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Abstract

The aim of this paper is to provide a viable measure—theoretic framework for the study
of random phenomena involving a large number of economic entities. The work is based on
the fact that processes which are measurable with respect to hyperfinite Loeb product
spaces capture the limiting behaviors of triangular arrays of random variables and thus
constitute the ‘right’ class for general stochastic modeling. The primary concern of the
paper is to characterize those hyperfinite processes satisfying the exact law of large
numbers by using the basic notions of conditional expectation, orthogonality, uncorrelated-
ness and independence together with some unifying multiplicative properties of random
variables. The general structure of the processes is adso analyzed via a biorthogonal
expansion of the Karhunen—Loéve type and via the representation in terms of the simpler
hyperfinite Loeb counting spaces. A universality property for atomless Loeb product spaces
is formulated to show the abundance of processes satisfying the law. Generalizations to a
hyperfinite number of continuous (or discrete) parameter stochastic processes are consid-
ered. The various necessary and sufficient conditions for the validity of the law provide a
rather complete understanding about the cancelation of individual risks or uncertainty in
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genera settings. Some explicit asymptotic interpretations are also given. © 1998 Elsevier
Science SA.
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1. Introduction

The aim of this paper is to provide a viable measure—theoretic framework for
the study of the idea limit of a large number of random variables. Since large
economic systems with uncertain environments are often modeled by a large
number of random variables, our results can be used along with other standard
measure—theoretic methods to study various mass economic phenomena in a
rigorous and effective way. The main concern of our work is the characterization
of macroscopic stability as formalized by the law of large numbers via certain
microscopic conditions involving the basic notions of conditional expectation,
orthogonality, uncorrelatedness and independence as well as some unifying multi-
plicative properties of random variables.

When one models an economic situation involving a large number of random
entities, it is natural to consider a continuum of random variables (smply called a
process) since the continuum is commonly used to idedlize a large number of
objects. However, it will be seen below that if alarge number of random variables
has low intercorrelation, one may have difficulties using a continuum of random
variables in the usual sense to model the ideal limit.

In economic applications, exact equality between the mean (or distribution) of
a sample function and the theoreticall mean (or distribution) is obtained by
assuming that a continuum of independent and identically distributed random
variables satisfies the law of large numbers. 2 This is often referred to as
‘aggregation removes individual uncertainty’, i.e., risks or uncertainty are allowed
for the individual entities but there is no uncertainty from macroscopic point of
view. The required exact equality between the sample mean (or distribution) and
the theoretical mean (or distribution) allows the formulation of conceptually
simpler and analytically more tractable models.

Now the question is: is there really a law of large numbers for processes with a
continuum of random variables? There are two serious difficulties with the validity
of the law in this case. The first is the well known measurability problem. As

2 5ee, for example, Bertola (1994), Bewley (1986), Diamond and Dybvig (1983), Lucas (1980),
Lucas and Prescott (1974), and Noe and Rebello (1994).
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already pointed out by Doob 6 decades ago, the sample functions of such a process
are usualy too irregular to be useful (see Doob, 1937, 1953, p. 67 and p. 148,
respectively). For example, it was shown that if the random variables of a
continuous parameter process are independent and have a common distribution
(not concentrated at a single point), then the process is not measurable and even
has no measurable standard modification with respect to the relevant product
measure (see Doob, 1953, p. 67). In fact, as noted by Judd (1985), there is a
naturally constructed process with independent and identically distributed random
variables (indexed by the unit Lebesgue interval) for which it is not true that
almost all sample functions are measurable. If one considers a natural extension of
the probability measure on the sample space so that the measurability problem
disappears, one dtill has to face the second difficulty. That is, the set of sample
realizations satisfying the property that the expectation or distribution of the
sample function is the theoretical one has outer measure one and inner measure
zero; this set is, therefore, not measurable. Of course, one can again extend the
measure on the sample space so that the law is satisfied by this very specia
process. But it has to be noted that the measure can aso be extended in such away
that almost no sample realizations have the required properties. Thus, even if one
obtains the law as described, the honesty of the results based on such a law is
necessarily under strong suspicion, since one can aso claim the almost sure failure
of the relevant results if the measure is extended differently.

From another point of view, the law of large numbers is a result on macro-
scopic stability based on microscopic conditions; that is, whenever the microscopic
conditions are satisfied by a process, then aimost al sample functions should
stablize in some sense. Finding a particular process to satisfy both the microscopic
conditions and macroscopic stability is simply not enough. Since the law of large
numbers does hold approximately for the discrete case, it follows that the usual
concept of a continuum of random variables is a poor model for the ideal limit of a
triangular array or, more specifically, of a sequence of random variables with low
intercorrelation. Thus, to model large random economic phenomena with individ-
ual risks or uncertainty in an ideal setting, one has to go beyond the usual
continuum framework.

This paper presents our successful treatment of the law of large numbers using
hyperfinite processes which are measurable with respect to Loeb product spaces
and also reveals their many hidden characteristics. This class of processes can be
justified to be the ‘right’ class for modeling random phenomena with a large
number of economic entities on the following three grounds.

First, to study the asymptotic properties of a large finite collection of random
economic entities, there is virtually no need to consider processes beyond the class
of hyperfinite processes, since al the asymptotic properties are already embedded
in the limit setting. Consider m individual economic entities moving simultane-
oudly. Their actions are not deterministic, and hence the system can be modeled by
m random variables. When m is large, one can use a sequence of finite collections
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of random variables in the form {x":1<i<n}, n=12,..., (caled a triangular
array of random variables) to describe some asymptotic properties of the large
economic system. By transfer, these asymptotic properties are equivaent to some
properties of internal processes with a hyperfinite index set, which in turn are
equivalent to some properties of processes that are measurable with respect to the
Loeb space of the relevant internal product of a hyperfinite internal probability
space with another internal probability space (the Loeb product space) by the
standardization procedure (i.e., by rounding off some infinitesimals). Thus, those
Loeb product measurable processes, which form the class of hyperfinite processes
studied here, capture the nature of al the asymptotic properties of a large finite
probabilistic system as described by a triangular array of random variables. In fact,
by appealing to the ultrapower construction on natural numbers (see, for example,
Hurd and Loeb, 1985), the hyperfinite processes in this context are simply
equivalence classes of triangular arrays of random variables, and the external
cardinality of their index sets is the same as the cardinality of the continuum,
which means that a hyperfinite number of random variables is a continuum of
random variables.

Second, a general hyperfinite process f is usually not reducible to a continuous
parameter process measurable with respect to the relevant product measure. It can
be done so if and only if a sort of essential continuity in term of the index variable
t must be imposed on the random variables f, (see, for example, Keisler, 1988, p.
118, and also Lemma A.5 in Appendix A). As noted in Sections 3.2 and 4.3
below, f usually has a non-trivial part with low intercorrelation, or in other words,
the process admits randomness on the individual level and thus even not measur-
able with respect to the relevant product space of Loeb spaces (the essential
continuity certainly cannot be satisfied). Thus, if atypical large random economic
system is modeled by a continuous parameter process, then some economic
phenomena associated with the large system are already lost by the choice of the
continuum model. In fact, to model a probabilistic phenomenon involving a large
number of random variables in situations where there is no natura topological
structure on the set indexing these random variables, it is also not meaningful to
use a Lebesgue interval instead of a hyperfinite set as the index set. On the other
hand, when a time parameter (which allows a natural topological structure) is
explicitly introduced into a model with many economic entities, one can use a
hyperfinite number of stochastic processes to model the economic situation (see
Sections 5.4 and 8).

Third, exact results on hyperfinite processes can be routinely trandated to large
finite results and vice versa (this is also relevant to the first point). This type of
property, called asymptotic implementability in Khan and Sun (1997a), essentially
comes from the basic requirement on a non-standard model being elementarily
equivalent to the standard model, i.e., they have the same collection of true
sentences in a forma language. The property guarantees that the pathological
phenomena as discussed in the early part of this introduction will not arise in the
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hyperfinite setting. Such kind of trandations were aready used by Brown and
Robinson (1972) to obtain approximate results on the core of large finite economies
from some internal results. We also illustrate such a tranglation in Section 9 to
relate some exact results on hyperfinite processes to approximate results on
triangular arrays of random variables.

The paper contains various versions of the law of large numbers for processes
over Loeb product spaces. 2 There are also some unexpected findings in our work.
In particular, we show that almost sure uncorrelatedness and almost sure pairwise
independence are not only sufficient, but in contrast to the previous literature, also
necessary for the validity of appropriate versions of the law of large numbers.
Such intrinsic characterizations are then used to unify many other conditions
involving characteristic functions, generating functions, method of moments,
maximum of random variables, etc. The reinterpretation of some of the results to
the large finite setting shows that asymptotic uncorrelatedness or asymptotic
pairwise independence is necessary and sufficient for a triangular array (or a
sequence) of random variables to satisfy appropriate versions of the law of large
numbers. For a genera real-valued sguare integrable hyperfinite process, we
analyze its structure in Sections 4.2 and 4.3 below. The asymptotic interpretation
of the structural result (called a hyperfinite factor model) roughly says that a
process formed by a large finite number of random variables can be expressed as
the sum of a relatively small number of product functions together with a residual
term which has low intercorrelation. Moreover, linear combinations of random
variables in the residua term in general satisfies the law of large numbers
approximately. This is another instance of ‘aggregation removes individual uncer-
tainty’, which also indicates the central importance of the particular topic of law of
large numbers in a general theory of hyperfinite processes.

Most of our results can be understood in the aspect that these results are valid
on a special kind of standard measure spaces (i.e., the Loeb spaces) but not valid
on the traditional measure spaces. ¢ In fact, there is no hope of developing an
anadog of our theory for processes with a Lebesgue interval parameter set (see
Appendix A). Our results differ from those in the literature of non-standard theory
of stochastic processes in the aspect that both the conditions we use and the results
we derive involve standard notions of conditional expectation, orthogonality,

® Note that Theorems 3.17 and 4.2 as well as some parts of Theorems 4.6 and 7.6 in this paper are
announced in Sun (1996a).

4 Since Loeb spaces are standard measure spaces, one can understand amost al the results and
many proofs by regarding Loeb spaces as some special measure spaces endowed with certain desired
properties not shared by other measure spaces. Note that when Lebesgue measure on the real line is
used, one can usually ignore the Dedekind set-theoretic construction of real numbers and the particular
construction of Lebesgue measure. For applications of the theory developed here, the particular
construction of hyperfinite sets as well as that of Loeb spaces can also be ignored.
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uncorrelatedness and independence rather than the transferred version of these
notions. ° In fact, the study of non-standard processes has been focused on those
internal processes or their standardizations, which are reducible to the usual
continuous parameter processes (see, for example, Albeverio et al., 1986).

Once the conceptua foundations are properly set, the proofs of many of our
results on Loeb product spaces are not particularly difficult. Except for a few
special results whose proofs depend on non-standard arguments, most other proofs
are based on the application of these specia results through standard measure—the-
oretic methods. ® On the other hand, by comparing the asymptotic results with
their exact versionsin the Loeb space setting, we observe that complex approxima
tions in the large finite case are reduced to simple truth in the ideal setting. These
two facts together show the power of the chosen analytical framework as well as
the regularity of the objects being studied. Thus, additional power is injected into
probabilistic and measure—theoretic methods via the special measure spaces—L oeb
spaces.

We conclude this introduction by summarizing the economic relevance of the
results in this paper. First, as already emphasized earlier, hyperfinite processes
form a suitable class for modeling large random economic phenomena. Second, on
a more specific level, the meaning of individual risks, as documented in Anderson
(1991), Feldman and Gilles (1985) and Green (1994), is that these risks are borne
by individual economic entities but not by ‘large’ coalitions; thus, our characteri-
zations of those hyperfinite processes satisfying the relevant versions of the law of
large numbers by the various microscopic conditions provide a rather complete
understanding about the description and cancellation of individual risks or uncer-
tainty in genera situations. Third, the results in this paper as well as their
generalizations in Sun (1997b) are already applied to particular economic models.
The endogenous hyperfinite factor model as summarized in Corollary 4.8, which
derives factors endogenously through the Karhunen—Loéve type biorthogonal
expansion and allows the complete removal of individual risks through diversifica-
tion, are used in Khan and Sun (1997b) to single out three types of risksin alarge
asset market and then to unify some basic ingredients in the capital-asset-pricing
model of Sharpe (1964) and Lintner (1965), and the arbitrage pricing theory of
Ross (1976). The law of large numbers for set-valued processes is developed in
Sun (1997b) and then used to establish stochastic consistency in general equilib-

® These standard notions are very helpful for the discovery and the proof of those results which have
no analog in classical probability theory as well as in nonstandard probability theory developed so far.
Indeed, as noted above, if we interpret the results asymptoticly, we can obtain many new results about
triangular arrays (or sequences) of random variables.

® Except that of Theorem 3.1, all the proofs in Sections 3, 4, 7 and 8 can be understood without
knowledge about nonstandard analysis, provided that either Theorem 3.1 or a Fubini theorem for Loeb
measures is assumed.
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rium models with idiosyncratic shocks in endowments and preferences; ” a coun-
terpart in the setting of large games is also considered by Khan and Sun (1996b).
Finaly, we note that a main contribution of this paper as well as that of Sun
(1996a,b, 19973a,b) is to obtain special probabilistic and measure—theoretic proper-
ties of Loeb spaces which have direct significance for problems in economic
theory, game theory and finance, where traditional measure theory is not applica-
ble.

2. The mathematical background

As usud in the probabilistic literature, in this paper, a measurable function of
two variables will be referred to as a process. When processes with the classical
parameter sets such as the set Z* of positive integers or a Lebesgue interval are
involved, we shall use the term ‘stochastic processes to describe them since, in
this case, we are more interested in the finite dimensiona distributions of the
processes generated from the parameter sets rather than the means or distributions
of the sample functions. When a continuum (or a hyperfinite number in our
setting) of stochastic processes are concerned, we may also call the collection a
hyperprocess. For a continuum of continuous parameter stochastic processes, the
first continuum is an index set and the second continuum often refers to time.

We shall now give a brief discussion about Loeb spaces and refer the interested
readers to Khan and Sun (1997a) for constructions of Loeb spaces based on
sequences (for details, see Albeverio et al., 1986; Hurd and Loeb, 1985). Let T
and 2 beinterna sets, .9 and &/ be some internal algebras of internal subsets of
T and 2 respectively. Let A and P be finitely additive internal probability
measures on (T, .77) and (2, &) respectively. Define a real-valued set function
°P on (2, %) such that for each A €.«7, °P(A) is standard part °(P( A)) of the
finite non-standard real number P(A). The X,-saturation property implies that a
countably infinite union of disjoint non-empty setsin .o/ is never itself in ./, and
hence °P is trivialy countably additive. Thus the Carathéodory extension theorem
shows that °P can be extended to a standard probability measure L(P) on the
o-algebra o (&) generated by . Let (2, L(%), L(P)) be the completion of the
space (2,0 (A), L(P)). This completion is usually referred to as the Loeb space.
We can aso obtain the corresponding Loeb space (T, L(Z7), L(A)) in the same

way.

7 A sequential version was first formulated by Hildenbrand (1971). General equilibrium models with
indivisible goods as studied by Mas-Collel (1977) and Khan and Y amazaki (1981) are also considered.
In contrast to the approach based on the specia connection between two Loeb spaces as used here and
in Sun (1997b), the papers of Sun (1996b, 1997a) focus on the specia properties of one Loeb space,
and these properties are applied to non-cooperative game theory in Khan and Sun (1996a, 1997a).
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Note that the internal product space (TX 2, T®.«%, A ® P) is also an internal
probability space. The corresponding Loeb spaceisdenoted by (T X 2, L(I ® %),
L(A ® P)); it is referred to as the Loeb product space. In this paper, all processes
on the Loeb product space are assumed to be measurable with respect to the Loeb
product algebra. Given a process f on the Loeb product space, for each t € T, and
w € 0, f, denotes the function f(t,-) on 2 and f, denotes the function f(-,w)
on T. When we interpret T as the parameter space and {2 as the sample space of
the process f, the f, are usualy caled the random variables of the process, while
the f, form the sample functions of the process.

A real-valued measurable process f on the Loeb product space is said to satisfy
the law of large numbers (or simply the law) if for L(P)-amost al w € 2,

e f,(DAL(A) (1) = [fr. o TAL(A @ P),

i.e,, for amost all sample realizations w € (2, the mean of the sample function f
on the parameter space is equal to the mean of f as arandom variable on the joint
space of parameters and samples. For the case that f takes values in some metric
space X, we say that f satisfies the law of large numbers in distribution (or simply
the law in distribution) if for L(P)-amost all w € 2, the empirical distribution of
the sample function f_ isthe same as the distribution of f as arandom variable on
the Loeb product space.

As proposed in Section 1, it is appropriate to use hyperfinite sets to index
processes. Since asymptotic versions of hyperfinite sets are sequences of finite
sets, there is no probabilistic reason to use a general internal set T as a parameter
space of processes. In fact, from the point of view of scientific modeling, it is even
not necessary to consider sample spaces beyond hyperfinite sets, since processes
with hyperfinite sample spaces already capture the asymptotic as well as continu-
ous nature of the phenomena being modeled. The main reason to alow the sample
space (2 to be a general internal set is to relate our results on Loeb spaces to the
part of probability theory involving a triangular array of random variables on a
common probability space (see Section 9). Since {2 is allowed to be non-hyper-
finite, we aso alow T to be so for symmetric treatment of the mathematical
results as well as for the sake of completeness and generality.

Note that standard models and the corresponding non-standard models have the
same collection of true sentences in a suitable formal language. This fact alows
the formulation of the transfer principle, which precisely states that the truth
values of the interpretation of a sentence in the standard and non-standard models
are the same. Thus it is important to note that the transfer of an existing result in
the standard model will not give us anything new, other than a reinterpretation of
the same result. In the case of the law of large numbers, one can transfer a version
of the standard weak law of large numbersin the form involving a second moment
(see, for example, Chung (1974), pp. 228—229) to obtain immediately a law of
large numbers for a hyperfinite sequence of *-independent random variables with
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a hyperfinite counting probability measure on the index set (see, for example,
Anderson, 1991; Keider, 1977; Nelson, 1987 and Stroyan and Bayod, 1986). In
fact, one can even obtain the stronger central limit theorem for a hyperfinite
sequence of *-independent random variables by interpreting some standard ver-
sion of the central limit theorem in non-standard models (see Albeverio et al.,
1986; Anderson, 1976; Nelson, 1987; and Stroyan and Bayod, 1986).

In spite of the fact that the law of large numbers obtained by transfer is
mathematically the same as its classical counterpart, we note that = -independence
is not a robust condition for probabilistic modeling, since any infinitesimal error
will destroy the property. From another aspect, to relate to traditional measure—
theoretic results, one needs to work with a general standard process on a Loeb
product space. Then = -independence is not a condition on the standard process but
a condition on some lifting of the process, which is unfortunately not unique. Even
if it is satisfied by one lifting, it will not be satisfied by aimost al the rest. Thus,
even though one can obtain a process satisfying both the macroscopic stability and
the independence condition through transfer and pushing-down, thisis not redly a
law of large numbers for processes on a Loeb product space as argued in the
introduction in the context of the example in Judd (1985). Moreover, the existence
of an internal sequence of *-independent random variables on a hyperfinite set (2
with a hyperfinite index set T imposes restriction on the comparative size of T
and . For example, let f be an internal process from (T X £2, 7 ® &/, A® P) to
{—1,1} such that the f, are identically distributed with equal distribution on —1
and 1. Let [T| and | 2] be the internal cardindities of T and 2 respectively. If the
f, are *-independent, then, for any given internal sequence {i },c of —1 and 1,
Pw: VteT, f(w)=i}=1/2"l That set is non-empty, and hence (2 is the
union of 2T many digjoint non-empty sets. Therefore, 2/™! < |2|. Even if we only
assume the random variables f, to be pairwise independent, similar problem still
exists. In this case, the f,, t € T are not equal to each other. Since there are only
2121 many different internal functions from (2 to { —1,1}, we know that |T| < 2/!,
Thus, results with the assumption of = -independence or even pairwise indepen-
dence rule out many possible underlying spaces. It will be seen in Theorem 6.2
below that the almost sure pairwise independence condition proposed in this paper
has a sort of strong universality. Moreover, almost sure uncorrelatedness and
almost sure pairwise independence will prove to be intrinsic pertaining to the
study of the law of large numbers (see Theorems 3.17, 4.6 and 7.6).

Now we recall the following easily established fact about non-standard product
spaces: Given the standard measure spaces (T, L(97), L(A) and (2, L(w),
L(P)), as first noted in Anderson (1976), the standard product measure space
(Tx N2, LI)e L(w),L(AM) ®L(P)) is contained in the Loeb product space
(Tx N, LT ew¥), L(A®P)) (see dso Cutland, 1983; Stroyan and Bayod,
1986). Let % denote the product o-algebra L(7 ) ® L(.&). For an integrable
real-valued process f on the Loeb product space, we let E(f|,) denote the
conditional expectation of f with respect to 7.
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The difference between the two different types of non-standard product spaces
needs special attention in the main body of this paper. Those non-standard product
spaces which are obtained by taking the internal product first and the Loeb
operation later have been called the Loeb product spaces, while spaces which are
obtained by taking the Loeb operation first and the standard product later will be
called the product Loeb spaces. On the other hand, the difference between (T X (2,
L) ® L(w), L(A) ® L(P)) and its completion will not be elaborated in this
paper. Both will be referred to as product Loeb spaces and denoted by #.

The rest of the paper is organized as follows. Section 3 presents various
versions of the law of large numbers for real-valued processes on Loeb product
spaces. Real-valued square integrable processes on Loeb product spaces are
studied in detail in Section 4. Section 5 concerns with random variables and
processes taking values in a separable metric space. In Section 6, it is shown that
one can construct a process with almost surely pairwise independent random
variables from a general atomless Loeb product space to a Polish space with given
variety of distributions, and thus our theory is aways not vacuous. Section 7
characterizes the consistent law of large numbers in distribution via various
multiplicative properties of random variables. In Section 8, some results in
Sections 5-7 are generalized to the setting of a hyperfinite number of continuous
parameter stochastic processes (a hyperprocess). In Section 9, several results on
Loeb product spaces are trandated to asymptotic results about triangular arrays of
random variables. Section 10 contains some concluding remarks and finally some
negative results on processes indexed by the unit Lebesgue interval are presented
in Appendix A.

3. The law of large numbers for real-valued processes
3.1. Introduction

We focus on real-valued processes in Sections 3.2, 3.3, 3.4 and 3.5 below.
Since our primary concern in this paper is the study of functions of severa
variables, it isimportant to know the probability measure with which the functions
are integrated. Thus, for a real or complex valued random variable g on a
probability space (A, &, w), we usualy use the integral [, gdu rather than Eg
to denote the expectation of g. When there is no confusion, Eg will also be used.

We establish in Section 3.2 the relevance of the law of large numbers with the
conditional expectation with respect to #. In particular, for a rea-valued inte-
grable process f on a Loeb product space, if the conditional expectation E(f|,)
of f with respect to the associated product Loeb algebra % is essentially a
function of the index variable t only, then f satisfies the law. That result is, in a
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certain sense, the best possible for the class of integrable processes (see Theorem
3.17 in Section 3.5). One can regard Theorem 3.1 as a primitive version of the law
of large numbers which can be used to prove the Fubini theorem for Loeb
measures and all other versions of the law of large numbers in this paper by using
only simple measure—theoretic constructions. Section 3.3 presents the law for
processes with almost surely orthogonal or uncorrelated random variables. Section
3.4 gives severa versions of the law in distribution. In Section 3.5, we study in
detail an important concept, the consistent law of large numbers, which formalizes
and generalizes an intuitive probabilistic observation ‘* No betting system can beat
the house'’, i.e., a gambler cannot change the expectation of his return by timing
his betting. 8 Note that Theorems 3.1, 3.17 and 3.21 alow us to use various
properties of conditional expectations. This will prove to be very important in our
study.

3.2. The conditional expectation E(-|,) and the law

This section shows the importance of the conditional expectation operator with
respect to % pertaining to the study of the law of large numbers. The main
theorem of the section, Theorem 3.1, says that for a real-valued integrable process
f on the Loeb product space (T X 2, L(T ®), L(A®P)), if E(fly) is
independent of the particular samples, then f satisfies the law. For any given
real-valued integrable process e on the Loeb product space, let e be the residue
process f— E(f|,) (or the singular part of f). It follows from a property of
conditional expectation that

E(el,) =E(fl.) —E(E(fl.)l.)=E(fl,) —E(fl,)=0.

Hence, e satisfies the law. On the other hand, as noted earlier in the introduction,
one should start with a hyperfinite process on a Loeb product space for the
purpose of general stochastic modeling. If the hyperfinite process considered is
real-valued and integrable, then its residue process aways satisfies the law. Since
there is no reason to impose the additional assumption that the residue process of a
general hyperfinite process is zero, one has to deal with processes satisfying the
law but not measurable with respect to the . This also means that the law of
large numbers plays an essential role in general stochastic modeling.

Note that the internal algebra . ® &7 has a particularly simple structure. For
any set Ce.9 ® o, C can be expressed as a hyperfinite union of digoint internal
rectangles. It can be shown that the Fubini property holds for A ® P-integrable
internal functions on T X £ (it is trivial when T or 2 is hyperfinite).

8 The version of the consi stency law defined here as well as other versions in Definitions 7.3 and 8.3
will prove to be crucia for the intrinsic characterizations of uncorrelatedness and independence in later
sections.
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Theorem 3.1. Let f be a real-valued integrable process on the Loeb product space
(Tx 2, L@ o), LA P)). If E(fly) = h, where h is an integrable function on
(T, L(2), L(A)), then for L(P)-almost all w € (2, f, isintegrable, and [ f, dL(A)
= [;h()dL(A). Moreover, for any given A€ L(9), [, f,dL(A) = [,h()dL(A) for
L(P)-almost all w € 0.

Proof: It is easy to show that for a L(A ® P)-null set D, the section D, = {t:(t,w)
€ D} is L(A)-null for L(P)-almost al w € 2 (see Albeverio et al., 1986, p. 76).
For the sake of completeness, we include the proof here. Choose a decreasing
sequence { A"Y:_, of internal setsin T 2 suchthat A°=N7_,; A", DcA° and
L(A ® P)(A%) = 0. Then for esch n> 1,

L(A®P)(A") =(A®P)(A") =°/p A(AL)dP = [o°A( A7)dL(P)
= JoL(A)(A)AL(P).

Hence, [, L(A(A2)JL(P) =0, which implies that for L(P)-almost all o € £,
A is L(A)-null. The result then follows from the fact that D C A,,.

Now we assume h=0. Let g be an Sintegrable internal lifting of f on the
Loeb product space and let B, ={w: 7 g(t,w)dA(t) > 1/n} for each n> 1. It is
clear that ( xrg ) g is dtill an Sintegrable internal lifting of ( x1,g ) - f, where
X7xs, 1S theindicator function of the set T X B, in T x (2. Since E(fl,) =0, we
have

[fTXQXTXandL(/\® P) =0,

and hence, [/, 5 gd(A ® P) =0 by aresult on Sintegrability (see, for example,
Anderson, 1976, p. 20, or Albeverio et al., 1986, p. 72). On the other hand,

[Jrxg,9d(A®P) = [z [rgdAdP>1/nP(B,).

Therefore, P(B,) = 0. Similarly, the P-measure of the set {w: [ g(t,w)dA(t) <
—1/n} is aso an infinitesmal. Hence, [;g,(t)dA=0 for L(P)-amost all
w € ). By the result shown in the previous paragraph, we know that for
L(P)-amost all w € 2, g, isaninternal lifting of f_ . We till need to show that
g,, is Sintegrable. The proof given here is adopted from (Albeverio et a., 1986,
p. 76). It can be checked that

r!'_)nzof.(lo( f\gw\> n| gw|d)‘)d L( P) = n“_)nl O.[.Q /\gw|> n| gw|dAdP
= 1im °f g5 nlgld(A®P) =0.
n— o«

Therefore, the monotone decreasing sequence of functions °f, |- g, ldA con-
verge to 0 for L(P)-amost al w € . By Proposition 3.2.10 (Albeverio et al.,
1986, p. 72), we obtain the S-integrability of g, for L(P)-almost al w e 0.
Hence for L(P)-amost all w € 2, f, isintegrable and /;f dL(A)=0.
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For the generd case, let e=f—h. Then E(el,)=E(f|,)—E(h|,)=0.
Hence, [;e,dL(A) =0 for L(P)-amost all we Q. Therefore, for L(P)-almost
adl we 2, f,=h+e, isintegrable and [ f,dL(A) = [t h(t)dL(A).

Finally, for any given A€ L(7), itisclear that E( x5 flz) = xaE(fly) = xah,
where y, is the indicator function of A in T. Thus, the result shown above
implies that for L(P)-almost dl w € 2, [; xAf,dL(A) = [; xahdL(X), and hence
Jaf,dL(A) = [Ah()dL(A). O

To appreciate the power of Theorem 3.1, we shall show in the next proposition
that Theorem 3.1 together with the usual Fubini theorem for product measure
spaces implies the Fubini theorem for Loeb measures. The latter Fubini theorem is
also known as Keisler’s Fubini theorem for Loeb measures. It was first proven for
bounded functions on hyperfinite Loeb spaces in Keisler (1977) and generdized in
Albeverio et a. (1986), Cutland (1983), Loeb (1985) and Stroyan and Bayod
(1986).

Proposition 3.2. We assume the following version of Theorem 3.1 if e is a
real-valued integrable process on the Loeb product space (T X 2, LT ® ),
L(A ® P)) with E(ely) = 0, then for L(P)-almost all w € 2, e, is integrable and
Jye,dL(A) = 0. Then for any real-valued integrable process f on (T X 2, L(T ®
&), L(A ® P)), we have

[frxafdL(A®P) = [, [t fdL(A)dL(P) = J7 /o FAL(P)dL(A).

Proof: Let e be the residue process f — E(f|y) of f. Then E(el,) =0. By the
assumed version of Theorem 3.1, we obtain [;e,dL()) =0 for L(P)-almost all
we 2, and hence [, [redL(AM)AL(P)=0. Since E(f|y) is integrable with re-
spect to the completion of the relevant product Loeb space. The usua Fubini
theorem for product measures implies that

[Jrx o E(fL.)AL(A® P) = [, [t E(fl,)dL(A)dL(P).

Hence, we also have
[JreafdL(A®P) = [[ry 0 E( f|u)dL()‘ ® P)
— [0k E(f1.)dL(A)dL(P)
= Jo /7 fdL(A)dL(P) — [, [redL(A)dL(P)
= fnfodL(A)dL( P)-
By symmetry, the other equality follows. O

Note that integrability conditionson f_ and on /; f, dL(A), which are implicitly
used in the statement and proof of Proposition 3.2, follow from the standard
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Fubini theorem and the corresponding integrability condition on e,. Since the
main arguments in the proof of the Fubini theorem for Loeb measures (see
Albeverio et al., 1986) are used in the proof of Theorem 3.1, it is not surprising
that we can give a shorter proof of Theorem 3.1 based on that theorem. Thus,
Theorem 2.1 is essentialy equivalent to the Fubini theorem for Loeb measures in
the sense that we can prove one by assuming the other.

Remark 3.3. A proof of Theorem 3.1 by using the Fubini theorem for Loeb
measures. Fix any A€ L(9). Snce E(f|,) = h, it follows from the definition of
the conditional expectation that

[IaxsfdL(A® P) = [[pxg E(fl.)dL(A®P) = [[5,ghdL(A ® P)
for any measurable set B in L(.+). By the Fubini theorem for Loeb measures

JeJafo(DAL(A)AL(P) = [g/sh(t)dL(A)dL(P).

Thus, the measure v on (£, L(w)) defined by v(B) = [/(fV —
h(t))dL(A)dL(P) is the zero measure. By the uniqueness of the Radon—Nikodym
derivative (see, for example, Royden, 1968, p. 238), we obtain for L(P)-almost all
we N, [J(f,—hdL(A) =0, and hence, [,f dL(A)= [,hdL()A). The rest is
clear. O

Remark 3.4. Let f be a real-valued integrable process such that for L(A ® P)-almost
al (t, ) e TX Q, E(fl,){, »)=h(t). Then we must have h(t) = [, f,dL(P) for
L(A)-almost all t< (2. This claim is easy to prove. Snce for any A€.7,
[af,dL(A) = [,hdL(A) for L(P)-almost all w € (2. By integrating the functions
on both sides of the identity with respect to L(P) on (2, the Fubini theorem for
Loeb measures implies that [, /[, f,dL(P)dL(A) = [,h(t)dL(A). Hence, by the
arbitrary choice of A and the uniqueness of the Radon—Nikodym derivative, it
follows that h(t) = [, f,dL(P) for L(A)-almost all te T.

The next proposition presents a sort of uniform law for processes whose
conditional expectations with respect to the relevant product Loeb spaces are
independent of particular samples. The essential idea in the proposition will aso
be used in the appendix to formulate Lemma A.1. Note that a o-algebra on a
space is said to be countably generated if it is generated by some countable family
in the o-algebra (Cohn, 1980, p. 110).

Proposition 3.5. Let f be a real-valued integrable process on the Loeb product
space (T X 2, L(T® A), L(A ® P)). Assume that E(f|;,) = h and h is an integrable
function on T. Let % be a countably generated sub-o-algebra of L(Z7). Then for
L(P)-almost all w € 2, the following equality

Jr(D) (L @)dL(A) (1) = Jr(t) h()dL(A)(1)
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holds for all bounded .%-measurable function ¢. In particular, if « is a Loeb
measurable function from T to a separable metric space X, then for L(P)-almost
al we 0, the identity

Fr(a() f(to)dL(A)(1) = fri(a(t))h(H)dL(A)(t)
holds for all bounded Borel function ¢ on X.

Proof: Since % is countably generated, we can choose countably many sets
A,, n=12, ..., such that the vector space V spanned by the indicator functions
of all the A, over the rational field is dense in the space of integrable functions
over (T,%,L(A)) (Cohn, 1980, p. 110). For ¢ €V, since E(f|,) = h, we have
E(¢fly) = ¢h. Hence it follows from Theorem 3.1 that

(D) f(tw)dL(A® P) = [ro(t) h(t)dL(A)

for L(P)-amost all w € 0. Since V is till countable, we can choose a subset B
of 0 with full measure such that for each we€B, [;H(Df(t, w)dL(A)=
[+ dhdL(A) holds for al ¢ V. Without loss of generality, we assume A, =T,
and thus the constant function 1 is in V. Therefore, for esch w€B, f, is
integrable over (T,L(9),L(A)).

Now for any bounded %-measurable function ¢ with an essential bound M,
we can choose a sequence {¢,):_, from V such that the ¢, are bounded by M
and converge to ¢ amost surely. Thus for each fixed w € B, the ¢,f, are
integrable over (T,L(),L())) and converge to ¢f, almost surely. Since the
¢, T, and the ¢,h are dominated by the integrable functions M|f | and M|h|
respectively, we obtain

fr1,dL(A) = lim f;,£,dL(A) = lim [y §,hdL(A) = [y $hdL(A)

Hence, [;¢f, dL(A) = [r¢phdL(A) for all bounded .%-measurable function ¢.
For a Loeb measurable function o from T to a separable metric space X, let
(0,):_, be a countable open base of X and % the o-algebra generated by all the
a~1(0,). Then for al bounded Borel function i on X, ¢o a is B-measurable.
The rest is clear. O

3.3. The law for square integrable processes

For simplicity, hereafter the Fubini theorem shall refer to the usual Fubini
theorem for product measures as well as the Fubini theorem for Loeb product
measures. Theorems 3.7 and 3.8 below present versions of the law for processes
with amost surely orthogonal or uncorrelated random variables. To prove the
theorems, we need the following technical lemma on the integrability of some
relevant functions. The proof is based on the Tonelli theorem for Loeb measuresin
Hurd and Loeb (1985) (p. 204). Similar integrability problems will arise quite
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often in the later part of this paper. They can usually be solved by using the same
idea and the proofs will be omitted.

Lemma 3.6. Let f be a real-valued process on (T X 2, L(7 ® %), L(A ® P)).

Assumethat fisL(A ® P)-squareintegrable. That is, [ [ o f%(t, @)dL(A ® P) < co.

Then,

(1) the function G on T X T X £2 defined by G(1,,t,, ) = f (@) f (@) isL(A ® A
® P)-integrable;

(2) for L(A ® A)-almost all (t;,t,) € TXT, f(w)f () is integrable over (02,
L(%), L(P));

(3) the function Ef, is square integrable over (2, L(.%), L(P)).

Proof: First note that the function G(t;,t,, ) =f(w)f (w) on TXTXQ is
L(9 ® 9 ® &)-measurable. The Tonelli theorem for Loeb measures implies that,
for L(A ® M-amost al (t;,t,) € TXT,G 4, is L(o)-measurable, and also

[ ftx1xalG(t, 1, @)ldL(A® A ® P)
= [rxr ol i @) fi(@)lL(PYAL(A ® A)
— Jo/ frx1l (11, 0) (1, ) ldL(A @ A)dL(P)
= Jo 7l T(t, @)AL(A) (t,) f1] F(t, @) [L(A) (1,)dL( P)
= Jo( 1 T(t,@)dL(A))*dL(P)
= Jo(EIf,))’dL(P) < [, 1] f(t,0)PdL(A)dL(P)
= [[Tmfz(f,w)dL(/\@) P) <.

Hence, G is L(A ® A ® P)-integrable, and for L(A ® A)-almost all (t,,t,) € TX
T.Gy,y, IS integrable. It is aso clear that Elf,| is square integrable over (£2,
L(), L(P)). Since |Ef | < E|f | for dl we (2, it is obvious that Ef  is square
integrable over (2, L(.), L(P)). The proof is thus complete. O

Let H(wy,w,,t) =1, (Df, (). If f issquare integrable over the Loeb product
space, then by symmetry, the above lemma also shows that H is L(P ® P ® A)-
integrable; Ef, is square integrable on (T, L(s7), L(A); and f,(Df, (1) is
L(M)-integrable for L(P ® P)-amost dl (w,, w,) € 2 X 0. We shal now present
a law of large numbers for processes with almost surely orthogona random
variables.

Theorem 3.7. Let f be a real-valued square integrable process on the Loeb
product space (T X 2, L(7 ® &), L(A ® P)). Assume that the random variables f,
are almost surely orthogonal, i.e., for L(A ® A)-almost all (t;,t,) € T T,Ef,, f,
= 0. Then for L(P)-almost all w € 2, Ef, = 0.
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Proof: By Lemma 3.6, the function G on T X T X £ defined by G(t;,t,,®w) =
f(w)f (@) is L(A® A ® P)-integrable. Then the same calculations as in that
lemma together with the Fubini theorem imply that

[l JixtxaG(t1t, 0)dL(A® A ® P)
= Jo/rx7f(ty,0) f(t,,w)dL(A ® A)dL(P)

= f”(fo(t,w)dL()\))ZdL( P).

Hence, E(Ef,)? = EG. On the other hand,
EG=[[[rx1xaG(t1,t;,0)dL(A® A ®P)
= [frxt/of, f,dL(P)dL(A® A) =0.

Therefore, E(Ef,)? =0, which implies that Ef =0 for L(P)-almogt all w € 0.
O

Note that in the above theorem, if A isanatom of L(A), then there is a random
variable ¢ such that f,= ¢ for L(A)-amost al te A. By the assumption of
amost sure orthogonality, ¢ must be orthogona to itself, and hence ¢ =0.
Therefore, f, =0 for amost al t € A. In the next theorem, we establish a version
of the law for real-valued processes with amost surely uncorrelated random
variables. Note that two real-valued random variables ¢ and ¢ are uncorrelated, if
E(¢y) = EpEy. Atoms are aso alowed for L(A). In particular, if A isan atom
for L(A), then f, needs to be uncorrelated to itself for amost al te A, i.e,
Ef2 = (Ef,)?. The classical Cauchy—Schwarz inequality implies that for almost all
te A, f, must be a constant function.

Theorem 3.8. Let f be square integrable over (TX 2, L(7 ® %), L(A ® P)).
Assume that the random variables f, are almost surely uncorrelated, i.e., for
L(x ® A)-almost all (t;, t,)€TXT, f_ and f_ are uncorrelated. Then for
L(P)-almost all we 2, Ef = Ef, ie, [T, dL(A) = [[7,, fdL(A ® P).

Proof: Let e(t,w) = f(t,w) — Ef,. Since f is square integrable, it is clear that e is
also square integrable over the Loeb product space. By the fact that the random
variables f, are amost surely uncorrelated, we know that the e, are almost surely
orthogonal. Hence, Theorem 3.7 implies that Ee, = 0 for L(P)-amost al w € 0.
Therefore the Fubini theorem implies that

Ef, = E(e, + Ef,) = Ee, + E( Ef,) = Ee, + Ef = Ef
for L(P)-dmost dl we 0. O
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3.4. The law in distribution

In this section, we present some sufficient conditions for a real-valued process
to satisfy the law in distribution. To do this, we introduce the following type of
independence, which is called diagonal independence in the sense that the diagonal
of the joint distribution function is required to be the product of the relevant
marginal distribution functions.

Definition 3.9. Let ¢,, ¢, be real-valued random variables on some probability
space, F,, F, their distribution functions, and F their joint distribution function. If
for any xe R, F(x, x) = F(X)F,(x), then ¢, and ¢, are said to be diagonally
independent.

It is obvious that independence implies diagonal independence. But the con-
verse is not true (see Examples 7.1 and 7.2). We can also view the above
definition in another perspective. Let ¢ be the maximum of real-valued random
variables ¢; and ¢,, and let F_,, be the distribution of . Then F_(x) = F(x,
x) (Chung, 1974, p. 141). Hence, ¢, and ¢, are diagonaly independent if and
only if F,,, = F;F,. Wecan, of course, introduce diagonal independence for more
random variables. However, only the notion of pairwise diagonal independence is
relevant to our study. The following simple theorem says that almost sure pairwise
diagonal independence is sufficient for the satisfiability of the law in distribution.

Theorem 3.10. Let f be a real-valued process on (T X £, L(7 ® .&),L(A ® P)). If
the random variables f, are almost surely pairwise diagonally independent, i.e.,
for L(A ® A)-almost all (t;, t,) € TX T, f, and f_ are diagonally independent,
then for L(P)-almost all < (2, the distribution function F, of the sample
function f, on (T, L(97), L(A)) equals the distribution function F of f viewed as a
random variable on the Loeb product space.

Proof: Fix any x€R. Let g be the indicator function x;-i_ .., Of the set
f71((—o,x]) in TXx . Then for any fixed t€ T, g, is the indicator function
Xt i~ Of the set fr((—=,x]) in 2, and for any fixed w € (2, g, is the
indicator function x;-1_.. 5, Of the set f;*((—oox]) in T. By the assumption of
diagonal independence, we know that for L(A ® A)-amost al (t;, t,) € TX T,
fi, }((—o0,xDand f_*((—, x]) are independent events in . Thus, the random
variables g, are ailmost surely uncorrelated. By Theorem 3.8, we obtain that, for
L(P)-dmost all w < (2,

J19,dL(A) = [[rx09dL(A® P),

which implies that L(A(f (=, x]) = L(A ® P)(fX((—o=, x])). By working
with a countable dense set in R, we can obtain that for L(P)-amost al o € 2,
the distribution functions F, and F are the same. O
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It is well known that if two random variables ¢ and ¢ are independent, then
the characteristic function of the sum ¢ + ¢ is the product of the respective
characteristic functions. However, the following example in Loéve (1977a) (p.
275) shows that the converse of the previous statement is not true. The characteris-
tic function of a real-valued random variable o will be denoted by I,.

Example 3.11. Let ¢ be area-valued random variable with the Cauchy distribu-
tion function G(x) = % + 1tan~'x, and let s = ¢. Then the characteristic func-
tions of the random variables ¢, ¢ are the same and equal to e« The
characteristic function I, , of the random variable ¢ + ¢ isequal to e®“l. Let F
be the joint distribution function of ¢ and . Then F(1,1) = G(1) = 3/4, which
is certainly not equal to G(1)-G(1)=9/16. Thus, ¢ and & are even not
diagonally independent and, of course, not independent. In fact, we should not
expect any sort of independence from them, since ¢ and ¢ are the same
non-constant random variable.

Now take a random variable ¢ on the Loeb space (2, L(.), L(P)) with the
Cauchy distribution function as above. If we define a process f on the Loeb
product space (TX 2, L(I ® &), L(A ® P)) by letting f(t, o) = ¢(w) for all
teT, then for al t,t, T, [} + =TI F This process f certainly does not
satisfy the law of large numbefs. So it Seefns not plausible to obtain a general
version of the law of large numbers by using the multiplicative property of
characteristic functions. However, it is surprising that it can be done provided that
the sum is replaced by difference. For convenience, we introduce the following
definition.

Definition 3.12. Two real-valued random variables ¢, ¢ are said to be I-uncorre-
lated, if I, =1, -I_,, i.e, the characteristic function of the random variable
b—is the product of the characteristic functions of the random variables ¢ and

Note that if we take « and B to be ¢ and — ¢ respectively, where ¢ is the
random variable in Example 3.11, then o« and B are I-uncorrelated but are
neither diagonally independent nor uncorrelated. On the other hand, as shown by
the following theorem, almost sure I-uncorrelatedness is also sufficient to ensure
the validity of the law in distribution.

Theorem 3.13. Let f be a real-valued process on (T X 2, L(7 ® &), L(A ® P)). If
the random variablesf, are almost surely I-uncorrelated, i.e., for L(A ® A)-almost
all (t;, t,)eTxT, f and f,_ are I-uncorrelated, then for L(P)-almost all
w e (), the d|str|but|on funct|on F, of the sample function f, on T equals the
distribution function F of the random variablef on T X (.
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Proof: Note that the Fubini theorem for complex functions on Loeb product
spaces is still valid, which can be used to obtain the following: for any u e R,

ol E€"" — E€PdL(P)(w)
= [0t/ (€@ — Eelufu)(elUfi®) — Eeltfiy)
XdL(A)(t) L(A)(t)dL(P)(w)
(T T, Ty JAL(A @ ).

It follows from the assumption of almost sure I-uncorrelatedness that the last
integral is zero. Hence, Ee''» — Ee''f = 0 for L(P)-almost al w € 2. This means
that for L(P)-amost al we 2, the characteristic function I the sample
function f, on T is equal to the characteristic function of the proce§s f viewed as
arandom variable on T X (2. Since distribution functions are uniquely determined
by characteristic functions (see, for example, Breiman (1968), p. 170), the theorem
follows. O

We observe that the process f in Theorems 3.10 and 3.13 is not required to be
integrable. However, if f isalso assumed to be integrable, then the satisfiability of
the law in distribution by f implies that f satisfies the law. The following
corollary is thus obvious. Here we note that there are two diagonally independent
random variables which are neither uncorrelated nor I-uncorrelated (see Example
7.1). It is also pointed out earlier that I-uncorrelated random variables could be
neither uncorrelated nor diagonally independent. It is straightforward to check that
sin(# x) and cos(# x) on the Lebesgue interval [—1/2, 1/2] are uncorrelated but
neither I-uncorrelated nor diagonally independent. However, it will be seen in
Section 7.4 that the amost sure versions of diagonal independence and I-uncorre-
latedness are, in fact, stronger than almost sure uncorrelatedness.

Corollary 3.14. Let f be areal-valued integrable process on (T X 2, L(I ® &),
L(A ® P)). Assume that the random variables f, are either almost surely pairwise
diagonally independent, or almost surely I'-uncorrelated. Then for L(P)-amost all
w€E (),

J7 £, dL(A) = [[rx o fAL(A® P).

3.5. The consistency law

In general, averages of a mass phenomenon stabilize at some fixed value as the
number of observations increases. The same limiting value is obtained if the
averages are evaluated over a previously given subsequence of the observations.
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This property has been characterized with the aphorism ‘* No betting system can
beat the house'’ (see, for example, Papoulis, 1965); it means that a gambler cannot
change the expectation of his return by timing his betting. For instance, in the
rolling game of afair dice, if one considers the averages of every eleventh rolling,
the percentage of occurrences of a particular face approaches 1/6, and the same
average should also be obtained if every seventh rolling is counted. It is also
documented by Feldman and Gilles (1985) that if the specia case of a continuum
of iid random variables is used to model individual risks, then one should require
sample averages of any non-negligible subcollection of the random variables to be
constant, which is shown by them to be inconsistent, however.

Next, we formalize and generalize the above intuitive observation to the
hyperfinite setting. The following notion of consistent satisfiability of the law of
large numbers will prove to be crucial in our theory. The rest of the section
explores the implications of this concept.

Definition 3.15. Let f be a real-valued process on the Loeb product space
(Tx N, LT ®©w), L(A®P)). We say that f satisfies the consistent law of large
numbers (or simply the consistency law) if for any internal set A€.9 with
L(A)(A) >0, the process f» on the reduced Loeb product space (A X (2,
LT A ®.%), L(A*® P)) till satisfies the law. This means that for L(P)-almost
al we 0,

W F24L(A%) = [faeq FAL(A @ P),

where f# is the restriction of f to AX £, 9 * is the collection of al interna
subsets of A in 7, and A” is the internal probability measure on (A, 7 *)
rescaled from A.

The above definition simply says that a process satisfies the consistency law if
a set of random variables are taken away from the process and the resulting
process till satisfies the law. Though we considered the reduced Loeb product
spaces for all internal sub-index sets with positive Loeb measure, the following
lemma shows that we can actually focus on those large index sets only. It means
that we can only consider those A with L(A)(A) > 1— & for some prior given
real number & € (0, 1) (no matter how small ¢ is). By this fact, we can reinterpret
the idea in Definition 3.15 as ‘‘a slight change in the size of the index set does not
affect the satisfiability of the law’’. It will aso be seen in the proof of Proposition
9.2 that this relaxation is convenient. One can aso find the asymptotic version of
Definition 3.15 in Proposition 9.2 (2), which seems quite reasonable from the
statistical point of view.

Lemma 3.16. Let f be a real-valued integrable process on (T X 2, L(9 ® %),
L(A ® P)). If thereis areal number ¢ € (0, 1) such that for any internal set A€ .9
with L(A)(A) > 1 — &, the process f# on the reduced Loeb product space (A X 2,
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L7 *®.%), L(A* ® P)) still satisfies the law, then f satisfies the consistency law.
Here fA, 9 A and A* are the same as those in Definition 3.15.

Proof: For a given interna set A€.9 with L(A)(A) >0, teke a partition
A, ..., A, of Asuchthat each L(A)(A)) islessthan e. Fix i. Since LIAXT — A)
and L(AXT) are greater than 1 — &, we can obtain that for L(P)-amost all
weE D,

fT—Ai fde( /\) = ff(T—Ai)xn fdl—()‘ ® P)
and

J+ T, dL(A) = [frxo fdL(A ® P).

These two identities imply that for L(P)-almost all w € 2,
fAi fmdl-()\) = ffAixu fdl—()‘ ® P)-
Hence, for L(P)-amost all o € (2,
n n
Ja £, dL(A) = 2 fa d,dL(A) = X [fa o fAL(A®P)
i=1 i=1
:UAXQ de()‘@P)-
It means that for L(P)-almost all w € 2,
[a F2AL(AR) = [ [ TAAL(A* ® P),

and we are done. O

It is obvious that f satisfies the consistency law if and only if for any
Ael(9),

Ja £,dL(A) = [[axo fdL(A @ P),

for L(P)-almost all w € Q.

Next, note that for a process f, the assumption that the conditional expectation
E(fly) is equa to a function h on T seems to be a strong condition for f to
satisfy the law, since some properties of conditional expectations also imply that
any real-valued measurable function g on (T X 2, L(9) ® L(w), L(A) ® L(P))
such that f- g isintegrable over the Loeb product space, the equality

7 F(t,0) 9(t,0)dL(A) = r h(t) g(t,0)dL()
holds for L(P)-amost dl o € 0. It will be seen below that this condition is also
the weakest in a certain sense. In particular, we show in the following theorem that
f satisfies the consistency law if and only if E(f|,) is essentialy a function on
the index set T.
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Theorem 3.17. Let f be a real-valued integrable process on the Loeb product
space (T X 2, L(7 ® &), L(A ® P)). Then the following are equivalent:
(1) f satisfies the consistency law,
(2) For L(A ® P)-almost all (t, w) € T X 2, E(f|4)(t, w) = h(t), where h is an
integrable function on (T, L(9), L(A)).

Proof: For (1) = (2), pick any measurable sets A€ L(9) and B e L(w).
Define h on T by letting h(t) = [, f,dL(P). By (1), we have for L(P)-amost all
wE (),

Ja £, AL(A) = Jafo FAL(P)AL(A) = [A h(1)dL(A).

Whence

JoJa f,dL(A)AL(P) = [g[a h(t)dL(A)dL(P).
Thus,
[Iaxe fdl—(/\® P) = [/axs E( fl,‘)dL()\® P) = [/axs hdl—(/\® P)-

This means that the singed measures defined on (T X 2, L(9)® L(¥)) by
integrating E(f|y,) and h respectively on sets in L(97) ® L(.«/) agree on the
rectangles. Since L(.97) ® L(.w) is generated by all the rectangles A X B and the
collection of rectangles is also closed under finite intersections. It means that the
collection is a 7-system. By applying Dynkin's 7 — A theorem (see Cohn, 1980,
p. 44 and Durrett, 1991, p. 404), we obtain the fact that the two singed measures
are equal to each other on (T X 2, L(9) ® L(.%)). Thus both E(f|,) and h are
Radon—Nikodym derivatives of the same measure. By the uniqueness of the
Radon—Nikodym derivatives, we have E(f|,) = h.

(2) = (1) follows from Theorem 3.1. O

From the above proof, it is easy to conclude that for any given AT,
[af,dL(A) =0 for L(P)-amost al we< 2 if and only if for any given B €.,
[gf,dL(P) =0 for L(A)-amost al t < T, which is equivalent to E(f|,) = 0. The
following example shows that there are processes which satisfy the law but not the
consistency law.

Example 3.18. Let (T, L(5), L(A) and (2, L(), L(P)) be atomless Loeb
spaces. Choose random variables ¢ and « from T and 2 to { — 1,1} respectively
such that both ¢ and ¢ are equally distributed on —1 and 1. Define a process f
on T X 2 such that f(t, w) = ¢(t)(w). Then it is obvious that E(f|,)=f and

Jr f,dL(A) = f3 [ fdL(P)dL(A) =0.
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On the other hand, h(t) = [, f,dL(P) =0 for any t T, and hence E(fly;) # h.
By Theorem 3.17, we know that f satisfies the law but not the consistency law.

Note that if we have a reasonable sufficient condition for the vaidity of the
law, then a process satisfying the condition should satisfy the consistency law.
This claim is illustrated by the following simple observation.

Proposition 3.19. Let % denote some symmetric binary relation between pairs of
integrable functions on (2, L(%/), L(£)). Suppose we have the following version
of the law of large numbers:

for any real-valued integrable process f on an arbitrary Loeb product space
(Tx 0, LT ®w), LAeP) if for L(A ® A)-almost all (t,, t,) €TXT,
Z(f,,f,,) holds, then for L(P)-almost all we 2, [;f,dL(A) = [ [, , fdL(A
® P), where (T, 7, A) is any internal probability space

Then f satisfies the consistency law and E(f|,) = h, where h isthe functionon T
defined by h(t) = [, f,dL(P).

Proof: Pick any internal set A€.7 with L(A)A) > 0. Let A, 74 and A" be
the same as in Definition 3.15. Since L(A”* ® A*) is also a rescaling of L(A ® ))
on AXA, it is certainly true that for L(A* ® A*)-dmost al (t;, t,) €A XA,
2(f4,12) holds, and hence by the assumed law,

Ia fwAdL()\A) = [axo fAdL( e P)

for L(P)-amost al o< . Therefore f satisfies the consistency law. By Theo-
rem 3.17, E(fl,)=h. O

Remark 3.20. In the above proposition, if we assume that .#(g, 0) holds for any g
integrable over (2, L(w), L(P)), then it is even not necessary to introduce
subprocesses. To illustrate, suppose & satisfies the additional condition and we
have the following version of the law of large numbers:

for any real-valued integrable process f on the Loeb product space (T X (2,
L7 ®.%), LA ®P)) if for L(A ® A)-almost all (t;,t,) € TXT, #(f,, f,)
holds, then for L(P)-almost all w € 2, [;f,dL(A) = [[;, o fdL(A ® P)

Then we can claim that f satisfies the consistency law. To prove this claim, pick
any measurable set A in L(9"). By the assumption on the binary relation &, it is
obvious that for any given t,,t,€T, if 2(f ,f ) holds then so does
POt xalt) ). Thus, for L(A ® A)- dmost al (t, t,)eTXT,
Pt f s xa(t)f, ) holds. By the assumed law, we know that for L( P)-almost
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Al we 2, [rxaf,dLN) = [[r. o xafdL(A ® P), hence, [,f dL(A)=
[Jax o TAL(A ® P). Therefore f satisfies the consistency law.

We only considered binary relations above. It is clear that we can also
formulate results concerning the law of large numbers involving other kind of
relations. The same proof can aso be used to show the satisfiability of the
consistency law.

Next we observe that the ailmost sure versions of pairwise diagona indepen-
dence, I'-uncorrelatedness, and uncorrelatedness are all stronger than the assump-
tion involving conditional expectations as in Theorem 3.1 (they are not necessarily
strictly stronger).

Theorem 3.21. Let f be a real-valued integrable process on a Loeb product space
(TX 2,L7 @), LA ® P)). Definea function h on T by letting h(t) = [, f,dL(P).
If one of the following is satisfied,

(1) the random variables f, are almost surely pairwise diagonally independent;

(2) the random variables f, are almost surely I-uncorrelated;

(3) f is square integrable and the random variables f, are almost surely
uncorrelated;
then E(f|,) is essentially a function on T. In addition, if the random variables f,
are almost surely orthogonal, then E(f|,) = 0.

Proof: If item (1) or (2), or (3) is satisfied, we can prove directly that f satisfies
the consistency law by using Theorem 3.8 or Corollary 3.14 as in the proof of the
results in Proposition 3.19 and Remark 3.20, and then appeal to Theorem 3.17 to
finish the proof; we can aso define binary relations on the space of integrable
functions by using pairwise diagonal independence, or I-uncorrelatedness, or
uncorrelatedness, and then use Proposition 3.19 or Remark 3.20 to finish the
proof.

If the random variables f, are almost surely orthogonal, then for any A€ .7,
the x.(t)-f, are till amost surely orthogonal, and hence by Theorem 3.7,
JrxaA(Df, (DdL(A) =0 for L(P)-amost al we 0. Thus, [[,,5fdL(A ® P) for
any A€ and B <.w. By applying Dynkin's 7= — A theorem as in the proof of
Theorem 3.17, we obtain E(f|,)=0. O

Remark 3.22. For 1 < p <, let ZP(L(A ® P)) the space real-valued processes
on a Loeb product space (TX 2, L(F ®.%), L(A®P)) such that |f|P is
L(A ® P)-integrable. Let Z“(L(A ® P)) be the space essentially bounded real-val-
ued processes on (TX 2, L7 ® %), L(A® P)). For 1<p<~, we use V. to
denote the space of those processes in ZP(L(A ® P)) such that E(f|,) = 0. We
also regard the space ZP(L(A)) as a subspace of ZP(L(A ® P)). Since the
conditional expectation operator isa linear contractive mapping on .Z*(L(A ® P)),
Theorem 3.17 shows that the linear space of the processesin .ZP(L(A ® P)) which



444 Y. Sun / Journal of Mathematical Economics 29 (1998) 419-503

satisfy the consistency law is the direct sum of V.P and .#P(L())). It will be shown
in Proposition 6.7 that V" is, in fact, a large space. In addition, we note that
Conditions (1), (2) and (3) in Theorem 3.21 are all microscopic conditions which
guarantee the validity of the consistency law. On the other hand, the existence of a
process which satisfies both an independence condition and the consistency law is
trivial. One can simply transfer an independent sequence of random variables to
obtain a hyperfinite process by standardization. The validity of the consistency law
for this hyperfinite process can be obtained by applying the classic law to
subsequences. The work of Green (1994) contains the construction of a particular
process satisfying the consistency law based on a different measure space. As
noted earlier, such kind of results which involve the existence of particular
processes satisfying both the microscopic independence condition and the macro-
scopic stability are not really law of large numbers.

4. Conditional expectations for square integrable processes
4.1. Introduction

In Sections 4.2 and 4.3 we provide a more detailed study for square integrable
processes. For a square integrable process f on a Loeb product space (T X {2,
LI @ &), L(A® P)), Lemma 3.6 shows that the joint moment
Jo fi{lw)f (w)dL(P) exists for L(A ® A)-dmost al (t;, t,) €T X T. Define a
function Ron T X T by letting R(t,,t,) = [, f(t;,w)f(t,,w)dL(P). This function
is called the autocorrelation function of the process f (see Papoulis, 1965, p. 282).
Since the conditional expectation E(-|,) has been shown to be crucia in our
study, it will be desirable to obtain a more concrete description of the process
E(-ly) in terms of the original process f. In Section 4.2, we provide a biorthogo-
nal representation for E( f|,) in terms of the autocorrelation function of f. Section
4.3 contains various characterizations for processes with almost surely orthogonal
or uncorrelated random variables. It is aso noted that almost sure uncorrelatedness
of random variables f; is the weakest condition for f to satisfy the consistent law
of large numbers. Finally, by combining some of these results together in
Corollary 4.8, a structural result for general square integrable processes (called a
hyperfinite factor model) is presented.

4.2. A biorthogonal representation of E(f|)

Let f be asquare integrable process on (T X 2, (7 ® &), L(A® P)) and R
its autocorrelation function. The proof of Lemma 3.6 shows that R is L(A ® A)-
integrable. In fact, we can show that R is L(A ® A)-sguare integrable by the same
method. The following lemma says that R is essentially the same as the autocorre-
lation function of the process E(fly).
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Lemma 4.1. The autocorrelation function R of the process f is L(A ® A)-almost
surely equal to the L(97) ® L(9)-measurable autocorrelation function of the
process E(f |, ).

Proof: For notational simplicity, denote E(fl,) by g and f—g by e Then
E(el,) = 0. By Theorem 3.1, E(el,) =0 implies that Ee, =0 for L(P)-almost
al o€ . By symmetry, one can obtain Ee, = 0 for amost all t € T. Since both
f and g are sguare integrable, the Fubini theorem implies that there is a
measurable subset C; of T with L(A)XC;) = 1 such that for any t e C,, f,, g, and
g, are L(P)-square integrable. Thus, for any fixed t' € C,;, E(f,€ly) =0, which
also impliesthat E(f,e) =0 for amost al t & T. Hence, for L(A ® A)-almost all
(t,, ) e TXT, E(f, g ) =0. Similarly, for L(A ® A)-dmost &l (t;, t,) € TXT,
E(e, g,,) =0, and hence,

E( ft1 ftz) = E( ftlgtz) + E( ft1 etz) = E( gtlgtz) + E( ellgtz) = E( gtlgtz)'

Therefore, the desired result follows. O

Now we move to a series expansion for E(f|,). In the classical theory of
stochastic processes where parameter sets are intervals, a given process has
various kinds of orthogonal decompositions (for example, Fourier expansion).
Since E(fl|y) is measurable with respect to the product measure space in the usual
sense, it can be written as an infinite series in many ways (see, for example,
Kadison and Ringrose, 1983); but a general series expansion will not provide any
additional information on E(f|,) other than its square integrability with respect to
the product measure. We shall focus on a special series expansion. A proper
orthogonal decomposition theorem ° is contained in Loéve (1977b) (see p. 144).
The theorem provides a biorthogonal expansion for processes continuous in
quadratic mean on an interval (or simply require the autocorrelation function to be
continuous; see Papoulis, 1965, p. 457). Let f be a rea-valued square integrable
process with autocorrelation function R. By serving as a kernel, the autocorrela
tion function defines an integral operator K on the space L?(L(A)) of functions
square integrable on (T, L()). That is, K(hXt,) = [; R(t;, t)h(t,))dL(AX(t,)
for he L2(L())). One can aso define the autocorrelation function S of sample
functions f, by letting Sw,, w,)= [;f(t,0)f(t,w,)dL(A). Let L be the
integral operator with S serving as the kernel function. Now K and L are
Hilbert—Schmidt operators and thus compact operators (see Conway, 1985, p. 43,
or Kadison and Ringrose, 1983, p. 170). These operators are also self-adjoint and
semi-definite. Let y,, v,,... be the non-increasing sequence of all the positive
eigenvalues of K with each eigenvalue being repeated up to its multiplicity. Let

°1t is also called the Karhunen—Loéve expansion theorem, which is simply the continuous version
of the expansion in classical principal components analysis; see Basilevsky (1994), Chap. 3.
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1, ¥,,... bethe corresponding eigenfunctions adjusted to form an orthonormal
family. This sequence of functions is called a complete eigensystem for K. The
following biorthogonal theorem gives a representation for E(f|,) in terms of the
eigensystems of K and L. Note that if there are only m positive eigenvalues, then
we should replace the infinite sum by a finite sum of m terms.

Theorem 4.2. Let {y, }_ , be a complete eigensystem for the integral operator K
defined by the autocorrelation function R of a square integrable process f. Then

E(11)(10) = X Ay @) (D),

where A, =%"?, ¢(0) =1 /1 f, (DY, (DAL(A), and v, is the corresponding
eigenvalue for both ¢, and ¢,. Moreover, the functions ¢, are orthonormal,
forming a complete eigensystem for the integral operator L defined by the
autocorrelation function S of the sample functions in the process f.

Proof: First, we note that for a function ¢ in Z2(L())), if ¢ is orthogonal to
every function in the range of the operator K, then ¢ must be in the kernel of the
operator F defined by F(h) = [;f(t,@)h()dL(A) for he LA(L(V), i.e,
F(¢p)Nw) = [ f(t,w)p()dL(A) = 0. We simply observe that

Jyer d(t2) K(6)(t)dL(A)(1,)
= Jper d(2) et ¢(1) o Tt @) (L2, @)
X dL(P)dL(A)(t,)dL(A)(t,)
= Jolyer f(t0) d(t)dL(A) () f,e 7 f(L2,0) (12)
xdL(A)(t,)dL(P)

= Jo(J7 f(t@) d()dL(A))’dL(P) = [, (F($))’dL(P).

Hence, F(¢) = 0.

Now fix bounded Loeb measurable functions « on T and B on (2. Let ¢ be
the projection of « on the range space of K and let ¢ =a — . Then ¢ is
orthogonal to the range space of K, and hence F(¢) =0, F(a) = F(). Since the
functions ¢, form a complete orthonormal basis for the range space of K, it is
also clear that

w() = iha(t)%(t)dL(A)wﬂ«).
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Next, we compute the following integrals.

f e @(0)B(w) X fr £(E0) (WL (DAL( 0 P)(1,0)

o (o) Zf (2 0) ()AL (V) fr (D) (1)
xdL(A)(t)dL(P)
— o B(0) fpor f(T ) ZI (D) (DALY (1) (1)

XdL(A)(t)dL(P)
= Jo B(@) Jyer f(t, @) ¢ (Y)dL(A)(1)dL(P)(w)
=JoB(@)F(¥)(w)dL(P)
=JoB(w)F(a)(w)dL(P)
= Jo B(@) [ f(t,0) a(t)dL(A)dL(P)
=[frxa a(t) B(@) f(t,0)dL(A & P).

Since X _ ;1 [t(t', o) (DAL ) (1) is L(T) ® L()-measurable, we thus
have

(1) (Lw) = X frf(F ) ()AL () ()

by the arbitrary choices of the @ and .
It is easy to check that

JoJr f(t, @) dn(t)dL(A) (1) [7 f(t, @) (L) dL(A) (t,)dL(P) (@)
= 'Ynénmv

where 8" is equal to O if m#n and 1 if m=n. Hence, the functions ¢, are
orthonormal, and E(f|,)(t,w) = X7_ ;A ¢ (0)i(1). By symmetry, Lemma 4.1
also impliesthat Sis L(P ® P) essentially equal to the autocorrelation function of
the sample functions of the process E(fly). Thus, Sw,,w,) =

" Ao (w)e(w,), which implies that the functions ¢, form a complete
eigensystem for the Hilbert—Schmidt operator L. O

Note that the biorthogonal expansion of E(fl,) is amost unique in the sense
that if E(fl,)=X}_, u,a(w)B(t) with the conditions that both sequences of
functions «,,, n>1 and B,, n>1 are orthonormal, and also the numbers w,,
n> 1 are non-negative and decreasing in terms of n, then u, = A,, and «, and
B, are the respective eigenfunctions of L and K corresponding to the eigenvalue
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A2, In particular, if for some m> 1, A2 is an eigenvalue with multiplicity 1, then
either a,=¢, and B,= ¢, Of an= —¢, and B,= — ¢, The following
estimation on the eigenvalues is clear.

Y02 = [ (E(T1))2AL(A® P) = [fr, o F2dL(A® P) <.
n=1

In practice, one is usually able to compute the autocorrelation function R of f
by statistical methods. Once R is computed, the eigenfunctions and eigenval ues of
the compact self-adjoint semi-definite operator K can be computed (see, for
example, Heuser, 1982, p. 281). Thus, one can compute E(f|,) if f isgiven. It is
important to know that the functions ¢, and ¢, in the biorthogonal representation
of E(fly) can be determined from f directly. Thus E(f|,) can be approximated
before we know what it is.

Note that f can be written as f=X7_,; A4 (De(w) + e where e is the
residue process f— E(f|,) of f. The following corollary shows that the joint
moment of f, or f, with a square integrable function on the relevant product Loeb
space only involves the countably many functions in the principa part, i.e., the
relevant joint moments involving the residua process are zero. In particular, the
results hold when the function on the relevant product Loeb space depends only on
one variable.

Corollary 4.3. Let f be a real-valued square integrable process on a Loeb product
space (TX N2, LT ®%), LW®P)) and e=f— E(f|,). For a #-measurable,
square integrable function a on T X 2, we have for L(P)-almost all w < (2,
[y alt,w)elt,w)dL(A) =0,

Jra(t,o) f(tw)dL(A) = X A, fra(t,o) (1) dL(A) ¢ @),
n=1
and for L(A)-almost all te T, [, alt,w)elt,w)dL(P) = 0,

o 8(1,0) f(L)AL(P) = X Ay fo a(t,@) g @)dL(P) (1),

n=1

where the A, ¢, and i, are the same as in Theorem 4.2.

Proof: Let g=a-e Then a property of conditional expectation implies that
E(gl#)=a- E(ely) =0. It follows from Theorem 3.1 that for L(P)-aimost all
w e 0, [;9(t,w)dL()) = 0. By Theorem 4.2,

Jra(t,w)f(t,w)dL(A)
= [;a(t,0)E(fl,)(t,w)dL(A)

= ; )‘nfTa(t’w)lpn(t)dL( /\) ¢n(w)

for L(P)-amost all w € 2. By symmetry, we can obtain the second identity. O
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The next proposition provides a characterization for those centered processes
satisfying the law in terms of the eigenfunctions of the operator K. A rea-vaued
integrable process f is said to be centered if Ef,= 0 for amost all t.

Proposition 4.4. Let f be a square integrable centered process on a Loeb product
space (T X 2, L(T ® &), L(A ® P)). Then f satisfies the law if and only if the
mean of any eigenfunction corresponding to a positive eigenvalue of the operator
K is zero.

Proof: For the sufficiency part, we simply note that the condition implies that
Ey,, = O for al n, and hence it follows from Corollary 4.3 that f satisfies the law.

For the necessity part, let ¢ be an eigenfunction corresponding to a positive
eigenvalue y of K. Then

Jiyer R(tt) ¥ () dL(A) () = v (),
which implies that
v Jr(H)dL(A)
= Jyetlyetloc o F(t0) (1, 0) 4 (1)dL(P) (@)
XdL(A)(t,)dL(A)(t,)
= Joe ofyet F(t,@)dL(D) () f,e 7 F(t2, @) (1)
XdL(A)(t,)dL(P).

Since the law is satisfied, f; < f(t;, w)dL(A)t,) =0 for L(P)-amost dl o € (2,
and hence, y- [;¢()dL(A) = 0. Therefore, the mean Eiy is the zero. O

4.3. Characterizations of almost sure orthogonality and uncorrelatedness

This section contains some characterizations for those square integrable pro-
cesses f with almost surely orthogonal (or aimost surely uncorrelated) random
variables. Note that some of the characterizations are included not because of their
importance, but for the sake of easy references in some proofs. We shal, first,
consider almost sure orthogonality. By Theorem 3.21, if the random variables f,
are dmost surely orthogonal, then E(f|,) = 0. It will be seen in Theorem 4.5 that
the two conditions are actually equivalent.

The equivalence of (2) and (3) in Theorem 4.5 states that the almost sure
orthogonality of the random variables in a process is equivalent that of the sample
functions in the process. Such a duality shows the perfect symmetry between the
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parameter variable t and the sampling variable o for the situation under consider-
ation.

Note that there are essential differences between orthogonal processes and
amost surely orthogonal processes. For example, let T be a hyperfinite set,
N={-2,-112)7, and X and P betheinternal counting probability measures on
T and (2 respectively. Define an interna process f from (T X 2,.9 @ &, AQ P)
to {—1,1} by letting f(t,w) be the sign of w,. Then the random variables f, are
orthogonal to each other. The previous duality result also yields the ailmost sure
orthogonality of the sample functions f_. On the other hand, there are only 2Tl
many different internal functions from T to {—1,1}; but there are 47" many
sample functions f_. This means that many of the sample functions f, are equal
to each other. Therefore, the sample functions f_, cannot be orthogona to each
other.

The equivalence of (2) and (6) also deserves some attention. Note that it is easy
to find random variables that are orthogonal, but their expectations do not vanish.
However, for a square integrable process f, if the random variables f, are almost
surely orthogonal, then the expectations of the random variables f, are almost
surely zero.

Theorem 4.5. For a square integrable real-valued processf on (T X 2, L(7 ® &),
L(x ® P)), the following are equivalent:

(1) E(fl2) =0;

(2) The random variables f, are almost surely orthogonal in #*(L(P));

(3) The sample functions f,, are almost surely orthogonal in #?(L(A));

(4) The compact, self-adjoint and semi-definite integral operator L on the
Hilbert space L?(L(P)) defined by the autocorrelation function S of the sample
functions f_ has no positive eigenvalue;

(5) The compact, self-adjoint and semi-definite integral operator K on the
Hilbert space L%(L())) defined by the autocorrelation function R of the process f
has no positive eigenvalue;

(6) The means of the random variables f, are almost surely 0, and the
eigenfunctions of L corresponding to any possible positive eigenvalue must be the
constant functions;

(7) The means of the sample functions f, are almost surely 0, and the
eigenfunctions of K corresponding to any possible positive eigenvalue must be
constant functions.

Proof: First, consider (1) = (2). By Lemma 4.1, the autocorrelation function of f
is L(A ® A)-amost surely equal to that of E(f,), and hence, is zero. This means
that (2) holds. (2) = (1) follows from Theorem 3.21.

By symmetry, (1) and (3) are equivalent, and thus (2) and (3) are aso
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equivalent. It might be interesting to see a direct proof of the equivalence of (2)
and (3). By the Fubini theorem,

[oxo (Jr L (DT, (HAL(Y)) dL(P® P)
~ [oxa Jyet L1 T ()AL (1) fy a1 Fu(t2) T (1)
XdL(A)(t,)dL(P®P)
= [frxthore 0 Tl @) f( @) dL(P) (@) f,, < o fi @) fi( @5)
XdL(P)(w,)dL(A® A)

= [frur(Jof @) fu(@)dL(P)) dL(A ® A).

Hence, the required equivalence is clear.

(2) = (5) and (3) = (4) clearly follow from Lemma4.1. (4) = (1) and (5) = (1)
follow from Theorem 4.2. Thus, the first five statements are equivalent.

Now, we consider (1) = (6). Since E(f|,)=0, as noted in the proof of
Lemma 4.1, Theorem 3.1 also implies that Ef, = 0 for ailmost al t by symmetry.
Next, since (1) = (4), L thus has no positive eigenvalue at al. So (6) follows.

Assume (6) holds. If there is a positive eigenvalue A? for L, then we can take
¢, to be the constant function 1 and al other ¢, to be zero in Theorem 4.2. Hence
E(fly) = A ¢b;, where ¢, is a normalized eigenfunction of K. By Theorem 3.1,
we must have A;i,(1) = Ef, for L(A)-amost al te T. By the assumption that
Ef,=0 for L(A)-amost al te T, we have A i, =0, which contradicts the
conditions on A; and ;. Therefore, L has no positive eigenvaue at all. Thus (4)
holds, and hence (1) holds.

By symmetry, we can also obtain the equivalence of (1) and (7).0

Next, we move to the characterizations of sguare integrable processes f with
almost surely uncorrelated random variables. Let e be the centered process
(f— Ef) constructed from f. Then the random variables f, are almost surely
uncorrelated if and only if the random variables e, are almost surely orthogonal.
Thus, Theorem 4.5 also gives us many equivalent conditions in terms of e. In the
following proposition, we present some additional equivalent conditions in terms
of f directly. Asin Theorem 4.5, the equivalence of (2) and (3) in the following
proposition also indicates a sort of duality between the random variables and the
sample functions in a process. If square integrable processes f and g satisfy the
property described below in (7), then we shall say that those processes themselves
are amost surely uncorrelated. Thus, the equivalence of (2) and (7) says that a
sguare integrable process has almost surely uncorrelated random variables if and
only if it is aimost surely uncorrelated with any other square integrable processes.
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Theorem 4.6. Let f be a real-valued square integrable process on the Loeb
product space (T X 2, L(7 ® &), L(A ® P)). Then the following are equivalent:

(1) E(f],) is essentially a function on T;

(2) The random variables f, are almost surely uncorrelated;

(3) The autocorrelation function S of the sample functions f,, is the constant
function with value E(Ef,)?;

(4) Let L be the compact self-adjoint semi-definite operator on the Hilbert
space L%(L(P)) defined by using the autocorrelation function S of sample functions
of f as the kernel function; then the eigenfunctions of L corresponding to any
possible positive eigenvalue must be the constant functions;

(5) The covariance function and the mean function of the sample functions f,,
are constant functions;

(6) For any square integrable function ¢ on (2, L(%), L(P)), f, and ¢ are
uncorrelated for L(A)-almost all t€ T;

(7) Given another squareintegrable processgon (T X 2, L(7 ® ), L(A ® P)),
we have for L(A ® A)-almost al (t;, t,) € TXT, [,f -9, dL(P)=
Jo T, dL(P) ], g, dL(P);

(8) f satisfies the consistency law.

Proof: Let e=f — Ef,. Then (1) is equivalent to E(el,) =0, and (2) is equivalent
to the fact that the random variables e, are amost surely orthogonal. Hence (1) is
equivalent to (2).

(1) = (3) follows from Lemma 4.1 by symmetry.

Now, assume (3). Then L(¢) = [,cp(w)dL(P), where c is the constant
coming from the autocorrelation function of the sample functions f,. Thus the
eigenfunctions of L corresponding to any possible positive eigenvalue must be the
constant functions. Hence, (3) = (4).

Assume (4). By Theorem 4.2, E(f|,) is essentially a function on T, and hence
(1) holds. Thus, (1), (2), (3) and (4) are equivalent.

Since E((f, —Ef, Xf, —Efw,))=E(f, f, )—Ef, Ef,  wehave(5) = (3).

Now, assume (1). Then by Theorem 3.1, Ef,, defines a constant function on (2.
By (3), E(f,,f,,) defines a constant function on X (). Hence, the covariance
function is constant, and thus (1) = (5).

To show (1) = (6), let h(t) = Ef,; then E(f|,) =h. Since E(f¢l,) = heo, we
have for any A€ L(9),

JalatedL(P)dL(A) = [aJoh¢dL(P)dL(A) = [AhdL(A) [ ¢dL(P).
Hence, for L(A)-dmost dl te T, [,f,¢dL(P)=h(t)[,¢ddL(P). Whence (6)
holds.

If we assume (6), then for any t, € T with g, being square integrable, we

know that f, and g, are uncorrelated for L(A)-almost al t, € T. By the Fubini
theorem, we obtain (7).
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By taking g=1, (7) = (2) is clear.
The equivalence of (1) and (8) is already shown in Theorem 3.17.0

It follows from Theorems 4.5 and 4.6 that the random variables f, are aimost
surely uncorrelated if and only if there is afunction h on T and a process e whose
sample functions e, are almost surely orthogonal such that f is the sum of e and
h. 1t will be interesting to know when the sample functions f, are also almost
surely uncorrelated. Note that if the random variables f, are almost surely
uncorrelated, then the covariance function of the sample functions is essentially
the non-negative constant [;(Ef,)?dL(A) — (Ef)2. It will be seen in the following
proposition that we also have a sort of duality between uncorrelatedness and
constant means for the random variables and the sample functions in a rea -valued
sguare integrable process. The amost sure uncorrelatedness of the random vari-
ables implies that the sample functions have constant means almost surely; and if
in addition, the random variables themselves have constant means almost surely,
then the sample functions are almost surely uncorrelated. By symmetry, the
random variables in the process are uncorrelated with constant means almost
surely if and only if so are the sample functions in the process.

Proposition 4.7. Let f be a square integrable process on (T X 2, L(7 ® %),
L(A ® P)). Assume that the random variables f, are almost surely uncorrelated.
Then the sample functions f, are almost surely uncorrelated if and only if the
random variables f, have a common mean almost surely, i.e., the mean function
Ef, is essentially a constant function on T

Proof: If the sample functions f, are almost surely uncorrelated, then, by
symmetry, we obtain from Theorem 3.8 that Ef, = Ef for L(A)-amost dl t=T.

On the other hand, if the mean function Ef, is essentially a constant number c
on T, then the centered process e=f — ¢ has amost surely orthogonal random
variables. Theorem 3.7 implies that Ee, = Ef  — c is zero for aimost all w € (2,
and hence, Ef, is equal to the constant ¢ amost surely. By Theorem 4.5, the
sample functions e, are also almost surely orthogonal, which implies that the
sample functions f,, are aimost surely uncorrelated. O

To conclude this section, we collect in the following corollary part of Theorems
4.2, 4.5, and Corollary 4.3 to have a more or less complete description about the
structure of a general square integrable process.

Corollary 4.8. Let f be a real-valued square integrable centered process on the
Loeb product space (TX 2, L(F ®.&), L(A ® P)). Then f has the following
expression

f(t,w) = i)\ntpn(t)gon(w) +e(t,w),
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with properties:

(1) A,, 1<n<isa decreasing sequence of positive numbers; the collection
{;: 1<n< oo} isorthonormal; and {¢,: 1 <n <o} is a collection of orthonor-
mal and centered random variables.

(2 E(fly)t,0) =Xi_ A4 (De(w) and E(ely,) = 0.

(3) The random variables e, are almost surely orthogonal, which is to say that
LA ® A)-almost all (t;, t,) € TX T, [,e(w)e (w)dL(PXw)=0.

(4) If pis a square integrable real-valued function on (T, L(97), L(A)), then for
L(P)-aimost all we 2, [;ple,®L(A) =0 and [;p®ft,0)dL(V)®) =
1 A7 PO LA ®) ¢y (w).

(5) If « is a square integrable random variable on (£2, L(.«), L(P)), then for
L(A)-almost all teT, it is orthogonal, to e, and [, a(w)f(t,w)dL(P)(w) =
Y- 1A a(@)e(w)d L(P) (@), ().

Note that the principal part E(f|,) in the above expression already captures the
relevant correlational structure of f by Lemma 4.1. The residua part e also has
low intercorrelation. This is a requirement for the error term in the classical factor
models (see, for example, Basilevsky, 1994). Thus, it is natural to adopt the
terminologies of factor analysis to call the above structural result a hyperfinite
factor model with factors ¢, and factor loadings i,. Since the factors are
endogenously derived from the autocorrelation function, the model is also caled a
endogenous hyperfinite factor model. As noted in Basilevsky (1994), the main
objective of the factor analysisis to find a small set of latent random variables to
explain the systematic behavior of the directly observed random variables. In our
casg, if the hyperfinite number of random variables f, are directly observed, then
the countably many latent random variables ¢, can be used to explain the
correlational structure of f. By the fact that a countable collection is significantly
smaller than a collection with a hyperfinite number of elements, this reduction
procedure is indeed effective. Since the residual part has ailmost surely orthogonal
random variables (i.e., the uncertainty or risk is on the individual level) and
satisfies the law of large numbers in the strong sense as described in (4) and (5),
so that it will disappear in most useful circumstances, the phenomenon of
‘aggregation removes individual uncertainty’ thus appears in a very genera
setting.

5. Random variables in metric spaces and the law

5.1. Introduction

In Sections 5.2, 5.3 and 5.4, we consider metric space valued random variables
and processes. Section 5.2 includes a version of the law for such processes. Since
Loeb counting spaces have proven to be convenient in many places (see, for
example, Anderson, 1976; Keisler, 1977 and Keider, 1984), we present in Section
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5.3 several results relating processes on general Loeb product spaces to processes
involving Loeb counting spaces through measure preserving mappings. These
results are then used in Sections 6 and 8 to obtain other structural results. Section
5.4 contains a version of the law for a hyperfinite number of discrete parameter
stochastic processes.

5.2. The law for metric space valued processes

Let f be a process from a Loeb product space (T X 2, L(I ® &), L(A ® P))
to a separable metric space X, and {O,f;_, a countable open base of X. As
mentioned before, all processes on a Loeb product space are assumed to be
measurable with respect to the relevant Loeb product algebra Thus for each
n> 1, the measurability of f~*(O,) in L(J ®.«) together with the Fubini
theorem implies that for L(A)-amost al te T, f,1(0,) isin L(%). Thus, for
L(D-dmost dl te T, f71(0,) isin L(). Thus, for L(A)-dmost dl te T, f; !
(0, isin L(w) for every n> 1. It implies that the functions f, are Loeb
measurable for L(A)-amost al t € T. Similarly, for L(P)-almost al we 0, f is
Loeb measurable.

Definition 5.1. Let f be a process from (TX 2, L(I ®¥), L(A®P)) to a
separable metric space X. The random variables f, are said to be almost surely
pairwise independent, if for L(A ® A)-almost al (t,, t,) € TX T, the pair f, and
f,, are independent random variables.

Using the above notion of amost sure pairwise independence, the following
theorem provides an exact version of the law of large numbers for metric space
valued processes in terms of empirical distributions.

Theorem 5.2. Let f be a process from (TX 2, LT ®w), LA®P)) to a
separable metric space X. Assume that the random variables f, are almost surely
pairwise independent. Then f satisfies the law in distribution. This means that for
L(P)-almost all w € {2, the distribution w,, on X induced by the sample function
f, on T is equal to the distribution w on X induced by f viewed as a random
variableon T X (2.

Proof: Fix a countable open base {Q_J},_, for X. Let {O.};_, be alist of al the
finite intersections of the sets Q,,. By the independence assumption, we know that
for each n> 1, the random variables ( x;-1(o ), in the process x;-1 , are amost
surely uncorrelated. By Theorem 3.8, there is an L(P)-null set E, such that for
ay o ¢ E,, LOA(f;1(0,) =LA X P)f*(0,). Let E be the union of al the
E,. Then E isdtill an L(P)-null set. For any w & E,

1o(On) = L(D)(£,7(0,)) = L(AXP)(F77(0,)) = u(Oy)
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for al n> 1. Since the class of al the sets O, generates the Borel algebra, and is
also closed under formation of finite intersections, i.e., a 7-system, it follows from
Dynkin's 77— A theorem *° that u, = u for any w € E. O

As before, if A is an atom of L(A), then there is a random variable ¢ with
distribution » such that f,=¢ for L(A)-almost al t< A. The amost sure
pairwise independence assumption on the process f implies that the random
variable ¢ is independent to itself. Suppose ¢ is not constant. Then there is a
Borel set D in X such that 0 < »(D) = L(P)(¢ %(D)) < 1. The regularity of »
as shown in Billingsley (1968) (p. 7) yields the fact that the set D can be taken as
an open set O. Thus

L(P)(¢7(0)) =L(P)(¢ '(0) N *(0))

#L(P)(¢7(0))-L(P)(¢77(0)),

which is in contradiction with the independence of ¢ to itself. Thus, for
L(A)-almost al te A, f, is a constant function.

5.3. Representations on hyperfinite Loeb counting spaces

Among Loeb spaces, the Loeb counting spaces over hyperfinite sets are the
ones with the simplest structure. Many constructions are based on the Loeb
counting spaces (see Albeverio et al., 1986; Anderson, 1976; Hoover and Perkins,
1983; Keidler, 1984 and Stroyan and Bayod, 1986). They aso have some
convenient special properties (see, Keider, 1984, 1988, and Proposition 5.7
below).

In this section, we shall first show how to represent an internal class of
functions to an internal class of functions on an internal counting space. Let T be
an internal parameter space and let {(£2,, A,, P): teT} be an collection of
internal probability spaces. Assume that each space (2,, %, P,) is atomless, that
is, for any e € R* and for any B € &, if P(B) > ¢, then, thereisa C €. such
that P(C) < &/2. This version of atomlessness is equivalent to the usual atom-
lessness of the standard Loeb measure L(P,).

Proposition 5.3. Let X be a separable metric space with a totally bounded metric
d and {F,: te T} an internal class of functions such that for eacht T, F, is a
function from (2, to “ X. Then, there is an internal counting probability space (£2,
&, P), and two internal classes {w,: t € T}, {G,: t € T} of functions such that for
eacht € T, m, is a measure preserving mapping from the Loeb space (£2,, L(7,),

10¢ implies that two probability measures which agree on a 7-system must be the same; see Cohn
(1980), p. 44 or Durrett (1991), p. 404.
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L(P,)) to the Loeb counting space (12, L(), L(P)), G, is a function from £ to
X, and

L( Pt)({wt SO d( F( @) G (m( wt))) = 0}) =1

Proof: Fix an arbitrary natural number m> 2. Choose a finite sequence x,,...,X,
of pointsin X such that the open balls B(x;, 1/m), i =1,...,# form a cover of
X. Define an internal set valued function on T X {1,...,/7} by letting

Cl=F *("B(x.1/m) - UJZ{ B(x.1/m)).

Then for each t € T, the sets C! form an internal partition of (2,. Pick a natural
number n>m/. Since each (£2,, &, P,) is atomless, we can choose an internal
set valued function on T X {1,...,I} such that D| c C!, P(D)) isinfinitely close to
an integrd multiple of 1/n, and P(C/ —D;) <1/n. Let D? = U{_,(C{ — D).
Then P(D?) < 1/m. Partition the sets D/ to obtain an internal partition BY,...,B"
of 0, suchthat |P(B})—1/n/=0for1<j<nandteT. By the construction of
the set B/, if B} is contained in some D, for 1 <i </, then the internal variation
var(F,, B)) of F, on B/ islessthan 1/m. Thus the internal cardinality of the set
{j: var(F,, B}) > 1/m} divided by n is less than 1/m.

By the spillover principle in Hurd and Loeb (1985) (p. 101), we can find m,
ne *N_, with n>m such that there is an internal function of interna partitions
Bl,...,B" of £, with the following properties:

1 |P(B)—1/ni<1l/mforl<j<nand teT;
2. Yjvar(F,B))>1/m<1/m.

Let 2={12,...,n} and (2, ., P) be the internal counting probability space
on Q. Define m: 2, — Q by letting m(w,) =] if o,€BJ. For any C<.«, (1)
implies that

. 1
|Pt(77{1(C)) —-P(O)I=1X Pt(BtJ) - X=X 2 =
jecC jecC jecC
Thus for any D € L(w), L(R)(m; *(D)) =L(PXD), and hence =, is measure
preserving from (£, L(s4), L(P)) to (2, L(&), L(P)). Choose an internal

function ¢, from Q to (2, such that c(j) € B/. Define a mapping G, from (2 to
"X by G(j)=F(c(j) for j=1,...,n. If var(F,, B}) < 1/m, then for v, € B/,

*d( F( o) -Gt(ﬂ't( ‘”t))) = *d( Fi( @) .G J))
="d(F(w).F(c())))<1/m
Hence, (2) deduces that
L( Pt)({a)t € 0:d(F(w),G(m(w))) = O})
>L( P)({j:uar(Ft,Btj) < l/m}) =1,
and we are done. O
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The following corollary says that a sequence of random variables on (possibly
different) atomless Loeb spaces can be expressed as the compositions of random
variables on a common hyperfinite Loeb counting space together with some Loeb
measure preserving mappings.

Corollary 5.4. Let {(©2,, L(«,), L(P))};_, be a sequence of atomless Loeb
probability spaces and {¢,}_ , a sequence of random variables, where for each
n>1, ¢, isfrom(2,, L(+,), L(P,)) to a separable metric space X. Then there is
a hyperfinite Loeb counting space (2, L(%), L(P)), a sequence of mappings
{m }7_,, and a sequence of random variables {y;,}=_ ; from (2, L(), L(P)) to X
such that ¢, = () for each n> 1, where m,, is measure preserving from (02,,,
L(«7,), L(P,)) to (2, L(w), L(P)) for each n> 1.

Proof: For each n> 1, let F, be in internal lifting of ¢,. Extend the sequences
(2, &, P)_, and {F),_, to internal sequences of probability spaces and
random variables respectively. Choose ke *N,, such that for each n<k, (£,
&, P, is atomless. Let T={1,2,...,k}. The rest is clear from the previous
proposition. O

We can aso represent a process with an atomless sample space to a process
with a hyperfinite Loeb counting sample space.

Corollary 5.5. Let f be a process from (T X 2,, L(T ® &;), LIA®P,)) to a
separable metric space X. Assume that L(P,) is atomless. Then there is an
internal counting probability space (2,, %,, P,), an interna function 7 from
TX 0, to 2,, and a process g from (TX 2,, LT ®%,), LIA®P,)) to X
such that for L(A)-admost all te T, f, = g,(sr,), where ar, is measure preserving
from (2,, L(&/), L(P)) to (£2,, L(s,), L(P,)) for each te T.

Proof: Let d be atotally bounded metric on X and F an internal lifting of f from
TX £, to " X. Proposition 5.3 implies that there is an internal counting probabil-
ity space (02,, &,, P,), an interna function = from TX 0, to ,, and an
internal process G from T X (2, to X such that

L( Pl)({wl €0, d( Fi(@1),G(m( “’1))) = 0}) =1,
where 7, is measure preserving from (£2,, L(7)), L(P)) to (£2,, L(,), L(P,))
for each t € T. By the construction of G, it is clear that G(t, w,) is near standard
for L(A ® P,)-almost all (t, w,) € TX £,. Let g="°"G. Then, for L(A)-dmost al
teT, fi=g/(7). O

It was shown by Keider (1984, 1988) that for any two given random variables
from a hyperfinite Loeb counting space to a complete separable metric space, if
they have the same distribution, then there is an internal permutation of the
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internal counting space sending one random variable to the other. The property is
called the homogeneity of hyperfinite Loeb counting spaces. Note that the property
also holds when the target space is not complete. The following proposition
provides a characterization for those random variables on general atomless Loeb
spaces with the same induced distributions on the target space.

Proposition 5.6. Let ¢ and s be random variables from Loeb spaces (£2,, L(+4),
L(P,)) and (£2,, L(A,), L(P,)) to a separable metric space X respectively.
Assume that L(P;) and L(P,) are atomless. Then the following are equivalent:

(1) ¢ and ¢ have the same distribution;

(2) One can find a Loeb counting space ({2, L(«), L(P)), two measure
preserving mappings 7, and 7, from (2,, L(+;), L(P,)) and (£2,, L(s7,),
L(P,)) respectively to (£2, L(%), L(P)), and a random variable @ from (£2, L(%),
L(P)) to X such that ¢ = @07, and = aom,.

Proof: (2) = (1) is clear. For (1) = (2), note that Corollary 5.4 implies that there
is a Loeb counting space (2, L(%), L(P)), two measure preserving mappings ¢,
and g, from (2,, L(.&7), L(Py)) and (2,, L(%%,), L(P,)) respectively to (2,
L(), L(P)), and random variables 83,, 8, from (2, L(w), L(P)) to X such
that ¢ =B,°0, and = B,°0,. Since the random variables B,, B, on the
hyperfinite Loeb counting space (2, L(.&7), L(P)) have the same distribution, by
the homogeneity property, there is an internal permutation p of (2 such that
Brop=P, Letm =0y, m,=po0, and a=pB,. Then = aom, and p=a-
Ty O

Next, we present a result on the parametric homogeneity of hyperfinite Loeb
counting spaces. This property will be used in Section 6 to characterize processes
with the same hyper distributions.

Proposition 5.7. Let f and g be processes from (T X 2, L(9 ® &), LA ® P)) to a
separable metric space X, where (2, &7, P) is an internal counting probability
space. Assume that for L(A)-almost all t € T, f, and g, have the same distribution.
Then thereisan internal function 7= from T X (2 to (2 such that for eacht € T, r,
is a permutation of (2, and for L(A)-almost all t€ T, g, = f, o .

Proof: Let d be a totally bounded metric on X. Fix a natura number m> 1.
Choose a Borel measurable partition Al,..., A" of X such that the diameter of
each Al islessthan 1/m. Let B'=f 1(A') and C' = g~ ¥( A"). Then both the sets
B' and the sets C' form Loeb measurable partitions of T X (2. It is clear that for
each t T, the sections B/ = f; *(A) and C! = g; *(A). Thus, for L(A)-amost
dl teT, L(PXB)=L(PXC)) for al i=1,...,n. For each 1<i<n, take
internal sets D' and E' in T X 2 such that the symmetric differences between B!
and D' and between C' and E' are L(A ® P)-null. By modifying the sets D' and
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E', we can assume that the sets D' as well as the sets E' form internal partitions
of TX . It is clear that for L(A)-amost al teT P(D;y) =P(E) for al
i=1,...,n. Foreach h>1in "N, let

T, = {t: max [P(D}) = P(E})l <1/h}.

1<i<n

Then A(T,) >1—1/h for any positive integer h. By spillover, it holds for some
he *N,.Fixsuchan h. Foreacht T, andeach i = 1,...,n, let ¢! = min{ P(D)),
P(E))}. Since P is the counting probability measure on 2, we can choose internal
subsets K! of D! and L, of E! suchthat P(K,)=P(L\)=c. For each teT,,
define KO=0—- U K/ and LP=0— U L. Then we have P(K?) =
P(L?) = 0. Hence, there is an interna function =™ from T X  to (2 such that
m™ is an interna permutation of Q for each te T and #,"(L}) =K/ for each
t € T,. Therefore, for dmost al t € T,, d(f(7™(w)), g(w)) <1/m for L(P)-a-
most all we (2. Let F and G be internal liftings of f and g respectively. Then

* m 1
{(t,w): d(F('[,'iTt (w)),G(t,w)) < E}

By X,-saturation, there is an me *N,_, and an internal function =™ from T X (2
to (2 such that the functions 7" are interna permutations on (2 and the above
inequality holds. Fix such an m. Let w= 7™ Then = has the required property.
a

1
>1—-—.

(reP) -

5.4. The law for discrete parameter stochastic processes

Since a discrete parameter stochastic process as discussed in Doob (1953) can
be viewed as a random variable taking values in the relevant product space, it is
easy to obtain a version of the law of large numbers for a hyperfinite number of
such processes. For simplicity, we only state the results for the case that the
parameter space is the set Z* of positive integers. Here, a hyperfinite number of
discrete parameter stochastic processes on a Loeb product space (T X 2, L(T ®
&), L(A ® P)) simply means a hyperprocess f on T X 2 X Z* such that for each
neZ"*, f, isaprocess on (T X 2, L(T ® &), L(A ® P)). When we regard the
processes f, as random variables on the Loeb product space, the hyperprocess f
can also be viewed as a discrete parameter stochastic process with Z* as the
parameter set. For each t € T, f, is aso a discrete parameter stochastic process
with sample space (2 and parameter space Z*. The f, will be called the stochastic
processes in the hyperprocess f. For each w € (2, the sample function f, on
TXZ* isagain a discrete parameter stochastic process with sample space T and
parameter space Z*. The sample functions f, will also be caled the empirical
processes in the hyperprocess f.

Note that two discrete parameter stochastic processes ¢ ={¢,},_,; and =
{y.)7_, on some possibly different sample spaces are said to have the same finite
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dimensional distributions, if for any positive integer indexes iy, ...,i,, the random
variables (¢; ,...,¢; ) and (¢ ,...,4 ) have the same distribution. When ¢ and
Y are on the same sample space, we say they are independent, if the random
variables (¢; ,...,¢ ) and (¢ ,...,4; ) are independent for any positive integer
indexes iy, ..., inand ji,...,J,

Theorem 5.8. Let f be a hyperprocess from (T X 2 X Z*) to a separable metric
gpace X. Assume that the discrete parameter stochastic processes f, are almost
surely pairwise independent, i.e., for L(A ® A)-almost all (t;, t,) € TX T, the
stochastic processes f, and f, are independent. Then for L(P)-almost all w € (2,
the discrete parameter empirical process f, on TX Z* and the hyperprocess f
viewed as a discrete parameter stochastic process on (T X 2) X Z* have the
same finite dimensional distributions.

Proof: Define an X*-valued process g on TX Q2 by letting g(t, o) ={f(t,
®)f'_,. Then, it is clear that the amost sure pairwise independence of the
X-valued discrete parameter stochastic processes f, is equivalent to the almost
sure pairwise independence of the X™-valued random variables g,. Hence, Theo-
rem 5.2 implies that for L(P)-amost al we (2, the distribution u, on X~
induced by the random variable g, on T is equal to the distribution u on X*
induced by the random variable g on T X (2. It is aso obvious that if u, = u,
then the discrete parameter stochastic process f, on TX Z* and the discrete
parameter stochastic process f on (T X ) X Z* have the same finite dimensional
distributions. Hence the result follows. O

Remark 5.9. As indicated by the proof of the above theorem, any result for a
hyperfinite number of random variables taking values in a general metric space
can be restated for a hyperfinite number of discrete parameter stochastic processes.
Such a result will not be written down explicitly afterwards (except for the result
in Corollary 7.17).

6. Some universal phenomena
6.1. Introduction

Before we can claim that the results presented in Sections 3—-5 for processes
with amost surely uncorrelated or amost surely pairwise independent random
variables are not vacuous, the important question that we have to address is. Do
such processes always exist? Of course, one can transfer a standard sequence of
independent random variables to obtain a hyperfinite sequence of *-independent
internal random variables (see Anderson, 1991; Keisler, 1977; Nelson, 1987 and
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Stroyan and Bayod, 1986). However, as noted in Section 2, such processes are not
very interesting from our point view. ' Section 6.2 contains the following
universality of atomless Loeb product spaces. for any two given atomless Loeb
spaces and for any given hyper distribution on the space of probability measures
on a Polish space, one can construct a process with amost surely pairwise
independent random variables from the relevant Loeb product space to the Polish
space such that the hyper distribution of the process is the given one, where the
hyper distribution of a process measures the variety of the distributions of the
random variables in the process. This result guarantees the abundance of processes
with almost surely pairwise independent random variables.

As noted earlier, the product Loeb space (T X 2, L(9) ® L(&), L(A) ® L(P))
is contained in the Loeb product space (T X 2, L(9 ® %), L(A ® P)). By taking
T to be a hyperfinite set and (2 its internal power set, both endowed with the
Loeb counting probability measures, one obtains a product space for which the
inclusion is proper (see Albeverio et a., 1986, p. 74 or Cutland, 1983, p. 557)
Proposition 6.6 in Section 6.3, in fact, says much more: the stated inclusion is
proper if and only if neither L(A) nor L(P) is purely atomic.

In Section 6.4, some constructions in Section 6.2 are used to show the
non-separability of the space V) of all #P-integrable centered processes which
satisfy the consistent law of large numbers.

6.2. Universality of atomless loeb product spaces

As remarked in Section 5.2, for aprocess f from a Loeb product space (T X (2,
L(7 ® &), L(A ® P)) to a separable metric space X, the functions f, are Loeb
measurable for L(A)-almost al t. Define amapping ¥ from T to the space .Z( X)
of Borel probability measures on X by letting ¥ (t) be the distribution on X
induced by f,, i.e. W(t)=L(A)(f) L. The following lemma shows that ¥ is
Loeb measurable.

Lemma 6.1. Let f and ¥ be defined as above. Then ¥ is measurable from (T,
L(97), L(X)) to the space .#(X) with the topology of weak convergence of
measures.

Proof: Choose a totally bounded metric d on X. Then, as noted in Parthasarathy
(1967) (p. 43), the space U(X) of uniformly continuous functions on (X, d) is
separable with the supremum norm. Take a sequence {¢,}:_, in the unit ball of

™ On the other hand, the transferred law of large numbers as well as relevant results for *-indepen-
dent random variables does have important applications in the hyperfinite model theory of Keiser; see
Keisler (1977).
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U(X) such that the vector space spanned by the sequence is dense in U(X).
Define a metric p on .#(X) by letting

o]

p(p,v) = |fx<PndM [x endv].
n= 1

Then p induces the weak topology on .#(X) (see Parthasarathy, 1967, p. 43).
The Fubini theorem can be used to obtain that for each n> 1, [; ¢, f,dL(P) is
Loeb measurable on T. Thus, p(W¥(t), v) is Loeb measurable on T for any
veE#(X). Thisimpliesthat ¥~ *(B) is L(.7" )-measurable for any open ball B in
(2(X), p). Hence ¥ is Loeb measurable on T. O

Since ¥ is Loeb measurable from (T, L(9)) to .#(X), we can define the
distribution of ¥ on the space .#(X). Such a distribution is called the hyper
distribution of the process f, which is a Borel probability measure on the space of
Borel probability measures on the separable metric space X. Note that one can
also define the hyper distribution of a process on genera probability spaces
provided that the Fubini type result holds. The hyper distribution of a process
measures the variety of the distributions of the random variables in the process.
Unlike the finite dimensional distributions of a process, it does not provide any
information about the correlations between the random variables. However, the
notion is helpful in the formulation of the following type of universality result on
atomless Loeb product spaces. It states that one can construct processes on the
Loeb space of the interna product space of any two given atomless internal
probability spaces with almost surely pairwise independent random variables and
with any given hyper distribution. Here we require X to be complete, since a
version of the Prohorov theorem (see Billingsley, 1968, p. 37, Theorem 6.2) will
be needed in the proof.

Theorem 6.2. Let X be a Polish space and p any Borel probability measure on
the space .#(X) of Borel probability measures on X, where .Z(X) is endowed with
the topology of weak convergence of measures. If both L(A) and L(P) are
atomless, then there is a process f from (T X 2, L(I ® ), L(A ® P)) to X such
that the random variables f, are almost surely pairwise independent and the hyper
distribution of f on .Z(X) is the given pu.

Proof: For any given positive integer h, since both L(\) and L(P) are atomless,
we can choose a system of interna sets {B; ;:1<i,..., i, <h} and another
system of internal sets{A,, ..., A,} such that the first forms an mternal partition of
Q with P(B, ;)= 1/h", and the second forms an internal partition of T with
ACA,)) = 1/h. By the usua spillover principle, we can find some ne *N, such
that there is an internal partition {B; _; :1<iy,...,i, <n}of £ with [P(B ;)
— l/n”l < 1/n*", and an internal part|t|on {A,...,A} of T with I/\(A)— 1/n|
< 1/n?. We fix such a hyperinteger n.
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Asin Lemma 6.1, choose a sequence {<pp}°,§= , of bounded continuous functions
on X and define a metric p on .#(X) accordingly. Since (.#(X), p) is again a
separable metric space, we can choose a sequence {®,};_, of bounded continuous
functions on .#(X) and define a metric o on the space .##(X) of hyper
distributions as in the case of .#Z(X). Fix any £ € R*. Since hyper distributions
with finite support are dense in .Z( X) (see Parthasarathy, 1967, p. 44), there is
a hyper digtribution w, having finite support such that o(u,, w) <e. Let
n,=a;8(wv) + ... +a,6(y,), where ap,...,0,20, a;+...,0,=1,
vy,..., ¥, ae probability measureson X, and the hyper distributions 6(»;) are the
corresponding Dirac measures concentrated on »;. Let S={1,...,n} and endow
the internal counting probability measure 7 on S Since L(7) is atomless, we can
find for each 1 <j < m, aLoeb measurable mapping h; from Sto X such that the
distribution L(7)h;" 1 on X induced by h, is ». Take an internal partition
{S,...,§,) of S such that L(TXS) = ¢ for each l<j <m. Let H; be an
mternal lifting of h;. Since for each p>1and1<j<m, "¢ ,°H, |san internal
lifting of ¢, h; by Loeb's theorem (Loeb, 1975), we have

Js eo(Hy)dr = [se,(hy)dL(7) = [x @,d;.

Hence, "p(rH;*, v)=0foradl j=1,....m

Next, we define an X-valued process g® on SX Sasfollows. First, consider an
internal process G on SX S by letting G°(r, s)=H(s) for re§ and s€ S
Let g° bethe standard part of G*. It is clear that for each res, (g®),=h;, and
hence L(P)(g®),) ! = = v;. Since L(r)(q) a;, it is then easy to see that the
hyper distribution of the process g°is ,ug For each r € §, we have (G?), = H
and (g°), = h;, and hence “p(7((G*),)™*, »;) = 0. For each p > 1, since &,
continuous, cD (1((G),)™1) = @(v) holds for r € S. Therefore,

@,(7((G*)r) )dr(r) = _Z JsBo(v)AL(T) (1) = 10 Ppd it -
j=1

Now, consider the sequence {G* %};_ ,. Since the sequence { 1, , J;_, of hyper
distributions converges weakly to u, it follows that for each p > 1,
q”_)nlf//l(X)(Dpdﬂl/q = LecxyPpd .
Hence, for any pair (p, k) of postive integers, there is N,, € N such that for any

g= Ny,

1
|15 ®y(m((G ) )er (1) = LooBodn] < 1 - (6-2)

Since .#(X) is dso a Polish space and {u,,);—; is a tight sequence, by
Prohorov's theorem, thereis for each /> 1, a compact set C, in .#(X) such that
p1,(C)>1—1/7 for dl q=1. The same theorem can be applied to the
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compact set C, of measures in .#( X) to obtain a compact set K, in X such that
foranyveC,, v(K,)>1-1//. Let

Si= {r eSL(r)(g¥), e C/>.

Since the hyper distribution of g*/% is u,,,, L(rX(S}) > 1~ 1/7. Hence for all
q, /=1,

L(re m)((g¥%) "(K,)) = IsL()((9¥%), "(K,))dL(r)(r)
> [ L(7)(g%9), (K, )dL(7)(r)

> Jo(1=1/2)dL(7)(r) > (1-1/7)°.
(6-2)

By the X,-saturation principle, the sequence {G'/ %};_; can be extended to an
internal sequence {GY/ g +n Of processeson Sx S By the Permanence Principle
in Hurd and Loeb (1985) (p. 100), for any pair ( p, k) of positive integers, there is
an M, € "N, such that for any N,, <q<M,,, the inequdity in Eq. (6-1) still
holds. By spillover, we can claim that thereisan u, € *.7., such that u; <M, for
al p, k> 1. Hence, for every positive integer p and for every g€ *N,, with
g < u,, we have

fs*@p(T(Gl/q)r_l)dT(r) = Loy Ppd e (6-3)

For a given positive integer j, let B(K,, 1/j) be the set of dl points x € X
with d(x, K,) < 1/j. Then by Eqg. (6-2), we have for al positive integers j, Z, q,

r@ 7((GY9) ("B(K,.1/i))) > (1-1/)% (6-4)

By another appeal to the Permanence Principle, we can find, for each pair (j,#) of
positive integers, a hyperinteger R;, € “N,, such that for any g with 1 <q<R,,,
Eq. (6-4) still holds. Choose u, in "N, such that u, <R, for al j, /. Hence,
Eq. (6-4) holds for any positive integers j, # and for any q with1<qg<u,. By a
similar proof, there is an u; in “N,, such that for any positive integer # and for
any hyperinteger g with 1 < g < u,,

(Gl/q)‘l(*B(K/,ui)))>1—; (6-5)

3

T T

Choose u = min {u,, u,}; inequality Eq. (6-5) implies that
L(re)((GYY) (ns"X)) =1,

where ns* X is the set of al near-standard points in “X. Hence, there is a
measurable function g from (Sx S, L(#®.%)) to (X, (X)) such that G/ Y is
an interna lifting of g. The Fubini theorem impliesthat for L(7)-dmost al r € §
(GYY), isaninterna lifting of g,, and hence "p(r(GY*);*, L(r)g; ') = 0 by the
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same argument used in the second paragraph. Thus, for L(7)-amost dl r S
"D (r(GYY); 1) isinfinitely close to @,(L(r)g; "), and hence by Eq. (6-3)
. -1 _
Lo Bl = 5 B(7(GY) " Jdr(r) = fsBy(L(r) g 1)dL(7)(r).
Therefore,
fs‘pp( L(7) gr_l)d L(7)(r) = LexyPpd e

By Theorem 6.1 of Parthasarathy (1967) (p. 40), the hyper distribution of g is wu.
For each 1 <r < n, define a mapping 7, from (2 to S by letting 7,(w) =i, if
w€B ;i ;. Thenforanyinterna set CC S

[P(m *(C)) —(C)I
Si Z znllp(Bilmirmin)_
ip=1 =1

i,eC i

1 nr(C) 1
Fl < 2 < F .
Thus, 7, is Loeb measure preserving from (2, L(.), L(P)) to (S, L(.%), L(7)).
Similarly, we can define a mapping 7° from T to S by letting 7°%(t) =r if
te A.. Then 7° isalso Loeb measure preserving. Let 11 be the internal mapping
from Tx £2 to SX S such that for (t,w) € T X 0,1I(t,w) = (7°(t), 7,0 (@),
i.e, I(t,w)=(r,m(w)) if teA,. Then Il is Loeb measure preserving. To see
this, let C be an internal subset of SX Sand C, betheset {se S (r,s) € C}. We
have

IA®@P(II''(C))—r®7(C)|

anl)\ ®P(m ({r} xC,)) - gn:l

r=

7(C)

n

n 7(C,
- |E [t e -2 |
n 1 n1
= §1 )‘( Ar) - H‘P(er(cr)) + §1E|P(W;1(Cr)) - 7-(Cr)|
1 1 1
sn-—2+n-—-—n.
n n

Hence, I1 is Loeb measure preserving. Define an internal process F on T X (2 by
letting F(t,w) = G(I1(t,w)). Let f=goIT. By the fact that the inverse image of
anull set under IT is till null, we obtain that F is an internal lifting of f.

By the definition of f, we know that for any te A,, L(P)f;* =L(r)g, *. Let
V. To#(X) and ¥,: S—.#(X) be defined as follows: ¥,(t) = L(P)f,* and
¥,(r)=L(r)g, 1. Then ¥, = ¥, o 7°. Since the distribution of ¥, is u and 7°
is measure preserving, the distribution of ¥, must also be w. Therefore, the hyper
distribution of f is u.



Y. Sun / Journal of Mathematical Economics 29 (1998) 419-503 467

By modifying the values of g on anull set if necessary, we can assume that g,
is Loeb measurable for each r € S Thus, al the f, are Loeb measurable. We shall
now show that for any given t; €A, t, €A, forsomel<m=#r <n, f_and f_
are independent. Note that f, =g, ° m, and f, =g, o m. For any mternal sets
C,, C,cSitcanbe checked ‘that

P(m,"(Cy) Nm H(Cy)) = P(m,(Cy)) - P, 7(Cy)).

Thus, for any Loeb measurable sets D,, D, C S

L(P)(7n"(Dy) N7 1(D;)) = L(P)(m'(Dy)) - L(P)(m 1(Dy))-
Therefore, for any Borel sets B;, B, C X,

L( P)( ft_ll( B N ft_zl( Bz)) =L( P)(ﬂ'n_ql(gr;l( B,)) N (g7 ( Bz)))
=L(P)(mm'(9x'(B))) - L(P) (7 (9, '(By)))
=L(P)(f;*(B))) - L(P)(f;*(B,)).

Whence f, and f, areindependent. Therefore, the set of all the pairs (t,, t,) such
that f, and f, are not independent is contained in the set U[_; A, X A,. Since
ACA, )< G+ —z) it is obvious that

1 1)°
(A®A)(Up=lArXAr)sn(E+F) =0,
and hence, the proof is complete. O

If we restrict our attention to processes with a hyperfinite Loeb counting
parameter space, then we can characterize those having the same hyper distribu-
tions.

Proposition 6.3. Let f and g be two processes from (TX Q2,, L7 ® %),
LA®P;)) and (T X Q2,, L7 ®.%,), LA ® P,)) respectively to some separable
metric space X. Assume that (T,7,A) is the internal counting probability space on
T, and P,,P, are atomless. Then f and g have the same hyper distribution if and
only if there exists an internal permutation 7= of T, a hyperfinite Loeb counting
space (2, L(%), L(P)), and a processh on (T X 2, L(7 ® &), L(A ® P)) with the
following properties: for almost all (t,w),

f(t,w) =h(t,a(t,w))and g(t,w) =h(7(t),B(t,w)),

where « and B are internal mappings from T X 2, and T X (2, respectively to
0, and for each fixed te T, @, and B, are Loeb measure preserving from (£,
L(2,), L(P,)) and (2,, L(7,), L(P,)) respectively to (2, L(»/), L(P)).
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Proof: The ‘if’ part is clear. We only consider the ‘only if’ part. Asin the proof of
Corallary 5.5, Proposition 5.3 implies that there exists a Loeb counting space ({2,
L(.%), L(P)), and there are processes h' and h? from (TX 2, (T ® %),
L(A ® P)) respectively to X, and internal mappings ! and g* from T X 2, and
T X 2, respectively to 2 such that for L(A)-amost al te T, f,=hie ! and
g,=h?- B}, and also for each fixed teT, o and B} are Loeb measure
preserving from (2,, L(2), L(P,)) and (£2,, L(%,), L(P,)) respectively to (£2,
L(), L(P)).

Define ¥; and ¥, to be the mappings from T to .Z(X) by letting ¥,(t) =
L(P)hp)~t and W,(t) = L(P)(h?)~*. Then we know that ¥, and ¥, are Loeb
measurable and have the same distribution. By the homogeneity property of
hyperfinite Loeb counting spaces, there is an internal permutation 7= of T such
that ¥, =W, o 7. Thus, for L(A)-almost al te€ T, hf and h., have the same
distribution on X. By the parametric homogeneity of hyperfinite Loeb counting
spaces in Proposition 5.7, there is an internal process ¢ from T X 2 to (2 such
that for each te T, ¢, is a permutation of (2, and for L(A)-almost al t T,
hf = hj‘i;(t) ° .

Let h=h', @ =a,, and define B by letting B, = ¢, o B . Then, for L()-a-
mostal teT, fi=hoa and g,=h_, B Therestisclear. O

6.3. Measurability and the law

The following proposition shows that a process satisfying the consistency law is
always not measurable with respect to % except for the trivia case that the
random variables in the process are constants.

Proposition 6.4. Let f be a real-valued integrable process on a Loeb product
space (T X 2, L(7 ® &), L(A ® P)). If f satisfies the consistency law, then f is not
measurable with respect to the completion of L(97) ® L(.%) unless for L(A)-almost
all teT, f, is a constant function.

Proof: Suppose that f is measurable with respect to the completion of L(9) ®
L(.7). Then, by Theorem 3.17, f = E(f|y) = h for some integrable function on T.
Thus for L(A)-dmost al teT, f, is the function taking the constant value
h(t) = Ef,, and we are done. O

When a process on a Loeb product space takes values in a general separable
metric space, we cannot use the properties of conditional expectations as above.
However, we can still formulate the following measurability result, which says
that for a metric space valued process on a Loeb product space, if the process has
almost surely pairwise independent random variables, then it is not measurable
with respect to % except the trivial case that the random variables in the process
are constants.
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Proposition 6.5. Let f be a process from (TX 2, LT ®%), LA®P)) to a
separable metric space X. Assume that the random variables f, are almost surely
pairwise independent. If f is measurable with respect to the completion of
L(7) ® L(w), then for L(A)-almost all t T, f, is a constant mapping. It also
means that the hyper distribution of the process is supported on the set of Dirac
measures on X.

Proof: Choose a countable open base {O};_, in X, and let ¢, be the indicator
function xo, of O,. For each n> 1, consider the real-valued process ¢, f. The
almost sure pairwise independence condition on f implies that the random
variables (¢, o f), are aimost surely uncorrelated. By Theorem 3.21, E(¢, o fly)
= h,,, where h (t) = E(¢, ° f),. Since f is assumed to be measurable with respect
to the completion of L(9) ® L(%), for each n>1, ¢, f must be so. We can
find A, €L(9) with LIA(A,) =1 such that ¢, f(t,-)=h,(t) for al teA,.
Let A be the intersection of al the A,. Then L(A)(A) =1, and for any te A,
¢, ° f.(-) =h(1). Now, fix an arbitrary t< A. We can choose a set B € L(%)
such that L(P)(B)=1 and ¢, f(w)=h, (1) for any o € B and for any n> 1.
Hence for any w,, w, € B, we must have f(w,) = f(w,), since the functions ¢,
separate points. Therefore, the random variables f, are constant mappings almost
surely, and the proof is thus complete. O

The next proposition shows that the measurability with respect to the Loeb
space of the internal product space but not with respect to the product of the two
Loeb spaces is a universal phenomenon whenever non-purely atomic Loeb mea-
sures are concerned.

Proposition 6.6. The completion of the product Loeb algebra L(9) ® L(w) is
strictly contained in the Loeb product algebra L(7 ® &) if and only if both L(A)
and L(P) are not purely atomic.

Proof: We first consider the case that L(A) is purely atomic and let {C};_, be al
the atoms of L(A). It can be checked that for any D € L(9 ® %), there is an
L(A)-null set E€ L(9) suchthat DU (E X 2) = U7_, A X B, where A, isone
of the atoms C, and B; isin L(%). Hence, D is measurable with respect to the
L(A) ® L(P)-completion of the product Loeb algebra L(7) ® L(.&). It implies
that the completion of the product Loeb algebra is equal to the Loeb product
algebra. The same identity holds, when L(P) is purely atomic.

Next, assume that both L(A) and L(P) are not purely atomic. We can find
internal sets T, and (2, such that the respective restrictions of L(A) to T, and
L(P) to 0, constitute the respective non-atomic parts of L(A) and L(P). Let A,
and P, be the internal probability measures normalized from the restrictions of A
to T, and P to 2, respectively. By Theorem 6.2, we can find a process g from
the Loeb product space (T, X 2,, L(7, ® 7,), L(A, ® Py)) to {0, 1} such that the
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random variables g, are amost surely pairwise independent and identically
distributed with equal distribution on 0 and 1, where 9, and &/, are the
respective restrictions of . to T, and & to (2,. By Proposition 6.5, g is not
measurable with respect to the completion of L(7,) ® L(.), which is the
restriction of the completion of L(97) ® L(./) to Ty X £,. Itisclear that g isthe
indicator function of some subset C of T, X £,. Hence, C isin L(J ® &) but
not in the L(A) ® L(P)-completion of L(9) ® L(.%), and we are done. O

6.4. The non-separability of V.,

As noted in Remark 3.22, all #P-integrable centered processes satisfying the
consistency law are in the space V,}, where V) is the collection of those processes
whose conditional expectations with respect to the relevant product Loeb space are
zero. Recall that a real-valued process f is said to be centered if the means of the
random variables f, are amost surely zero. Now we shall show that the vector
space V) is a big space for p>1 in the sense that it is non-separable in the
ZP-norm.

Proposition 6.7. If both L(A) and L(P) are not purely atomic, then for any
1<p<c, V) isa non-separable subspace of the Banach space #P(L(A ® P))
with the .#P-norm.

Proof: We only consider the case when both L(A) and L(P) are atomless. By the
same idea used in the first paragraph of the proof of Theorem 6.2, we can find
some H e *N, and an internal partition {B, ..iH:il!"'!iH = —11} of 2 with
line P(B;, | )—1/2“|<1/22H for each iy, ...,iy = —1, 1. Choosean N € *
N, such that 2N?<H. Let {A,,...,A} be an internal partition of T with
IACA) —1/N|<1/N? Forany 1 <n<H,define ¢, on 2 by letting ¢,(w) =1,
if weB  ; i, Then it is easy to check that [,|¢, — ¢,ldP =1 for any
1<n<m<H. For any 0<k<N, let fX(t, ®) = ¢y (@) if teA,. It can be
checked that for a fixed 0 <k <N, the centered process f* has almost surely
pairwise independent random variables, and hence, E(f¥|,) = 0. Now for 0 < k <
m< N,

N
ffon|fk_fm|d)\® P= ZfAnf!z|¢kN+n_ $mn+nldPdA = 1.

n=1

Hence, [[1y ol T¥—fMdL(A ® P) = 1. Note that for any x €. Z*(L(A ® P)), the
ZYnorm of x is aways less than or equal to the ZP-norm of x for any
1< p<c. Sinceall the f* are bounded, we thus know that the pairwise distance
of the processes f* in the ZP-norm is greater than or equal to 1 for any
l<p<ow. Since the external cardinaity of a hyperfinite set is a least the
continuum, we thus know that the Banach spaces V,/'s are non-separable. O
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7. Unification of multiplicative properties
7.1. Introduction

Even though independence has long been a primary focus of probability theory,
it remains as a source of problemsin current research when it is not assumed. The
assumption of independence yields crucial multiplicative properties involving
characteristic functions, generating functions, method of moments, etc. It is known
that for a fixed finite collection of random variables, independence is strictly
stronger than these properties (see, for example, Loéve, 1977a). A natural and
fundamental problem remains open: what is the precise relationship between
independence and multiplicative properties when a large number of random
variables is involved?

The aim of the following sections is to attempt to answer the question. In
particular, we shall provide some intrinsic characterizations of almost sure pair-
wise independence. These characterizations alow us to unify various multiplica
tive properties in the probabilistic literature. It also shows that many seemingly
different descriptions of individual uncertainty are, in fact, al equivalent.

Section 7.2 contains two examples showing the differences among several
notions which are weaker than independence. In Section 7.3, we formalize the
probabilistic observation ‘* No betting system can beat the house'’ in the setting of
empirical distributions. The main theorem of the section, Theorem 7.6, says that
almost sure pairwise independence is necessary and sufficient for the satisfiability
of the consistency law in distribution. Based on separating classes of Borel
functions, we also present in the theorem two other general characterizations of
almost sure pairwise independence. Section 7.4 concerns with real-valued pro-
cesses. We derive from Theorem 7.6 some corollaries which unify multiplicative
properties involving the maximum of random variables, characteristic functions,
the method of moments, generating functions, and a condition based on the rea
exponential family. Though these multiplicative properties are all strictly weaker
than independence for a fixed finite number of random variables, it is surprising
that their almost sure versions are all equivalent to almost sure pairwise indepen-
dence. The duality result in Proposition 7.16 shows a perfect symmetry in the
sense that the random variables in a process are aimost surely pairwise indepen-
dent aswell asidentically distributed almost surely if and only if so are the sample
functions. In Section 7.5, we present some additional characterizations of almost
sure pairwise independence for metric space valued processes. Some of them are
simple observations and are listed for the purpose of providing easy references at
other places.

7.2. Two examples

Definition 3.9 presents a different notion of independence, the so-called diago-
nal independence, for real-valued random variables. For general metric spaces, we
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have no way to define a sort of diagonal independence. However, another kind of
independence, called semi-independence, can till be defined. Two random vari-
ables ¢ and ¢ from a probability space (3, &, u) to ametric space X are said to
be semi-independent 12 if for any open set O in X, the events ¢~ X(0O) and
Y~ 1(0) are independent, i.e.,

r(e 1(0) Ny~ 1(0)) = u(e '(0))u(¥ '(0)).

It is shown in Sun (1995) that semi-independence preserves some sort of multi-
plicative properties. In fact, a primary reason to introduce the notion of semi-inde-
pendence in Sun (1995) is to study its relevance with multiplicative properties of
random variables and the related central limit theorem.

The following example shows that diagonal independence is weaker than
semi-independence, and it can also be neither I-uncorrelated nor uncorrelated.

Example 7.1. Define a probability measure u on the set {—1, 0, 1}* such that
p({(=1.D}) =2/9,u({(0.1)}) =0.u({(1.1)}) = 1/9,
#({(=1.0)}) =0,u({(00)}) = 1/3,u({(1.0)}) =0,

r({(=1,=D}) =1/9,u({(0,= D}) =0,n({(1,~ 1)}) =2/9.

Let ¢, ¢ be any random variables taking values from {—1, 0, 1} such that the
joint distribution of (¢, ) is u. Then it is easy to check that ¢ and  are
diagonally independent but neither semi-independent, nor I-uncorrelated, nor
uncorrel ated.

The next example adopted from Sun (1995) shows that there are semi-indepen-
dent random variables which are neither independent nor I-uncorrelated.

Example 7.2. Define a probability measure u on the set {1, 2, 3}2 such that
r({(1D}) =u({(22)}) = u({(33)}) =1/9
n({(13)}) = n({(2D)}) = u({(32)}) =2/9
n({(1.2)}) = u({(23)}) =u({(3.1)}) =0

Let ¢, ¢ be any random variables taking values from {1, 2, 3} such that the joint
distribution of (¢, ¢) is u. Then it is easy to check that ¢ and  are
semi-independent but not independent.

2tis easy to see that the proof of Theorem 5.2 only uses the fact that the random variables f, are
semi-independent.
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Now since ¢ and ¢ have the same distribution, we obtain I7,- I"_, = IQ,IZ,
which is always non-negative. On the other hand, it is easy to see that

1 2 _
Iy ,(u)= 3 + 5(2e‘u +e %),
Thus, Iy-I"_,+#1I;_,, and hence ¢ and ¢ are not I*-uncorrelated.
7.3. The consistency law in distribution

As in Definition 3.15, we can introduce the following version of the consistent
law of large numbers. Again, it is a sort of idealization of the phenomenon ‘‘No
betting system can beat the house'’. This concept is used below to characterize
those processes satisfying the law in distribution.

Definition 7.3. Let f be a process from a Loeb product space (T X 2, L(I ® &),
L(A ® P)) to a metric space X. We say that f satisfies the consistent law of large
numbers in distribution (or simply the consistency law in distribution) if for any
internal set A €. with L(A)(A) > 0, the process f# from the reduced Loeb
product space (AX 2, L(T*®.%), L(AM*®P)) to X satisfies the law in
digtribution. In other words, for L(P)-amost adl o € Q, the distribution w/
induced by the random variable f2 from (A, L(Z#), L(A®)) to X isequa to the
distribution w” induced by the random variable f# from (AX 2, L(J * ® ),
L(AA® P)) to X. Here, f* isthe restriction of f to AX £, .7 # isthe collection
of all internal subsets of A in.7, and A” is the internal probability measure on
(A, 7*) rescaled from A.

As noted in Lemma 3.16, we can only consider in the above definition those A
with L(A)(A) > 1 — & for any prior given number ¢ € (0, 1) (no matter how small
£ i9). This relaxation will prove to be convenient in the proof of Proposition 9.4.
The following example shows that there are processes which satisfy the law in
distribution but not the consistency law in distribution.

Example 7.4. Let f be the process on a product Loeb space (TX 2, L(F) ®
L(), L(A) ® L(P)) as defined in Example 3.18. For any w € 2, f is equally
distributed on —1 and 1. Similarly, as a random variable on the Loeb product
space, f is aso equally distributed on —1 and 1. Hence, f satisfies the law in
distribution. Suppose f satisfies the consistency law in distribution. Since f isalso
integrable, f must satisfy the consistency law. This contradicts the result in
Example 3.18. Therefore, f does not satisfy the consistency law in distribution.

The main theorem of this section uses separating classes for collections of
distributions. It is clear from the definition given below that a class is separating
for a fixed collection of distributions if and only if it has a countable subclass
which is separating for the collection of distributions.
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Definition 7.5. Let 2 be a collection of Borel probability measures on a separable
metric space X and let & be aclass of real or complex valued Borel functions on
X such that for any given pair (¢, w) €& X2, ¢ is u-integrable. The class & is
said to be separating for 7, if there is a sequence {¢,};_, of functions & which
distinguishes the members of . That is, u and v in & are equd if [y, du =
[xd,dv foral n> 1.

We shall now move to the main theorem of this section. Since almost sure
pairwise independence is shown to be necessary and sufficient for the satisfiability
of the consistency law in distribution, the condition is thus intrinsic pertaining to
the study of the law of large numbers. General characterizations for almost sure
pairwise independence are also presented in terms of suitable separating classes.
As before, the equivalence of (3) and (4) presents a sort of duality between the
random variables and the sample functions.

Theorem 7.6. Let 2 be a collection of distributions on a separable metric space
X, & a separating class for & of real or complex valued Borel functions, and f a
process from a Loeb product space (T X 2, L(7 ® &), L(A ® P)) to X such that
the distributions of all the sample functions f** as well as the distribution of the
process fA viewed as a random variable are all in &, where A€.9 with
L(A)(A) >0, and fA is the restriction of f to A X £ with the rescaled Loeb
product measure. Assume that ¢(f) is a square integrable process for each ¢ € &.
Then the following are equivalent:

(1) f satisfies the consistency law in distribution;

(2) the random variables f, are almost surely pairwise independent, i.e., for
L(A ® A)-almost all (t;, t,) € Tx T, f,, and f,_ are independent;

(3) for each pe&, the (o(f), are almost surely uncorrelated, i.e., for
L(A ® A)-almost all (ty,t,) € T X T,E(e(f), (e(F)),) = E(e(),
X E( (P( f ))tz'

(4) for each g €&, E(o(f,)e(f, ) =ElEa(f)* for L(P® P)-almost all
(wl, a)z) e N x .

Proof: For (1) = (2), choose a countable open base % for X such that % is
closed under the formation of finite intersections. For a fixed open set O €%, let
s denote the indicator function of O. Then we observe that L(A ® P)(y(f)) "t =
(LA®P)f Yyt and for any we 2, LA ((),)" 1 =(LD)(f) Dyt
If we start with an internal set A with L(A)(A) > 0, we have similar identities for
the subprocesses f* and ((f))”. Hence, the process () aso satisfies the
consistency law in distribution. Thus, (f) satisfies the consistency law. By
Theorem 4.6, () has aimost surely uncorrelated random variables.

Next pick any Oy, O,€%. Let xo and xo, be the respective indicator
functions of O, and O,. The previous paragraph shows that the random variables
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(xo(f)), are amost surely uncorrelated. By Theorem 4.6 (7), the processes
Xo(f) and x, () themselves are imost surely uncorrelated. Whence

f.()( XOl( f))t1 ' (on( f))tZdL( P)
= fn( Xol( f))tldl-( P)fn( on( f))tzdl-( P)

for L(A ® M-amost al (t;, t,) € TX T. Since & is countable, we can choose an
L(A ® A)-null subset A, of TX T such that for al (t;,t,) & A,,

L(P)(f;*(O1) NT51(0,)) = L(P)(f(00) - L(P)(f;1(0,))

for al O,, O, €4%. Since & is closed under the formation of finite intersections,
i.e, a m-system, Dynkin's 77— A theorem (see Cohn, 1980, p. 44 and Durrett,
1991, p. 404) implies that for all (t;, t,) & A,,

L(P)(f*(B) Nf,(B,)) =L(P)(f,*(By)) - L(P)(f,*(By))
holds for all Borel subsets By, B, in X. This means that f, and f_ are
independent for al (t;, t,) & A,, and hence (2) follows.

For (2) = (3), simply note that for each ¢ €&, ¢(f) is a square integrable
process with almost surely pairwise independent random variables. Hence, the
random variables (¢(f)), are aimost surely uncorrelated, i.e., (3) holds.

We shall now show (3) = (1). For each fixed ¢ € &, define a centered process
g by letting g(t, w) = ¢(fXt, w) — E(e(f)),. Since it is assumed in (3) that the
real or complex valued random variables (¢( f)), are almost surely uncorrelated,
we know that the random variables g, are amost surely orthogonal. As noted
earlier, Theorem 3.7 is till valid for complex valued processes (see the proof of
Theorem 3.13). Hence for L(P)-amost al w € 2, Eg, =0, and thus E¢(f, )=
Eo(f). Let u,, be the distribution on X induced by the sample function f, on T
and w the distribution induced by f viewed as arandom variable on T X (2. Then
[xedu, = [xedu for L(P)-amost al w < . Since & has a countable separat-
ing subclass &, for &, we can find an L(P)-null subset B of 2 such that for any
fixed w € B, [yedu, = [xedu for dl ¢€&,. Since u, and n are in 9, the
fact that &, is separating for & implies u,=p for adl o & B. Therefore, f
satisfies the law in distribution. The same argument can be used to show that f
satisfies the consistency law in distribution. Hence, we obtain (3) = (2).

It can be checked that the results in Theorem 4.6 are still valid for complex
processes. Thus the equivalence of (3) and (4) follows. In fact, similar identities as
in the proof of (2) « (3) in Theorem 4.5 can be established for complex valued
processes. These identities can, then, be used to prove (3) < (4) here directly. O

7.4. Some specific multiplicative properties for real-valued processes

We have seen that independence is in genera strictly stronger than diagonal
independence and I-uncorrelatedness, and the latter two do not imply each other.



476 Y. Sun / Journal of Mathematical Economics 29 (1998) 419-503

In Theorems 3.10 and 3.13, we present versions of the law in distribution by using
the almost sure versions of pairwise diagona independence and I-uncorrelated-
ness. Theorem 7.6 allows us to claim in the next two corollaries that the almost
sure versions of both conditions are actually equivalent to almost sure pairwise
independence and thus, stronger than almost sure uncorrelatedness. Following
these two corollaries, multiplicative properties involving separating classes for
some collections of special distributions on R are also considered.

We start with almost sure pairwise diagonal independence. Besides its equiva
lence with almost sure pairwise independence, it is also equivalent to the fact that
the diagonals of the pairwise joint distribution functions of the sample functions
are essentialy independent of the choice of particular samples.

Corollary 7.7. Let / be a real-valued process on a Loeb product space (T X (2,
L7 ® %), L(A ® P)). Then the following are equivalent:

(1) the random variables f, are almost surely pairwise independent;

(2) the random variables f, are almost surely pairwise diagonally independent;

(3) let F, be the distribution function of f, and F, , the joint distribution
function of the sample functions f, and f,; then the diagonal of the joint
distribution function is in the following special form: F, , (x,x) =
[+(F(x»?dL(A) for L(P ® P)-almogt all (w,, w,) € 2 X Q.

Proof: For the proof, we note that the class &, of the indicator functions of the
intervals (— o, x] for all rational numbers X is a countable separating class for all
distributions on R. Hence, the class & of the indicator functions of the intervals
(—oo, x] for al real numbers x is a separating class for all distributions on R. If
(2) is stisfied, then for any ¢ € &, the random variables (¢( f)), are ailmost surely
uncorrelated, and hence, (1) follows from Theorem 7.6. Since (1) = (2) is
obvious, (1) and (2) are equivalent.

By rewriting (3), we obtain for L(P® P)-amost adl (w,, w,)€2X 0,
Ee(f,)e(f, ) =ElEe(f)I’ for al ¢€&. Hence, (3) = (1) is clear.

If we assume (1), then Theorem 7.6 implies that for each ¢ <&,
E(e(f, )e(f, ) =ElEp( f)I> holds for L(P ® P)-amost al (w,, ,) € 2X (.
Since &, is countable, we can obtain that except for an L(P ® P)-null set, the
previous identity holds for al ¢ € &,. By taking limits, we can derive (3). O

Now we move to amost sure I-uncorrelatedness. We simply note that the
complex exponentials e''* form a separating class for distributions on R. Thus, as
in the previous corollary, it is easy to prove this corollary by applying Theorem
7.6. Here, we omit the proof.

Corollary 7.8. Let f be a real-valued process on (T X 2, L(7 ® &), L(A ® P)).
Then the following are equivalent:

(1) the random variables f, are almost surely pairwise independent;

(2) the random variables f, are almost surely I-uncorrelated.
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In the next three corollaries, we consider separating classes for collections of
special distributions on R. The proofs will be omitted. We shall first work with the
class of functions {x*: ke N}. It is quite easy to show that this class is a
separating class for distributions with a compact support. However, as noted in
Durrett (1991) (p. 89), it is not a separating class for al distributions on R. Let
#™ be the class of distribution functions F(x) such that

1/k
Im, [/

im,_, . < oo,
k K

where m, is the k-th moment of F, i.e, m, = [ x*dF(x). Then {x*: ke N} isa
separating class for .#™ (see Breiman, 1968, p. 182). The relevant theory is called
the ‘method of moments. The following corollary follows immediately from
Theorem 7.6.

Corollary 7.9. Let f be a real-valued process on (T X 2, L(7 ® &), L(A ® P))
such that the distribution of f viewed as a random variableon T X 2 isin .z™ 13
Then the following are equivalent:

(1) The random variables f, are almost surely pairwise independent;

(2) For all ke N, the random variables (f,)* are almost surely uncorrelated;
this means that the joint moments of f, and f,, are almost surely the product of the
corresponding moments of f, and f, .

Let .#" be the collection of distribution functions of random variables taking
values in natural numbers. Note that for a random variable ¢ taking valuesin N,
one can define the generating function %, for ¢ by letting £,(2) = Xi_,b, z*
(see Chung, 1974 and Durrett, 1991), where b, is the probability of ¢ taking the
value k. The following corollary follows from the fact that the class of functions
{z*: ze (—1,1)} is separating for .Z".

Corollary 7.10. Let f be a natural number valued process on a Loeb product space
(Tx 02, L7 ®.%), L(A ® P)). Then the following are equivalent:

(1) The random variables f, are almost surely pairwise independent;

(2) The generating functions of f, +f,, are almost surely the product of the
respective generating functions of f, and f , i.e, ?f[ +t,, =% & for LA ®
N-almost all (t,, t,) € TX T, b

B3 Let m(f) and m,(f,) denote the k-th moments of f and f, respectively. Since L(A®P)f ! e
.#™, there is a positive number M such that supy .. ;[ m ()1 ¥ /k < M. The following inequality can
be established: L(P){w € 2: sup, ., (M (f ) */k< aM}) = (a —2)/(a —1) for any a > 1. Thus
for amost all w, L(A)T,* €.#™. Itisthen easy to see that the distributions of f# and 2 are dso in
™ for any L(A)(A) > 0. Hence, the condition of Theorem 7.6 is satisfied.
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Finaly, we consider the collection .#* of the distribution functions of
non-negative random variables. For a non-negative random variable ¢, let ¢, be
the function on [0, =) such that E,(v) = Ee™ " for each v [0,%). Since the real
exponentia family {€'"X: v> 0} is a separating class for .#* (see Breiman, 1968,
p. 183), it is easy to derive the following corollary from Theorem 7.6.

Corollary 7.11. Let f be a non-negative process on (T X 2, L( ® &), L(A ® P)).
Then the following are equivalent:

(1) The random variables f, are almost surely pairwise independent;

(2) For LA ® A)-almost all (t;, t,) ETXT, & ¢ = &5 " &,

t2

7.5. Additional characterizations of almost sure pairwise independence

Theorem 7.6 can be used to provide further characterizations of almost sure
pairwise independence for metric space valued processes. We shall first consider
semi-independence. Example 7.2 shows that for real-valued random variables,
semi-independence is in general strictly weaker than independence and also has no
relevance with I-uncorrelatedness. Furthermore, for the random variables ¢ and
Y in Example 7.2, it can aso be checked directly that E¢4y* = E¢pEyX,
Gyiy=%,%,, and ¢,, ,=s,¢,. Thus, as aready noted in Sun (1995), those
multiplicative properties are all weaker than independence; their almost sure
versions are, however, already proven to be equivalent to almost sure pairwise
independence in Section 7.4. The following corollary, which is an obvious
consequence of Theorem 7.6 and the fact that the collection { y,:O is an open set
in X} is separating for a separable metric space X, shows that the almost sure
versions of independence and semi-independence are equivalent.

Corollary 7.12. Let f be a process from (TX 2, L(7 ® %), LA®P)) to a
separable metric space X. Then the random variables f, are almost surely
pairwise semi-independent if and only if they are almost surely pairwise indepen-
dent.

Other than the semi-independence condition, we list in the following proposi-
tion some more necessary and sufficient conditions for a metric space valued
process to satisfy the consistency law in distribution. The implication (1) = (2)
states that if a process satisfies the consistency law in distribution, then the
consistency law in distribution also holds for any parameter invariant transforma-
tions of the process (see Papoulis, 1965, Section 9.5 for some examples). Note that
a Borel space is a separable metric space homeomorphic to a Borel set of a Polish
space. (3) repeats a version of (2) for the real case. Since there are many
equivalent conditions for the real-valued processes ¢( ) to satisfy the consistency
law (see Sections 3 and 4), one can include plenty of other equivalent conditions
for (1) below, which will not be repeated here.
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Proposition 7.13. Let f be a process from (TX 2, L(Z ® %), LA®P)) to a
separable metric space X. The following are equivalent:

(1) f satisfies the consistency law in distribution;

(2) Given a Borel space Y whose cardinality is at least that of X, the process
&(f) satisfies the consistency law in distribution for any Borel measurable
mapping @ from X toY;

(3) For any bounded real-valued Borel measurable function ¢ on X, ¢(f)
satisfies the consistency law;

(4) For any bounded real-valued continuous function ¢ on X, the random
variables (¢ o f), are almost surely uncorrelated.

Proof: For (1) = (2), we simply observe that L(A ® PX®(f)) 1=(L(A®
P)f"H)® 1, and for any w € 2, LON(@()); 1 = (LD, DL If we start with
an internal set A with L(A)(A) > 0, we have similar identities for the subpro-
cesses f# and (@(f))”. The rest is clear. Note that for this implication, it is not
necessary to assume the target space Y to be Borel.

To check (2) = (1), we observe that for a given Borel space Y whose
cardinality is at least that of X, the classical Borel isomorphism theorem in
Parthasarathy (1967) (p. 14) implies that there is a Borel isomorphism @ from X
toasubset Z of Y. Let ¥ be the inverse mapping of &. By the assumption in (2),
&(f) satisfies the consistency law in distribution. Since W(®(f)) = f, we obtain
that the process f satisfies the consistency law in distribution, i.e., (1) follows.

The class of bounded real-valued Borel measurable functions ¢(f) on X is
separating for all distributions on X. If o(f) satisfies the consistency law, then
the random variables ¢( f,) are aimost surely uncorrelated by Theorem 4.6. Thus
(1) < (3) holds by Theorem 7.6.

If we choose a sequence of bounded continuous functions as in the proof of
Lemma 6.1, then the sequence is a separating class for all distributions on X.
Hence, (1) < (4) follows from Theorem 7.6 easily. O

From Proposition 7.13 (3), we observe that if for any A< L(9) and for any
bounded real-valued Borel function ¢ on X,

Ia ‘P( fm)(t) = fAfn‘P( f)dl-( P)dl-( )‘)

holds for L(P)-amost all o € (2, then f satisfies the consistency law in distribu-
tion, and hence the random variables f, are aimost surely pairwise independent.
As noted in Corollary 7.12, instead of using any bounded real-valued Borel
functions, we can only consider the class of indicator functions of open sets to
derive the same result. When real-valued random variables are concerned, the
class of indicator functions of the infinite intervals (— o, x] is also separating. It is
thus interesting to have a general condition on a class of Borel sets such that the
relevant class of indicator functions is separating. The following proposition shows
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from another aspect that why the two mentioned classes of indicator functions can
be used to present some versions of the law of large numbers in Sections 3 and 5
respectively.

Proposition 7.14. Let .# be a class of Borel subsets of a separable metric space
X. Assume that .7 is closed under formation of finite intersections (a m-system)
and also generates the Borel o-algebra of X. Let f be a process from (T X (2,
L7 ® %), L(A ® P)) to X. Then the following are equivalent:

(1) The random variables f, are almost surely pairwise independent;

(2) For any H € .7, the events f,~ %(H) are almost surely pairwise independent;

(3) For any A€ and H € .7,

fTXA'XH(fw)dL()‘) =fonXA'XH(fw)dL(’\)dL( P)
for L(P)-almost all w € 0.

Proof: (1) = (2) and (2) = (3) are clear.
We only need to show that (3) = (1). For a countable subclass .#’ of .7, let
o (#') be the o-algebra generated by 7. It is easy to see that

U{o(Z'):#" iscountablesubclassof .7’}

is the Borel o-algebra. We can choose subclasses .7, of /#, n=12,..., such
that U7 _,0(H)) contains a countable open base of X. Let .#’ be the union of all
the .7} and #, be the class of sets obtained by taking finite intersections of sets
in Z'. Then 7, is a countable 7-system which generates the Borel o-algebra of
X. It is clear that .Z#, c.#7. Hence, (3) implies that for L(P)-amost al € (2,

Jrxu (£,)dL(A) = frfo xu (f,)dL(A)dL(P)
for any H € #,. By a result on the uniqueness of the extension of measures in
Durrett (1991) (p. 402), we obtain for L(P)-dmost al we 2,L(P)f 1=
L(P)f~ 1. Similarly, we can show that f satisfies the consistency law in distribu-
tion. Hence the random variables f, are aimost surely pairwise independent. O

Except for independence, none of the probabilistic notions considered by us,
such as uncorrelatedness, diagonal independence, I-uncorrelatedness, semi-inde-
pendence, etc., are preserved under parameter dependent transformations. Thus,
the equivalence of almost sure pairwise independence with the almost sure
versions of these notions is very helpful. We list below some results for transfor-
mations of processes which are parameter dependent. Note that we do not have to
require the processes obtained from the parameter dependent transformations to
satisfy the consistency law (or the consistency law in distribution), since that can
be deduced. As before, by the results in Sections 3 and 4, we can obtain many
other equivalent conditions easily for the relevant real-valued processes in the
following proposition.
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Proposition 7.15. Let f be a process from (TX 2, L( ® %), L(A®P)) to a
separable metric space X. The following are equivalent:

(1) The random variables f, are almost surely pairwise independent;

(2) Given a Borel space Y whose cardinality is at least that of X, let {®,: t € T}
any given class of Borel mappings from X to Y such that the process g defined by
g(t,w) = @,(f(t,w)) is measurable on the Loeb product space; then the process g
satisfies the law in distribution;

(3) For any given class {¢,: t € T} of real-valued Borel measurable functions
on X such that the process g defined by g(t,w) = ¢,(f(t,®)) is integrable on the
Loeb product space, the process g satisfies the law;

(4) For any given class {¢,: te T} of real-valued uniformly bounded Borel
measurable functions on X such that the process g defined by g(t, ®) = ¢,(f(t, w))
is measurable on the Loeb product space, [;e¢,(f (1)dL(A) =
I+ o e F)AL(P)JL(N) for L(P)-almost all w e 2;

(5) For any given class {¢,: te T} of uniformly bounded real-valued Borel
measurable functions on X such that the process g defined by g(t, @) = ¢,(f(t, »))
is a centered measurable process on the Loeb product space, we have
[ @ (f,)dL(A) = 0 for L(P)-almost all w < Q;

(6) Let ¢ be a bounded real-valued function on T X X such that for eacht T,
¢, is continuous on X and for each x € X, ¢, is Loeb measurable on (T, L(5),
L(A)); then [; o (f (D)AL(N) = [7 [, ¢ (f)AL(P)JL(A), for L(P)-almost all w €
0.

Proof: The equivalence of (1), (2), (3), and (4) as well as (4) = (5) is clear.

Now we assume (5). Let {¢,: t € T} be a given class of real-vaued uniformly
bounded Borel measurable functions on X such that the process g defined by g(t,
w) = ¢(f(t, w)) is measurable on the Loeb product space. Define a new class
{: teT} of functions on X by letting ¢, = ¢, — [, 9,dL(P). Let h be the
centered process defined by h(t, o) = ,(f(t, w)). By (5),

Fre(f,(D)dL(A) = o @ F)dL(P)AL(A) = [r4i(f,(1))dL(A) =0,
for L(P)-amost all w € . Hence, (4) holds.

To show (4) = (6), we note that ¢ has a uniform lifting ¢ in the sense ¢ isan
internal mapping from T X * X to * R such that °y(t,x) = ¢(t,°x) for L(A)-almost
al te T and dl near-standard x € * X (see Albeverio et al., 1986, p. 136). Let F
be an internal lifting of f. Then the mapping G defined by G(t, w) = (t, F(t,
w)) is an internal lifting of g, and hence, g is a bounded measurable function on
the Loeb product space. By (4), [ (f (t)dL(N) = [7/, ¢ F)dL(P)JL(A) for
L(P)-amost al we 0.

Now assume (6). Let ¢ be a bounded real-valued continuous function on X.
For any A€ T, define aclass {¢,: t € T} of Borel functions by letting ¢, = ¢ if
teAand ¢, =0if t& A By (6),

I+ QDt( fw(t))d L( )‘) = Jt/o ‘Pt( f)dl-( P)dL( A)
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for L(P)-amost all w € . Hence,

Ja@(f,(1))dL(A) = [afoe(f)dL(P)dL(A)

for L(P)-amost all w € 0. Thus ¢( f) satisfies the consistency law. It means that
Proposition 7.13 (4) holds. By Theorem 7.6 and Proposition 7.13, (1) follows. O

If we are given a process with amost surely pairwise independent random
variables, then the sample functions are amost surely identically distributed. It
will be interesting to see when the sample functions are also amost surely
pairwise independent. The following proposition, which is an analog of Proposi-
tion 4.7, offers a perfect answer.

Proposition 7.16. Let f be a process from (TX 2, L(7 ® %), L(A® P)) to a
separable metric space X. Then the random variables f, are almost surely
pairwise independent and almost surely identically distributed if and only if so are
the sample functions.

Proof: Assume that the random variables f, are almost surely pairwise indepen-
dent and almost surely identically distributed. Let ¢ be a bounded rea-valued
continuous function on X. Then the random variables (¢( f)), are uncorrelated
with constant means almost surely, and so are the sample functions (¢(f)), by
Proposition 4.7. By symmetry, we can obtain a version of the equivalence of
Proposition 7.13 (4) and almost sure pairwise independence in terms of sample
functions. Then the almost sure uncorrelatedness of the functions (¢( f)),, together
with the arbitrary choice of ¢ imply that the sample functions f, are almost
surely pairwise independent. By Theorem 7.6, the sample functions f, are also
amost surely identically distributed. By symmetry, we can also obtain the
converse. O

It isindicated in Section 5.4 that a discrete parameter stochastic process can be
regarded as a random variable taking values in some product metric space. As
noted in Remark 5.9, we can obtain a version of the duality result in Proposition
7.16 for a hyperfinite number of discrete parameter stochastic processes.

Corollary 7.17. Let f be a hyperprocess from (T X £2 X Z ") to a separable metric
space X. Then the discrete parameter stochastic processes f, on Z* are almost
surely pairwise independent and essentially have the same finite dimensional
distributions with some fixed discrete parameter stochastic process if and only if
so are the discrete parameter empirical processesf, on TX Z ™.
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8. Continuous parameter stochastic processes and the law
8.1. Introduction

In Sections 8.2, 8.3, 8.4 and 8.5, we study a hyperfinite number of continuous
parameter stochastic processes, i.e., a hyperprocess. Section 8.2 presents severa
versions of the law for hyperprocesses in finite dimensional distribution. Section
8.3 contains the universality of atomless Loeb product spaces in the setting of
hyperprocesses. We study in Section 8.4 the representation and homogeneity
properties for hyperprocesses relevant to the Loeb counting spaces. Section 8.5
concerns the law for the special iid case. The version of such kind result in the
usual continuum setting is often assumed in the economic literature (though it is,
in general, not correct). The modeling of some macroscopic physical phenomena
by hyperprocesses are also discussed in this section.

8.2. Finite dimensional distributions and the law

As noted in Keider (1988), the following lemma of Hoover and Keisler (1984)
(p. 172) is often helpful in extending results concerning random variables to
results concerning stochastic processes. Note that the target space is not necessar-
ily complete.

Lemma 8.1. Let x(w, i) be a stochastic process from a product probability space
(AXx][0, 1], Z®.7, v® u) to a separable metric space X. Then there is a
sequence {i,}7_ , of elementsin [0,1] and two Borel functions ¢: [0,1] x XN —
{0,13V, ¢: {0,1}" > X such that for all i € [0,1], X(w, i) = ¢ (i {x(w, i)}_,))
for v-almost all w € A.

We shall now study the law of large numbers for a hyperfinite number of
continuous parameter stochastic processes. For simplicity, we only state the results
for the case that the continuous parameter space is the unit Lebesgue interval (I,
#, w), where | =[0,1], .7 is the collection of Lebesgue measurable setsin |, and
1 is the Lebesgue measure on |. By a continuous parameter stochastic process on
a probability space, we shall mean a measurable mapping on the product measure
space of a probability space with the Lebesgue interval (see, for example, Keider,
1988, p. 112). In this section, we shall consider a hyperfinite number of continu-
ous parameter stochastic processes on a Loeb product space (T X 2, L(I ® %),
L(A ® P)). It simply means a measurable mapping on the mixed product space
(TxOXI, LITex)e s, L(A®P)® w) (caled a hyperprocess). We shall
interpret the set T as an index space, {2 a sample space, and | the time space or
the parameter space. For this section, we simply assume that .7~ is the collection
of al internal subsets of a hyperfinite set T.
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Now, let f beahyperprocessfrom(TX 2X |, (T @ %) ®.7, LIA®P)® u)
to a separable metric space X. Asindicated by Stroyan and Bayod (1986) (p. 164),
one can obtain a Fubini type result for real or complex valued hyperprocesses on
mixed product spaces. One can do that simply by working with some internal
liftings of the hyperprocesses. Then, as shown in the paragraph above Theorem
5.2, we can obtain that for L(A)-almost al te T, f, is L(w) X _#-measurable.
The stochastic processes f, with sample space {2 and parameter space | will be
caled the (continuous parameter) stochastic processes in the hyperprocess f.
Similarly, the sample functions f, are stochastic processes with sample space T
and parameter space |, which will be caled the empirical processes in the
hyperprocess f. The hyperprocess f can also be viewed as a continuous parameter
stochastic proce@s with gample space T X {2 and parameter space |. For a given
tuple iy,...,i, in I, @' =(f; ... f; ) is a process on the Loeb product space.
The collectlon of the hyper distri butlons of the processes o'+ for all possible
tuples is called the finite dimensional hyper distributions of f.

Note that two continuous parameter stochastic processes ¢ and ¢ on some
sample spaces (possibly different) with parameter space | are said to have the
same finite dimensional distributions, if for any i, ...,i, €I, the random variables
(@@ ) and (4, ..., ¢; ) have the same distribution. When ¢ and  are on
the same sample space, we say that they are independent, if the random variables
(@1, @) and (¢, ..., ¢;2) are independent for any i1,...,iL and iZ,...,i2in
l.

Note that for stochastic processes whose paths are coming from some function
space with a separable metric, for example, the continuous function spaces or the
Skorokhod spaces, they can be regarded as random variables in the function space.
If the stochastic processes in a hyperprocess have the properties just described,
then one can usualy regard the hyperprocess as a function space valued process
on a Loeb product space, and the law for such hyperprocesses follows from
Theorem 5.2. This is the approach used for the discrete case. In this section, we
shall consider the case of general continuous parameter stochastic processes. The
following theorem presents a law of large numbers for general continuous
parameter hyperprocesses.

Theorem 8.2. Let f be a hyperprocess from a mixed product space (T X {2 X
ILL(Z ® %) ® .7, L(A ® P) ® ) to a separable metric space X. Assume that the
stochastic processes f, in the hyperprocess f are almost surely pairwise indepen-
dent, i.e., for L(A ® A)-almost all (t;, t,) € T X T, the stochastic processes f, and
f,, are independent. Then for L(P)- almost all w < (2, the empirical processf on
T X | and the hyperprocess f viewed as a stochastic process on (T X ) X | have
the same finite dimensional distributions.

Proof: We first regard f as a stochastic process with | as the parameter space and
T X {2 as the sample space. Then Lemma 8.1 implies that there is a sequence
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{i Jo_, of elements in [0, 1] and two Borel functions :[0,1] x X" — {0,1}V,
¢{0, 3N - X such that for al i €[0,1], f(t,w,i) = ¢(H(i{f(t, w,i Ni_,) for
L(A ® P)-dmost al (t,w) € T X 2. Define a process a from T X 2 into XV by
letting a(t, ) ={f(t, o, i)};_, The fact that the stochastic processes f, are
amost surely pairwise independent implies that the random variables «, are
almost surely pairwise independent. By Theorem 5.2, we have for L(P)-almost all
w € , the distribution », on X" induced by the random variable «, on T is
equal to the distribution » on X" induced by the process « viewed as a random
variable on T X 2. Note that the Fubini theorem also implies that for any given
i €[0,1], we have for L(P)-dmost dl we 0, f (t,i) = ¢(y(i,, (1)) for L(A)-
amost all te T. Since a and «,, have the same distribution as random variables,
we thus obtain that for L(P)-almost all € (2, the stochastic processes f, and f
have the same finite dimensional distributions. O

As noted in Proposition 7.15, the almost sure pairwise independence condition
is convenient for applications, since it is preserved under various transformations.
For example, let @ be a mapping from T X | X X to another separable metric
space Y such that the mapping g from (TX 2 X1, LT ®¥)®.7, L(AQP)®
w) to Y defined by g(t,w,i) = @(1,i,f(t, w, i) is L(I ® &) ® #~measurable. If
the stochastic processes f, are amost surely pairwise independent, then so are the
stochastic processes g,. Same as before, the following notion is useful for the
characterization of almost sure pairwise independence.

Definition 8.3. Let f be a hyperprocess from (TX 2X 1, LT %) ®.7,
L(A ® P) ® w) to ametric space X. We say that f satisfies the consistent law of
large numbers in finite dimensional distribution (or simply the consistency law in
finite dimensional distribution) if for any interna set A7 with L(A)(A) > 0,
the hyperprocess f# from (AX 2 X I, (T *®.2)®.7, LIA*®P)® u) to X
satisfies the law in finite dimensiona distribution in X. In other words, for
L(P)-amost al we 2, andforal iy,...,i, €1, thedistribution 7,01+ on X"
induced by the random variable (fA(+, o, i,),...,fAC,w,i,) from (A, L(T ),
L(A%)) to X" isequal to the distribution 7202+ on X" induced by the random
variable (fAC-,-,i,),...,fAC,-,i) from (AX Q, LT *e¥), L(AA®P)) to
X". Here, f# is the restriction of f to AX QX 1, 9 # is the collection of all
internal subsets of A, and A” is the interna probability measure on (A, 7 *)
rescaled from A.

Same as in Definitions 3.15 and 7.3, we can only consider those A satisfying
L(A(A) > 1— ¢ for some fixed £<(0,1) in the above definition. In Theorem
8.2, we only prove that f satisfies the law in finite dimensional distribution. It is
clear that the same proof leads to the fact that f satisfies the consistency law in
finite dimensiona distribution. By Theorem 7.6, the almost sure pairwise indepen-
dence assumption on the hyperprocess f is also necessary for the validity of the
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consistency law (see the following proposition whose proof is omitted). We will
not attempt to write down as many characterizations of almost sure pairwise
independence as in Section 7. From the proof of Theorem 8.2, it is straightforward
to rewrite many of the resultsin Section 7 in the setting of hyperprocesses.

Theorem 8.4. Let f be a hyperprocess from (T X 2 X |, L(7 ® &) ® 7,L(A ® P)
® w) to a separable metric space X, and let & be a separating class of Borel
functions (real-valued or possibly complex valued) for all Borel probability
measures on X", Then the following are equivalent:

(1) The stochastic processes f, in the hyperprocess are almost surely pairwise
independent;

(2) f satisfies the consistency law in finite dimensional distribution;

(3) For each ye &, and for each sequence o={j,};_, in |, let « be the
process on TX £ defined by a’(t,w) = y{(twj,), ftwj,),... fto,j,),...);
then the random variables «” are almost surely uncorrelated.

8.3. Universality for hyperprocesses

As for the study of processes, it is important to know whether there exist
non-trivial hyperprocesses with almost surely pairwise independent stochastic
processes. Otherwise, the results presented in Section 8.2 will be vacuous. To
show the universality of atomless Loeb product spaces in the setting of hyperpro-
cesses, we need the following lemma.

Lemma8.5. Let « be a process froma Loeb product space (T, X 2,, L(7; ® &),
L(A, ® P,)) into a separable metric space X, and 8 a process from a probability
measure space of the form (T, X 2,, &, A, ® P,) to X, where the probability
spaces in the second product need not be Loeb spaces, and & is a g-algebra
which contains the product of o-algebras on T, and (2, such that the Fubini
property is still satisfied. Let F be a Borel mapping from X into another separable
metric space Y. Assume that « and B have the same hyper distribution. Then
Foa and F - B8 have the same hyper distribution.

Proof: Note that the mapping F, from .#(X) to .#(Y) definedby F,(v) = vF~!
is Borel measurable. Let ¢ be any bounded Borel function on .Z(Y). Then ¢ o F,
is a bounded Borel function on .Z(X). Since « and 8 have the same hyper
distribution, we have

frid e Fe(L(Py) ' )AL(N) = Jr,é 2 B (P2 B, ),
which implies that

Fr((L(P) &) FH)ALO) = fr, (P B2 F ),
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and hence

Jrd(L(P((F e a)y) " JdL(A) = fr,é(Po((F 2 B)y) )dA,,
Therefore F o o and F - B8 have the same hyper distribution. O

By applying Theorem 6.2, we can obtain the following universality property of
atomless Loeb product spaces in terms of hyperprocesses.

Proposition 8.6. Let g be any hyperprocess from a triple product measure space
CXxXOXI|, 02 0.7, v®1® u) to a Polish space X. If both L(A) and L(P)
are atomless, then there is a hyperprocess f from the mixed product space
(Tx2x1, LT ®%) ®.7, L(A®P) ® u) such that f and g have the same finite
dimensional hyper distributions, and moreover for almost all (t;,t,) € T X T, the
stochastic processes f, and f, are independent.

Proof: By Lemma 8.1, there is a sequence {i}._, of elementsin [0,1] and two
Borel functions : [0,1] X X" — {0,1}", ¢:{0,2} — X such that for al i €[0,1],
g(o,0,i) = ¢(y(i{g(o,0,i)f_,) for (v® 7)-admost al (o,0) € 3 X O. De-
fine a process a from I x @ into XV by letting a(o,0)={g(o,0,i Vi,
Theorem 6.2 implies that there is a process 8 on T X {2 such that the random
variables B, are almost surely pairwise independent, and «, B8 have the same
hyper distribution. Define a hyperprocess f on TX 2 X | by letting f(t,w,i) =
¢y (i, B(t,w))). Then for any given j,,...,j, €1, consider the hyper distribu-
tions of the processes (g; ,...,9; ) and (f,,....f; ). Let F be the mapping from
XN to X™ defined by

F({xo}nzo) = (&(¥ (ind %} n=0))): -+ b ( (Im Xadrco))-

Then F is a Borel mapping and (g;,...,g; )=Fea and (f,....f; )=F <.
Since a and B have the same hyper distribution, Lemma 8.5 shows that F - «
and F - B have the same hyper distribution. Therefore f and g have the same
finite dimensional hyper distributions. The amost sure independence of the
stochastic processes f, are clear from that of the random variables 8,. O

8.4. Some structural results for stochastic processes

This section concerns with the representations of stochastic processes or
hyperprocesses involving hyperfinite Loeb counting spaces. Some structural re-
sults on hyperprocesses with the same finite dimensional hyper distributions are
also presented. We shall first consider the representation of one stochastic process
in the following proposition. A proof can be given by using Lemma 8.1 and
Corollary 5.4.
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Proposition 8.7. Let x be a stochastic process from (2, X I, L(.2;) ® ,.#,L(P) ®
) to a separable metric space X, where (£2,,L(+7,), L(P,)), is a Loeb space with
L(P,) being atomless. Then there is a hyperfinite Loeb counting space (£2,,
L(«7,), L(P,)), a measure preserving mapping 7, and a processy on (2, X | such
that for all t € [0, 1], X(w,,t) = y(7(w,),t) for L(P,)-almost all w, € 2,.

Next, we present a result on the parametric representation of hyperprocesses.
The result can be proven by Lemma 8.1 and Corollary 5.5. Note that the derived
hyperprocess g below has a hyperfinite Loeb counting sample space.

Proposition 8.8. Let f be a hyperprocess from a mixed product space (T X 02, X I,
L& ow)®.7, LIA®P,)® u) to a separable metric space X. Assume that
L(P,) is atomless. Then there is a hyperfinite Loeb counting space (2, L(w),
L(P)), an internal function 7= fromT X 2, to £ with 77, measure preserving from
(Q2,, L), L(P,)) to (2, L(w), L(P)) for each t € T, and a hyperprocess g on
Tx Qx| such that for all i €[0,1], f(t, w,, i) =9t 7(t,w,),i) for LA ® P,)-
almost all (t, w,) € T x £2,.

To prove the parametric homogeneity for stochastic processes, we need a
stronger version of Lemma 8.1, which alows us to take the same sequence of
numbers to represent different stochastic processes.

Lemma 8.9. Let x(w,i) and y(w,i) be stochastic processes from (A x [0,1],
B ®.7, v® u) to a separable metric space X. Then there is a sequence {i }>_,
of elements in [0, 1] and two Borel functions : [0, 1] x XN — {0,1}",¢:{0,1}"
— X such that for all i €[0,1],

X(0,i) = ¢(w(i,{x(@.in)}rzo))and y(w,t) = (¥ (i {y(@.in)}0))

for v-amost dl w € A.

Proof: Let 7 be the probability measure on {0, 1} such that 7({0}) =1/2 and

A={0,1} X A. Define gj’—{{j}XB]—Ol Be®} and v= 171X v. Define a
process z from (A X [0,1],Z ® .7, 7® ) to X by letting z(j, w), i) =x(w, i)
for j =0, and z((j, w),i) =y(w, i) for j = 1. Apply Lemma 8.1 to the stochastic
process z to obtain the desired result. O

Note that the above result is still valid for a given (finite or infinite) sequence
of stochastic processes. The same proof works as well. We shall now present the
parametric homogeneity property in the setting of hyperprocesses. For the case of
two processes with the same finite dimensiona distributions, see Keider (1988).
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Proposition 8.10. Let f and g be hyperprocesses from a mixed product space
(Tx 01, LT ew¥)®.7 L(A®P)® u) to a separable metric space X such
that for L(A)-almost all t € T, the stochastic processes f, and g, have the same
finite dimensional distributions. Assume that P is the internal counting probability
measure on (2. Then there is an internal function = from T X (2 to 2 such that
for eacht €T, m, isa permutation of (2, and for all i €1, g(t,w,i) = f(t,7 (), i)
for L(A ® P)-almogt all (t,w) € T X .

Proof: Lemma 8.9 implies that there is a sequence{i }._, of elementsin [0,1] and
two Borel functions :[0,1] X X" — {0,1}", ¢:{0,1}" — X such that for all i€
[oll]l

f(tw,i) = o(v (i {f(to.i)}ho))

and g(t,w,i) = ¢(¢/(i,{g(t,w,in)}:=o))

for L(A ® P)-dmost al (t,w) €T X . Define two processes a and B from
Tx Q2 into XN by letting a(t,w) ={f(t,w,i,));_, and B(t,w) ={g(t,0,i N;_,.
Since for L(A)-amost al te T, f, and g, have the same finite dimensiona
distributions, «, and B, have the same distribution for L(A)-amost al t<T.
Thus Proposition 5.7 implies that there is an internal process = from T X 2 to 2
such that for each t € T, m, isapermutation of (2, and for L(A)-almost al te T,
B = a,° . Therest is then clear. O

Finally, by using Lemma 8.9 and Proposition 6.3, we can characterize those
hyperprocesses with a hyperfinite Loeb counting index space and having the same
finite dimensional hyper distributions.

Proposition 8.11. Let f and g be hyperprocesses from (T X 2, X |, L(7 ® &,) ®
<, LA ® P,) ® ) to a separable metric space X. Assume that A is the internal
counting probability measure on the hyperfinite set T and L(P,) is atomless. Then
f and g have the same finite dimensional hyper distributions if and only if there
exists an internal permutation 7 of T, a hyperfinite Loeb counting space ({2,
L(%), L(P)), and a hyperprocess h from (TX 2 X |, L(7 ® %) ® .7, LA ® P) ®
w) to X with the following property: for any i €1,

f(t,0;,i) =h(t,p(@;),i)and g(t,w,i) =h(7(1),q(w;),i),

for L(A ® P,)-almost all (t,w,) € T X 2, where p and q are internal mappings
from TX (2; to 2, and for each fixed te T, p, and g, are Loeb measure
preserving from (£2,, L(7,), L(P,)) to (2, L(), L(P)).
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8.5. The folk law and some related remarks

If we have a continuum of objects which act almost independently and the
movement of each of them along time is governed by a stochastic process with the
same finite dimensional distributions as a fixed stochastic process Y, then the
positions of al the objects in amost all states of nature, are still governed by
processes with the same finite dimensional distributions as Y. Thus, what we can
observe at time t about the distribution of the positions of all the objects is
precisely the prior distribution of the random variable ;. This observation has
been regarded as a folk result, and are already widely used in the economic
literature. As noted earlier in the introduction of the paper, the result does not
make much sense if the usual continuum is used to model the large number of
objects. The following theorem provides a firm mathematical foundation for such
a folk law in the hyperfinite setting. The result is also an analog of Propositions
4.7 and 7.16 in the setting of hyperprocesses.

Theorem 8.12. Let f be a hyperprocess from (TX 2 X I, L(7 ® &) ® .7, L(A ®
P) ® u) to a separable metric space X. Then the stochastic processes f, are almost
surely pairwise independent and have the same finite dimensional distributions
with a common stochastic process h almost surely on a product measure space
(AX1, 2 ®.7, v® ]) if and only if so are the empirical stochastic processes f,.

Proof: We only consider the ‘only if’ part. The other part follows from symmetry.
We first show that the hyperprocess f viewed as a stochastic process on T X (2
has the same finite dimensional distributions as h. Note that almost sure pairwise
independence is not needed for this point. Choose i,,..., i, from 1. For any
bounded continuous functions ¢ on the n-fold Cartesian product X" of X, we
have

[frxa®(fi, - . f JAL(AXP) = fo!)(vb((fil)t’ —( fin)t)dL( P)dL(A)
= foAd)(hil! T ,hin)dvd L(A)
= fA¢(hi1’ T !hin)dV'

Hence, f and h have the same finite dimensional distributions.

Next, by the amost sure pairwise independence assumption on the stochastic
processes f,, Theorem 8.2 implies that for L(P)-almost all w € 2, the empirica
process f, has the same finite dimensional distributions as f, and hence h.

It remains to show that the empirical stochastic processes f,, are ailmost surely
pairwise independent. As in the proof of Theorem 8.2, f can be expressed as
f(t,w,i) = ¢(P(i,a(t,w)), where a(t,w) = {f(t,w,i N _,. It is easy to see that
the random variables «, are pairwise independent and identically distributed
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almost surely. By Proposition 7.16, the sample functions «, are also pairwise
independent and identically distributed amost surely, and so are the empirical
processes f,. O

As an example, we consider the case that there is a relatively large number of
small particles suspended in some fluid. Assume that the number of particles is
small compared with the number of molecules in the fluid. For a given particle,
the number of particles interacting with this particle is considered to be small.
Thus, we can assume that the particles act almost independently. Since the total
number of particles is assumed to be comparatively small, the environment for the
movement of each particle is similar to that of one particle case. Hence, the erratic
movement of each of such particles can still be modeled by the same Brownian
motion B as the one particle case by modifying its initial positions. Then the
distribution of all the particles is till governed by B with some modification at
time 0. Such an observation is hardly surprising from the classical law of large
numbers. However, it is rather curious that the usual mathematical framework of
the theory of stochastic processes cannot provide a rigorous and meaningful
formulation of the problem as indicated in the beginning of the paper. Of course,
one could say that it is already well known that the empirical process of a large
finite number of particles is close to the Brownian motion. But in a continuum
mode! (here, we use our specia continuum model, the hyperfinite model), the fact
that the empirical process is exactly the Brownian motion tells us much more in
the sense that tremendously many other results on Brownian motion are now
directly applicable to the empirical process. The importance and the convenience
of the idedlization of a large finite number of particles to a continuum of particles
in this setting cannot be underestimated. From another perspective, if there is any
objection to the use of continuum as the number of particles here, then one could
also question the use of continuum models in other aspects. For example, the total
number of fluid molecules in the tank is finite, thus the problem about the motion
of a particle is in fact a many-body problem, which seems hopeless to solve. So
we have certainly aready used continuous mathematics to model a large finite
phenomenon for the same problem.

9. Some asymptotic inter pretations
9.1. Introduction

In Sections 9.2 and 9.3, we shall trandate several results presented in the
previous sections to obtain information about triangular arrays or sequences of
random variables. Only real-valued random variables will be considered. In
Section 9.2, we consider asymptotic orthogonality as well as asymptotic uncorre-
latedness. It was noted by Doob (1953) (p. 148) that the expectations of a
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sequence of orthogonal random variables may not vanish. Proposition 9.1, how-
ever, shows that the asymptotic orthogonality of a sequence (or more generaly, a
triangular array) of random variables is sufficient to imply that the expectations
tend to zero asymptotically. Proposition 9.2 shows that asymptotic uncorrelated-
ness is necessary and sufficient for a triangular array of random variables to satisfy
the consistency law. In Section 9.3, it is shown that asymptotic pairwise indepen-
dence is necessary and sufficient for a triangular array of random variables to
satisfy the consistency law in distribution.

Plenty of work has been devoted to the study of random variables with mixing
or weak dependence conditions (see, for example, Billingsley, 1968; Lai, 1977,
Philipp and Stout, 1975; Rosenblatt, 1956 and Shao, 1993). Since the notion of
weak dependence is often used to mean that any random variable in a given large
collection of random variables is approximately independent in some sense to
most other random variables in the collection, it is likely that our asymptotic
pairwise independence is a most general version of weak dependence which
implies the vaidity of the law of large numbers.

We shall now fix some notation for Sections 9.2 and 9.3. Let ({2, &/, P) bea
fixed probability space which will be used as the common sample space of the
triangular array of random variables to be considered. For each n> 1, let (T, 7,
A, be finite probability spaces which will be the n-th index set, and we shall
assume that the number of points in T, goes to infinity as n— «; let g, be a
real-valued process from T, X (2 to R such that g,(t,-) isarandom variable on 2
for each t € T,. The measure A, provides the weights for each point in the finite
index set T, and .9, is the power set of T,. Such a sequence of processes
g=1{0g,},., Will be called atriangular array of random variables.

Note that the usual definition of a triangular array of random variablesis set to
be a sequence of random variables in the form, x{, x3,...,x5, n=1.2,..., which
corresponds to our case when T, ={1,2,..., n} and A, is the uniform probability
measure on T,. So integrals on T, are just the arithmetic averages. Here, we
consider general weighted averages rather than the special arithmetic averages,
since the proofs are the same.

9.2. Asymptotic orthogonality and asymptotic uncorrelatedness

A triangular array of random variables g, i.e., a sequence of processes g, on
T, X 2, n>1, is said to be uniformly integrable if
lim sup /g > mlGnldA, ® P=0.
m=>%1<n<w
We shall work with a fixed triangular array of random variables f, i.e., for each
n>1and teT, f(t,-) is a rea-valued random variable on (2. The first
proposition simply says that the asymptotic orthogonality of random variablesin f
implies that the means of the random variables tend to zero asymptoticly as well
as the fact that the sample functions are asymptoticly orthogonal.
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Proposition 9.1. Assume that the triangular array of random variables f is
uniformly square integrable, i.e., the sequence of processes f2, n> 1, are uni-

formly integrable. For any ¢ > 0 and n > 1, define
"= {(tl,tz) T, X Tyl [ fn(tl,w)fn(tz,w)dP|>e}
0
M = {teTn:|f fn(t,w)dP|>s}
0

anz {(“’11‘02) €0X “Q:f fn(t'wl) fn(t'w2)d/\n(t)|> 8}
Ta

If for any >0, lim,_,,, (A, ® A,)(T.") = 0, then for any &> 0,
(D lim,_ A, (M) =0;
@ lim._ (P®P) (2N =0.

Proof: We transfer the sequence to the non-standard universe to obtain a sequence
{fJe .n Of internal processes on the associated internal sequence {(T, X "(2,
T, @, A, ® “P)ne *N} of probability spaces. The uniform integrability of
the processes f.” impliesthat forany me “N,, sup,, -y fr25 ol f71d(A, ® “P) = 0.
By Proposition 2.35 of Hurd and Loeb (1985) (p. 187), we know that each f? is
Sintegrable. That is,

[rx- " fRAL(A, ® "P) =°[ 1 - o f7d(A, @ "P) <o

By the assumption, we know that for any e € R*, (A, ® AT =0for ne *N,.
Next, we fix an n€ *N,.. By spillover, L(A, ® A, )(T,") = 0 for some positive
infinitesimal &. Thus, for L(A, ® A )-almost all (t,, t,),
[, o f (1, @) f(t,,0)dL(*P) = 0. By Theorem 4.5, we know that the means of
the random variables °f(t,-) are amost surely 0. This implies that
[ of(t,@)d*P=0 for L(A,)-amost all teT,. Thus for any e R*, A ({te
T/, o f(t,0)d* P> £}) is an infinitesimal. Theorem 4.5 also shows that the
sample functions °f,(-,w) are amost surely orthogonal. Thus, for any e € R,

(P& P)({(@1,0,):I 1, fo(t, 1) To(t,w,)dA| > £})

is aso an infinitesimal.

Now, fix an ¢ R*. The above paragraph shows thatA, (M) =0 and aso
(PPN =0 for any ne *N,. Hence, lim,_ ., A, (MM =0and lim,_ (P
®P)X02)=0 0O
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In the next proposition, we trandlate the equivalence of Theorem 4.6 (2) and (8)
to the discrete case. In particular, asymptotic uncorrelatedness is necessary and
sufficient to ensure a triangular array of random variables to satisfy the consistent
law of large numbers. Note that item (2) given below is the asymptotic version of
the phenomenon ‘* No betting system can beat the house’’.

Proposition 9.2. Assume that the triangular array of random variables f is
uniformly square integrable. For any £ > 0 and n > 1, define

T.sn = {(t17t2) < Tn X Tn:lfﬂ 1:n(tl’w) fn(tZ'w)dP(w)
— Jofa(ty, @)dP[, fi(t,, w)dP( w)|> 8}
Lin={w € 2:] 5, fu(1,0)dA(1) = [fa x0Tl Ay ® P)[> £ A,( A,) -

Then the following are equivalent:

(1) For any >0, lim,_,. (A, ® A )(T.") =0;

(2) There is a number §<(0,1) such that for any subset A, C T, with
AA) >1-6, lim, . P(L2) =0 for any &> 0.

Proof: The proof of (1) = (2) is similar to that of Proposition 9.1. So we only
consider (2) = (1). Assume (2). We transfer the relevant sequences to interna
sequences as in the proof of Proposition 9.1. Fix any n€ *N_. Denote g = °f,..
We shall omit the sub-index n in rest of this paragraph for simplicity. (2) implies
that for any fixed A€ with L(A)(A) > 1—§/2, P(L2) = 0 for some positive
infinitesimal &. Hence, for aimost all w € *(2,

[af(t,w)dA = [[p o fd(A®"P),
which implies that

[a92(t,@)dL(A%)(1) = [[ax-09dL(A* @ *P).

Thus, the process g satisfies the consistency law by Lemma 3.16. By Theorem
4.6, the random variables g, are amost surely uncorrelated. Hence, for any
ceRT,

|j10f(tl,w)f(tz,w)d*P(w)
—f*”f(tl,w)d*P(w)fof(tz,w)d*P(w)l > &

for L(A ® A)-almost all (t,, t,) & TX T.

Now we resume the index n and also fix an £ € N* as before. The previous
paragraph shows that (A, ® A XT,") =0 for any n€ *N,. Hence, lim,_ (A, ®
AT =0, and (1) follows. O
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9.3. Intrinsic characterizations of asymptotic pairwise independence

This section presents intrinsic characterizations of asymptotic pairwise indepen-
dence. We start with some technical definitions. Let .# be the space of distribu-
tion functions of real-valued random variables. As usual, we assume distribution
functions are right continuous. For F, F' €.7, let d(F, F’) to be the infimum of
all those h for which F(x—h) —h <F'(x) < F(x+ h) + h whatever be x € R.
Then d define a metric and the space (&, d) is caled Lévy’'s space (see Loéve,
1977a, p. 228). We shall refer to d as the Lévy metric. Note that convergence in
(&, d) is equivalent to convergence in distribution. For distribution functions on
R?, we can define a similar distance d, such that d,(F, F’) is the infimum of all
those positive number h for which F(x—h, y—h)—h<F'(x,y) <F(x+h,y
+ h) + h whatever be (x,y) € R?, where F and F’ are distribution functions on
R2. For a given distribution function F(x,y) on R? with marginal distributions
F,(x) and F,(y), we can use d, to define a number p,(F) to measure the degree
of independence of random variables with joint distribution F by letting p,(F) =
d(F(x,y), Fi(x)-F,(y)). Similarly, we can define p,(F) to measure the degree
of diagonal independence of random variables with joint distribution F by letting
p(F) be the infimum of all those h> 0 for which Fi(x—h)-F(x—h)—h<
F(x,x) < F(x+h)-F,(x+h)+h whatever be x<R. Note that the above
metrics d and d, are also defined for internal distribution functions induced by
internally measurable functions, and so are p; and p,. The following technical
lemma is needed in the proof of Proposition 9.4.

Lemma 9.3. Let f and g be internally measurable functions from some internal
probability spaces (possibly different) to “R with internal distribution functions F
and G respectively. Assume that their standard parts °f and °g exist. Let F', G’ be
the distribution functions of °f and °g respectively. Then d(F,G) = d(F',G').

Proof: For any rea number h> d(F’,G'), choose 6= R such that h> 6>
d(F’,G'). Then for any finite xe "R,
F(X)<F'(°X) <G (°x+8) +86<G(x+h)+86<G(x+h)+h,
and similarly
F(X)2F(°Xx—h+8)=>G(°x—h) -6
>G(x—h)—=6>G(x—h)—h.

Since °f(-) exists amost everywhere, for x€ “R.,, we have F(x) =1 if x>0,
and F(x)=0if x<0; then, it is certainly true that G(x — h) — h < F(x) < G(x
+h)+ h. Hence, d(F,G) <h. Since h is an arbitrary number satisfying h>



496 Y. Sun / Journal of Mathematical Economics 29 (1998) 419-503

d(F',G'), we must have °d(F,G) < d(F',G'). The same proof leads to °d(F,G) >
d(F',G). O

In the above lemma, if the internal random variables are taking values in * R?,
we have a similar result. The following proposition shows that for a triangular
array of random variables, asymptotic pairwise independence is usually necessary
if one needs an asymptotic version of the law of large numbers in distribution. It
also reveals the equivalence of asymptotic pairwise diagona independence and
asymptotic pairwise independence. We still work with a fixed triangular array of
random variables f, which are assumed to be uniformly tight, that is,

lim sup (A,®P)(If/>m)=0.

M=>%1<n<e

Proposition 9.4. Let A, be a subset of T, and F * be the distribution function of
fA on (A, X 2,7Me .2, A ®P). Here, f is the restriction of f, to A, X
0. T isthe power set of A,, and A/ is the probability measure on A, rescaled
from A,. For any t7, t2€T, and w, €, let F:,F2,Fae and FAn be the
distribution functions of the random variables f (& ), fnft,f, ), (f (t2,- 5, f.(t2,-))
on (2,P), and f (-, w) on (A, 7" Al respectively. For any e >0 and n> 1,
define

) {(th.12) € T, X T,:py(Fuse) > £}
={ 2)eT XTipz(th)>s}.
QA(S) {wE.Q:d(FwA",FA")>8}

Then the following are equivalent:

(1) lim,_, (A, ® A,)(T.Xe)) =0 for any &> O;

(2) There is 5 (0, 1) such that for any A, C T, if A,(A,) >1— 8, then for
any e>0, lim,_ . P(Z2%(&)=0

(3 lim,_, .(A, ® A, )(T.A(&)) = 0 for any &> 0.

Proof: We extend the triangular array of random variables and the probability
spaces as in the proof of Proposition 9.1. The uniform tightness of the processes f,
implies that for each n € N, the standard part of the f,(t,,») exists for aimost all
(t,0) T, X Q.

We first consider (1) = (2). (1) implies that for any e € R*, (A, ® A XT (&)
=0foral ne *N,. Asin the proof of Proposition 9.2, fix ne *N_ and omit the
sub-index n in rest of this paragraph. By spillover, we can obtain that L(A ®
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MN(TXh/2) =0 for some positive infinitesmal h. Thus for (t4,t?) &
TXh/2),p,(Fs2) <h/2, and hence for any x€ *R,

P((f0) ) (==x=h]) P((fe) *("(—.x—h]))—h
P((fe) (==X N (f2) (=, x]))
“P((fa) T("( =, x+h])) P((fe) (" (—oo,x+h])) +h.

Therefore, for any x e R,

LCPY(C1) (=22 1 () (= 2.x0))
= im LR (e ) () (e )

IA

IA

el s o]

1
X L(*P)(( f[z)l(*( - X+ h])
=LCP)(Cf) (== X)) LCPY(Cfe) (= =.X]))-

Similarly, we can also obtain

LCPY(Cfa) (= =x]) 0 (fe) (= =.x]))
- i LR (1) [ (=or 1] 0 () (ke 1)
> i LCP) (1) [ (=t )|
<P [ (s )|
=LCPY((fo) (== xD))LCPY((CFe) (== xD)).

Hence, for any x € R,
LCPY(Cfa) 7 ((=x]) N (i) (= =.x]))

=L("P)((*fa) (( == xD))LCPY(Cfe) (= =x]))

Whence, °f. and °f.. are diagonally independent.

For any fixed A€.9 with A(A)>1/2, we take 6 =1/2, the same proof
shows that °fs and °f? are diagonaly independent. By Theorem 3.10, the
distribution function of °f” is equal to the distribution function of °f* for
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L(*P)-amost al w < *2. Lemma 9.3 implies that d(F,*, F*) =0 for amost all
w € *N.

Now, we resume the index n and also fix an £ € R*. The previous paragraph
shows that “P(2 *(£)) =0 for any n€ *N,. Hence, lim,_, .P(2 *(g)) =0,
for al A, (A,)>1/2, and (2) follows.

Next, we prove that (2) = (3). Fix any n<€ *N,_ and omit the sub-index n in
this paragraph. Then for any fixed A< .9 with L(A) (A) > 1—5/2, by spillover,
(2) implies that “P(2 (&) = 0 for some positive infinitesimal ¢. Hence, for
dmost dl we N, d(FA F?) =0. As remarked in the paragraph following
Lemma 9.3, we can obtain that for aimost al « € *(2, the distribution function of
the random variable (°f)2 on (A,L(A*)) is equa to the distribution function of
the random variable (°f)* on (AX*2, L(A* ® *P)). Therefore the process °f
satisfies the consistency law in distribution. By Theorem 7.6, the random variables
(°f), are almost surely pairwise independent. Essentially the same computation as
in the proof of (1) = (2) shows that p,(F.12) = 0 for L(A ® A)-amost all (t,t?)
eTXT.

Now, we resume the index n and aso fix an e R* as before. The above
paragraph shows that (A, ® A X(T2(¢))=0 for any ne *N,, and therefore
lim,_, . (A, ® A, NT.2(&)) = 0. Hence, (3) follows.

For any e € R*, it is clear that TX(&) C T,’(&), and hence (3) = (1). O

In Section 7.4, many other equivalent conditions for almost sure pairwise
independence are presented. Asymptotic interpretations for them can be given by
the standard procedure shown above. We simply note that in general, exact results
for processes on Loeb product spaces correspond to asymptotic results for
triangular arrays of random variables. For example, although I-uncorrelatedness
and pairwise semi-independence have no relevance with each other (see Example
7.2), and both are strictly weaker than pairwise independence, the asymptotic
versions of al three notions are, however, till equivalent. We shall leave such
trandations to those interested readers.

10. Concluding remarks

Though the transfer of a standard result to a non-standard model cannot be
regarded as a new result, the interplay of internal and external entitiesis, however,
still very useful in some situations for the discovery of completely standard results.
In fact, it was pointed out by Henson and Keisler (1986) that the power of
non-standard analysis comes from the saturation principle and the use of external
sets. Non-standard constructions alow one to use higher order sets more conve-
niently and efficiently, and this in turn helps one to discover genuinely new results
when interpreting non-standard results in the standard models. Section 9 aready
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illustrated how the measure—theoretic framework developed in earlier sections can
be used to obtain large finite results for triangular arrays of random variables.

From another perspective, it might be possible to obtain the type of the results
in Section 9 by working directly with the triangular arrays of random variables.
However, it is the interplay between the externa constructions which provide a
natural framework for the discovery of the results in the limiting case and the
internal structures which alow us to translate the derived internal results into the
asymptotic case that gives the strength for the discovery of such asymptotic results
systematically. From a purely mathematical point of view, the results presented for
the limiting case, i.e., on Loeb product spaces, are more vauable, since they are
genuine properties about the limiting case itself. Trandation to the asymptotic case
is often more cumbersome and less natural, just like one translates the equality
4e% — X into some asymptotic property involving the sequence {(1 + 1)"f:_,.

Note that the classical theory of stochastic processes with a Lebesgue interval
as the parameter space is usually only capable of dealing with processes which are
measurable with respect to the relevant product measure. As noted by Anderson
(1976), Keider (1984) and Hoover and Perkins (1983), such a process can be
lifted to a process which is measurable with respect to the relevant product space
of Loeb spaces (for important applications of such a procedure, see Albeverio et
al., 1986; Keider, 1984 and Perkins, 1981). This means that the classical theory is
included in the theory of processes which are measurable with respect to the
product Loeb spaces, i.e., with respect to the #%. It is thus no wonder that the
results presented here are beyond the scope of classical anaysis since they involve
processes which are measurable with respect to the Loeb product spaces but
usualy have non-trivial singular parts with respect to the #. It will be seen in
Appendix A that there is indeed no hope of developing a similar theory for
processes with a Lebesgue interval parameter set.

Finally, note that in many branches of mathematics and its applications, there
are various ways to model large but finite phenomena. One can, for example, often
create models using differential equations. The many properties of differentia
equations which correspond to properties of difference equations lead one to
numerical solution by computers. It is clear, however, that differential equations
provide a better mathematical framework than difference equations for the qualita-
tive study of relevant problems. When working with a large finite phenomenon for
which the rate of convergence is not essential, continuous mathematics usually
provides conceptually simpler and analytically more tractable models, making
further study possible and efficient. For models involving topological structures,
one can usually obtain asymptotic results from the continuum case with the help of
compactness. For measure theoretic structures, however, there is often no direct
way to relate the usua continuum models to the asymptotic cases. The results
reported here strongly suggest that for the purpose of scientific modeling, hyperfi-
nite Loeb spaces can be used systematically to replace the traditional measure
spaces.
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Appendix A

Note that many of the results in Sections 3—6 are still valid (except Theorem
6.2), if we work with arbitrary probability spaces with suitable properties. How-
ever, we may usually obtain vacuous results. To illustrate, we consider the unit
Lebesgue interval (T,7,A). Let (2,%,P) be a standard probability space and
(Tx N, 5o« A®P) the associated product probability space. Note that the
same notations were used to denote internal probability spaces in the main body of
the paper. Let (TX 2, %,, w,) be an extension of the product space (T X (2,
I ®«, A ®P) such that the Fubini type result till holds for .%,-measurable
functions. Then, by using the proof in Remark 3.3, one can prove an analog of
Theorem 3.1 as well as Proposition 3.5 in this setting by the Fubini property. We
formulate the following lemma without proof.

Lemma A.1. For a given real-valued integrable process f on (T X 2, Z,, u,), if
the conditional expectation E(f| s .,) of f with respect to .7 ® &/ is essentially a
function h on T, i.e, a function independent of particular samples, then for
P-almost all w € (2, the following identity

Fré(D)f,(DdACt) = [ro(t) h(t)dA(t)
holds for all bounded .7 -measurable functions ¢. Moreover, h(t) = [, f,(w)dP for
Aamostall teT.

Snce the Fubini property implies that f, is measurable for P-almost all
w €€ (), one can obtain the following corollary by using the uniqueness of
Radon—Nikodym derivatives.

Corollary A.2. Let f be a real-valued integrable process f on (T X 2, %,, u,). If
E(fl9 ® %) is a function h on T, then for P-almost all we 2, f,=h, and it
follows from the Fubini property that for A-almost all t €T, f, is essentially the
constant function with value h(t).

Thus %,-measurable functions are still essentialy 9 ® &/-measurable, i.e,
(TX N2, 7 ®«, A® P) does not admit non-trivial extension such that the Fubini
property is preserved.

To consider an analog of Theorems 3.7 and 3.8, let (T, X T, X 2, %;, uy) be
an extension of the product space of (T;, 77, A) with(T, X 2, .9,®.%, A, ® P)
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such that the Fubini property holds for the different combinations of marginal
measures, where (T, 9, A)) and (T,, 9,, A,) are copies of (T, 7, A). We also
assume that the marginal measure spaces on T, X 2 and T, X {2 are the same
measure space (T X 2, %,, u,). Let (TX T, .9,, A,) bethe marginal on T X T.
The following lemma is an analog of Theorem 3.8. For simplicity, we only
consider bounded processes.

Lemma A.3. Let f be a bounded real-valued process on (T X 2, B,, u,).
Assume that the random variables f, are almost surely uncorrelated, i.e., for
A-almost all (t, t,) € TXT, f, and f_ are uncorrelated. Then for P-almost all
we ), [+ (DN = [ |1, fdu,.

By an analog of Theorems 3.17 and 3.21 together with Corollary A.2, we can
obtain the following corollary.

Corollary A.4. Let f be a bounded real-valued process on (T X 2, %, , u,). If the
random variables f; are almost surely uncorrelated, then for A-almost all t € T, f,
is essentially a constant function.

Thus the space (T X 2, %,, w,) only supports trivial processes with uncorre-
lated random variables. This means that no matter how far we extend the measure
on the sample space in the example considered by Judd (1985), we still cannot
obtain non-trivial processes with the desired properties. So there is no way to
develop a similar theory, as presented in the main body of this paper, for processes
with a Lebesgue interval parameter set. In terms of the these facts, Theorem 6.2 is
very important in the sense that we are not working on an empty theory.

Let 7(2, X) be the space of all the equivalence classes of .o-measurable
functions from (2 to a compact metric space X with metric d. For any ¢ and
in 7(0, X), let

p(¢.¢) =inf{6eRT:P({w:d(¢(w),¢(w)) <8})>1-35}.

Then p defines a metric on (2, X) which induces the topology of convergence
in measure. One can also view the non-measurability result for the iid case via the
type of Lusin's theorem given below in Lemma A.5. To be precise, if we are
given anon-trivia iid process f from T X (2 to X, then LemmaA.5 impliesthat f
cannot be measurable with respect to 9 ® &/, since it can be checked that
p( fe, ftz) is equal to a positive constant for al t, # t,. The result can be proven by
modifying the proof of its classical counterpart.

Lemma A.5. Let f be a process from (T X 2,.9 ® ./, A ® P) to a compact metric
space X with a metric d. Define a mapping F from T to (L2, X) by letting
F(t) = f,. Then for any &> 0, there is a compact subset K, of the unit interval T
such that A(K,) > 1— & and the restriction F|_ is continuous from K, to the
metric space (7 (£2, X), p).
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