfunctions of L and K corresponding to the eigenvaluen
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l2. In particular, if for some mG1, l2 is an eigenvalue with multiplicity 1, thenn m

either a sw and b sc , or a syw and b syc . The followingm m m m m m m m

estimation on the eigenvalues is clear.
`

22 2<l sHH E f d L lmP FHH f d L lmP -`.Ž . Ž .Ž .Ž .Ý uun T=V T=V

ns1

In practice, one is usually able to compute the autocorrelation function R of f
by statistical methods. Once R is computed, the eigenfunctions and eigenvalues of

Žthe compact self-adjoint semi-definite operator K can be computed see, for
. Ž < .example, Heuser, 1982, p. 281 . Thus, one can compute E f if f is given. It isUU

important to know that the functions c and w in the biorthogonal representationn n
Ž < . Ž < .of E f can be determined from f directly. Thus E f can be approximatedUU UU

before we know what it is.
` Ž . Ž .Note that f can be written as fsÝ l c t w v qe, where e is thens1 n n n

Ž < .residue process fyE f of f. The following corollary shows that the jointUU

moment of f or f with a square integrable function on the relevant product Loebt v

space only involves the countably many functions in the principal part, i.e., the
relevant joint moments involving the residual process are zero. In particular, the
results hold when the function on the relevant product Loeb space depends only on
one variable.

Corollary 4.3. Let f be a real-Õalued square integrable process on a Loeb product
( ( ) ( )) ( < )space T=V , L TTmAA , L lmP and es fyE f . For a UU-measurable,UU

( )square integrable function a on T=V , we haÕe for L P -almost all vgV ,
( ) ( ) ( )H a t,v e t,v d L l s0,T

`

H a t ,v f t ,v d L l s l H a t ,v c t d L l w v ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .ÝT n T n n
ns1

( ) ( ) ( ) ( )and for L l -almost all tgT, H a t,v e t,v dL P s0,V

`

H a t ,v f t ,v d L P s l H a t ,v w v d L P c t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .ÝV n V n n
ns1

where the l , w and c are the same as in Theorem 4.2.n n n

Proof: Let gsaPe. Then a property of conditional expectation implies that
Ž < . Ž < . Ž .E g UU saPE e s0. It follows from Theorem 3.1 that for L P -almost allUU

Ž . Ž .vgV , H g t,v d L l s0. By Theorem 4.2,T

H a t ,v f t ,v d L lŽ . Ž . Ž .T

<sH a t ,v E f t ,v d L lŽ . Ž . Ž .Ž .uuT
`

s l H a t ,v c t d L l w vŽ . Ž . Ž . Ž .Ý n T n n
ns1

Ž .for L P -almost all vgV . By symmetry, we can obtain the second identity. I
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The next proposition provides a characterization for those centered processes
satisfying the law in terms of the eigenfunctions of the operator K. A real-valued
integrable process f is said to be centered if Ef s0 for almost all t.t

Proposition 4.4. Let f be a square integrable centered process on a Loeb product
Ž Ž . Ž ..space T=V , L TTmAA , L lmP . Then f satisfies the law if and only if the

mean of any eigenfunction corresponding to a positive eigenvalue of the operator
K is zero.

Proof: For the sufficiency part, we simply note that the condition implies that
Ec s0 for all n, and hence it follows from Corollary 4.3 that f satisfies the law.n

For the necessity part, let c be an eigenfunction corresponding to a positive
eigenvalue g of K. Then

H R t ,t c t d L l t sgc t ,Ž . Ž . Ž . Ž . Ž .t g T 1 2 2 2 12

which implies that

gPH c t d L lŽ . Ž .T

sH H H f t ,v f t ,v c t d L P vŽ . Ž . Ž . Ž . Ž .t g T t g T v g V 1 2 21 2

=d L l t d L l tŽ . Ž . Ž . Ž .2 1

sH H f t ,v d L l t H f t ,v c tŽ . Ž . Ž . Ž . Ž .v g V t g T 1 1 t g T 2 21 2

=d L l t d L P .Ž . Ž . Ž .2

Ž . Ž .Ž . Ž .Since the law is satisfied, H f t ,v d L l t s0 for L P -almost all vgV ,t g T 1 11

Ž . Ž .and hence, gPH c t d L l s0. Therefore, the mean Ec is the zero. IT

4.3. Characterizations of almost sure orthogonality and uncorrelatedness

This section contains some characterizations for those square integrable pro-
Ž .cesses f with almost surely orthogonal or almost surely uncorrelated random

variables. Note that some of the characterizations are included not because of their
importance, but for the sake of easy references in some proofs. We shall, first,
consider almost sure orthogonality. By Theorem 3.21, if the random variables ft

Ž < .are almost surely orthogonal, then E f s0. It will be seen in Theorem 4.5 thatUU

the two conditions are actually equivalent.
Ž . Ž .The equivalence of 2 and 3 in Theorem 4.5 states that the almost sure

orthogonality of the random variables in a process is equivalent that of the sample
functions in the process. Such a duality shows the perfect symmetry between the
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parameter variable t and the sampling variable v for the situation under consider-
ation.

Note that there are essential differences between orthogonal processes and
almost surely orthogonal processes. For example, let T be a hyperfinite set,

� 4TVs y2,y1,1,2 , and l and P be the internal counting probability measures on
Ž .T and V respectively. Define an internal process f from T=V , TTmAA, lmP

� 4 Ž .to y1,1 by letting f t,v be the sign of v . Then the random variables f aret t

orthogonal to each other. The previous duality result also yields the almost sure
orthogonality of the sample functions f . On the other hand, there are only 2 <T <

v

� 4 <T <many different internal functions from T to y1,1 ; but there are 4 many
sample functions f . This means that many of the sample functions f are equalv v

to each other. Therefore, the sample functions f cannot be orthogonal to eachv

other.
Ž . Ž .The equivalence of 2 and 6 also deserves some attention. Note that it is easy

to find random variables that are orthogonal, but their expectations do not vanish.
However, for a square integrable process f , if the random variables f are almostt

surely orthogonal, then the expectations of the random variables f are almostt

surely zero.

( ( )Theorem 4.5. For a square integrable real-Õalued process f on T=V , L TTmAA ,
( ))L lmP , the following are equiÕalent:

( ) ( < )1 E f s0;UU

( ) 2( ( ))2 The random Õariables f are almost surely orthogonal in LL L P ;t
( ) 2( ( ))3 The sample functions f are almost surely orthogonal in LL L l ;v

( )4 The compact, self-adjoint and semi-definite integral operator L on the
2( ( ))Hilbert space L L P defined by the autocorrelation function S of the sample

functions f has no positiÕe eigenÕalue;v

( )5 The compact, self-adjoint and semi-definite integral operator K on the
2( ( ))Hilbert space L L l defined by the autocorrelation function R of the process f

has no positiÕe eigenÕalue;
( )6 The means of the random Õariables f are almost surely 0, and thet

eigenfunctions of L corresponding to any possible positiÕe eigenÕalue must be the
constant functions;

( )7 The means of the sample functions f are almost surely 0, and thev

eigenfunctions of K corresponding to any possible positiÕe eigenÕalue must be
constant functions.

Ž . Ž .Proof: First, consider 1 ´ 2 . By Lemma 4.1, the autocorrelation function of f
Ž . Ž < .is L lml -almost surely equal to that of E f , and hence, is zero. This meansUU

Ž . Ž . Ž .that 2 holds. 2 ´ 1 follows from Theorem 3.21.
Ž . Ž . Ž . Ž .By symmetry, 1 and 3 are equivalent, and thus 2 and 3 are also
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Ž .equivalent. It might be interesting to see a direct proof of the equivalence of 2
Ž .and 3 . By the Fubini theorem,

2
HH H f t f t d L l d L PmPŽ . Ž . Ž . Ž .Ž .V=V T v v1 2

sHH H f t f t d L l t H f t f tŽ . Ž . Ž . Ž . Ž . Ž .V=V t g T v 1 v 1 1 t g T v 2 v 21 1 2 2 1 2

=d L l t d L PmPŽ . Ž . Ž .2

sHH H f v f v d L P v H f v f vŽ . Ž . Ž . Ž . Ž . Ž .T=T v g V t 1 t 1 1 v g V t 2 t 21 1 2 2 1 2

=d L P v d L lmlŽ . Ž . Ž .2

2
sHH H f v f v d L P d L lml .Ž . Ž . Ž . Ž .Ž .T=T V t t1 2

Hence, the required equivalence is clear.
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .2 ´ 5 and 3 ´ 4 clearly follow from Lemma 4.1. 4 ´ 1 and 5 ´ 1

follow from Theorem 4.2. Thus, the first five statements are equivalent.
Ž . Ž . Ž < .Now, we consider 1 ´ 6 . Since E f s0, as noted in the proof ofUU

Lemma 4.1, Theorem 3.1 also implies that Ef s0 for almost all t by symmetry.t
Ž . Ž . Ž .Next, since 1 ´ 4 , L thus has no positive eigenvalue at all. So 6 follows.
Ž . 2Assume 6 holds. If there is a positive eigenvalue l for L, then we can take1

w to be the constant function 1 and all other w to be zero in Theorem 4.2. Hence1 n
Ž < .E f sl c , where c is a normalized eigenfunction of K. By Theorem 3.1,UU 1 1 1

Ž . Ž .we must have l c t sEf for L l -almost all tgT. By the assumption that1 1 t
Ž .Ef s0 for L l -almost all tgT , we have l c s0, which contradicts thet 1 1

Ž .conditions on l and c . Therefore, L has no positive eigenvalue at all. Thus 41 1
Ž .holds, and hence 1 holds.

Ž . Ž .By symmetry, we can also obtain the equivalence of 1 and 7 .I

Next, we move to the characterizations of square integrable processes f with
almost surely uncorrelated random variables. Let e be the centered process
Ž .fyEf constructed from f. Then the random variables f are almost surelyt t

uncorrelated if and only if the random variables e are almost surely orthogonal.t

Thus, Theorem 4.5 also gives us many equivalent conditions in terms of e. In the
following proposition, we present some additional equivalent conditions in terms

Ž . Ž .of f directly. As in Theorem 4.5, the equivalence of 2 and 3 in the following
proposition also indicates a sort of duality between the random variables and the
sample functions in a process. If square integrable processes f and g satisfy the

Ž .property described below in 7 , then we shall say that those processes themselves
Ž . Ž .are almost surely uncorrelated. Thus, the equivalence of 2 and 7 says that a

square integrable process has almost surely uncorrelated random variables if and
only if it is almost surely uncorrelated with any other square integrable processes.
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Theorem 4.6. Let f be a real-Õalued square integrable process on the Loeb
( ( ) ( ))product space T=V , L TTmAA , L lmP . Then the following are equiÕalent:

( ) ( < )1 E f is essentially a function on T;UU

( )2 The random Õariables f are almost surely uncorrelated;t
( )3 The autocorrelation function S of the sample functions f is the constantv

( )2function with Õalue E Ef ;t
( )4 Let L be the compact self-adjoint semi-definite operator on the Hilbert

2( ( ))space L L P defined by using the autocorrelation function S of sample functions
of f as the kernel function; then the eigenfunctions of L corresponding to any
possible positiÕe eigenÕalue must be the constant functions;

( )5 The coÕariance function and the mean function of the sample functions fv
are constant functions;

( ) ( ( ) ( ))6 For any square integrable function f on V , L AA , L P , f and f aret
( )uncorrelated for L l -almost all tgT;

( ) ( ( ) ( ))7 GiÕen another square integrable process g on T=V , L TTmAA , L lmP ,
( ) ( ) Ž .we haÕe for L l m l -almost all t , t g T = T, H f P g d L P s1 2 V t t1 2

Ž . Ž .H f d L P H g d L P ;V t V t1 2

( )8 f satisfies the consistency law.

Ž . Ž < . Ž .Proof: Let es fyEf . Then 1 is equivalent to E e s0, and 2 is equivalentUUt
Ž .to the fact that the random variables e are almost surely orthogonal. Hence 1 ist

Ž .equivalent to 2 .
Ž . Ž .1 ´ 3 follows from Lemma 4.1 by symmetry.

Ž . Ž . Ž . Ž .Now, assume 3 . Then L f sH cf v dL P , where c is the constantV

coming from the autocorrelation function of the sample functions f . Thus thev

eigenfunctions of L corresponding to any possible positive eigenvalue must be the
Ž . Ž .constant functions. Hence, 3 ´ 4 .

Ž . Ž < .Assume 4 . By Theorem 4.2, E f is essentially a function on T , and henceUU

Ž . Ž . Ž . Ž . Ž .1 holds. Thus, 1 , 2 , 3 and 4 are equivalent.
ŽŽ .Ž .. Ž . Ž . Ž .Since E f yEf f yEfv sE f f yEf Ef , we have 5 ´ 3 .v v v 2 v v v v1 1 2 1 2 1 2

Ž .Now, assume 1 . Then by Theorem 3.1, Ef defines a constant function on V .v

Ž . Ž .By 3 , E f f defines a constant function on V=V . Hence, the covariancev v1 2

Ž . Ž .function is constant, and thus 1 ´ 5 .
Ž . Ž . Ž . Ž < . Ž < .To show 1 ´ 6 , let h t sEf ; then E f sh. Since E ff shf, weUU UUt

Ž .have for any AgL TT ,

H H ffd L P d L l sH H hfd L P d L l sH hd L l H fd L P .Ž . Ž . Ž . Ž . Ž . Ž .A V A V A V

Ž . Ž . Ž . Ž . Ž .Hence, for L l -almost all tgT , H f fd L P sh t H fd L P . Whence 6V t V

holds.
Ž .If we assume 6 , then for any t gT with g being square integrable, we2 t2

Ž .know that f and g are uncorrelated for L l -almost all t gT. By the Fubinit t 11 2

Ž .theorem, we obtain 7 .
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Ž . Ž .By taking gs f , 7 ´ 2 is clear.
Ž . Ž .The equivalence of 1 and 8 is already shown in Theorem 3.17.I

It follows from Theorems 4.5 and 4.6 that the random variables f are almostt

surely uncorrelated if and only if there is a function h on T and a process e whose
sample functions e are almost surely orthogonal such that f is the sum of e andv

h. It will be interesting to know when the sample functions f are also almostv

surely uncorrelated. Note that if the random variables f are almost surelyt

uncorrelated, then the covariance function of the sample functions is essentially
Ž .2 Ž . Ž .2the non-negative constant H Ef d L l y Ef . It will be seen in the followingT t

proposition that we also have a sort of duality between uncorrelatedness and
constant means for the random variables and the sample functions in a real-valued
square integrable process. The almost sure uncorrelatedness of the random vari-
ables implies that the sample functions have constant means almost surely; and if
in addition, the random variables themselves have constant means almost surely,
then the sample functions are almost surely uncorrelated. By symmetry, the
random variables in the process are uncorrelated with constant means almost
surely if and only if so are the sample functions in the process.

( ( )Proposition 4.7. Let f be a square integrable process on T=V , L TTmAA ,
( ))L lmP . Assume that the random Õariables f are almost surely uncorrelated.t

Then the sample functions f are almost surely uncorrelated if and only if thev

random Õariables f haÕe a common mean almost surely, i.e., the mean functiont

Ef is essentially a constant function on Tt

Proof: If the sample functions f are almost surely uncorrelated, then, byv

Ž .symmetry, we obtain from Theorem 3.8 that Ef sEf for L l -almost all tgT.t

On the other hand, if the mean function Ef is essentially a constant number ct

on T , then the centered process es fyc has almost surely orthogonal random
variables. Theorem 3.7 implies that Ee sEf yc is zero for almost all vgV ,v v

and hence, Ef is equal to the constant c almost surely. By Theorem 4.5, thev

sample functions e are also almost surely orthogonal, which implies that thev

sample functions f are almost surely uncorrelated. Iv

To conclude this section, we collect in the following corollary part of Theorems
4.2, 4.5, and Corollary 4.3 to have a more or less complete description about the
structure of a general square integrable process.

Corollary 4.8. Let f be a real-Õalued square integrable centered process on the
( ( ) ( ))Loeb product space T=V , L TTmAA , L lmP . Then f has the following

expression
`

f t ,v s l c t w v qe t ,v ,Ž . Ž . Ž . Ž .Ý n n n
ns1
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with properties:
( )1 l , 1Fn-` is a decreasing sequence of positiÕe numbers; the collectionn

{ } { }c : 1Fn-` is orthonormal; and w : 1Fn-` is a collection of orthonor-n n

mal and centered random Õariables.
Ž . Ž < .Ž . ` Ž . Ž . ( < )2 E f t,v sÝ l c t w v and E e s0.UU UUns1 n n n
( )3 The random Õariables e are almost surely orthogonal, which is to say thatt

( ) ( ) Ž . Ž . Ž .Ž .L lml -almost all t , t gT=T, H e v e v d L P v s0.1 2 V t t1 2

( ) ( ( ) ( ))4 If p is a square integrable real-Õalued function on T, L TT , L l , then for
( ) ( ) ( ) ( ) ( ) ( ) ( )( )L P -almost all v g V , H p t e t L l s 0 and H p t f t,v d L l t sT v T
` ( ( ) ( ) ( )( )) ( )Ý l H p t c t d L l t w v .ns 1 n T n n

( ) ( ( ) ( ))5 If a is a square integrable random Õariable on V , L AA , L P , then for
( ) ( ) ( ) ( )( )L l -almost all tgT, it is orthogonal, to e , and H a v f t,v d L P v st V
` ( ( ) ( ) ( )( )) ( )Ý l H a v w v d L P v c t .ns 1 n V n n

Ž < .Note that the principal part E f in the above expression already captures theUU

relevant correlational structure of f by Lemma 4.1. The residual part e also has
low intercorrelation. This is a requirement for the error term in the classical factor

Ž .models see, for example, Basilevsky, 1994 . Thus, it is natural to adopt the
terminologies of factor analysis to call the above structural result a hyperfinite
factor model with factors w and factor loadings c . Since the factors aren n

endogenously derived from the autocorrelation function, the model is also called a
Ž .endogenous hyperfinite factor model. As noted in Basilevsky 1994 , the main

objective of the factor analysis is to find a small set of latent random variables to
explain the systematic behavior of the directly observed random variables. In our
case, if the hyperfinite number of random variables f are directly observed, thent

the countably many latent random variables w can be used to explain then

correlational structure of f. By the fact that a countable collection is significantly
smaller than a collection with a hyperfinite number of elements, this reduction
procedure is indeed effective. Since the residual part has almost surely orthogonal

Ž .random variables i.e., the uncertainty or risk is on the individual level and
Ž . Ž .satisfies the law of large numbers in the strong sense as described in 4 and 5 ,

so that it will disappear in most useful circumstances, the phenomenon of
‘aggregation removes individual uncertainty’ thus appears in a very general
setting.

5. Random variables in metric spaces and the law

5.1. Introduction

In Sections 5.2, 5.3 and 5.4, we consider metric space valued random variables
and processes. Section 5.2 includes a version of the law for such processes. Since

ŽLoeb counting spaces have proven to be convenient in many places see, for
.example, Anderson, 1976; Keisler, 1977 and Keisler, 1984 , we present in Section
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5.3 several results relating processes on general Loeb product spaces to processes
involving Loeb counting spaces through measure preserving mappings. These
results are then used in Sections 6 and 8 to obtain other structural results. Section
5.4 contains a version of the law for a hyperfinite number of discrete parameter
stochastic processes.

5.2. The law for metric space Õalued processes

Ž Ž . Ž ..Let f be a process from a Loeb product space T=V , L TTmAA , L lmP
� 4`to a separable metric space X, and O a countable open base of X. Asn ns1

mentioned before, all processes on a Loeb product space are assumed to be
measurable with respect to the relevant Loeb product algebra. Thus for each

y1Ž . Ž .nG1, the measurability of f O in L TTmAA together with the Fubinin
Ž . y1Ž . Ž .theorem implies that for L l -almost all tgT , f O is in L AA . Thus, fort n

Ž . y1Ž . Ž . Ž . y1L l -almost all tgT , f O is in L AA . Thus, for L l -almost all tgT , ft n t
Ž . Ž .O is in L AA for every nG1. It implies that the functions f are Loebn t

Ž . Ž .measurable for L l -almost all tgT. Similarly, for L P -almost all wgV , f isv

Loeb measurable.

Ž Ž . Ž ..Definition 5.1. Let f be a process from T=V , L TTmAA , L lmP to a
separable metric space X. The random variables f are said to be almost surelyt

Ž . Ž .pairwise independent, if for L lml -almost all t , t gT=T , the pair f and1 2 t1

f are independent random variables.t2

Using the above notion of almost sure pairwise independence, the following
theorem provides an exact version of the law of large numbers for metric space
valued processes in terms of empirical distributions.

( ( ) ( ))Theorem 5.2. Let f be a process from T=V , L TTmAA , L lmP to a
separable metric space X. Assume that the random Õariables f are almost surelyt

pairwise independent. Then f satisfies the law in distribution. This means that for
( )L P -almost all vgV , the distribution m on X induced by the sample functionv

f on T is equal to the distribution m on X induced by f Õiewed as a randomv

Õariable on T=V .

� 4` � 4`Proof: Fix a countable open base Q for X. Let O be a list of all them ms1 n ns1

finite intersections of the sets Q . By the independence assumption, we know thatm
Ž .y1 y1for each nG1, the random variables x in the process x are almostf ŽO . t f ŽO .n n

Ž .surely uncorrelated. By Theorem 3.8, there is an L P -null set E such that forn
Ž .Ž y1Ž .. Ž .Ž y1Ž ..any vfE , L l f O sL l=P f O . Let E be the union of all then v n n

Ž .E . Then E is still an L P -null set. For any vfE,n

m O sL l fy1 O sL l=P fy1 O sm OŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .v n v n n n
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for all nG1. Since the class of all the sets O generates the Borel algebra, and isn

also closed under formation of finite intersections, i.e., a p-system, it follows from
Dynkin’s pyl theorem 10 that m sm for any vfE. Iv

Ž .As before, if A is an atom of L l , then there is a random variable f with
Ž .distribution n such that f sf for L l -almost all tgA. The almost suret

pairwise independence assumption on the process f implies that the random
variable f is independent to itself. Suppose f is not constant. Then there is a

Ž . Ž .Ž y1Ž ..Borel set D in X such that 0-n D sL P f D -1. The regularity of n

Ž . Ž .as shown in Billingsley 1968 p. 7 yields the fact that the set D can be taken as
an open set O. Thus

L P fy1 O sL P fy1 O lfy1 OŽ . Ž . Ž . Ž . Ž .Ž . Ž .
/L P fy1 O PL P fy1 O ,Ž . Ž . Ž . Ž .Ž . Ž .

which is in contradiction with the independence of f to itself. Thus, for
Ž .L l -almost all tgA, f is a constant function.t

5.3. Representations on hyperfinite Loeb counting spaces

Among Loeb spaces, the Loeb counting spaces over hyperfinite sets are the
ones with the simplest structure. Many constructions are based on the Loeb

Žcounting spaces see Albeverio et al., 1986; Anderson, 1976; Hoover and Perkins,
.1983; Keisler, 1984 and Stroyan and Bayod, 1986 . They also have some

Žconvenient special properties see, Keisler, 1984, 1988, and Proposition 5.7
.below .

In this section, we shall first show how to represent an internal class of
functions to an internal class of functions on an internal counting space. Let T be

�Ž . 4an internal parameter space and let V , A , P : tgT be an collection oft t t
Ž .internal probability spaces. Assume that each space V , AA , P is atomless, thatt t t

q Ž .is, for any ´gR and for any BgAA , if P B )´ , then, there is a CgAA sucht t t
Ž .that P C -´r2. This version of atomlessness is equivalent to the usual atom-t

Ž .lessness of the standard Loeb measure L P .t

Proposition 5.3. Let X be a separable metric space with a totally bounded metric
{ }d and F : tgT an internal class of functions such that for each tgT, F is at t

) (function from V to X. Then, there is an internal counting probability space V ,t
) { } { }AA, P , and two internal classes p : tgT , G : tgT of functions such that fort t

( ( )each tgT, p is a measure preserÕing mapping from the Loeb space V , L AA ,t t t

10 It implies that two probability measures which agree on a p-system must be the same; see Cohn
Ž . Ž .1980 , p. 44 or Durrett 1991 , p. 404.
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( )) ( ( ) ( ))L P to the Loeb counting space V , L AA , L P , G is a function from V tot t
) X, and

L P v gV :)d F v ,G p v ,0 s1.Ž . Ž . Ž .� 4Ž .Ž .Ž .t t t t t t t t

Proof: Fix an arbitrary natural number m)2. Choose a finite sequence x , . . . , x1 ll
Ž .of points in X such that the open balls B x , 1rm , is1, . . . , ll form a cover ofi

� 4X. Define an internal set valued function on T= 1, . . . , ll by letting

C i sFy1 )B x ,1rm yj iy1)B x ,1rm .Ž . Ž .Ž .t t i js1 j

Then for each tgT , the sets C i form an internal partition of V . Pick a naturalt t
Ž .number n)m ll . Since each V , AA , P is atomless, we can choose an internalt t t

� 4 i i Ž i.set valued function on T= 1, . . . ,l such that D :C , P D is infinitely close tot t t
Ž i i. 0 ll Ž i i.an integral multiple of 1rn, and P C yD -1rn. Let D sj C yD .t t t t is1 t t

Ž 0. i 1 nThen P D -1rm. Partition the sets D to obtain an internal partition B , . . . , Bt t t t
< Ž j. <of V such that P B y1rn ,0 for 1F jFn and tgT. By the construction oft t

the set B j, if B j is contained in some Di for 1F iF ll , then the internal variationt t t
Ž j. jvar F , B of F on B is less than 1rm. Thus the internal cardinality of the sett t t t

� Ž j. 4j: var F , B )1rm divided by n is less than 1rm.t t
Ž . Ž .By the spillover principle in Hurd and Loeb 1985 p. 101 , we can find m,

ng )N with n)m such that there is an internal function of internal partitions`

B1, . . . , B n of V with the following properties:t t t
< Ž j. < 21. P B y1rn -1rn for 1F jFn and tgT ;t
1 j<� Ž . 4 <2. j:var F , B )1rm -1rm.t tn

� 4 Ž .Let Vs 1,2, . . . ,n and V , AA, P be the internal counting probability space
Ž . j Ž .on V . Define p : V ™V by letting p v s j if v gB . For any CgAA, 1t t t t t t

implies that

1 1 1
y1 j< < < <P p C yP C s P B y F F .Ž . Ž .Ž . Ž .Ý Ý Ýt t t t 2n nnjgC jgC jgC

Ž . Ž .Ž y1Ž .. Ž .Ž .Thus for any DgL AA , L P p D sL P D , and hence p is measuret t t
Ž Ž . Ž .. Ž Ž . Ž ..preserving from V , L AA , L P to V , L AA , L P . Choose an internalt t t

Ž . jfunction c from V to V such that c j gB . Define a mapping G from V tot t t t t
) Ž . Ž Ž .. Ž j. jX by G j sF c j for js1, . . . ,n. If var F , B F1rm, then for v gB ,t t t t t t t

)d F v ,G p v s)d F v ,G jŽ . Ž . Ž . Ž .Ž . Ž .Ž .t t t t t t t t

s)d F v ,F c j F1rm.Ž . Ž .Ž .Ž .t t t t

Ž .Hence, 2 deduces that

L P v gV :d F v ,G p v ,0Ž . Ž . Ž .� 4Ž .Ž .Ž .t t t t t t t t

GL P j:Õar F , B j F1rm s1,Ž . � 4Ž .Ž .t t

and we are done. I
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ŽThe following corollary says that a sequence of random variables on possibly
.different atomless Loeb spaces can be expressed as the compositions of random

variables on a common hyperfinite Loeb counting space together with some Loeb
measure preserving mappings.

{( ( ) ( ))}`Corollary 5.4. Let V , L AA , L P be a sequence of atomless Loebn n n ns 1
{ }`probability spaces and w a sequence of random Õariables, where for eachn ns 1

( ( ) ( ))nG1, w is from V , L AA , L P to a separable metric space X. Then there isn n n n
( ( ) ( ))a hyperfinite Loeb counting space V , L AA , L P , a sequence of mappings

{ }` { }` ( ( ) ( ))p , and a sequence of random Õariables c from V , L AA , L P to Xn ns 1 n ns 1
( ) (such that w sc p for each nG1, where p is measure preserÕing from V ,n n n n n

( ) ( )) ( ( ) ( ))L AA , L P to V , L AA , L P for each nG1.n n

Proof: For each nG1, let F be in internal lifting of w . Extend the sequencesn n
�Ž .4` � 4`V , AA , P and F to internal sequences of probability spaces andn n n ns1 n ns1

) Žrandom variables respectively. Choose kg N such that for each nFk, V ,` n
. � 4AA , P is atomless. Let Ts 1,2, . . . ,k . The rest is clear from the previousn n

proposition. I

We can also represent a process with an atomless sample space to a process
with a hyperfinite Loeb counting sample space.

Ž Ž . Ž ..Corollary 5.5. Let f be a process from T=V , L TTmAA , L lmP to a1 1 1
Ž .separable metric space X. Assume that L P is atomless. Then there is an1

Ž .internal counting probability space V , AA , P , an internal function p from2 2 2
Ž Ž . Ž ..T=V to V , and a process g from T=V , L TTmAA , L lmP to X1 2 2 2 2

Ž . Ž .such that for L l -almost all tgT , f sg p , where p is measure preservingt t t t
Ž Ž . Ž .. Ž Ž . Ž ..from V , L AA , L P to V , L AA , L P for each tgT.1 1 1 2 2 2

Proof: Let d be a totally bounded metric on X and F an internal lifting of f from
T=V to ) X. Proposition 5.3 implies that there is an internal counting probabil-1

Ž .ity space V , AA , P , an internal function p from T=V to V , and an2 2 2 1 2

internal process G from T=V to X such that2

L P v gV :)d F v ,G p v ,0 s1,Ž . Ž . Ž .� 4Ž .Ž .Ž .1 1 1 t 1 t t 1

Ž Ž . Ž .. Ž Ž . Ž ..where p is measure preserving from V , L AA , L P to V , L AA , L Pt 1 1 1 2 2 2
Ž .for each tgT. By the construction of G, it is clear that G t, v is near standard2

Ž . Ž . Ž .for L lmP -almost all t, v gT=V . Let gs 8G. Then, for L l -almost all2 2 2
Ž .tgT , f sg p . It t t

Ž .It was shown by Keisler 1984, 1988 that for any two given random variables
from a hyperfinite Loeb counting space to a complete separable metric space, if
they have the same distribution, then there is an internal permutation of the
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internal counting space sending one random variable to the other. The property is
called the homogeneity of hyperfinite Loeb counting spaces. Note that the property
also holds when the target space is not complete. The following proposition
provides a characterization for those random variables on general atomless Loeb
spaces with the same induced distributions on the target space.

( ( )Proposition 5.6. Let w and c be random Õariables from Loeb spaces V , L AA ,1 1
( )) ( ( ) ( ))L P and V , L A , L P to a separable metric space X respectiÕely.1 2 2 2

( ) ( )Assume that L P and L P are atomless. Then the following are equiÕalent:1 2
( )1 w and c haÕe the same distribution;
( ) ( ( ) ( ))2 One can find a Loeb counting space V , L AA , L P , two measure

( ( ) ( )) ( ( )preserÕing mappings p and p from V , L AA , L P and V , L AA ,1 2 1 1 1 2 2
( )) ( ( ) ( )) ( ( )L P respectiÕely to V , L AA , L P , and a random Õariable a from V , L AA ,2
( ))L P to X such that fsaop and csaop .1 2

Ž . Ž . Ž . Ž .Proof: 2 ´ 1 is clear. For 1 ´ 2 , note that Corollary 5.4 implies that there
Ž Ž . Ž ..is a Loeb counting space V , L AA , L P , two measure preserving mappings q1

Ž Ž . Ž .. Ž Ž . Ž .. Žand q from V , L AA , L P and V , L AA , L P respectively to V ,2 1 1 1 2 2 2
Ž . Ž .. Ž Ž . Ž ..L AA , L P , and random variables b , b from V , L AA , L P to X such1 2

that wsb (q and csb (q . Since the random variables b , b on the1 1 2 2 1 2
Ž Ž . Ž ..hyperfinite Loeb counting space V , L AA , L P have the same distribution, by

the homogeneity property, there is an internal permutation p of V such that
b (psb . Let p sq , p sp(q , and asb . Then wsa(p and csa(1 2 1 1 2 2 1 1

p . I2

Next, we present a result on the parametric homogeneity of hyperfinite Loeb
counting spaces. This property will be used in Section 6 to characterize processes
with the same hyper distributions.

( ( ) ( ))Proposition 5.7. Let f and g be processes from T=V , L TTmAA , L lmP to a
( )separable metric space X, where V , AA, P is an internal counting probability

( )space. Assume that for L l -almost all tgT, f and g haÕe the same distribution.t t

Then there is an internal function p from T=V to V such that for each tgT, p t
( )is a permutation of V , and for L l -almost all tgT, g s f (p .t t t

Proof: Let d be a totally bounded metric on X. Fix a natural number mG1.
Choose a Borel measurable partition A1, . . . , An of X such that the diameter of

i i y1Ž i. i y1Ž i.each A is less than 1rm. Let B s f A and C sg A . Then both the sets
Bi and the sets C i form Loeb measurable partitions of T=V . It is clear that for

i y1Ž i. i y1Ž i. Ž .each tgT , the sections B s f A and C sg A . Thus, for L l -almostt t t t
Ž .Ž i. Ž .Ž i.all tgT , L P B sL P C for all is1, . . . ,n. For each 1F iFn, taket t

internal sets Di and Ei in T=V such that the symmetric differences between Bi

i i i Ž . iand D and between C and E are L lmP -null. By modifying the sets D and
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Ei, we can assume that the sets Di as well as the sets Ei form internal partitions
Ž . Ž i. Ž i.of T=V . It is clear that for L l -almost all tgT P D ,P E for allt t

is1, . . . ,n. For each hG1 in )

N, let

< i i <T s t : max P D yP E -1rh .Ž . Ž .½ 5h t t
1FiFn

Ž .Then l T )1y1rh for any positive integer h. By spillover, it holds for someh
) i � Ž i.hg N . Fix such an h. For each tgT and each is1, . . . ,n, let c smin P D ,` h t t

Ž i.4P E . Since P is the counting probability measure on V , we can choose internalt
i i i i Ž i. Ž i . isubsets K of D and L of E such that P K sP L sc . For each tgT ,t t t t t t t h
0 n i 0 n i Ž 0.define K sVyj K and L sVyj L . Then we have P K st is1 t t is1 t t

Ž 0. mP L ,0. Hence, there is an internal function p from T=V to V such thatt
m mŽ i . ip is an internal permutation of V for each tgT and p L sK for eacht t t t

Ž Ž mŽ .. Ž .. Ž .tgT . Therefore, for almost all tgT , d f p v , g v -1rm for L P -al-h h t t t

most all vgV . Let F and G be internal liftings of f and g respectively. Then

1 1
) mlmP t ,v : d F t ,p v ,G t ,v - )1y .Ž . Ž . Ž . Ž .Ž .Ž .t½ 5ž /m m

By / -saturation, there is an mg )N and an internal function p m from T=V1 `

to V such that the functions p m are internal permutations on V and the abovet

inequality holds. Fix such an m. Let psp m. Then p has the required property.
I

5.4. The law for discrete parameter stochastic processes

Ž .Since a discrete parameter stochastic process as discussed in Doob 1953 can
be viewed as a random variable taking values in the relevant product space, it is
easy to obtain a version of the law of large numbers for a hyperfinite number of
such processes. For simplicity, we only state the results for the case that the
parameter space is the set Zq of positive integers. Here, a hyperfinite number of

Ž Ždiscrete parameter stochastic processes on a Loeb product space T=V , L TTm
. Ž .. qAA , L lmP simply means a hyperprocess f on T=V=Z such that for each

q Ž Ž . Ž ..ngZ , f is a process on T=V , L TTmAA , L lmP . When we regard then

processes f as random variables on the Loeb product space, the hyperprocess fn

can also be viewed as a discrete parameter stochastic process with Zq as the
parameter set. For each tgT , f is also a discrete parameter stochastic processt

with sample space V and parameter space Zq. The f will be called the stochastict

processes in the hyperprocess f. For each vgV , the sample function f onv

T=Zq is again a discrete parameter stochastic process with sample space T and
parameter space Zq. The sample functions f will also be called the empiricalv

processes in the hyperprocess f.
� 4`Note that two discrete parameter stochastic processes ws w and csn ns1

� 4`c on some possibly different sample spaces are said to have the same finiten ns1
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dimensional distributions, if for any positive integer indexes i , . . . ,i , the random1 m
Ž . Ž .variables w , . . . ,w and c , . . . ,c have the same distribution. When w andi i i i1 m 1 n

c are on the same sample space, we say they are independent, if the random
Ž . Ž .variables w , . . . ,w and c , . . . ,c are independent for any positive integeri i j j1 m 1 n

indexes i , . . . ,i and j , . . . , j .1 m 1 n

( q)Theorem 5.8. Let f be a hyperprocess from T=V=Z to a separable metric
space X. Assume that the discrete parameter stochastic processes f are almostt

( ) ( )surely pairwise independent, i.e., for L lml -almost all t , t gT=T, the1 2
( )stochastic processes f and f are independent. Then for L P -almost all vgV ,t t1 2

the discrete parameter empirical process f on T=Zq and the hyperprocess fv

( ) qÕiewed as a discrete parameter stochastic process on T=V =Z haÕe the
same finite dimensional distributions.

` Ž . � ŽProof: Define an X -valued process g on T=V by letting g t, v s f t,n
.4`v . Then, it is clear that the almost sure pairwise independence of thens1

X-valued discrete parameter stochastic processes f is equivalent to the almostt

sure pairwise independence of the X`-valued random variables g . Hence, Theo-t
Ž . `rem 5.2 implies that for L P -almost all wgV , the distribution m on Xv

induced by the random variable g on T is equal to the distribution m on X`

v

induced by the random variable g on T=V . It is also obvious that if m sm,v

then the discrete parameter stochastic process f on T=Zq and the discretev

Ž . qparameter stochastic process f on T=V =Z have the same finite dimensional
distributions. Hence the result follows. I

Remark 5.9. As indicated by the proof of the above theorem, any result for a
hyperfinite number of random variables taking values in a general metric space
can be restated for a hyperfinite number of discrete parameter stochastic processes.

ŽSuch a result will not be written down explicitly afterwards except for the result
.in Corollary 7.17 .

6. Some universal phenomena

6.1. Introduction

Before we can claim that the results presented in Sections 3–5 for processes
with almost surely uncorrelated or almost surely pairwise independent random
variables are not vacuous, the important question that we have to address is: Do
such processes always exist? Of course, one can transfer a standard sequence of
independent random variables to obtain a hyperfinite sequence of )-independent

Žinternal random variables see Anderson, 1991; Keisler, 1977; Nelson, 1987 and
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.Stroyan and Bayod, 1986 . However, as noted in Section 2, such processes are not
very interesting from our point view. 11 Section 6.2 contains the following
universality of atomless Loeb product spaces: for any two given atomless Loeb
spaces and for any given hyper distribution on the space of probability measures
on a Polish space, one can construct a process with almost surely pairwise
independent random variables from the relevant Loeb product space to the Polish
space such that the hyper distribution of the process is the given one, where the
hyper distribution of a process measures the variety of the distributions of the
random variables in the process. This result guarantees the abundance of processes
with almost surely pairwise independent random variables.

Ž Ž . Ž . Ž . Ž ..As noted earlier, the product Loeb space T=V , L TT mL AA , L l mL P
Ž Ž . Ž ..is contained in the Loeb product space T=V , L TTmAA , L lmP . By taking

T to be a hyperfinite set and V its internal power set, both endowed with the
Loeb counting probability measures, one obtains a product space for which the

Ž .inclusion is proper see Albeverio et al., 1986, p. 74 or Cutland, 1983, p. 557
Proposition 6.6 in Section 6.3, in fact, says much more: the stated inclusion is

Ž . Ž .proper if and only if neither L l nor L P is purely atomic.
In Section 6.4, some constructions in Section 6.2 are used to show the

non-separability of the space V p of all LL p-integrable centered processes whichUU

satisfy the consistent law of large numbers.

6.2. UniÕersality of atomless loeb product spaces

ŽAs remarked in Section 5.2, for a process f from a Loeb product space T=V ,
Ž . Ž ..L TTmAA , L lmP to a separable metric space X, the functions f are Loebt

Ž . Ž .measurable for L l -almost all t. Define a mapping C from T to the space MM X
Ž .of Borel probability measures on X by letting C t be the distribution on X

Ž . Ž .Ž .y1induced by f , i.e. C t sL l f . The following lemma shows that C ist t

Loeb measurable.

ŽLemma 6.1. Let f and C be defined as above. Then C is measurable from T ,
Ž . Ž .. Ž .L TT , L l to the space MM X with the topology of weak convergence of

measures.

Proof: Choose a totally bounded metric d on X. Then, as noted in Parthasarathy
Ž . Ž . Ž . Ž .1967 p. 43 , the space U X of uniformly continuous functions on X, d is

� 4`separable with the supremum norm. Take a sequence w in the unit ball ofn ns1

11 On the other hand, the transferred law of large numbers as well as relevant results for )-indepen-
dent random variables does have important applications in the hyperfinite model theory of Keisler; see

Ž .Keisler 1977 .
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Ž . Ž .U X such that the vector space spanned by the sequence is dense in U X .
Ž .Define a metric r on MM X by letting

` 1
r m ,n s H w dmyH w dn .Ž . Ý X n X nn2ns1

Ž . Ž .Then r induces the weak topology on MM X see Parthasarathy, 1967, p. 43 .
Ž .The Fubini theorem can be used to obtain that for each nG1, H w ( f d L P isT n t

Ž Ž . .Loeb measurable on T. Thus, r C t , n is Loeb measurable on T for any
Ž . y1Ž . Ž .ngMM X . This implies that C B is L TT -measurable for any open ball B in

Ž Ž . .MM X , r . Hence C is Loeb measurable on T. I

Ž Ž .. Ž .Since C is Loeb measurable from T , L TT to MM X , we can define the
Ž .distribution of C on the space MM X . Such a distribution is called the hyper

distribution of the process f , which is a Borel probability measure on the space of
Borel probability measures on the separable metric space X. Note that one can
also define the hyper distribution of a process on general probability spaces
provided that the Fubini type result holds. The hyper distribution of a process
measures the variety of the distributions of the random variables in the process.
Unlike the finite dimensional distributions of a process, it does not provide any
information about the correlations between the random variables. However, the
notion is helpful in the formulation of the following type of universality result on
atomless Loeb product spaces. It states that one can construct processes on the
Loeb space of the internal product space of any two given atomless internal
probability spaces with almost surely pairwise independent random variables and
with any given hyper distribution. Here we require X to be complete, since a

Ž .version of the Prohorov theorem see Billingsley, 1968, p. 37, Theorem 6.2 will
be needed in the proof.

Theorem 6.2. Let X be a Polish space and m any Borel probability measure on
( ) ( )the space MM X of Borel probability measures on X, where MM X is endowed with

( ) ( )the topology of weak conÕergence of measures. If both L l and L P are
( ( ) ( ))atomless, then there is a process f from T=V , L TTmAA , L lmP to X such

that the random Õariables f are almost surely pairwise independent and the hypert
( )distribution of f on MM X is the giÕen m.

( ) Ž .Proof: For any given positive integer h, since both L l and L P are atomless,
� 4we can choose a system of internal sets B :1F i , . . . ,i Fh and anotheri . . . i 1 h1 h

� 4system of internal sets A , . . . , A such that the first forms an internal partition of1 h
Ž . hV with P B ,1rh , and the second forms an internal partition of T withi . . . i1 h

Ž . )l A ,1rh. By the usual spillover principle, we can find some ng N suchi `

� 4 < Ž .that there is an internal partition B :1F i , . . . ,i Fn of V with P Bi . . . i 1 n i , . . . , i1 n 1 n
n < 2 n � 4 < Ž . <y1rn -1rn , and an internal partition A , . . . , A of T with l A y1rn1 n i

-1rn2. We fix such a hyperinteger n.
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� 4`As in Lemma 6.1, choose a sequence w of bounded continuous functionsp ps1
Ž . Ž Ž . .on X and define a metric r on MM X accordingly. Since MM X , r is again a

� 4`separable metric space, we can choose a sequence F of bounded continuousp ps1
Ž . MM Ž .functions on MM X and define a metric s on the space MM X of hyper

Ž . qdistributions as in the case of MM X . Fix any ´gR . Since hyper distributions
MM Ž . Ž .with finite support are dense in MM X see Parthasarathy, 1967, p. 44 , there is

Ž .a hyper distribution m having finite support such that s m , m -´ . Let´ ´

Ž . Ž .m s a d n q . . . qa d n , where a , . . . ,a G 0, a q . . . ,a s 1,´ 1 1 m m 1 m 1 m
Ž .n , . . . ,n are probability measures on X, and the hyper distributions d n are the1 m j

� 4corresponding Dirac measures concentrated on n . Let Ss 1, . . . ,n and endowj
Ž .the internal counting probability measure t on S. Since L t is atomless, we can

find for each 1F jFm, a Loeb measurable mapping h from S to X such that thej
Ž . y1distribution L t h on X induced by h is n . Take an internal partitionj j j

� 4 Ž .Ž .S , . . . ,S of S such that L t S sa for each 1F jFm. Let H be an1 m j j j

internal lifting of h . Since for each pG1 and 1F jFm, )

w (H is an internalj p j
Ž .lifting of w (h , by Loeb’s theorem Loeb, 1975 , we havep j

H )

w H dt,H w h d L t sH w dn .Ž .Ž . Ž .S p j S p j X p j

) Ž y1 .Hence, r t H , n ,0 for all js1, . . . ,m.j j

Next, we define an X-valued process g ´ on S=S as follows. First, consider an
´ ´ Ž . Ž .internal process G on S=S by letting G r, s sH s for rgS and sgS.j j

´ ´ Ž ´ .Let g be the standard part of G . It is clear that for each rgS , g sh , andj r j
Ž .ŽŽ ´ . .y1 Ž .Ž .hence L P g sn . Since L t S sa , it is then easy to see that ther j j j

´ Ž ´ .hyper distribution of the process g is m . For each rgS , we have G sH´ j r j
Ž ´ . ) Ž ŽŽ ´ . .y1 .and g sh , and hence r t G , n ,0. For each pG1, since F isr j r j p

) Ž ŽŽ ´ . .y1 . Ž .continuous, F t G ,F n holds for rgS . Therefore,p r p j j

m
y1

) ´H F t G dt r , H F n d L t r sH F dm .Ž . Ž . Ž . Ž . Ž .Ž .Ž . ÝrS p S p j MM Ž X . p ´j
js1

� 1r q4` � 4`Now, consider the sequence G . Since the sequence m of hyperqs1 1r q qs1

distributions converges weakly to m, it follows that for each pG1,

lim H F dm sH F dm.MM Ž X . p 1r q MM Ž X . p
q™`

Ž .Hence, for any pair p, k of positive integers, there is N gN such that for anypk

qGN ,pk

1y1
) 1r qH F t G dt r yH F dm - . 6-1Ž . Ž . Ž .Ž .rž /S p MM Ž X . p k

Ž . � 4`Since MM X is also a Polish space and m is a tight sequence, by1r q qs1
Ž .Prohorov’s theorem, there is for each llG1, a compact set C in MM X such thatll

Ž .m C )1y1rll for all qG1. The same theorem can be applied to the1r q ll
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Ž .compact set C of measures in MM X to obtain a compact set K in X such thatll ll
Ž .for any ngC , n K )1y1rll . Letll ll

y1q 1r qS s rgS :L t g gC .Ž . Ž .½ 5ll llr

1r q Ž .Ž q .Since the hyper distribution of g is m , L t S )1y1rll . Hence for all1r q ll

q, llG1,
y1 y11r q 1r qL tmt g K sH L t g K d L t rŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .ž / ž /ll S llr

y11r q
qGH L t g K d L t rŽ . Ž . Ž . Ž .Ž .S llrll

2
qGH 1y1rll d L t r ) 1y1rll .Ž . Ž .Ž . Ž .S ll

6-2Ž .
� 1r q4`By the / -saturation principle, the sequence G can be extended to an1 qs1

� 1r q4
)internal sequence G of processes on S=S. By the Permanence Principleq g N

Ž . Ž . Ž .in Hurd and Loeb 1985 p. 100 , for any pair p, k of positive integers, there is
) Ž .an M g N such that for any N FqFM , the inequality in Eq. 6-1 stillpk ` pk pk

holds. By spillover, we can claim that there is an u g )NN such that u FM for1 ` 1 pk

all p, kG1. Hence, for every positive integer p and for every qg )N with`

qFu , we have1

y1
) 1r qH F t G dt r fH F dm. 6-3Ž . Ž . Ž .ž /rS p MM Ž X . p

Ž .For a given positive integer j, let B K , 1rj be the set of all points xgXll
Ž . Ž .with d x, K -1rj. Then by Eq. 6-2 , we have for all positive integers j, ll , q,ll

y1 2)1r qtmt G B K ,1rj ) 1y1rll . 6-4Ž . Ž . Ž .Ž .Ž .ž /ll

Ž .By another appeal to the Permanence Principle, we can find, for each pair j, ll of
positive integers, a hyperinteger R g )N such that for any q with 1FqFR ,j ll ` j ll

Ž . )Eq. 6-4 still holds. Choose u in N such that u FR for all j, ll . Hence,2 ` 2 j ll
Ž .Eq. 6-4 holds for any positive integers j, ll and for any q with 1FqFu . By a2

similar proof, there is an u in )

N such that for any positive integer ll and for3 `

any hyperinteger q with 1FqFu ,2

1 1y1
)1r qtmt G B K , )1y . 6-5Ž . Ž .llž /ž /ž /u ll3

� 4 Ž .Choose usmin u , u ; inequality Eq. 6-5 implies that1 2

y11r u )L tmt G ns X s1,Ž . Ž . Ž .ž /
where ns) X is the set of all near-standard points in ) X. Hence, there is a

Ž Ž .. Ž Ž .. 1r umeasurable function g from S=S, L SSmSS to X, BB X such that G is
Ž .an internal lifting of g. The Fubini theorem implies that for L t -almost all rgS,

Ž 1r u. ) Ž Ž 1r u.y1 Ž . y1 .G is an internal lifting of g , and hence r t G , L t g ,0 by ther r r r
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Ž .same argument used in the second paragraph. Thus, for L t -almost all rgS,
) Ž Ž 1r u.y1 . Ž Ž . y1 . Ž .F t G is infinitely close to F L t g , and hence by Eq. 6-3p r p r

y1
) 1r u y1H F dm,H F t G dt r ,H F L t g d L t r .Ž . Ž . Ž . Ž . Ž .Ž .ž /rMM Ž X . p S p S p r

Therefore,

H F L t gy1 d L t r sH F dm.Ž . Ž . Ž .Ž .S p r MM Ž X . p

Ž . Ž .By Theorem 6.1 of Parthasarathy 1967 p. 40 , the hyper distribution of g is m.
Ž .For each 1FrFn, define a mapping p from V to S by letting p v s i ifr r r

vgB . Then for any internal set C:S,i . . . i . . . i1 r n

< y1 <P p C yt CŽ . Ž .Ž .r

n n n1 n t C 1Ž .
< <F PPP PPP P B y F F .Ž .Ý Ý Ý i PPP i PPP i n n2 n1 r n n nni s1 i gC i s11 r n

Ž Ž . Ž .. Ž Ž . Ž ..Thus, p is Loeb measure preserving from V , L AA , L P to S, L SS , L t .r
0 0Ž .Similarly, we can define a mapping p from T to S by letting p t sr if

tgA . Then p 0 is also Loeb measure preserving. Let P be the internal mappingr
Ž . Ž . Ž 0Ž . Ž ..0from T=V to S=S such that for t,v gT=V ,P t,v s p t ,p v ,p Ž t .

Ž . Ž Ž ..i.e., P t,v s r,p v if tgA . Then II is Loeb measure preserving. To seer r
� Ž . 4this, let C be an internal subset of S=S and C be the set sgS: r,s gC . Wer

have

< y1 <lmP P C ytmt CŽ . Ž .Ž .
n n t CŽ .ry1 � 4s lmP p r =C yŽ .Ž .Ý Ýr nrs1 rs1

n t CŽ .ry1s l A P p c yŽ . Ž .Ž .Ý r r r nrs1

n n1 1
y1 y1< <F l A y P p C q P p C yt CŽ . Ž . Ž . Ž .Ž . Ž .Ý Ýr r r r r rn nrs1 rs1

1 1 1
FnP qnP P .n2 n nn

Hence, P is Loeb measure preserving. Define an internal process F on T=V by
Ž . Ž Ž ..letting F t,v sG P t,v . Let fsg(Ł. By the fact that the inverse image of

a null set under P is still null, we obtain that F is an internal lifting of f.
Ž . y1 Ž . y1By the definition of f , we know that for any tgA , L P f sL t g . Letr t r

Ž . Ž . Ž . Ž . y1C : T™MM X and C : S™MM X be defined as follows: C t sL P f and1 2 1 t
Ž . Ž . y1 0 0C r sL t g . Then C sC (p . Since the distribution of C is m and p2 r 1 2 2

is measure preserving, the distribution of C must also be m. Therefore, the hyper1

distribution of f is m.
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By modifying the values of g on a null set if necessary, we can assume that gr

is Loeb measurable for each rgS. Thus, all the f are Loeb measurable. We shallt

now show that for any given t gA , t gA for some 1Fm/rFn, f and f1 m 2 r t t1 2

are independent. Note that f sg (p and f sg (p . For any internal setst m m t r r1 2

C , C :S, it can be checked that1 2

P py1 C lpy1 C ,P py1 C PP py1 C .Ž . Ž . Ž . Ž .Ž . Ž . Ž .m 1 r 2 m 1 r 2

Thus, for any Loeb measurable sets D , D :S1 2

L P py1 D lpy1 D sL P py1 D PL P py1 D .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .m 1 r 2 m 1 r 2

Therefore, for any Borel sets B , B :X,1 2

L P fy1 B l fy1 B sL P py1 gy1 B lpy1 gy1 BŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ž .t 1 t 2 m m 1 r r 21 2

sL P py1 gy1 B PL P py1 gy1 BŽ . Ž . Ž . Ž .Ž . Ž .Ž . Ž .m m 1 r r 2

sL P fy1 B PL P fy1 B .Ž . Ž . Ž . Ž .Ž . Ž .t 1 t 21 2

Ž .Whence f and f are independent. Therefore, the set of all the pairs t , t sucht t 1 21 2

that f and f are not independent is contained in the set j n A =A . Sincet t rs1 r r1 21 1Ž . Ž .l A F q , it is obvious that2r n n

21 1
nlml j A =A Fn q ,0,Ž . Ž .rs1 r r 2ž /n n

and hence, the proof is complete. I

If we restrict our attention to processes with a hyperfinite Loeb counting
parameter space, then we can characterize those having the same hyper distribu-
tions.

( ( )Proposition 6.3. Let f and g be two processes from T=V , L TTmAA ,1 1
( )) ( ( ) ( ))L lmP and T=V , L TTmAA , L lmP respectiÕely to some separable1 2 2 2

( )metric space X. Assume that T,TT,l is the internal counting probability space on
T, and P ,P are atomless. Then f and g haÕe the same hyper distribution if and1 2

only if there exists an internal permutation p of T, a hyperfinite Loeb counting
( ( ) ( )) ( ( ) ( ))space V , L AA , L P , and a process h on T=V , L TTmAA , L lmP with the

( )following properties: for almost all t,v ,

f t ,v sh t ,a t ,v and g t ,v sh p t ,b t ,v ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .
where a and b are internal mappings from T=V and T=V respectiÕely to1 2

(V , and for each fixed tgT, a and b are Loeb measure preserÕing from V ,t t 1
( ) ( )) ( ( ) ( )) ( ( ) ( ))L AA , L P and V , L AA , L P respectiÕely to V , L AA , L P .1 1 2 2 2
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Proof: The ‘if’ part is clear. We only consider the ‘only if’ part. As in the proof of
ŽCorollary 5.5, Proposition 5.3 implies that there exists a Loeb counting space V ,

Ž . Ž .. 1 2 Ž Ž .L AA , L P , and there are processes h and h from T=V , L TTmAA ,
Ž .. 1 1L lmP respectively to X, and internal mappings a and b from T=V and1

Ž . 1 1T=V respectively to V such that for L l -almost all tgT , f sh (a and2 t t t

g sh2
(b 1, and also for each fixed tgT , a 1 and b 1 are Loeb measuret t t t t

Ž Ž . Ž .. Ž Ž . Ž .. Žpreserving from V , L AA , L P and V , L AA , L P respectively to V ,1 1 1 2 2 2
Ž . Ž ..L AA , L P .

Ž . Ž .Define C and C to be the mappings from T to MM X by letting C t s1 2 1
Ž .Ž 1.y1 Ž . Ž .Ž 2 .y1L P h and C t sL P h . Then we know that C and C are Loebt 2 t 1 2

measurable and have the same distribution. By the homogeneity property of
hyperfinite Loeb counting spaces, there is an internal permutation p of T such

Ž . 2 1that C sC (p . Thus, for L l -almost all tgT , h and h have the same2 1 t p Ž t .
distribution on X. By the parametric homogeneity of hyperfinite Loeb counting
spaces in Proposition 5.7, there is an internal process f from T=V to V such

Ž .that for each tgT , f is a permutation of V , and for L l -almost all tgT ,t

h2 sh1
(f .t p Ž t . t

1 1 Ž .Let hsh , asa , and define b by letting b sf (b . Then, for L l -al-1 t t t

most all tgT , f sh (a and g sh (b . The rest is clear. It t t t p Ž t . t

6.3. Measurability and the law

The following proposition shows that a process satisfying the consistency law is
always not measurable with respect to UU except for the trivial case that the
random variables in the process are constants.

Proposition 6.4. Let f be a real-Õalued integrable process on a Loeb product
( ( ) ( ))space T=V , L TTmAA , L lmP . If f satisfies the consistency law, then f is not

( ) ( ) ( )measurable with respect to the completion of L TT mL AA unless for L l -almost
all tgT, f is a constant function.t

Ž .Proof: Suppose that f is measurable with respect to the completion of L TT m
Ž . Ž < .L AA . Then, by Theorem 3.17, fsE f sh for some integrable function on T.UU

Ž .Thus for L l -almost all tgT , f is the function taking the constant valuet
Ž .h t sEf , and we are done. It

When a process on a Loeb product space takes values in a general separable
metric space, we cannot use the properties of conditional expectations as above.
However, we can still formulate the following measurability result, which says
that for a metric space valued process on a Loeb product space, if the process has
almost surely pairwise independent random variables, then it is not measurable
with respect to UU except the trivial case that the random variables in the process
are constants.
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( ( ) ( ))Proposition 6.5. Let f be a process from T=V , L TTmAA , L lmP to a
separable metric space X. Assume that the random Õariables f are almost surelyt

pairwise independent. If f is measurable with respect to the completion of
( ) ( ) ( )L TT mL AA , then for L l -almost all tgT, f is a constant mapping. It alsot

means that the hyper distribution of the process is supported on the set of Dirac
measures on X.

� 4`Proof: Choose a countable open base O in X, and let f be the indicatorn ns1 n

function x of O . For each nG1, consider the real-valued process f ( f. TheO n nn

almost sure pairwise independence condition on f implies that the random
Ž . Ž < .variables f ( f are almost surely uncorrelated. By Theorem 3.21, E f ( f UUn t n

Ž . Ž .sh , where h t sE f ( f . Since f is assumed to be measurable with respectn n n t
Ž . Ž .to the completion of L TT mL AA , for each nG1, f ( f must be so. We cann

Ž . Ž .Ž . Ž . Ž .find A gL TT with L l A s1 such that f ( f t,P sh t for all tgA .n n n n n
Ž .Ž .Let A be the intersection of all the A . Then L l A s1, and for any tgA,n

Ž . Ž . Ž .f ( f P sh t . Now, fix an arbitrary tgA. We can choose a set BgL AAn t n
Ž .Ž . Ž . Ž .such that L P B s1 and f ( f v sh t for any vgB and for any nG1.n t n

Ž . Ž .Hence for any v , v gB, we must have f v s f v , since the functions f1 2 t 1 t 2 n

separate points. Therefore, the random variables f are constant mappings almostt

surely, and the proof is thus complete. I

The next proposition shows that the measurability with respect to the Loeb
space of the internal product space but not with respect to the product of the two
Loeb spaces is a universal phenomenon whenever non-purely atomic Loeb mea-
sures are concerned.

( ) ( )Proposition 6.6. The completion of the product Loeb algebra L TT mL AA is
( ) ( )strictly contained in the Loeb product algebra L TTmAA if and only if both L l

( )and L P are not purely atomic.

Ž . � 4`Proof: We first consider the case that L l is purely atomic and let C be alln ns1
Ž . Ž .the atoms of L l . It can be checked that for any DgL TTmAA , there is an

Ž . Ž . Ž . `L l -null set EgL TT such that Dj E=V sj A =B , where A is oneis1 i i i
Ž .of the atoms C and B is in L AA . Hence, D is measurable with respect to then i

Ž . Ž . Ž . Ž .L l mL P -completion of the product Loeb algebra L TT mL AA . It implies
that the completion of the product Loeb algebra is equal to the Loeb product

Ž .algebra. The same identity holds, when L P is purely atomic.
Ž . Ž .Next, assume that both L l and L P are not purely atomic. We can find

Ž .internal sets T and V such that the respective restrictions of L l to T and0 0 0
Ž . Ž . Ž .L P to V constitute the respective non-atomic parts of L l and L P . Let l0 0

and P be the internal probability measures normalized from the restrictions of l0

to T and P to V respectively. By Theorem 6.2, we can find a process g from0 0
Ž Ž . Ž .. � 4the Loeb product space T =V , L TT mAA , L l mP to 0, 1 such that the0 0 0 0 0 0
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random variables g are almost surely pairwise independent and identicallyt

distributed with equal distribution on 0 and 1, where TT and AA are the0 0

respective restrictions of TT to T and AA to V . By Proposition 6.5, g is not0 0
Ž . Ž .measurable with respect to the completion of L TT mL AA , which is the0 0

Ž . Ž .restriction of the completion of L TT mL AA to T =V . It is clear that g is the0 0
Ž .indicator function of some subset C of T =V . Hence, C is in L TTmAA but0 0

Ž . Ž . Ž . Ž .not in the L l mL P -completion of L TT mL AA , and we are done. I

6.4. The non-separability of V p
UU

As noted in Remark 3.22, all LL p-integrable centered processes satisfying the
consistency law are in the space V p, where V p is the collection of those processesUU UU

whose conditional expectations with respect to the relevant product Loeb space are
zero. Recall that a real-valued process f is said to be centered if the means of the
random variables f are almost surely zero. Now we shall show that the vectort

space V p is a big space for pG1 in the sense that it is non-separable in theUU

LL p-norm.

( ) ( )Proposition 6.7. If both L l and L P are not purely atomic, then for any
p p( ( ))1FpF`, V is a non-separable subspace of the Banach space LL L lmPUU

with the LL p-norm.

Ž . Ž .Proof: We only consider the case when both L l and L P are atomless. By the
same idea used in the first paragraph of the proof of Theorem 6.2, we can find

) � 4some Hg N and an internal partition B :i , . . . ,i sy1,1 of V with` i . . . i 1 H1 H

Ž . H < 2 H )line P B y1r2 -1r2 for each i , . . . ,i sy1, 1. Choose an Ngi . . . i 1 H1 H
2 � 4N such that 2 N -H. Let A , . . . , A be an internal partition of T with` 1 N

< Ž . < 2 Ž .l A y1rN -1rN . For any 1FnFH, define f on V by letting f v s ii n n n
< <if vgB . Then it is easy to check that H f yf d P,1 for anyi . . . i . . . i V n m1 n H

kŽ . Ž .1Fn-mFH. For any 0FkFN, let f t, v sf v if tgA . It can bek Nqn n

checked that for a fixed 0FkFN, the centered process f k has almost surely
Ž k < .pairwise independent random variables, and hence, E f s0. Now for 0Fk-UU

mFN,
N

k m< < < <HH f y f dlmPs H H f yf d Pdl,1.ÝT=V A V k Nqn m Nqnn
ns1

< k m < Ž . `Ž Ž ..Hence, HH f y f d L lmP s1. Note that for any xgLL L lmP , theT=V

LL 1-norm of x is always less than or equal to the LL p-norm of x for any
1FpF`. Since all the f k are bounded, we thus know that the pairwise distance
of the processes f k in the LL p-norm is greater than or equal to 1 for any
1FpF`. Since the external cardinality of a hyperfinite set is at least the
continuum, we thus know that the Banach spaces V ps are non-separable. IUU
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7. Unification of multiplicative properties

7.1. Introduction

Even though independence has long been a primary focus of probability theory,
it remains as a source of problems in current research when it is not assumed. The
assumption of independence yields crucial multiplicative properties involving
characteristic functions, generating functions, method of moments, etc. It is known
that for a fixed finite collection of random variables, independence is strictly

Ž .stronger than these properties see, for example, Loeve, 1977a . A natural and´
fundamental problem remains open: what is the precise relationship between
independence and multiplicative properties when a large number of random
variables is involved?

The aim of the following sections is to attempt to answer the question. In
particular, we shall provide some intrinsic characterizations of almost sure pair-
wise independence. These characterizations allow us to unify various multiplica-
tive properties in the probabilistic literature. It also shows that many seemingly
different descriptions of individual uncertainty are, in fact, all equivalent.

Section 7.2 contains two examples showing the differences among several
notions which are weaker than independence. In Section 7.3, we formalize the
probabilistic observation ‘‘No betting system can beat the house’’ in the setting of
empirical distributions. The main theorem of the section, Theorem 7.6, says that
almost sure pairwise independence is necessary and sufficient for the satisfiability
of the consistency law in distribution. Based on separating classes of Borel
functions, we also present in the theorem two other general characterizations of
almost sure pairwise independence. Section 7.4 concerns with real-valued pro-
cesses. We derive from Theorem 7.6 some corollaries which unify multiplicative
properties involving the maximum of random variables, characteristic functions,
the method of moments, generating functions, and a condition based on the real
exponential family. Though these multiplicative properties are all strictly weaker
than independence for a fixed finite number of random variables, it is surprising
that their almost sure versions are all equivalent to almost sure pairwise indepen-
dence. The duality result in Proposition 7.16 shows a perfect symmetry in the
sense that the random variables in a process are almost surely pairwise indepen-
dent as well as identically distributed almost surely if and only if so are the sample
functions. In Section 7.5, we present some additional characterizations of almost
sure pairwise independence for metric space valued processes. Some of them are
simple observations and are listed for the purpose of providing easy references at
other places.

7.2. Two examples

Definition 3.9 presents a different notion of independence, the so-called diago-
nal independence, for real-valued random variables. For general metric spaces, we
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have no way to define a sort of diagonal independence. However, another kind of
independence, called semi-independence, can still be defined. Two random vari-

Ž .ables w and c from a probability space S, FF, m to a metric space X are said to
12 y1Ž .be semi-independent if for any open set O in X, the events w O and

y1Ž .c O are independent, i.e.,

m wy1 O lcy1 O sm wy1 O m cy1 O .Ž . Ž . Ž . Ž .Ž . Ž . Ž .
Ž .It is shown in Sun 1995 that semi-independence preserves some sort of multi-

plicative properties. In fact, a primary reason to introduce the notion of semi-inde-
Ž .pendence in Sun 1995 is to study its relevance with multiplicative properties of

random variables and the related central limit theorem.
The following example shows that diagonal independence is weaker than

semi-independence, and it can also be neither G-uncorrelated nor uncorrelated.

� 42Example 7.1. Define a probability measure m on the set y1, 0, 1 such that

m y1,1 s2r9,m 0,1 s0,m 1,1 s1r9,� 4 � 4 � 4Ž . Ž . Ž .Ž . Ž . Ž .
m y1,0 s0,m 0,0 s1r3,m 1,0 s0,� 4 � 4 � 4Ž . Ž . Ž .Ž . Ž . Ž .
m y1,y1 s1r9,m 0,y1 s0,m 1,y1 s2r9.� 4 � 4 � 4Ž . Ž . Ž .Ž . Ž . Ž .

� 4Let f, c be any random variables taking values from y1, 0, 1 such that the
Ž .joint distribution of f, c is m. Then it is easy to check that f and c are

diagonally independent but neither semi-independent, nor G-uncorrelated, nor
uncorrelated.

Ž .The next example adopted from Sun 1995 shows that there are semi-indepen-
dent random variables which are neither independent nor G-uncorrelated.

� 42Example 7.2. Define a probability measure m on the set 1, 2, 3 such that

m 1,1 sm 2,2 sm 3,3 s1r9� 4 � 4 � 4Ž . Ž . Ž .Ž . Ž . Ž .
m 1,3 sm 2,1 sm 3,2 s2r9� 4 � 4 � 4Ž . Ž . Ž .Ž . Ž . Ž .
m 1,2 sm 2,3 sm 3,1 s0� 4 � 4 � 4Ž . Ž . Ž .Ž . Ž . Ž .

� 4Let f, c be any random variables taking values from 1, 2, 3 such that the joint
Ž .distribution of f, c is m. Then it is easy to check that f and c are

semi-independent but not independent.

12 It is easy to see that the proof of Theorem 5.2 only uses the fact that the random variables f aret

semi-independent.
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< < 2Now since f and c have the same distribution, we obtain G PG s G ,f yc f

which is always non-negative. On the other hand, it is easy to see that

1 2
iu y2 iuG u s q 2 e qe .Ž . Ž .fyc 3 9

Thus, G PG /G , and hence f and c are not G-uncorrelated.f yc fyc

7.3. The consistency law in distribution

As in Definition 3.15, we can introduce the following version of the consistent
law of large numbers. Again, it is a sort of idealization of the phenomenon ‘‘No
betting system can beat the house’’. This concept is used below to characterize
those processes satisfying the law in distribution.

Ž Ž .Definition 7.3. Let f be a process from a Loeb product space T=V , L TTmAA ,
Ž ..L lmP to a metric space X. We say that f satisfies the consistent law of large

Ž .numbers in distribution or simply the consistency law in distribution if for any
Ž .Ž . Ainternal set AgTT with L l A )0, the process f from the reduced Loeb

Ž Ž A . Ž A ..product space A=V , L TT mAA , L l mP to X satisfies the law in
Ž . Adistribution. In other words, for L P -almost all vgV , the distribution mv

A Ž Ž A. Ž A..induced by the random variable f from A, L TT , L l to X is equal to thev
A A Ž Ž A .distribution m induced by the random variable f from A=V , L TT mAA ,

Ž A .. A AL l mP to X. Here, f is the restriction of f to A=V , TT is the collection
of all internal subsets of A in TT, and l A is the internal probability measure on
Ž A.A, TT rescaled from l.

As noted in Lemma 3.16, we can only consider in the above definition those A
Ž .Ž . Ž . Žwith L l A )1y´ for any prior given number ´g 0, 1 no matter how small

.´ is . This relaxation will prove to be convenient in the proof of Proposition 9.4.
The following example shows that there are processes which satisfy the law in
distribution but not the consistency law in distribution.

Ž Ž .Example 7.4. Let f be the process on a product Loeb space T=V , L TT m
Ž . Ž . Ž ..L AA , L l mL P as defined in Example 3.18. For any vgV , f is equallyv

distributed on y1 and 1. Similarly, as a random variable on the Loeb product
space, f is also equally distributed on y1 and 1. Hence, f satisfies the law in
distribution. Suppose f satisfies the consistency law in distribution. Since f is also
integrable, f must satisfy the consistency law. This contradicts the result in
Example 3.18. Therefore, f does not satisfy the consistency law in distribution.

The main theorem of this section uses separating classes for collections of
distributions. It is clear from the definition given below that a class is separating
for a fixed collection of distributions if and only if it has a countable subclass
which is separating for the collection of distributions.
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Definition 7.5. Let DD be a collection of Borel probability measures on a separable
metric space X and let EE be a class of real or complex valued Borel functions on

Ž .X such that for any given pair f, m gEE=DD, f is m-integrable. The class EE is
� 4`said to be separating for DD, if there is a sequence f of functions EE whichn ns1

distinguishes the members of DD. That is, m and n in DD are equal if H f dmsX n

H f dn for all nG1.X n

We shall now move to the main theorem of this section. Since almost sure
pairwise independence is shown to be necessary and sufficient for the satisfiability
of the consistency law in distribution, the condition is thus intrinsic pertaining to
the study of the law of large numbers. General characterizations for almost sure
pairwise independence are also presented in terms of suitable separating classes.

Ž . Ž .As before, the equivalence of 3 and 4 presents a sort of duality between the
random variables and the sample functions.

Theorem 7.6. Let DD be a collection of distributions on a separable metric space
X, EE a separating class for DD of real or complex Õalued Borel functions, and f a

( ( ) ( ))process from a Loeb product space T=V , L TTmAA , L lmP to X such that
the distributions of all the sample functions f A as well as the distribution of thev

process f A Õiewed as a random Õariable are all in DD, where AgTT with
( )( ) AL l A )0, and f is the restriction of f to A=V with the rescaled Loeb

( )product measure. Assume that w f is a square integrable process for each wgEE .
Then the following are equiÕalent:

( )1 f satisfies the consistency law in distribution;
( )2 the random Õariables f are almost surely pairwise independent, i.e., fort

( ) ( )L lml -almost all t , t gT=T, f and f are independent;1 2 t t1 2

( ) ( ( ))3 for each wgEE , the w f are almost surely uncorrelated, i.e., fort
( ) Ž . ŽŽ Ž .. . Ž Ž ..L l m l -almost all t , t g T = T , E w f w f s E w fŽ .Ž . t1 2 t t21 1

=E w f ;Ž .Ž . t2
2( ) Ž Ž . . < Ž . < ( )4 for each wgEE , E w f w f sE Ew f for L PmP -almost allŽ .v v t1 2

( )v , v gV=V .1 2

Ž . Ž .Proof: For 1 ´ 2 , choose a countable open base BB for X such that BB is
closed under the formation of finite intersections. For a fixed open set OgBB, let

Ž .Ž Ž ..y1c denote the indicator function of O. Then we observe that L lmP c f s
Ž Ž . y1 . y1 Ž . ŽŽ Ž .. .y1 Ž Ž .Ž .y1 . y1L lmP f c , and for any vgV , L l c f s L l f c .v v

Ž .Ž .If we start with an internal set A with L l A )0, we have similar identities for
A Ž Ž .. A Ž .the subprocesses f and c f . Hence, the process c f also satisfies the

Ž .consistency law in distribution. Thus, c f satisfies the consistency law. By
Ž .Theorem 4.6, c f has almost surely uncorrelated random variables.

Next pick any O , O gBB. Let x and x be the respective indicator1 2 O O1 2

functions of O and O . The previous paragraph shows that the random variables1 2
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Ž Ž .. Ž .x f are almost surely uncorrelated. By Theorem 4.6 7 , the processesO t1

Ž . Ž .x f and x f themselves are almost surely uncorrelated. WhenceO O1 2

H x f P x f d L PŽ . Ž . Ž .Ž . Ž .V O Ot t1 21 2

sH x f d L P H x f d L PŽ . Ž . Ž . Ž .Ž . Ž .V O V Ot t1 21 2

Ž . Ž .for L lml -almost all t , t gT=T. Since BB is countable, we can choose an1 2
Ž . Ž .L lml -null subset A of T=T such that for all t ,t fA ,0 1 2 0

L P fy1 O l fy1 O sL P fy1 O PL P fy1 OŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .t 1 t 2 t 1 t 21 2 1 2

for all O , O gBB. Since BB is closed under the formation of finite intersections,1 2
Ži.e., a p-system, Dynkin’s pyl theorem see Cohn, 1980, p. 44 and Durrett,

. Ž .1991, p. 404 implies that for all t , t fA ,1 2 0

L P fy1 B l fy1 B sL P fy1 B PL P fy1 BŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .t 1 t 2 t 1 t 21 2 1 2

holds for all Borel subsets B , B in X. This means that f and f are1 2 t t1 2

Ž . Ž .independent for all t , t fA , and hence 2 follows.1 2 0
Ž . Ž . Ž .For 2 ´ 3 , simply note that for each wgEE, w f is a square integrable

process with almost surely pairwise independent random variables. Hence, the
Ž Ž .. Ž .random variables w f are almost surely uncorrelated, i.e., 3 holds.t

Ž . Ž .We shall now show 3 ´ 1 . For each fixed wgEE, define a centered process
Ž . Ž .Ž . Ž Ž .. Ž .g by letting g t, v sw f t, v yE w f . Since it is assumed in 3 that thet

Ž Ž ..real or complex valued random variables w f are almost surely uncorrelated,t

we know that the random variables g are almost surely orthogonal. As notedt
Žearlier, Theorem 3.7 is still valid for complex valued processes see the proof of

. Ž . Ž .Theorem 3.13 . Hence for L P -almost all vgV , Eg s0, and thus Ew f sv v

Ž .Ew f . Let m be the distribution on X induced by the sample function f on Tv v

and m the distribution induced by f viewed as a random variable on T=V . Then
Ž .H wdm sH wdm for L P -almost all vgV . Since EE has a countable separat-X v X

Ž .ing subclass EE for DD, we can find an L P -null subset B of V such that for any0

fixed vfB, H wdm sH wdm for all wgEE . Since m and m are in DD, theX v X 0 v

fact that EE is separating for DD implies m sm for all vfB. Therefore, f0 v

satisfies the law in distribution. The same argument can be used to show that f
Ž . Ž .satisfies the consistency law in distribution. Hence, we obtain 3 ´ 1 .

It can be checked that the results in Theorem 4.6 are still valid for complex
Ž . Ž .processes. Thus the equivalence of 3 and 4 follows. In fact, similar identities as

Ž . Ž .in the proof of 2 m 3 in Theorem 4.5 can be established for complex valued
Ž . Ž .processes. These identities can, then, be used to prove 3 m 4 here directly. I

7.4. Some specific multiplicatiÕe properties for real-Õalued processes

We have seen that independence is in general strictly stronger than diagonal
independence and G-uncorrelatedness, and the latter two do not imply each other.
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In Theorems 3.10 and 3.13, we present versions of the law in distribution by using
the almost sure versions of pairwise diagonal independence and G-uncorrelated-
ness. Theorem 7.6 allows us to claim in the next two corollaries that the almost
sure versions of both conditions are actually equivalent to almost sure pairwise
independence and thus, stronger than almost sure uncorrelatedness. Following
these two corollaries, multiplicative properties involving separating classes for
some collections of special distributions on R are also considered.

We start with almost sure pairwise diagonal independence. Besides its equiva-
lence with almost sure pairwise independence, it is also equivalent to the fact that
the diagonals of the pairwise joint distribution functions of the sample functions
are essentially independent of the choice of particular samples.

(Corollary 7.7. Let ff be a real-Õalued process on a Loeb product space T=V ,
( ) ( ))L TTmAA , L lmP . Then the following are equiÕalent:

( )1 the random Õariables f are almost surely pairwise independent;t
( )2 the random Õariables f are almost surely pairwise diagonally independent;t
( )3 let F be the distribution function of f and F the joint distributiont t v v1 2

function of the sample functions f and f ; then the diagonal of the jointv v1 2

Ž .distribution function is in the following special form: F x, x sv v1 2

Ž Ž ..2 Ž . ( ) ( )H F x d L l for L PmP -almost all v , v gV=V .T t 1 2

Proof: For the proof, we note that the class EE of the indicator functions of the0
Ž xintervals y`, x for all rational numbers x is a countable separating class for all

distributions on R. Hence, the class EE of the indicator functions of the intervals
Ž xy`, x for all real numbers x is a separating class for all distributions on R. If
Ž . Ž Ž ..2 is satisfied, then for any wgEE, the random variables w f are almost surelyt

Ž . Ž . Ž .uncorrelated, and hence, 1 follows from Theorem 7.6. Since 1 ´ 2 is
Ž . Ž .obvious, 1 and 2 are equivalent.

Ž . Ž . Ž .By rewriting 3 , we obtain for L PmP -almost all v , v gV=V ,1 2
Ž Ž . Ž .. < Ž . < 2 Ž . Ž .E w f w f sE Ew f for all wgEE. Hence, 3 ´ 1 is clear.v v t1 2

Ž .If we assume 1 , then Theorem 7.6 implies that for each w g EE ,0
Ž Ž . Ž .. < Ž . < 2 Ž . Ž .E w f w f sE Ew f holds for L PmP -almost all v , v gV=V .v v t 1 21 2

Ž .Since EE is countable, we can obtain that except for an L PmP -null set, the0
Ž .previous identity holds for all wgEE . By taking limits, we can derive 3 . I0

Now we move to almost sure G-uncorrelatedness. We simply note that the
complex exponentials eiu x form a separating class for distributions on R. Thus, as
in the previous corollary, it is easy to prove this corollary by applying Theorem
7.6. Here, we omit the proof.

( ( ) ( ))Corollary 7.8. Let f be a real-Õalued process on T=V , L TTmAA , L lmP .
Then the following are equiÕalent:

( )1 the random Õariables f are almost surely pairwise independent;t
( )2 the random Õariables f are almost surely G-uncorrelated.t
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In the next three corollaries, we consider separating classes for collections of
special distributions on R. The proofs will be omitted. We shall first work with the

� k 4class of functions x : kgN . It is quite easy to show that this class is a
separating class for distributions with a compact support. However, as noted in

Ž . Ž .Durrett 1991 p. 89 , it is not a separating class for all distributions on R. Let
m Ž .MM be the class of distribution functions F x such that

< <1r kmk
lim -`,k™` k

k Ž . � k 4where m is the k-th moment of F, i.e., m sH x d F x . Then x : kgN is ak k R
m Ž .separating class for MM see Breiman, 1968, p. 182 . The relevant theory is called

the ‘method of moments’. The following corollary follows immediately from
Theorem 7.6.

( ( ) ( ))Corollary 7.9. Let f be a real-Õalued process on T=V , L TTmAA , L lmP
such that the distribution of f Õiewed as a random Õariable on T=V is in MM m. 13

Then the following are equiÕalent:
( )1 The random Õariables f are almost surely pairwise independent;t
( ) ( )k2 For all kgN , the random Õariables f are almost surely uncorrelated;t

this means that the joint moments of f and f are almost surely the product of thet t1 2

corresponding moments of f and f .t t1 2

Let MM n be the collection of distribution functions of random variables taking
values in natural numbers. Note that for a random variable f taking values in N,

Ž . ` kone can define the generating function GG for f by letting GG z sÝ b zf f ks0 k
Ž .see Chung, 1974 and Durrett, 1991 , where b is the probability of f taking thek

value k. The following corollary follows from the fact that the class of functions
� x Ž .4 nz : zg y1,1 is separating for MM .

Corollary 7.10. Let f be a natural number Õalued process on a Loeb product space
( ( ) ( ))T=V , L TTmAA , L lmP . Then the following are equiÕalent:

( )1 The random Õariables f are almost surely pairwise independent;t
( )2 The generating functions of f q f are almost surely the product of thet t1 2

(respectiÕe generating functions of f and f , i.e., GG sGG PGG for L lmt t f qf f f1 2 t t t t1 2 1 2) ( )l -almost all t , t gT=T.1 2

13 Ž . Ž . Ž . y1Let m f and m f denote the k-th moments of f and f respectively. Since L lmP f gk k v v
m w Ž .x1r kMM , there is a positive number M such that sup m f rkF M. The following inequality cank G 1 k

Ž .Ž� w Ž .x1r k 4. Ž . Ž .be established: L P v g V : sup m f rkF aM G a y2 r a y1 for any a )1. Thusk G 1 k v

Ž . y1 m A Afor almost all v, L l f g MM . It is then easy to see that the distributions of f and f are also inv v
m Ž .Ž .MM for any L l A )0. Hence, the condition of Theorem 7.6 is satisfied.
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Finally, we consider the collection MMq of the distribution functions of
non-negative random variables. For a non-negative random variable f, let ´ bef

w . Ž . y yf w .the function on 0, ` such that E y sEe for each yg 0,` . Since the realf

� iyx 4 q Žexponential family e : yG0 is a separating class for MM see Breiman, 1968,
.p. 183 , it is easy to derive the following corollary from Theorem 7.6.

( ( ) ( ))Corollary 7.11. Let f be a non-negatiÕe process on T=V , L TTmAA , L lmP .
Then the following are equiÕalent:

( )1 The random Õariables f are almost surely pairwise independent;t
( ) ( ) ( )2 For L lml -almost all t , t gT=T , ´ s´ P´ .1 2 f qf f ft t t t1 2 1 2

7.5. Additional characterizations of almost sure pairwise independence

Theorem 7.6 can be used to provide further characterizations of almost sure
pairwise independence for metric space valued processes. We shall first consider
semi-independence. Example 7.2 shows that for real-valued random variables,
semi-independence is in general strictly weaker than independence and also has no
relevance with G-uncorrelatedness. Furthermore, for the random variables f and
c in Example 7.2, it can also be checked directly that Ef kc k sEf kEc k,

Ž .GG sGG GG , and ´ s´ ´ . Thus, as already noted in Sun 1995 , thosefqc f c fqc f c

multiplicative properties are all weaker than independence; their almost sure
versions are, however, already proven to be equivalent to almost sure pairwise
independence in Section 7.4. The following corollary, which is an obvious

�consequence of Theorem 7.6 and the fact that the collection x :O is an open setO
4in X is separating for a separable metric space X, shows that the almost sure

versions of independence and semi-independence are equivalent.

( ( ) ( ))Corollary 7.12. Let f be a process from T=V , L TTmAA , L lmP to a
separable metric space X. Then the random Õariables f are almost surelyt

pairwise semi-independent if and only if they are almost surely pairwise indepen-
dent.

Other than the semi-independence condition, we list in the following proposi-
tion some more necessary and sufficient conditions for a metric space valued

Ž . Ž .process to satisfy the consistency law in distribution. The implication 1 ´ 2
states that if a process satisfies the consistency law in distribution, then the
consistency law in distribution also holds for any parameter invariant transforma-

Ž .tions of the process see Papoulis, 1965, Section 9.5 for some examples . Note that
a Borel space is a separable metric space homeomorphic to a Borel set of a Polish

Ž . Ž .space. 3 repeats a version of 2 for the real case. Since there are many
Ž .equivalent conditions for the real-valued processes w f to satisfy the consistency

Ž .law see Sections 3 and 4 , one can include plenty of other equivalent conditions
Ž .for 1 below, which will not be repeated here.
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( ( ) ( ))Proposition 7.13. Let f be a process from T=V , L TTmAA , L lmP to a
separable metric space X. The following are equiÕalent:

( )1 f satisfies the consistency law in distribution;
( )2 GiÕen a Borel space Y whose cardinality is at least that of X, the process

( )F f satisfies the consistency law in distribution for any Borel measurable
mapping F from X to Y;

( ) ( )3 For any bounded real-Õalued Borel measurable function w on X, w f
satisfies the consistency law;

( )4 For any bounded real-Õalued continuous function w on X, the random
( )Õariables w( f are almost surely uncorrelated.t

Ž . Ž . Ž .Ž Ž ..y1 Ž ŽProof: For 1 ´ 2 , we simply observe that L lmP F f s L lm
. y1 . y1 Ž .Ž Ž ..y1 Ž Ž . y1 . y1P f F , and for any vgV , L l F f s L l f F . If we start withv v

Ž .Ž .an internal set A with L l A )0, we have similar identities for the subpro-
A Ž Ž .. Acesses f and F f . The rest is clear. Note that for this implication, it is not

necessary to assume the target space Y to be Borel.
Ž . Ž .To check 2 ´ 1 , we observe that for a given Borel space Y whose

cardinality is at least that of X, the classical Borel isomorphism theorem in
Ž . Ž .Parthasarathy 1967 p. 14 implies that there is a Borel isomorphism F from X

Ž .to a subset Z of Y. Let C be the inverse mapping of F . By the assumption in 2 ,
Ž . Ž Ž ..F f satisfies the consistency law in distribution. Since C F f s f , we obtain

Ž .that the process f satisfies the consistency law in distribution, i.e., 1 follows.
Ž .The class of bounded real-valued Borel measurable functions w f on X is

Ž .separating for all distributions on X. If w f satisfies the consistency law, then
Ž .the random variables w f are almost surely uncorrelated by Theorem 4.6. Thust

Ž . Ž .1 m 3 holds by Theorem 7.6.
If we choose a sequence of bounded continuous functions as in the proof of

Lemma 6.1, then the sequence is a separating class for all distributions on X.
Ž . Ž .Hence, 1 m 4 follows from Theorem 7.6 easily. I

Ž . Ž .From Proposition 7.13 3 , we observe that if for any AgL TT and for any
bounded real-valued Borel function w on X,

H w f t sH H w f d L P d L lŽ . Ž . Ž . Ž . Ž .A v A V

Ž .holds for L P -almost all vgV , then f satisfies the consistency law in distribu-
tion, and hence the random variables f are almost surely pairwise independent.t

As noted in Corollary 7.12, instead of using any bounded real-valued Borel
functions, we can only consider the class of indicator functions of open sets to
derive the same result. When real-valued random variables are concerned, the

Ž xclass of indicator functions of the infinite intervals y`, x is also separating. It is
thus interesting to have a general condition on a class of Borel sets such that the
relevant class of indicator functions is separating. The following proposition shows
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from another aspect that why the two mentioned classes of indicator functions can
be used to present some versions of the law of large numbers in Sections 3 and 5
respectively.

Proposition 7.14. Let HH be a class of Borel subsets of a separable metric space
( )X. Assume that HH is closed under formation of finite intersections a p-system

(and also generates the Borel s-algebra of X. Let f be a process from T=V ,
( ) ( ))L TTmAA , L lmP to X. Then the following are equiÕalent:

( )1 The random Õariables f are almost surely pairwise independent;t
( ) y 1( )2 For any HgHH, the eÕents f H are almost surely pairwise independent;t
( )3 For any AgAA and HgHH,

H x Px f d L l sH H x Px f d L l d L PŽ . Ž . Ž . Ž . Ž .T A H v T V A H v

Ž .for L P -almost all vgV .

Ž . Ž . Ž . Ž .Proof: 1 ´ 2 and 2 ´ 3 are clear.
Ž . Ž . XWe only need to show that 3 ´ 1 . For a countable subclass HH of HH, let

Ž X. X
s HH be the s-algebra generated by HH . It is easy to see that

D s HH
X :HH

X is countable subclass of HH� 4Ž .
is the Borel s-algebra. We can choose subclasses HH

X of HH, ns1,2, . . . , suchn
` Ž X . Xthat D s H contains a countable open base of X. Let HH be the union of allns1 n

the HH
X and HH be the class of sets obtained by taking finite intersections of setsn 0

in HH
X. Then HH is a countable p-system which generates the Borel s-algebra of0

Ž . Ž .X. It is clear that HH :HH. Hence, 3 implies that for L P -almost all vgV ,0

H x f d L l sH H x f d L l d L PŽ . Ž . Ž . Ž . Ž .T H v T V H v

for any HgHH . By a result on the uniqueness of the extension of measures in0
Ž . Ž . Ž . Ž . y1Durrett 1991 p. 402 , we obtain for L P -almost all vgV , L P f sv

Ž . y1L P f . Similarly, we can show that f satisfies the consistency law in distribu-
tion. Hence the random variables f are almost surely pairwise independent. It

Except for independence, none of the probabilistic notions considered by us,
such as uncorrelatedness, diagonal independence, G-uncorrelatedness, semi-inde-
pendence, etc., are preserved under parameter dependent transformations. Thus,
the equivalence of almost sure pairwise independence with the almost sure
versions of these notions is very helpful. We list below some results for transfor-
mations of processes which are parameter dependent. Note that we do not have to
require the processes obtained from the parameter dependent transformations to

Ž .satisfy the consistency law or the consistency law in distribution , since that can
be deduced. As before, by the results in Sections 3 and 4, we can obtain many
other equivalent conditions easily for the relevant real-valued processes in the
following proposition.
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( ( ) ( ))Proposition 7.15. Let f be a process from T=V , L TTmAA , L lmP to a
separable metric space X. The following are equiÕalent:

( )1 The random Õariables f are almost surely pairwise independent;t
( ) { }2 GiÕen a Borel space Y whose cardinality is at least that of X, let F : tgTt

any giÕen class of Borel mappings from X to Y such that the process g defined by
( ) ( ( ))g t,v sF f t,v is measurable on the Loeb product space; then the process gt

satisfies the law in distribution;
( ) { }3 For any giÕen class w : tgT of real-Õalued Borel measurable functionst

( ) ( ( ))on X such that the process g defined by g t,v sw f t,v is integrable on thet

Loeb product space, the process g satisfies the law;
( ) { }4 For any giÕen class w : tgT of real-Õalued uniformly bounded Borelt

( ) ( ( ))measurable functions on X such that the process g defined by g t, v sw f t, vt
Ž Ž .. Ž .is measurable on the Loeb product space, H w f t d L l sT t v

Ž . Ž . Ž . ( )H H w f d L P d L l for L P -almost all vgV ;T V t
( ) { }5 For any giÕen class w : tgT of uniformly bounded real-Õalued Borelt

( ) ( ( ))measurable functions on X such that the process g defined by g t, v sw f t, vt

is a centered measurable process on the Loeb product space, we haÕe
( ( )) ( ) ( )H w f t dL l s0 for L P -almost all vgV ;T t v

( )6 Let w be a bounded real-Õalued function on T=X such that for each tgT,
( ( )w is continuous on X and for each xgX, w is Loeb measurable on T, L TT ,t x

( )) Ž Ž .. Ž . Ž . Ž . Ž . ( )L l ; then H w f t d L l sH H w f d L P d L l , for L P -almost all vgT t v T V t

V .

Ž . Ž . Ž . Ž . Ž . Ž .Proof: The equivalence of 1 , 2 , 3 , and 4 as well as 4 ´ 5 is clear.
Ž . � 4Now we assume 5 . Let w : tgT be a given class of real-valued uniformlyt

Žbounded Borel measurable functions on X such that the process g defined by g t,
. Ž Ž ..v sw f t, v is measurable on the Loeb product space. Define a new classt

� 4 Ž .c : tgT of functions on X by letting c sw yH g d L P . Let h be thet t t V t
Ž . Ž Ž .. Ž .centered process defined by h t, v sc f t, v . By 5 ,t

H w f t d L l yH H w f d L P d L l sH c f t d L l s0,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .T t v T V t T t v

Ž . Ž .for L P -almost all vgV . Hence, 4 holds.
Ž . Ž .To show 4 ´ 6 , we note that w has a uniform lifting c in the sense c is an

)
) Ž . Ž . Ž .internal mapping from T= X to R such that 8c t, x sw t,8x for L l -almost

) Ž .all tgT and all near-standard xg X see Albeverio et al., 1986, p. 136 . Let F
Ž . Ž Žbe an internal lifting of f. Then the mapping G defined by G t, v sc t, F t,

..v is an internal lifting of g, and hence, g is a bounded measurable function on
Ž . Ž Ž .. Ž . Ž . Ž . Ž .the Loeb product space. By 4 , H w f t d L l sH H w f d L P d L l forT t v T V t

Ž .L P -almost all vgV .
Ž .Now assume 6 . Let w be a bounded real-valued continuous function on X.

� 4For any AgT , define a class w : tgT of Borel functions by letting w sw ift t
Ž .tgA and w '0 if tfA. By 6 ,t

H w f t d L l sH H w f d L P d L lŽ . Ž . Ž . Ž . Ž .Ž .T t v T V t
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Ž .for L P -almost all vgV . Hence,

H w f t d L l sH H w f d L P d L lŽ . Ž . Ž . Ž . Ž .Ž .A v A V

Ž . Ž .for L P -almost all vgV . Thus w f satisfies the consistency law. It means that
Ž . Ž .Proposition 7.13 4 holds. By Theorem 7.6 and Proposition 7.13, 1 follows. I

If we are given a process with almost surely pairwise independent random
variables, then the sample functions are almost surely identically distributed. It
will be interesting to see when the sample functions are also almost surely
pairwise independent. The following proposition, which is an analog of Proposi-
tion 4.7, offers a perfect answer.

( ( ) ( ))Proposition 7.16. Let f be a process from T=V , L TTmAA , L lmP to a
separable metric space X. Then the random Õariables f are almost surelyt

pairwise independent and almost surely identically distributed if and only if so are
the sample functions.

Proof: Assume that the random variables f are almost surely pairwise indepen-t

dent and almost surely identically distributed. Let w be a bounded real-valued
Ž Ž ..continuous function on X. Then the random variables w f are uncorrelatedt

Ž Ž ..with constant means almost surely, and so are the sample functions w f byv

Proposition 4.7. By symmetry, we can obtain a version of the equivalence of
Ž .Proposition 7.13 4 and almost sure pairwise independence in terms of sample

Ž Ž ..functions. Then the almost sure uncorrelatedness of the functions w f togetherv

with the arbitrary choice of w imply that the sample functions f are almostv

surely pairwise independent. By Theorem 7.6, the sample functions f are alsov

almost surely identically distributed. By symmetry, we can also obtain the
converse. I

It is indicated in Section 5.4 that a discrete parameter stochastic process can be
regarded as a random variable taking values in some product metric space. As
noted in Remark 5.9, we can obtain a version of the duality result in Proposition
7.16 for a hyperfinite number of discrete parameter stochastic processes.

( q)Corollary 7.17. Let f be a hyperprocess from T=V=Z to a separable metric
space X. Then the discrete parameter stochastic processes f on Zq are almostt

surely pairwise independent and essentially haÕe the same finite dimensional
distributions with some fixed discrete parameter stochastic process if and only if
so are the discrete parameter empirical processes f on T=Zq.v
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8. Continuous parameter stochastic processes and the law

8.1. Introduction

In Sections 8.2, 8.3, 8.4 and 8.5, we study a hyperfinite number of continuous
parameter stochastic processes, i.e., a hyperprocess. Section 8.2 presents several
versions of the law for hyperprocesses in finite dimensional distribution. Section
8.3 contains the universality of atomless Loeb product spaces in the setting of
hyperprocesses. We study in Section 8.4 the representation and homogeneity
properties for hyperprocesses relevant to the Loeb counting spaces. Section 8.5
concerns the law for the special iid case. The version of such kind result in the

Žusual continuum setting is often assumed in the economic literature though it is,
.in general, not correct . The modeling of some macroscopic physical phenomena

by hyperprocesses are also discussed in this section.

8.2. Finite dimensional distributions and the law

Ž . Ž .As noted in Keisler 1988 , the following lemma of Hoover and Keisler 1984
Ž .p. 172 is often helpful in extending results concerning random variables to
results concerning stochastic processes. Note that the target space is not necessar-
ily complete.

( )Lemma 8.1. Let x v , i be a stochastic process from a product probability space
( [ ] )L= 0, 1 , BBmII, nmm to a separable metric space X. Then there is a

{ }` [ ] [ ] Nsequence i of elements in 0,1 and two Borel functions c : 0,1 =X ™n ns 0
{ }N { }N [ ] ( ) ( ( { ( )}` ))0,1 , f: 0,1 ™X such that for all ig 0,1 , x v , i sf c i, x v , in ns 0

for n-almost all vgL.

We shall now study the law of large numbers for a hyperfinite number of
continuous parameter stochastic processes. For simplicity, we only state the results

Žfor the case that the continuous parameter space is the unit Lebesgue interval I,
. w xII, m , where Is 0,1 , II is the collection of Lebesgue measurable sets in I, and

m is the Lebesgue measure on I. By a continuous parameter stochastic process on
a probability space, we shall mean a measurable mapping on the product measure

Žspace of a probability space with the Lebesgue interval see, for example, Keisler,
.1988, p. 112 . In this section, we shall consider a hyperfinite number of continu-

Ž Ž .ous parameter stochastic processes on a Loeb product space T=V , L TTmAA ,
Ž ..L lmP . It simply means a measurable mapping on the mixed product space

Ž Ž . Ž . . Ž .T=V= I, L TTmAA mII, L lmP mm called a hyperprocess . We shall
interpret the set T as an index space, V a sample space, and I the time space or
the parameter space. For this section, we simply assume that TT is the collection
of all internal subsets of a hyperfinite set T.
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Ž Ž . Ž . .Now, let f be a hyperprocess from T=V= I, L TTmAA mII, L lmP mm

Ž . Ž .to a separable metric space X. As indicated by Stroyan and Bayod 1986 p. 164 ,
one can obtain a Fubini type result for real or complex valued hyperprocesses on
mixed product spaces. One can do that simply by working with some internal
liftings of the hyperprocesses. Then, as shown in the paragraph above Theorem

Ž . Ž .5.2, we can obtain that for L l -almost all tgT , f is L AA =II-measurable.t

The stochastic processes f with sample space V and parameter space I will bet
Ž .called the continuous parameter stochastic processes in the hyperprocess f.

Similarly, the sample functions f are stochastic processes with sample space Tv

and parameter space I, which will be called the empirical processes in the
hyperprocess f. The hyperprocess f can also be viewed as a continuous parameter
stochastic process with sample space T=V and parameter space I. For a given

i1 . . . i n Ž .tuple i , . . . ,i in I, a s f . . . f is a process on the Loeb product space.1 n i i1 n

The collection of the hyper distributions of the processes a i1 . . . i n for all possible
tuples is called the finite dimensional hyper distributions of f.

Note that two continuous parameter stochastic processes w and c on some
Ž .sample spaces possibly different with parameter space I are said to have the

same finite dimensional distributions, if for any i , . . . ,i g I, the random variables1 n
Ž . Ž .w , . . . ,w and c , . . . ,c have the same distribution. When w and c are oni i i i1 n 1 n

the same sample space, we say that they are independent, if the random variables
Ž . Ž . 1 1 2 2

1 1 2 2w , . . . ,w and c , . . . ,w are independent for any i , . . . ,i and i , . . . ,i ini i i i 1 m 1 n1 m 1 n

I.
Note that for stochastic processes whose paths are coming from some function

space with a separable metric, for example, the continuous function spaces or the
Skorokhod spaces, they can be regarded as random variables in the function space.
If the stochastic processes in a hyperprocess have the properties just described,
then one can usually regard the hyperprocess as a function space valued process
on a Loeb product space, and the law for such hyperprocesses follows from
Theorem 5.2. This is the approach used for the discrete case. In this section, we
shall consider the case of general continuous parameter stochastic processes. The
following theorem presents a law of large numbers for general continuous
parameter hyperprocesses.

(Theorem 8.2. Let f be a hyperprocess from a mixed product space T=V=
( ) ( ) )I,L TTmAA mII, L lmP mm to a separable metric space X. Assume that the

stochastic processes f in the hyperprocess f are almost surely pairwise indepen-t
( ) ( )dent, i.e., for L lml -almost all t , t gT=T, the stochastic processes f and1 2 t1

( )f are independent. Then for L P -almost all vgV , the empirical process f ont v2

( )T= I and the hyperprocess f Õiewed as a stochastic process on T=V = I haÕe
the same finite dimensional distributions.

Proof: We first regard f as a stochastic process with I as the parameter space and
T=V as the sample space. Then Lemma 8.1 implies that there is a sequence
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� 4` w x w x N � 4Ni of elements in 0, 1 and two Borel functions c : 0,1 =X ™ 0,1 ,n ns0
� 4N w x Ž . Ž Ž � Ž .4` ..f: 0,1 ™X such that for all ig 0,1 , f t,v,i sf c i, f t, v,i forn ns0
Ž . Ž . NL lmP -almost all t,v gT=V . Define a process a from T=V into X by

Ž . � Ž .4`letting a t, v s f t, v, i . The fact that the stochastic processes f aren ns0 t

almost surely pairwise independent implies that the random variables a aret
Ž .almost surely pairwise independent. By Theorem 5.2, we have for L P -almost all

vgV , the distribution n on X N induced by the random variable a on T isv v

equal to the distribution n on X N induced by the process a viewed as a random
variable on T=V . Note that the Fubini theorem also implies that for any given

w x Ž . Ž . Ž Ž Ž ... Ž .ig 0,1 , we have for L P -almost all vgV , f t,i sf c i,a t for L l -v v

almost all tgT. Since a and a have the same distribution as random variables,v

Ž .we thus obtain that for L P -almost all vgV , the stochastic processes f and fv

have the same finite dimensional distributions. I

As noted in Proposition 7.15, the almost sure pairwise independence condition
is convenient for applications, since it is preserved under various transformations.
For example, let F be a mapping from T= I=X to another separable metric

Ž Ž . Ž .space Y such that the mapping g from T=V= I, L TTmAA mII, L lmP m
. Ž . Ž Ž .. Ž .m to Y defined by g t,v,i sF t,i, f t, v, i is L TTmAA mII-measurable. If

the stochastic processes f are almost surely pairwise independent, then so are thet

stochastic processes g . Same as before, the following notion is useful for thet

characterization of almost sure pairwise independence.

Ž Ž .Definition 8.3. Let f be a hyperprocess from T=V= I, L TTmAA mII,
Ž . .L lmP mm to a metric space X. We say that f satisfies the consistent law of

Žlarge numbers in finite dimensional distribution or simply the consistency law in
. Ž .Ž .finite dimensional distribution if for any internal set AgTT with L l A )0,

A Ž Ž A . Ž A . .the hyperprocess f from A=V= I, L TT mAA mII, L l mP mm to X
satisfies the law in finite dimensional distribution in X. In other words, for
Ž . AŽ i1 . . . i n. nL P -almost all vgV , and for all i , . . . ,i g I, the distribution t on X1 n v

Ž AŽ . AŽ .. Ž Ž A.induced by the random variable f P,v, i , . . . , f P,v,i from A, L TT ,1 n
Ž A.. n AŽ i1 . . . i n. nL l to X is equal to the distribution t on X induced by the random

Ž AŽ . AŽ .. Ž Ž A . Ž A ..variable f P,P,i , . . . , f P,P,i from A=V , L TT mAA , L l mP to1 n

X n. Here, f A is the restriction of f to A=V= I, TT A is the collection of all
A Ž A.internal subsets of A, and l is the internal probability measure on A, TT

rescaled from l.

Same as in Definitions 3.15 and 7.3, we can only consider those A satisfying
Ž .Ž . Ž .L l A )1y´ for some fixed ´g 0,1 in the above definition. In Theorem

8.2, we only prove that f satisfies the law in finite dimensional distribution. It is
clear that the same proof leads to the fact that f satisfies the consistency law in
finite dimensional distribution. By Theorem 7.6, the almost sure pairwise indepen-
dence assumption on the hyperprocess f is also necessary for the validity of the
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Ž .consistency law see the following proposition whose proof is omitted . We will
not attempt to write down as many characterizations of almost sure pairwise
independence as in Section 7. From the proof of Theorem 8.2, it is straightforward
to rewrite many of the results in Section 7 in the setting of hyperprocesses.

( ( ) ( )Theorem 8.4. Let f be a hyperprocess from T=V= I, L TTmAA mII,L lmP
)mm to a separable metric space X, and let EE be a separating class of Borel

( )functions real-Õalued or possibly complex Õalued for all Borel probability
measures on X N. Then the following are equiÕalent:

( )1 The stochastic processes f in the hyperprocess are almost surely pairwiset

independent;
( )2 f satisfies the consistency law in finite dimensional distribution;
( ) { }` s3 For each ggEE , and for each sequence ss j in I, let a be then ns 0

s ( ) ( ( ) ( ) ( ) )process on T=V defined by a t,v sg f t,v j , f t,v ,j , . . . ,f t,v ,j , . . . ;0 1 n

then the random Õariables a s are almost surely uncorrelated.t

8.3. UniÕersality for hyperprocesses

As for the study of processes, it is important to know whether there exist
non-trivial hyperprocesses with almost surely pairwise independent stochastic
processes. Otherwise, the results presented in Section 8.2 will be vacuous. To
show the universality of atomless Loeb product spaces in the setting of hyperpro-
cesses, we need the following lemma.

( ( )Lemma 8.5. Let a be a process from a Loeb product space T =V , L TT mAA ,1 1 1 1
( ))L l mP into a separable metric space X, and b a process from a probability1 1

( )measure space of the form T =V , DD, l mP to X, where the probability2 2 2 2

spaces in the second product need not be Loeb spaces, and DD is a s-algebra
which contains the product of s-algebras on T and V such that the Fubini2 2

property is still satisfied. Let F be a Borel mapping from X into another separable
metric space Y. Assume that a and b haÕe the same hyper distribution. Then
F(a and F(b haÕe the same hyper distribution.

Ž . Ž . Ž . y1Proof: Note that the mapping F from MM X to MM Y definedby F n sn FMM MM

Ž .is Borel measurable. Let f be any bounded Borel function on MM Y . Then f(FMM

Ž .is a bounded Borel function on MM X . Since a and b have the same hyper
distribution, we have

H f(F L P ay1 d L l sH f(F P by1 dl ,Ž . Ž .Ž . Ž .T MM 1 t 1 T MM 2 t 21 1 2 2

which implies that

H f L P ay1 Fy1 d L l sH f P by1 Fy1 dl ,Ž . Ž .Ž . Ž .ž / ž /T 1 t 1 T 2 t 21 1 2 2
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and hence

y1 y1H f L P F(a d L l sH f P F(b dl ,Ž . Ž . Ž . Ž .Ž . Ž .t tž / ž /T 1 1 T 2 21 21 2

Therefore F(a and F(b have the same hyper distribution. I

By applying Theorem 6.2, we can obtain the following universality property of
atomless Loeb product spaces in terms of hyperprocesses.

Proposition 8.6. Let g be any hyperprocess from a triple product measure space
( ) ( ) ( )S=Q= I, CCmDDmII, nmtmm to a Polish space X. If both L l and L P
are atomless, then there is a hyperprocess f from the mixed product space
( ( ) ( ) )T=V= I, L TTmAA mII, L lmP mm such that f and g haÕe the same finite

( )dimensional hyper distributions, and moreoÕer for almost all t ,t gT=T, the1 2

stochastic processes f and f are independent.t t1 2

� 4` w xProof: By Lemma 8.1, there is a sequence i of elements in 0,1 and twon ns0
w x N � 4N � 4N w xBorel functions c : 0,1 =X ™ 0,1 , f: 0,1 ™X such that for all ig 0,1 ,

Ž . Ž Ž � Ž .4` .. Ž . Ž .g s ,u ,i sf c i, g s ,u ,i for nmt -almost all s ,u gS=Q . De-n ns0
N Ž . � Ž .4`fine a process a from S=Q into X by letting a s ,u s g s ,u ,i .n ns0

Theorem 6.2 implies that there is a process b on T=V such that the random
variables b are almost surely pairwise independent, and a , b have the samet

Ž .hyper distribution. Define a hyperprocess f on T=V= I by letting f t,v,i s
Ž Ž Ž ...f c i,b t,v . Then for any given j , . . . , j g I, consider the hyper distribu-1 m

Ž . Ž .tions of the processes g , . . . , g and f , . . . , f . Let F be the mapping fromj j j j1 m 1 m

X N to X m defined by
` ` `� 4 � 4 � 4F x s f c j , x , PPP ,f c j , x .Ž . Ž . Ž .Ž . Ž .ž /n 1 n m nns0 ns0 ns0

Ž . Ž .Then F is a Borel mapping and g , . . . , g sF(a and f , . . . , f sF(b.j j j j1 m 1 m

Since a and b have the same hyper distribution, Lemma 8.5 shows that F(a

and F(b have the same hyper distribution. Therefore f and g have the same
finite dimensional hyper distributions. The almost sure independence of the
stochastic processes f are clear from that of the random variables b . It t

8.4. Some structural results for stochastic processes

This section concerns with the representations of stochastic processes or
hyperprocesses involving hyperfinite Loeb counting spaces. Some structural re-
sults on hyperprocesses with the same finite dimensional hyper distributions are
also presented. We shall first consider the representation of one stochastic process
in the following proposition. A proof can be given by using Lemma 8.1 and
Corollary 5.4.
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( ( ) ( )Proposition 8.7. Let x be a stochastic process from V = I, L AA m , II,L P m1 1
) ( ( ) ( ))m to a separable metric space X, where V ,L AA , L P , is a Loeb space with1 1 1
( ) (L P being atomless. Then there is a hyperfinite Loeb counting space V ,1 2
( ) ( ))L AA , L P , a measure preserÕing mapping p , and a process y on V = I such2 2 2

[ ] ( ) ( ( ) ) ( )that for all tg 0, 1 , x v ,t sy p v ,t for L P -almost all v gV .1 1 1 1 1

Next, we present a result on the parametric representation of hyperprocesses.
The result can be proven by Lemma 8.1 and Corollary 5.5. Note that the derived
hyperprocess g below has a hyperfinite Loeb counting sample space.

(Proposition 8.8. Let f be a hyperprocess from a mixed product space T=V = I,1
( ) ( ) )L TTmAA mII, L lmP mm to a separable metric space X. Assume that1 1
( ) ( ( )L P is atomless. Then there is a hyperfinite Loeb counting space V , L AA ,1
( ))L P , an internal function p from T=V to V with p measure preserÕing from1 t

( ( ) ( )) ( ( ) ( ))V , L AA , L P to V , L AA , L P for each tgT, and a hyperprocess g on1 1 1
[ ] ( ) ( ( ) ) ( )T=V= I such that for all ig 0,1 , f t, v , i sg t,p t,v ,i for L lmP -1 1 1

( )almost all t, v gT=V .1 1

To prove the parametric homogeneity for stochastic processes, we need a
stronger version of Lemma 8.1, which allows us to take the same sequence of
numbers to represent different stochastic processes.

( ) ( ) ( [ ]Lemma 8.9. Let x v ,i and y v ,i be stochastic processes from L= 0,1 ,
) { }`BBmII, nmm to a separable metric space X. Then there is a sequence in ns 0
[ ] [ ] N { }N { }Nof elements in 0, 1 and two Borel functions c : 0, 1 =X ™ 0,1 ,f : 0,1

[ ]™X such that for all ig 0,1 ,

` `

x v ,i sf c i , x v ,i and y v ,t sf c i , y v ,i� 4 � 4Ž . Ž . Ž . Ž .Ž . Ž .ž / ž /n nns0 ns0

for n-almost all vgL.

� 4 Ž� 4.Proof: Let t be the probability measure on 0, 1 such that t 0 s1r2 and
� 4 �� 4 4Ls 0,1 =L. Define BBs j =B: js0,1; BgBB and nst=n . Define a

Ž w x . ŽŽ . . Ž .process z from L= 0,1 , BBmII,nmm to X by letting z j, v , i sx v, i
ŽŽ . . Ž .for js0, and z j, v ,i sy v, i for js1. Apply Lemma 8.1 to the stochastic

process z to obtain the desired result. I

Ž .Note that the above result is still valid for a given finite or infinite sequence
of stochastic processes. The same proof works as well. We shall now present the
parametric homogeneity property in the setting of hyperprocesses. For the case of

Ž .two processes with the same finite dimensional distributions, see Keisler 1988 .
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Proposition 8.10. Let f and g be hyperprocesses from a mixed product space
( ( ) ( ) )T=V= I, L TTmAA mII, L lmP mm to a separable metric space X such

( )that for L l -almost all tgT, the stochastic processes f and g haÕe the samet t

finite dimensional distributions. Assume that P is the internal counting probability
measure on V . Then there is an internal function p from T=V to V such that

( ) ( ( ) )for each tgT, p is a permutation of V , and for all ig I, g t,v ,i s f t,p v , it t
( ) ( )for L lmP -almost all t,v gT=V .

� 4` w xProof: Lemma 8.9 implies that there is a sequence i of elements in 0,1 andn ns0
w x N � 4N � 4Ntwo Borel functions c : 0,1 =X ™ 0,1 , f: 0,1 ™X such that for all ig

w x0,1 ,

`

f t ,v ,i sf c i , f t ,v ,i� 4Ž . Ž .Ž .ž /n ns0

`

and g t ,v ,i sf c i , g t ,v ,i� 4Ž . Ž .Ž .ž /n ns0

Ž . Ž .for L lmP -almost all t,v gT=V . Define two processes a and b from
N Ž . � Ž .4` Ž . � Ž .4`T=V into X by letting a t,v s f t,v,i and b t,v s g t,v,i .n ns0 n ns0

Ž .Since for L l -almost all tgT , f and g have the same finite dimensionalt t
Ž .distributions, a and b have the same distribution for L l -almost all tgT.t t

Thus Proposition 5.7 implies that there is an internal process p from T=V to V

Ž .such that for each tgT , p is a permutation of V , and for L l -almost all tgT ,t

b sa (p . The rest is then clear. It t t

Finally, by using Lemma 8.9 and Proposition 6.3, we can characterize those
hyperprocesses with a hyperfinite Loeb counting index space and having the same
finite dimensional hyper distributions.

( ( )Proposition 8.11. Let f and g be hyperprocesses from T=V = I, L TTmAA m1 1
( ) )II, L lmP mm to a separable metric space X. Assume that l is the internal1

( )counting probability measure on the hyperfinite set T and L P is atomless. Then1

f and g haÕe the same finite dimensional hyper distributions if and only if there
(exists an internal permutation p of T, a hyperfinite Loeb counting space V ,

( ) ( )) ( ( ) ( )L AA , L P , and a hyperprocess h from T=V= I, L TTmAA mII, L lmP m
)m to X with the following property: for any ig I,

f t ,v ,i sh t , p v ,i and g t ,v ,i sh p t ,q v ,i ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .1 t 1 1 t 1

( ) ( )for L lmP -almost all t,v gT=V , where p and q are internal mappings1 1

from T=V to V , and for each fixed tgT, p and q are Loeb measure1 t t
( ( ) ( )) ( ( ) ( ))preserÕing from V , L AA , L P to V , L AA , L P .1 1 1
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8.5. The folk law and some related remarks

If we have a continuum of objects which act almost independently and the
movement of each of them along time is governed by a stochastic process with the
same finite dimensional distributions as a fixed stochastic process Y, then the
positions of all the objects in almost all states of nature, are still governed by
processes with the same finite dimensional distributions as Y. Thus, what we can
observe at time t about the distribution of the positions of all the objects is
precisely the prior distribution of the random variable Y . This observation hast

been regarded as a folk result, and are already widely used in the economic
literature. As noted earlier in the introduction of the paper, the result does not
make much sense if the usual continuum is used to model the large number of
objects. The following theorem provides a firm mathematical foundation for such
a folk law in the hyperfinite setting. The result is also an analog of Propositions
4.7 and 7.16 in the setting of hyperprocesses.

( ( ) (Theorem 8.12. Let f be a hyperprocess from T=V= I, L TTmAA mII, L lm
) )P mm to a separable metric space X. Then the stochastic processes f are almostt

surely pairwise independent and haÕe the same finite dimensional distributions
with a common stochastic process h almost surely on a product measure space
( )L= I, BBmII, nml if and only if so are the empirical stochastic processes f .v

Proof: We only consider the ‘only if’ part. The other part follows from symmetry.
We first show that the hyperprocess f viewed as a stochastic process on T=V

has the same finite dimensional distributions as h. Note that almost sure pairwise
independence is not needed for this point. Choose i , . . . ,i from I. For any1 n

bounded continuous functions f on the n-fold Cartesian product X n of X, we
have

HH f f , PPP , f d L l=P sH H f f , PPP , f d L P d L lŽ . Ž . Ž .Ž . Ž . Ž .Ž .T=V i i T V i i1 n 1 nt t

sH H f h , PPP ,h dn d L lŽ .Ž .T L i i1 n

sH f h , PPP ,h dn .Ž .L i i1 n

Hence, f and h have the same finite dimensional distributions.
Next, by the almost sure pairwise independence assumption on the stochastic

Ž .processes f , Theorem 8.2 implies that for L P -almost all vgV , the empiricalt

process f has the same finite dimensional distributions as f , and hence h.v

It remains to show that the empirical stochastic processes f are almost surelyv

pairwise independent. As in the proof of Theorem 8.2, f can be expressed as
Ž . Ž Ž Ž ... Ž . � Ž .4`f t,v,i sf c i,a t,v , where a t,v s f t,v,i . It is easy to see thatn ns0

the random variables a are pairwise independent and identically distributedt
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almost surely. By Proposition 7.16, the sample functions a are also pairwisev

independent and identically distributed almost surely, and so are the empirical
processes f . Iv

As an example, we consider the case that there is a relatively large number of
small particles suspended in some fluid. Assume that the number of particles is
small compared with the number of molecules in the fluid. For a given particle,
the number of particles interacting with this particle is considered to be small.
Thus, we can assume that the particles act almost independently. Since the total
number of particles is assumed to be comparatively small, the environment for the
movement of each particle is similar to that of one particle case. Hence, the erratic
movement of each of such particles can still be modeled by the same Brownian
motion B as the one particle case by modifying its initial positions. Then the
distribution of all the particles is still governed by B with some modification at
time 0. Such an observation is hardly surprising from the classical law of large
numbers. However, it is rather curious that the usual mathematical framework of
the theory of stochastic processes cannot provide a rigorous and meaningful
formulation of the problem as indicated in the beginning of the paper. Of course,
one could say that it is already well known that the empirical process of a large
finite number of particles is close to the Brownian motion. But in a continuum

Ž .model here, we use our special continuum model, the hyperfinite model , the fact
that the empirical process is exactly the Brownian motion tells us much more in
the sense that tremendously many other results on Brownian motion are now
directly applicable to the empirical process. The importance and the convenience
of the idealization of a large finite number of particles to a continuum of particles
in this setting cannot be underestimated. From another perspective, if there is any
objection to the use of continuum as the number of particles here, then one could
also question the use of continuum models in other aspects. For example, the total
number of fluid molecules in the tank is finite, thus the problem about the motion
of a particle is in fact a many-body problem, which seems hopeless to solve. So
we have certainly already used continuous mathematics to model a large finite
phenomenon for the same problem.

9. Some asymptotic interpretations

9.1. Introduction

In Sections 9.2 and 9.3, we shall translate several results presented in the
previous sections to obtain information about triangular arrays or sequences of
random variables. Only real-valued random variables will be considered. In
Section 9.2, we consider asymptotic orthogonality as well as asymptotic uncorre-

Ž . Ž .latedness. It was noted by Doob 1953 p. 148 that the expectations of a
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sequence of orthogonal random variables may not vanish. Proposition 9.1, how-
Žever, shows that the asymptotic orthogonality of a sequence or more generally, a

.triangular array of random variables is sufficient to imply that the expectations
tend to zero asymptotically. Proposition 9.2 shows that asymptotic uncorrelated-
ness is necessary and sufficient for a triangular array of random variables to satisfy
the consistency law. In Section 9.3, it is shown that asymptotic pairwise indepen-
dence is necessary and sufficient for a triangular array of random variables to
satisfy the consistency law in distribution.

Plenty of work has been devoted to the study of random variables with mixing
Žor weak dependence conditions see, for example, Billingsley, 1968; Lai, 1977;

.Philipp and Stout, 1975; Rosenblatt, 1956 and Shao, 1993 . Since the notion of
weak dependence is often used to mean that any random variable in a given large
collection of random variables is approximately independent in some sense to
most other random variables in the collection, it is likely that our asymptotic
pairwise independence is a most general version of weak dependence which
implies the validity of the law of large numbers.

Ž .We shall now fix some notation for Sections 9.2 and 9.3. Let V , AA, P be a
fixed probability space which will be used as the common sample space of the

Žtriangular array of random variables to be considered. For each nG1, let T , TT ,n n
.l be finite probability spaces which will be the n-th index set, and we shalln

assume that the number of points in T goes to infinity as n™`; let g be an n
Ž .real-valued process from T =V to R such that g t,P is a random variable on Vn n

for each tgT . The measure l provides the weights for each point in the finiten n

index set T and TT is the power set of T . Such a sequence of processesn n n
� 4gs g will be called a triangular array of random variables.n nG1

Note that the usual definition of a triangular array of random variables is set to
be a sequence of random variables in the form, x n, x n, . . . , x n, ns1,2, . . . , which1 2 n

� 4corresponds to our case when T s 1,2, . . . , n and l is the uniform probabilityn n

measure on T . So integrals on T are just the arithmetic averages. Here, wen n

consider general weighted averages rather than the special arithmetic averages,
since the proofs are the same.

9.2. Asymptotic orthogonality and asymptotic uncorrelatedness

A triangular array of random variables g, i.e., a sequence of processes g onn

T =V , nG1, is said to be uniformly integrable ifn

< <lim sup HH g dl mPs0.< g < ) m n nnm™` 1Fn-`

We shall work with a fixed triangular array of random variables f , i.e., for each
Ž .nG1 and tgT , f t,P is a real-valued random variable on V . The firstn n

proposition simply says that the asymptotic orthogonality of random variables in f
implies that the means of the random variables tend to zero asymptoticly as well
as the fact that the sample functions are asymptoticly orthogonal.
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Proposition 9.1. Assume that the triangular array of random Õariables f is
uniformly square integrable, i.e., the sequence of processes f 2, nG1, are uni-n

formly integrable. For any ´)0 and nG1, define

n < <T s t ,t gT =T : f t ,v f t ,v d P )´Ž . Ž . Ž .H´ 1 2 n n n 1 n 2½ 5
V

n < <M s tgT : f t ,v d P )´Ž .H´ n n½ 5
V

n <V s v ,v gV=V : f t ,v f t ,v dl t )´Ž . Ž . Ž . Ž .H´ 1 2 n 1 n 2 n½ 5
Tn

.

( )( n)If for any ´)0, lim l ml T s0, then for any ´)0,n™` n n ´

( ) ( n)1 lim l M s0;n™` n ´

( ) ( ) ( n)2 lim PmP V s0.n™` ´

Proof: We transfer the sequence to the non-standard universe to obtain a sequence
� 4 �Ž )f of internal processes on the associated internal sequence T = V ,n ng )N n

) ) . ) 4TT m AA, l m P :ng N of probability spaces. The uniform integrability ofn n
2 ) < 2 < Ž ) .

) 2the processes f implies that for any mg N , sup H f d l m P ,0.n ` ng N f ) m n nn

Ž . Ž . 2By Proposition 2.35 of Hurd and Loeb 1985 p. 187 , we know that each f isn

S-integrable. That is,

HH ) 8 f 2d L l m)P s 8HH ) f 2d l m)P -`.Ž . Ž .T = V n n T = V n nn n

q Ž .Ž n. )By the assumption, we know that for any ´gR , l ml T ,0 for ng N .n n ´ `
) Ž .Ž n.Next, we fix an ng N . By spillover, L l ml T s0 for some positive` n n ´

Ž . Ž .in fin itesim al ´ . T hus, for L l m l -a lm ost all t , t ,n n 1 2
Ž . Ž . Ž) .H 8 f t ,v 8 f t ,v dL P s0. By Theorem 4.5, we know that the means of

) V n 1 n 2
Ž .the random variables 8 f t,P are almost surely 0. This implies thatn

Ž . ) Ž . q Ž�H f t,v d P,0 for L l -almost all tgT . Thus for any ´gR , l tg
) V n n n n

< Ž . ) < 4.T : H f t,v d P )´ is an infinitesimal. Theorem 4.5 also shows that then ) V n
Ž . qsample functions 8 f P,v are almost surely orthogonal. Thus, for any ´gR ,n

< <PmP v ,v : H f t ,v f t ,v dl )´Ž . Ž . Ž . Ž .� 4ž /1 2 T n 1 n 2 nn

is also an infinitesimal.
q Ž n.Now, fix an ´gR . The above paragraph shows thatl M ,0 and alson ´

Ž .Ž n. ) Ž n. ŽPmP V ,0 for any ng N . Hence, lim l M s0 and lim P´ ` n™` n ´ n™`

.Ž n.mP V s0. I´
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Ž . Ž .In the next proposition, we translate the equivalence of Theorem 4.6 2 and 8
to the discrete case. In particular, asymptotic uncorrelatedness is necessary and
sufficient to ensure a triangular array of random variables to satisfy the consistent

Ž .law of large numbers. Note that item 2 given below is the asymptotic version of
the phenomenon ‘‘No betting system can beat the house’’.

Proposition 9.2. Assume that the triangular array of random Õariables f is
uniformly square integrable. For any ´)0 and nG1, define

nT s t ,t gT =T : H f t ,v f t ,v d P vŽ . Ž . Ž . Ž .�´ 1 2 n n V n 1 n 2

yH f t ,v d PH f t ,v d P v )´Ž . Ž . Ž . 4V n 1 V n 2

A nL s vgV : H f t ,v dl t yHH f d l mP )´Pl A .Ž . Ž . Ž . Ž .½ 5´ A n n A =V n n n nn n

Then the following are equiÕalent:
( ) ( )( n)1 For any ´)0, lim l ml T s0;n™` n n ´

( ) ( )2 There is a number dg 0,1 such that for any subset A :T withn n
( ) Ž A n.l A )1yd , lim P L s0 for any ´)0.n n n™` ´

Ž . Ž .Proof: The proof of 1 ´ 2 is similar to that of Proposition 9.1. So we only
Ž . Ž . Ž .consider 2 ´ 1 . Assume 2 . We transfer the relevant sequences to internal

sequences as in the proof of Proposition 9.1. Fix any ng )N . Denote gs 8 f .` n
Ž .We shall omit the sub-index n in rest of this paragraph for simplicity. 2 implies

Ž .Ž . Ž A.that for any fixed AgTT with L l A )1ydr2, P L ,0 for some positive´

infinitesimal ´ . Hence, for almost all vg )V ,

H f t ,v dl,HH ) fd lm)P ,Ž . Ž .A A= V

which implies that

H g A t ,v d L l A t sHH ) gd L l A m)P .Ž . Ž . Ž . Ž .A A= V

Thus, the process g satisfies the consistency law by Lemma 3.16. By Theorem
4.6, the random variables g are almost surely uncorrelated. Hence, for anyt

´gRq,

)

)H f t ,v f t ,v d P vŽ . Ž . Ž .V 1 2

) )

) )yH f t ,v d P v H f t ,v d P v )´Ž . Ž . Ž . Ž .V 1 V 2

Ž . Ž .for L lml -almost all t , t fT=T.1 2

Now we resume the index n and also fix an ´gNq as before. The previous
Ž .Ž n. ) Žparagraph shows that l ml T ,0 for any ng N . Hence, lim l mn n ´ ` n™` n

.Ž n. Ž .l T s0, and 1 follows. In ´
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9.3. Intrinsic characterizations of asymptotic pairwise independence

This section presents intrinsic characterizations of asymptotic pairwise indepen-
dence. We start with some technical definitions. Let FF be the space of distribu-
tion functions of real-valued random variables. As usual, we assume distribution

X Ž X.functions are right continuous. For F, F gFF, let d F, F to be the infimum of
Ž . XŽ . Ž .all those h for which F xyh yhFF x FF xqh qh whatever be xgR.

Ž . ŽThen d define a metric and the space FF, d is called Levy’s space see Loeve,´ ´
.1977a, p. 228 . We shall refer to d as the Levy metric. Note that convergence in´

Ž .FF, d is equivalent to convergence in distribution. For distribution functions on
2 Ž X .R , we can define a similar distance d such that d F, F is the infimum of all2 2

Ž . XŽ . Žthose positive number h for which F xyh, yyh yhFF x, y FF xqh, y
. Ž . 2 Xqh qh whatever be x, y gR , where F and F are distribution functions on

2 Ž . 2R . For a given distribution function F x, y on R with marginal distributions
Ž . Ž . Ž .F x and F y , we can use d to define a number r F to measure the degree1 2 2 2

Ž .of independence of random variables with joint distribution F by letting r F s2
Ž Ž . Ž . Ž .. Ž .d F x, y , F x PF y . Similarly, we can define r F to measure the degree1 2 1

of diagonal independence of random variables with joint distribution F by letting
Ž . Ž . Ž .r F be the infimum of all those h)0 for which F xyh PF xyh yhF1 1 2
Ž . Ž . Ž .F x, x FF xqh PF xqh qh whatever be xgR. Note that the above1 2

metrics d and d are also defined for internal distribution functions induced by2

internally measurable functions, and so are r and r . The following technical1 2

lemma is needed in the proof of Proposition 9.4.

Lemma 9.3. Let f and g be internally measurable functions from some internal
( ) )probability spaces possibly different to R with internal distribution functions F

and G respectiÕely. Assume that their standard parts 8 f and 8g exist. Let FX , GX be
( ) ( X X)the distribution functions of 8 f and 8g respectiÕely. Then d F,G ,d F ,G .

Ž X X.Proof: For any real number h)d F ,G , choose dgR such that h)d)
Ž X X . )d F ,G . Then for any finite xg R,

F x FFX
8x FGX

8xqd qdFG xqh qd-G xqh qh ,Ž . Ž . Ž . Ž . Ž .

and similarly

F x GFX
8xyhqd GGX

8xyh ydŽ . Ž . Ž .

GG xyh yd)G xyh yh.Ž . Ž .

Ž . ) Ž .Since 8 f P exists almost everywhere, for xg R , we have F x ,1 if x)0,`

Ž . Ž . Ž . Žand F x ,0 if x-0; then, it is certainly true that G xyh yhFF x FG x
. Ž .qh qh. Hence, d F,G Fh. Since h is an arbitrary number satisfying h)
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Ž X X . Ž . Ž X X. Ž .d F ,G , we must have 8d F,G Fd F ,G . The same proof leads to 8d F,G G
Ž X X .d F ,G . I

In the above lemma, if the internal random variables are taking values in )

R2,
we have a similar result. The following proposition shows that for a triangular
array of random variables, asymptotic pairwise independence is usually necessary
if one needs an asymptotic version of the law of large numbers in distribution. It
also reveals the equivalence of asymptotic pairwise diagonal independence and
asymptotic pairwise independence. We still work with a fixed triangular array of
random variables f , which are assumed to be uniformly tight, that is,

< <lim sup l mP f )m s0.Ž . Ž .n n
m™` 1FnF`

Proposition 9.4. Let A be a subset of T and F A n be the distribution function ofn n
A n Ž A n A n . A nf on A =V ,TT mAA,l mP . Here, f is the restriction of f to A =n n n n n n n

V ,T A n is the power set of A , and l A n is the probability measure on A rescaledn n n n

from l . For any t 1, t 2 gT and v gV , let F 1 ,F 2 ,F 1 2 and F A n be then n n n n t t t t vn n n n

( 1 ) ( 2 ) ( ( 1 ) ( 2 ))distribution functions of the random Õariables f t ,P , f t ,P , f t ,P , f t ,Pn n n n n n n n
( ) A nŽ . Ž A n A n.on V ,P , and f P,v on A ,TT ,l respectiÕely. For any ´)0 and nG1,n n n n

define

T 1 ´ s t1 ,t 2 gT =T :r F 1 2 )´Ž . Ž .� 4Ž .n n n n n 1 t tn n

2 1 2 .1 2T ´ s t ,t gT =T :r F )´Ž . Ž .� 4Ž .n n n n n 2 t tn n

A A An n nDD ´ s vgV :d F ,F )´Ž . � 4Ž .v

Then the following are equiÕalent:
( ) ( )( 1( ))1 lim l ml T ´ s0 for any ´)0;n™` n n n
( ) ( ) ( )2 There is dg 0, 1 such that for any A :T , if l A )1yd , then forn n n n

Ž A nŽ ..any ´)0, lim P DD ´ s0;n™`

( ) ( )( 2( ))3 lim l ml T ´ s0 for any ´)0.n™` n n n

Proof: We extend the triangular array of random variables and the probability
spaces as in the proof of Proposition 9.1. The uniform tightness of the processes fn

Ž .implies that for each ngN , the standard part of the f t ,v exists for almost all` n n
Ž .t ,v gT =V .n n

Ž . Ž . Ž . q Ž .Ž 1Ž ..We first consider 1 ´ 2 . 1 implies that for any ´gR , l ml T ´n n n

,0 for all ng )N . As in the proof of Proposition 9.2, fix ng )N and omit the` `

Žsub-index n in rest of this paragraph. By spillover, we can obtain that L lm
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.Ž 1Ž .. Ž 1 2 .l T hr2 s 0 for some positive infinitesimal h. Thus for t ,t f

1Ž . Ž . )

1 2T hr2 ,r F Fhr2, and hence for any xg R,1 t t

)y1 y1) ) )x x1 2P f y`, xyh P f y`, xyh yhŽ . Ž Ž . ŽŽ . Ž .Ž . Ž .t t

y1 y1) ) )x x1 2F P f y`, x l f y`, xŽ . Ž Ž . ŽŽ . Ž .Ž .t t

y1 y1) ) ) )x x1 2F P f y`, xqh P f y`, xqh qh.Ž . Ž Ž . ŽŽ . Ž .Ž . Ž .t t

Therefore, for any xgR,

y1 y1) x x1 2L P 8 f y`, x l 8 f y`, xŽ . Ž . Ž Ž . ŽŽ . Ž .Ž .t t

1 1y1 y1) ) )x x1 2s lim L P f y`, xq l f y`, xqŽ . Ž . Ž Ž . Žt tž / ž /ž /m mm™`

1y1) ) x1F lim L P f y`, xq qhŽ . Ž . Žt ž /ž /mm™`

=
1y1) ) x2L P f y`, xq qhŽ . Ž . Žt ž /ž /m

y1 y1) )x x1 2sL P 8 f y`, x L P 8 f y`, x .Ž . Ž . Ž Ž . Ž . ŽŽ . Ž .Ž . Ž .t t

Similarly, we can also obtain

y1 y1) x x1 2L P 8 f y`, x l 8 f y`, xŽ . Ž . Ž Ž . ŽŽ . Ž .Ž .t t

1 1y1 y1) ) )x x1 2s lim L P f y`, xq l f y`, xqŽ . Ž . Ž Ž . Žt tž / ž /ž /m mm™`

1y1) ) x1G lim L P f y`, xq yhŽ . Ž . Žt ž /ž /mm™`

=
1y1) ) x2L P f y`, xq yhŽ . Ž . Žt ž /ž /m

y1 y1) )x x1 2sL P 8 f y`, x L P 8 f y`, x .Ž . Ž . Ž Ž . Ž . ŽŽ . Ž .Ž . Ž .t t

Hence, for any xgR,

y1 y1) x x1 2L P 8 f y`, x l 8 f y`, xŽ . Ž . Ž Ž . ŽŽ . Ž .Ž .t t

y1 y1) )x x1 2sL P 8 f y`, x L P 8 f y`, xŽ . Ž . Ž Ž . Ž . ŽŽ . Ž .Ž . Ž .t t

Whence, 8 f 1 and 8 f 2 are diagonally independent.t t
Ž .For any fixed AgTT with l A )1r2, we take ds1r2, the same proof

shows that 8 f A
1 and 8 f A

2 are diagonally independent. By Theorem 3.10, thet t

distribution function of 8 f A is equal to the distribution function of 8 f A forv
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Ž) . ) Ž A A.L P -almost all vg V . Lemma 9.3 implies that d F , F ,0 for almost allv

vg )V .
Now, we resume the index n and also fix an ´gRq. The previous paragraph

) Ž A nŽ .. ) Ž A nŽ ..shows that P DD ´ ,0 for any ng N . Hence, lim P DD ´ s0,` n™`

Ž . Ž .for all l A )1r2, and 2 follows.n n
Ž . Ž . )Next, we prove that 2 ´ 3 . Fix any ng N and omit the sub-index n in`

Ž . Ž .this paragraph. Then for any fixed AgTT with L l A )1ydr2, by spillover,
Ž . ) Ž AŽ ..2 implies that P DD ´ ,0 for some positive infinitesimal ´ . Hence, for

Ž A A.almost all vgV , d F , F ,0. As remarked in the paragraph followingv

Lemma 9.3, we can obtain that for almost all vg )V , the distribution function of
Ž . A Ž Ž A..the random variable 8 f on A, L l is equal to the distribution function ofv

Ž . A Ž ) Ž A ) ..the random variable 8 f on A= V , L l m P . Therefore the process 8 f
satisfies the consistency law in distribution. By Theorem 7.6, the random variables
Ž .8 f are almost surely pairwise independent. Essentially the same computation ast

Ž . Ž . Ž . Ž . Ž 1 2 .1 2in the proof of 1 ´ 2 shows that r F ,0 for L lml -almost all t ,t2 t t

gT=T.
Now, we resume the index n and also fix an ´gRq as before. The above

Ž .Ž 2Ž .. )paragraph shows that l ml T ´ ,0 for any ng N , and thereforen n n `

Ž .Ž 2Ž .. Ž .lim l ml T ´ s0. Hence, 3 follows.n™` n n n
q 1Ž . 2Ž . Ž . Ž .For any ´gR , it is clear that T ´ :T ´ , and hence 3 ´ 1 . In n

In Section 7.4, many other equivalent conditions for almost sure pairwise
independence are presented. Asymptotic interpretations for them can be given by
the standard procedure shown above. We simply note that in general, exact results
for processes on Loeb product spaces correspond to asymptotic results for
triangular arrays of random variables. For example, although G-uncorrelatedness

Žand pairwise semi-independence have no relevance with each other see Example
.7.2 , and both are strictly weaker than pairwise independence, the asymptotic

versions of all three notions are, however, still equivalent. We shall leave such
translations to those interested readers.

10. Concluding remarks

Though the transfer of a standard result to a non-standard model cannot be
regarded as a new result, the interplay of internal and external entities is, however,
still very useful in some situations for the discovery of completely standard results.

Ž .In fact, it was pointed out by Henson and Keisler 1986 that the power of
non-standard analysis comes from the saturation principle and the use of external
sets. Non-standard constructions allow one to use higher order sets more conve-
niently and efficiently, and this in turn helps one to discover genuinely new results
when interpreting non-standard results in the standard models. Section 9 already
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illustrated how the measure–theoretic framework developed in earlier sections can
be used to obtain large finite results for triangular arrays of random variables.

From another perspective, it might be possible to obtain the type of the results
in Section 9 by working directly with the triangular arrays of random variables.
However, it is the interplay between the external constructions which provide a
natural framework for the discovery of the results in the limiting case and the
internal structures which allow us to translate the derived internal results into the
asymptotic case that gives the strength for the discovery of such asymptotic results
systematically. From a purely mathematical point of view, the results presented for
the limiting case, i.e., on Loeb product spaces, are more valuable, since they are
genuine properties about the limiting case itself. Translation to the asymptotic case
is often more cumbersome and less natural, just like one translates the equality
de x 1x n `�Ž . 4se into some asymptotic property involving the sequence 1q .ns1d x n

Note that the classical theory of stochastic processes with a Lebesgue interval
as the parameter space is usually only capable of dealing with processes which are
measurable with respect to the relevant product measure. As noted by Anderson
Ž . Ž . Ž .1976 , Keisler 1984 and Hoover and Perkins 1983 , such a process can be
lifted to a process which is measurable with respect to the relevant product space

Žof Loeb spaces for important applications of such a procedure, see Albeverio et
.al., 1986; Keisler, 1984 and Perkins, 1981 . This means that the classical theory is

included in the theory of processes which are measurable with respect to the
product Loeb spaces, i.e., with respect to the UU. It is thus no wonder that the
results presented here are beyond the scope of classical analysis since they involve
processes which are measurable with respect to the Loeb product spaces but
usually have non-trivial singular parts with respect to the UU. It will be seen in
Appendix A that there is indeed no hope of developing a similar theory for
processes with a Lebesgue interval parameter set.

Finally, note that in many branches of mathematics and its applications, there
are various ways to model large but finite phenomena. One can, for example, often
create models using differential equations. The many properties of differential
equations which correspond to properties of difference equations lead one to
numerical solution by computers. It is clear, however, that differential equations
provide a better mathematical framework than difference equations for the qualita-
tive study of relevant problems. When working with a large finite phenomenon for
which the rate of convergence is not essential, continuous mathematics usually
provides conceptually simpler and analytically more tractable models, making
further study possible and efficient. For models involving topological structures,
one can usually obtain asymptotic results from the continuum case with the help of
compactness. For measure theoretic structures, however, there is often no direct
way to relate the usual continuum models to the asymptotic cases. The results
reported here strongly suggest that for the purpose of scientific modeling, hyperfi-
nite Loeb spaces can be used systematically to replace the traditional measure
spaces.
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Appendix A

ŽNote that many of the results in Sections 3–6 are still valid except Theorem
.6.2 , if we work with arbitrary probability spaces with suitable properties. How-

ever, we may usually obtain vacuous results. To illustrate, we consider the unit
Ž . Ž .Lebesgue interval T ,TT,l . Let V , AA, P be a standard probability space and

Ž .T=V , TTmAA, lmP the associated product probability space. Note that the
same notations were used to denote internal probability spaces in the main body of

Ž . Žthe paper. Let T=V , BB , m be an extension of the product space T=V ,2 2
.TTmAA, lmP such that the Fubini type result still holds for BB -measurable2

functions. Then, by using the proof in Remark 3.3, one can prove an analog of
Theorem 3.1 as well as Proposition 3.5 in this setting by the Fubini property. We
formulate the following lemma without proof.

( )Lemma A.1. For a giÕen real-Õalued integrable process f on T=V , BB , m , if2 2
( < )the conditional expectation E f of f with respect to TTmAA is essentially aTTm AA

function h on T, i.e., a function independent of particular samples, then for
P-almost all vgV , the following identity

H f t f t dl t sH f t h t dl tŽ . Ž . Ž . Ž . Ž . Ž .T v T

( ) ( )holds for all bounded TT-measurable functions f . MoreoÕer, h t sH f v d P forV t

l-almost all tgT.

Since the Fubini property implies that f is measurable for P-almost allv

vgV , one can obtain the following corollary by using the uniqueness of
Radon–Nikodym deriÕatiÕes.

( )Corollary A.2. Let f be a real-Õalued integrable process f on T=V , BB , m . If2 2
( < )E f TTmAA is a function h on T, then for P-almost all vgV , f sh, and itv

follows from the Fubini property that for l-almost all tgT, f is essentially thet
( )constant function with Õalue h t .

Thus BB -measurable functions are still essentially TTmAA-measurable, i.e.,2
Ž .T=V , TTmAA, lmP does not admit non-trivial extension such that the Fubini
property is preserved.

Ž .To consider an analog of Theorems 3.7 and 3.8, let T =T =V , BB , m be1 2 3 3
Ž . Ž .an extension of the product space of T , TT , l with T =V , TT mAA, l mP1 1 1 2 2 2
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such that the Fubini property holds for the different combinations of marginal
Ž . Ž . Ž .measures, where T , TT , l and T , TT , l are copies of T , TT, l . We also1 1 1 2 2 2

assume that the marginal measure spaces on T =V and T =V are the same1 2
Ž . Ž .measure space T=V , BB , m . Let T=T , TT , l be the marginal on T=T.2 2 2 2

The following lemma is an analog of Theorem 3.8. For simplicity, we only
consider bounded processes.

( )Lemma A.3. Let f be a bounded real-Õalued process on T=V , BB , m .2 2

Assume that the random Õariables f are almost surely uncorrelated, i.e., fort
( )l -almost all t , t gT=T, f and f are uncorrelated. Then for P-almost all2 1 2 t t1 2

Ž . Ž .vgV , H f t dl t sHH fdm .T v T=V 2

By an analog of Theorems 3.17 and 3.21 together with Corollary A.2, we can
obtain the following corollary.

( )Corollary A.4. Let f be a bounded real-Õalued process on T=V , BB , m . If the2 2

random Õariables f are almost surely uncorrelated, then for l-almost all tgT, ft t

is essentially a constant function.

Ž .Thus the space T=V , BB , m only supports trivial processes with uncorre-2 2

lated random variables. This means that no matter how far we extend the measure
Ž .on the sample space in the example considered by Judd 1985 , we still cannot

obtain non-trivial processes with the desired properties. So there is no way to
develop a similar theory, as presented in the main body of this paper, for processes
with a Lebesgue interval parameter set. In terms of the these facts, Theorem 6.2 is
very important in the sense that we are not working on an empty theory.

Ž .Let FF V , X be the space of all the equivalence classes of AA-measurable
functions from V to a compact metric space X with metric d. For any f and c

Ž .in FF V , X , let

r f ,c s inf dgRq:P v :d f v ,c v Fd G1yd .� 4� 4Ž . Ž . Ž .Ž .Ž .
Ž .Then r defines a metric on FF V , X which induces the topology of convergence

in measure. One can also view the non-measurability result for the iid case via the
type of Lusin’s theorem given below in Lemma A.5. To be precise, if we are
given a non-trivial iid process f from T=V to X, then Lemma A.5 implies that f
cannot be measurable with respect to TTmAA, since it can be checked that
Ž .r f , f is equal to a positive constant for all t / t . The result can be proven byt t 1 21 2

modifying the proof of its classical counterpart.

( )Lemma A.5. Let f be a process from T=V , TTmAA, lmP to a compact metric
( )space X with a metric d. Define a mapping F from T to FF V , X by letting

( )F t s f . Then for any ´)0, there is a compact subset K of the unit interÕal Tt ´

( ) <such that l K )1y´ and the restriction F is continuous from K to theK´ ´´

( ( ) )metric space FF V , X , r .
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