THE LIE MODULE OF THE SYMMETRIC GROUP

KARIN ERDMANN AND KAI MENG TAN

ABSTRACT. We provide an upper bound of the dimension of the maxi-
mal projective submodule of the Lie module of the symmetric group of
n letters in prime characteristic p, where n = pk with p{ k.

1. INTRODUCTION

The Lie module of the symmetric group &,, appears in many contexts; in
particular it is closely related to the free Lie algebra. One possible approach
is to view it as the right ideal of the group algebra F'G,,, generated by the
‘Dynkin-Specht-Wever element’

wp=(1—-c)(1—c3) (1 —cp)

where ¢y, is the k-cycle (1,2,...,k). We write Lie(n) = w, F'6,, for this Lie
module.

It is well-known that w? = nw,, so if n is non-zero in F then Lie(n) is
a direct summand of the group algebra and hence is projective. We are
interested in this module when F' has prime characteristic p and when p
divides n. In this case wy, is nilpotent, and therefore Lie(n) always has non-
projective summands, and its module structure is not well-understood in
general.

The module Lie(n) occurs in the context of algebraic topology, specifically
as a homology group of topological spaces related to braid groups, config-
uration spaces, and Goodwillie towers. Selick and Wu [SWI] relate certain
coalgebra decompositions of the tensor algebra to decompositions of the loop
suspension of a p-torsion suspension where p is a prime. In this context, one
needs to know a maximal projective submodule, called Lie™**(n), of the Lie
module Lie(n). Since Lie(n) is a finite-dimensional module, it has a direct
sum decomposition of the form Lie(n) = Lie(n)p, @ Lie(n),s, unique up to
isomorphism, where Lie(n),, is projective and Lie(n),; does not have any
non-zero projective summand. Then Lie™**(n) is isomorphic to Lie(n)p.
The projective modules for the symmetric groups over positive character-
istic are not known, and this is a very difficult open problem. Therefore
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one cannot expect to find the module Lie™**(n) in general. For the applica-
tions it would however be good to find upper bounds for the dimension of
Lie™®(n).

When n = pk and p does not divide k, a parametrisation of the inde-
composable summands of Lie(n),; was given in [ES]. Here we exploit this
result to obtain an upper bound for the dimension of Lie™**(n). The general
principle is quite easy. If P is a Sylow p-subgroup of a finite group G, then
one may consider the restriction of any F'G-module W to F P, which we
denote as Res% W. Then Res§ W), is a direct summand of (Res% W), and
therefore

dim W, < dim (Res§ W), < dim W — dim (Res% W),
Thus, when G = &,, and W = Lie(n), we have
dim Lie™™(n) < (n — 1)! — dim (Resg” Lie(n))ps-

In this paper, we provide in particular a recursive formula for computing
dim (Resp" Lie(n)),;-

We give a brief summary. The main task is, via a Mackey formula, to
count certain cosets. The group of interest is a group D, which is a regular
subgroup of &y, isomorphic to &, x &;. We take it as the subgroup A, &, x

6,[51 of a wreath product 6,1 &y, where (‘5,[?} is a fixed top group, and A;G,
is the diagonal of the base group. The problem reduces to that of counting
cosets Dz where (A;S,)* NP # 1. This intersection is generated by a
fixed-point-free element of order p, and we can take this to be (Apm)* =y
where y € P and 7 is the standard p-cycle in &,,.

The group P is a direct product of iterated wreath products, and one
can reduce the problem to the factors. Write R, for a Sylow p-subgroup
of &, m+1, then R, is the semi-direct product of B, with a cyclic group of
order p, where B, is the direct product of p copies of R,,—1 with disjoint
supports. Then one has to understand z,y with (Apmm)* =y € Ry,. We
introduce elements z,, ; which conjugate A,m7 to fixed-point-free elements
in Ry, \ By, (here t € Lyy; see Deﬁnition. Let H C R, be the elementary
abelian p-subgroup generated by the individual cycles of Aym, and let RY
be the subgroup of the base group B,, consisting of the elements which fix
the last block of size p™ pointwise. With this we describe now a transversal
for the desired cosets.

Firstly, for m € Z>, define Y,,, = {hzn+b: h € H,t € Ly, b € RY }: then
we define recursively

P
Xy =0, Xpm =Y U] Xpm-1li]
i=1

where []0_; X, m-1[i] is the direct product of p copies of the set X,m-1 with
disjoint supports. Finally, for d € ZT, X, is defined to be the direct product
of such sets X;m, according to the direct factors of a fixed Sylow p-subgroup
of &p4. Then the set Xj,_; is a section for the cosets Dz with (A,S,)* NP #
1. This gives a recursive formula for the number of these cosets, as well as
our upper bound for the dimension of Lie™®*(kp). For fixed p, the size of
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X1 is in the order of pp2m where p™ is the largest power of p occurring in
the p-adic expansion of k; hence our upper bound grows exponentially with

k.

We give an outline of this paper. After introducing notation, we reduce

in Section (3 the problem of computing dim(Resg'”’ Lie(pk))ps to that of
computing the number of certain right cosets. In Section [ we study the
Sylow p-subgroup P of &, and we introduce a combinatorial object called
p-composition associated to an element of P. This may be of independent
interest. In Section [5], we obtain a ‘good’ subset containing a transversal
of the right cosets which we wish to parametrise, and proceed to obtain a
transversal in Section [6] We end the paper with a recursive formula for the

dimension of (Resgkp Lie(pk))ps-

We remark that the same general principle has been used in |CT] to
find an upper bound for dim(Lie™**(n)) in characteristic 2, and where
n = 2 (mod 4). They computed explicitly the projective submodules of
Resg” Lie(n), and obtained a recursive formula for the upper bound. How-
ever, it is not clear whether the methods used there can be generalised to
other characteristics. Our results here, when specialised to p = 2, agree with
theirs.

For background on representation theory of finite groups we refer the
reader to [B].

2. NOTATIONS

In this section, we introduce the notations to be used throughout this
paper.
For a,b € Z>p with a < b, let
[a,b] ={x € Z|a <z < b},
(a,b) ={zr €Z|a<xz<b},
[a,b) ={z € Z|a <z <b}.
We denote by &,, the group of permutations of the set [1,n]. For m < n,
we identify &, with the subgroup of &,, fixing (m,n] pointwise.
Let a,b € Zt. For 0 € &, define ol € &4, by
((i — )b+ j)oll = (ic —1)b+j

for all i € [1,a] and j € [1,b], so that ¢!’ permutes the a successive blocks
of size b in [1, ab] according to o. Clearly, the map o — ol is an injective
group homomorphism.
For 7 € &, and r € [1, s, define 7[r] € &4, by
, , (r—1b+jr, ifi=r,
—1b+ =
(= 1Db+j) rir] {(z —1)b+j, otherwise,

for all ¢ € [1,s] and j € [1,b], so that 7[r] acts on the r-th successive block
of size b in [1, sb] according to 7, and fixes everything else. Note that as
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a permutation on the set ((r — 1)b,rb], 7[r] is independent of s (as long as
s > ). As this notation also depends on b (i.e. the degree of the symmetric
group in which 7 lies), we will specify b when it is unclear from the context
what b is.

In addition, define A,7 € Sy by A,m = []7_, 7[i], so that A,7 permutes
each of the a successive blocks of size b in [1,ab] simultaneously accord-
ing to 7. Clearly, the maps 7 — 7[r] and 7 — A,7T are injective group
homomorphisms.

If HC S, KCG&,andre€Z", we write
H = {pll | h e HY,
Klr] = {k[r] | k € K},
ALK = {Agk | k € KY.

We note the following lemma, whose proof is straightforward.

Lemma 2.1. Let 0 € G, and 7 € Gy,

(1) If r € [1,qa], then T[T‘]J[b] = 7[ro].
(2) olPl(A,7) = (Ag7)olt).

Assume n = pk. Given a set partition of [1,n] into k blocks of size p,
we have subgroups D of &,, which are isomorphic to &, x &}, where each
factor acts regularly: the factor & permutes the blocks according to Gy,
and elements of the factor &, act on each block simultaneously, and these
two actions commute. Any two such groups are conjugate in S,,.

Such a group D can be viewed as a subgroup of a wreath product G,16;:

let 6,[5] be the fixed top group; its centralizer in the base group is the
diagonal product A;&,, which is isomorphic to &,, and then one can take

D =178, x 67,

One can equally well take D to be the subgroup A,&; x 61[;“] of 6,16,
with the analogous construction.

3. THE PROBLEM

Assume F is field of characteristic p, and let k¥ € ZT with p { k and let
n = pk. Let D < &,, be a direct product of &, with &, where each factor
acts regularly, as described above in Section 2l The p-th symmetrisation of
Lie(k), denoted SP(Lie(k)), is defined in [ES| §4] as follows. Taking D =
A,S) X 61[5], then SP(Lie(k)) is the right ideal of F'&,, generated by the
element s,@k} Apwy in F'D, where s, = degp o € FG, and wy, is the Dynkin-
Specht-Wever element generating Lie(k). This module is related to Lie(n)
as follows.

Theorem 3.1. [ES, Theorem 10] Assume n = pk where p does not divide
k. Then there is a short exact sequence of right F'G,-modules

0 — Lie(n) — eF'&,, — SP(Lie(k)) — 0
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where e is an idempotent in S, .

As a corollary, we see that Q(SP(Lie(k))) = Lie(n),s (where here, and
hereafter, ) is the Heller operator, taking a module to the kernel of its
projective cover).

Let Ay, be the right ideal of F'D generated by sl[ok] Apwy. Then SP(Lie(k)) =
Indg” A as right &,,-modules. In our context, we prefer to take D of the
form D = ArG), x G,[f]. Then the module Ay has the following description.
The action of Ay&, on Ay is trivial, while that of 6,%)] on Ay is equivalent
to that of &y on Lie(k). That is, Ay = F K Lie(k), the outer tensor product.

Let P be a fixed Sylow p-subgroup of &,,. By Mackey’s formula, we have

Resg" SP(Lie(k)) = Resg" Ind%" Ak
z€D/S,\P
Proposition 3.2.

(1) If (ArG,)* NP =1, then Ind5.p(Ay ® x) is projective.
(2) If (AxS,)* N P # 1, then Ind§.p(A, ® ) has no projective sum-
mand.

Proof. If (ArS,)" NP =1, then A,S, N P*" = 1; we claim that in this
case Res,, p.-1 Ag is projective, so that (1) follows. To prove the claim,
let Q = DN P”_l, then A;,S6, N Q = 1. If R is a Sylow p-subgroup of
ApS,, then all D-conjugates of R lie in A&, since A;pS,, is normal in
D; thus R*N@Q =1 for all d € D. Now, Ay, is by construction relatively
R-projective, so that Ay is a direct summand of Indg U for some R-module

U. Tt follows that Resg Ay is a direct summand of ResgInd? U. But by
Mackey’s formula, Resg Ind? U = Dacr/p\0 Indgde(U ® ). Since RN
@ = 1, each summand Indgde(U ® x) is projective. Thus, Resq Indg U
and Resg Ay are projective.

If (AS,)* NP #1,let 0 € &) such that (Ago)* € (ArS,)* N P. Then
since Ao acts trivially on the entire module Ay, we see that Ind5.p(Ax®2)
cannot have any projective summand. U

In view of Proposition let S be the set of all double coset representa-
tives in D/&,, \ P such that (A;S,)* N P # 1. Then we have
Corollary 3.3. Assume n = pk with ptk. Then

(Resp™ SP(Lie(k)))ps = @) Indfenp (A ® ).
zeSs

The following is the main result of this section.
Theorem 3.4. Assume n = pk with p{k. We have

dim((Resp" Lie(n))s) = (p — 1)(k — )! Y [P: D" N P].
€S
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Proof. Restriction is exact, hence we have a short exact sequence
0 — Resp Lie(n) — Resp(eF'S,) — Resp SP(Lie(k)) — 0.
Since Resp(eF'S,,) remains projective as an F'P-module, we see that
(Resp Lie(n)),r = Q(Resp SP(Lie(k))

= (D OIndfup(Ae 7))
€S

by Corollary To prove the theorem, we show that Q(Ind5.p(Ar ® 2))
for 2 € S is isomorphic to Indb. - p((Q(F) X Lie(k)) ® ) and that Q(F) has
dimension p — 1.

Recall that Ap = F X Lie(k). Since Lie(k) is a projective F'Si-module,
we see that Q(Ag) = Q(F) X Lie(k). Furthermore, Q(F') can be described
as follows: the natural p-dimensional permutation module of F'G, is inde-
composable projective and has F' as a quotient, so that Q(F') is its maximal
submodule, of dimension (p — 1). Moreover, Q(F') remains indecomposable
when restricted to any subgroup of &, of order p. Now, the short exact
sequence

0 — Q(F) X Lie(k) - P(Ax) — Ax — 0,
where P(Aj) denotes the projective cover of Ay, gives the following short
exact sequence

(*) 0 — Indb.qp((UF) K Lie(k)) ® ) — IndPeqp(P(Ar) @ z)
— IndB.p(Ar ® ) — 0.
Let 1 # o € &, such that (Ago)* € (ArS,)* N P. Then (Ago)* acts
trivially on Lie(k), and Q(F") is indecomposable as a module for (Ago) (as

Ao has order p) and has dimension (p—1). It follows that Ind5.p((Q(F)X
Lie(k)) ® ) has no projective summand. Thus, from (x), we see that

Q(IndB.rp(Ar @ ) = IndBep((QUF) K Lie(k)) ® z)
since Indb.p(P(Ag) ® ) remains projective. Hence
(Resp Lie(n))ps = @) Ind e p (F) B Lie(k)) © )
zes
and the theorem follows. O

Corollary 3.5. We have
dim((Resp*” Lie(kp))ps) = (p — 1) (k — DN,
where N is the number of cosets Dx such that (ApSp)* NP # 1.

Proof. Using Theoremwe must show that N = N’ where N' = [P
DY N P]. The index [P : DY N P] is equal to the size of the P-orbit of Dy in
the coset space (S, : D), so it is equal to the number of cosets Dx contained
in DyP.

Write D1 = ApS,. If a coset Dz is contained in DyP then DY N P is
P-conjugate to DY N P and hence DY N P # 1 if and only if Df N P # 1.
Conversely if Dz is a coset and DY NP # 1 then Dz is contained in one of
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the double cosets counted for N/. We sum over all such double cosets, and
hence N is equal to the N’. O

Corollary [3.5] suggests that we should proceed by parametrising the right
cosets Dx such that (A;S,)* NP # 1.

4. SYLOW p-SUBGROUPS OF SYMMETRIC GROUPS

The Sylow p-subgroups of G,, are direct products of iterated wreath prod-
ucts of cyclic groups of order p. We begin this section with the analysis of
these building blocks.

From now on, we denote the distinguished p-cycle (1,2,...,p) of &, by
.

Definition 4.1.

(1) For each i € Zxo, let R; be the subgroup of &,i+1 generated by
{zP | j €[0,i]}. For convenience, let R_; = 1.

(2) For each 7 € ZZ(], let B; = Rifl[l] X Ri,1[2] X -0 X Rifl[p]. For
convenience, let B_1 = (.

(3) And for each s € Z7, let Hy = [[_, (n[a]).

Note. For each i € Z>o we have R; = B; x <7T[pi}>, and, as a group, R;
is isomorphic to Cp 1 Cp---21Cp. Also, Hyi is a subgroup of B;, and it is
—_———

(i+1) times
normal in R;.

As a next step, we present a ‘canonical form’ for elements in R;. Let
g € 6,,. We say that a subinterval (a,b] of (0, n] is g-irreducible if and only
if ¢ stabilises (a,b] but does not stabilize (a,d’] for any o’ with a < a’ < b.
In other words, (a,b] is g-irreducible if and only if g stabilises (a,b], and
(a,b] as an ordered set does not have any g-invariant order ideals. Clearly,
the set (0,n] is a disjoint union Ui (aj—1, a;] of g-irreducible subintervals,
and g = [[;_, g; where g; is supported on (a;-1, a;].

Below we will describe this factorisation explicitly for elements of R;. At
the same time, we wish to keep track over the supports of the factors; and to
label these and we will use the intervals. An example may be found below.

Proposition 4.2. Suppose that g € R;, and let 0 = ag < a1 < -+ <
as = p'tt be such that (aj—1,a;5] is a g-irreducible subinterval for each j
(1<j<s). Then

(1) aj —aj—1 is a power of p, dividing a;, for all 1 < j < s;
(2) g =1TI;=1vlaj/(a; — aj—1)] with v; € Ry, —1 \ Bm;—1, where p™i =
aj —aj_1, forall1 < j <s.

Proof. We prove both statements by induction on i. When ¢ = 0, then
either g = 1, in which case s = p and a; = j for all 0 < j < s, or else
g = m' for some t € Z,, in which case s = 1 and so a; = p. It can easily
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be checked that both statements hold in either case. Assume thus 7 > 0.
The statements are trivial when s = 1. When s > 1, then g € B;, as
otherwise g € B;(wlP')* for some t € Z,, and then g would not stabilise
(0,a1]. Thus, g = H§:1 gjlj] for some gi,g2,...,9p, € Ri—1. Hence there
exist 0 = jo < j1 < --- < jp = s such that aj, = rp® for all » € [1,p].
For each r € [1,p] and w € [0,j, — jr—1], let bru = aj,_ 140 —aj,_, =
Ajp_4u— (7“— 1)pi. Then 0 = br,O < bT,l <K bT,jr—jr71 = Qj, —Qj._; = pi
and (byy—1, by] is stabilised by g, while (b ,_1, ] is not stabilised by g, for
all o’ with by,—1 < < by,. By induction, we conclude that by, — by,—1 is
a power of p, say b, — by y—1 = p""*, and p""v divides b, ,. Furthermore,
gr = HZ[:}JT_I ’Yr,u[br,u/(br,u_br,u—l)] with Yrou € RmT,u—l\Bm,«,u—l forallu €
(1, jr — jr—1]. Since b, ,, < p’, we see that by, — by y—1 divides by, + (r —1)p'.
But by — bru—1 = aj,_y4u — @j,_y+u—1 and byy + (r — 1)p" = aj, 14, and
hence we proved (1). Part (2) also follows when we define v; as v, ;—j,_, if
j € (jr—l,jr}'

Example 4.3. Let p =3, and let g € By C Ry = (m, 7r[p],7r[p2]), with

3
9= H gili]
i=1

where g; = 7!, g, is the product of three disjoint non-trivial powers of T,
appropriately shifted, i.e. go = n*1[1]n"2[2]x*3[3] with t; € Zj for all 4, and
g3 = (7P1)2. Then

ap =0, a1 =p*, az =p*+p, a3 =p* +2p, as = 2p*, a5 =p°.

The normal form for g is then

g =[] 7 p + 1] - w"[p + 2] - 7" [2p] - (x"))?[p].

We are mainly interested in the elements of R; having order p. For such
elements, the 7;’s appearing in Proposition are conjugate to shifts of
powers of the generators of R;. This is in fact true in a more general setting,
which we present below.

Proposition 4.4. Let G be a group of the form G = R (y) where y has
order p, with base group B. Let t € Z,. Then the conjugacy class of y
contains precisely the elements of G having order p and lying in the coset
Byt.

Thus, the elements of G'\ B having order p are just the various conjugates
of yt for t € Ly,

Proof. 1t suffices to prove the proposition for ¢ = 1 since y' also generates
the group (y). Let C be the conjugacy class of y, and let I' = {g € By | ¢
has order p}. It is easy to see that C' C I'. For the converse, we show that
every element of I' is conjugate to y by a unique element of B’, where B’
is the direct product of p — 1 copies of R, say B = Rx ---x Rx 1 C B.
Let g = by € T, where b € B. Then g = b(¥b)(¥’b)--- (" 'b) (where
®p = gbz~!). If b = (r1,...,7) then the coordinates of gP are the cyclic
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permutations of 717y .. .7,. Hence g? = 1 ifand only if rp, = (ri72. .. rp_l)*l.

This shows that given r1,...,r,—1 € R there is a unique such g of order p.
Hence |T'| < |RP~. The set A := {(/)"yb : ¥/ € B’} is contained in
', and has size |B/| = |R|P~! since the centraliser of y in B’ is trivial. It
follows that A =T, and g = (b') " 'yb’ for a unique ¥’ € B’, and the proof is
complete. O

Corollary 4.5 (of proof). Keep the notations in Proposition and its
proof. Every element of G\ B having order p can be uniquely expressed as
(y")® with b € B and t € L.

Take g € R; in the normal form as given in Proposition We have seen
that each irreducible subset of the support of g has size some p-power. We
want to keep track of these sizes. In Example the sizes are

(»*, p, 0, p, 1)
It suffices to label these by the exponents of p, as

(2,1,1,1,2).
This suggests the following definition.

Definition 4.6. A p-composition A = (A1, A2, ..., ;) is a finite sequence of
non-negative integers such that for each j € [1, s], the partial sum  7_; phi
is divisible by pi.

Let A = (A1, \2,...,As) be a p-composition. For each j € [1,s], we will
denote these partial sums in the following by

J

E;‘ = ZpAi.

i=1
IfFy? pM = r, we say that \ is a p-composition of r.
Exzample.

(1) The only p-composition of p° (= 1) is A = (0). More generally, when
r < p, the only p-composition of p” is A = (0"), the composition with
r parts, each equal to 0.

(2) There are exactly two p-compositions of p! (= p), namely (0P), the
composition with p parts, each equal to 0, and the composition (1).

(3) Examples of p-compositions of p? are (2) and A = (17). There are
many more; by Lemma (see below) we may substitute for each 1
in A the p-composition (07), and this gives us refinements of \.

(4) More generally, (m) and A = ((m—1)P) are examples of p-compositions
of p™, and replacing any of the entries m — 1 in A by p-compositions
of p~! produces a p-composition of p™. We will see in Proposition
that every other p-composition of p™ is obtained in this way.

(5) If (A1, A2,...,As) is a p-composition of r, and A; > 0 for all i, then
(M =1, —1,..., s — 1) is a p-composition of r/p.

(6) If \is a partition (that is, a finite decreasing sequence of non-negative
integers), then \ is a p-composition.
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Lemma 4.7. Let g € R;, and let 0 = ag < a1 < --- < as = p'T! be such
that each (aj—1,a;] is g-irreducible. For each 1 < j <s, let aj —aj_1 = P
Then (M1, Az, ..., \s) is a p-composition of p'*'.

Furthermore, \i > 0 for all 1 < i < s if and only if g is fived-point-free.
If so then (A — 1, \a — 1,...,\s — 1) is a p-composition of p*.

Proof. The first assertion is a reformulation of Proposition [.2(1). Further-
more, Proposition (2) shows that the fixed points of g are precisely those
a; such that a; —a;—1 = 1, so that (2) follows. O

Definition 4.8. Let A = (A1,...,As) be a p-composition. A refinement
of A is a finite sequence p = (u1,...,p,) of non-negative integers where
there exist 0 = ip < i3 < ia < --- < ig = r such that for each j € [1,s],
(Bij_y+1, Bij_1+2, - - -5 Mi;) 18 @ p-composition of P

Lemma 4.9. A refinement of a p-composition is a p-composition.

Proof. Let p = (u1,. .., ) be arefinement of a p-composition A = (Ag,..., As).
Thus, there exist 0 = ig < i1 < i < --- < i5 = r such that for each j € [1, 5],
(Mij_y 41, Mij_y 42, - - - Hi;) i a p-composition of pY. Let u € [1,7], and let
v be such that u € (iy_1,4y]. Then Y ;' pti = Zf:_ll pM o+ Dimiy 1 P
Since (fti,_y+1,---,Mi,) is a p-composition of p*v, we see that pt« divides

u ; by T v \; v—1 _\;
> i,y 41 DM Furthermore, as p*v divides ) ;_; p*, and hence } ;=) p™,

so does pHv (as ptv < ZZ”ZZ-UA L1 pM = p*). Thus p* divides >_;* | p, and

we are done. O

Definition 4.10. Let r € Z*, and let r = 3i_ a;p'™" be its p-adic ex-
pansion (where ¢ is the largest positive integer satisfying p! < r). The
p-composition (t%, (¢t — 1), ...,(0)*) with ag parts equal to ¢, a; parts
equal to t — 1, and so on, is called the p-adic p-composition of r.

Proposition 4.11. Let r € Z". Every p-composition of r is a refinement
of the p-adic p-composition of r.

Proof. Let A = (A1,...,As) be a p-composition of r. The statement is clear
for s = 1, and by induction, (A1,...,As—1) is a refinement of the p-adic
p-composition of ¥} ;. Observe that p*s | £} = r. Let 25:0 a;p'™" be the
p-adic expansion of r (with ag # 0), and let u be the largest integer such
that a, # 0 (equivalently, u is least integer such that p'~* divides r). Then
u <t — Ag, and hence,

2?-1 =r— p>‘s

u
t—1 As
=§ ap"—p
1=0

u—1
=D ap' ™ (e -1+ Y (-1
=0



THE LIE MODULE OF THE SYMMETRIC GROUP 11

is the p-adic decomposition of E;‘_l. Thus, there exists v € [1,s) such that

(M,...,Ay) is the concatenation of ag p-compositions of p', ..., a,_1 p-
compositions of p!~**1  (a, —1) p-compositions of p!~%, while (Ays1,...,\s)
is a p-composition of p'~%, and we are done. O

Proposition 4.12. Let m € Z*, and let A\ = ()1, ..., \s) be a p-composition
of p™. If s > 1, then X is a refinement of ((m — 1)P).

Proof. We prove that for u € [0, p], there exists i, € [0, s] such that Eg\u =
up™ 1. This is clear for u = 0, where i, = 0, and u = p, where 4, = s. For
u € (0,p), we may assume that we have already found i, € [0, s] such that

¥ = (u—1)p™ L Let t be the largest index such that ¥} < up™~!. We

tu—1
claim that E? = up™~! (then we take i, = t). Suppose the contrary that
Z? < up™~ 1. Since X is a p-composition, we have p*+1 dividing ZZ\H =
Y} +pM+1) so that pM+1 divides ¥7. Since s > 1, we have \; < m — 1 for all
i € [1,s]; in particular, \;11 < m — 1, so that pM+! | (u — 1)p™m~! = E'?\ufl'

Therefore p*+1 divides E?—El’-\u_l, say E?—Eg\u_l = cp’+1 with ¢ € Z. Since
Y} =¥ < p™ 1 we have ¢ < p" 1M+ g0 that 41 < p™ 1M+, Thus

Tu—1
ZZ\_H = (EZ\ _ Eg\u_l) + E’f\u—l +p)\t+1 = (C + 1)p/\z+1 + (u _ 1)pm—1 < upm—17
contradicting the maximality of ¢. O

Recall that R; is an explicit Sylow p-subgroup of &1, with support
[1,p""1]. We will now fix an explicit Sylow p-subgroup of &,,. Suppose k
has p-adic expansion

k=app'+aip™ + -+ a1p+ a

with a; € [0,p), and where ap # 0. Then a Sylow p-subgroup of &,
is isomorphic to the direct products of a; copies of R; for i € [0,t], with
disjoint supports. We choose our Sylow p-subgroup P of &, by taking first
ap copies of Ry, then a; copies of R;—1 (if a3 # 0), and so on.

We illustrate this by an example.
Example. Let n = pk = p* + 2p® 4+ p with p > 3. We take P with orbits
LpY, Nt 40" ' +0% 0t + 2], (" + 20% 0"+ 20° + ).

The first factor of P is R3. The second factor is a shifted copy of R, acting
on the next possible block of size p®. The support of the first factor R3 is a
p-block of that size, i.e. [1,p?]; therefore the second factor must be Ra[p+1],
with support (p*, p* + p®]. Repeating this argument we get

P = R3[1] x Ra[p+ 1] x Ra[p+ 2] x Ry[p® + 2p* +1].

Notice that the numbers p*, p* + p?, p* +2p3, p* + 2p3 + p are precisely the
partial sums sums pXf of the p-adic p-composition x = (3,2,2,0) of k.

The support of the second factor is shifted by X /p"2, and the support of
the third factor is shifted by ¥5/p"3 (note that ko = k3 = 2). Finally the
support of the fourth factor is shifted by Xf/p™ = Xf = k.

The following gives the precise description of this choice in general.
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Definition 4.13. Denote by x = (K1, ke, ..., k;) the p-adic p-composition
of k, and let P be the Sylow p-subgroup of &, chosen as follows:

P=P X P, x---xX P,

where P; = R, [XF /p"i] for all i. That is, the i-th factor P; is a shifted copy
of Ry, with support being the interval (pXf ;, pXF].

Note. By our choice of P, the group R;[j] is contained in P if and only if
1< <k/p.

Notation 4.14. In what follows, we will frequently have expressions of the
form Hi:l x;[ X /pti] and Hi‘:l A;[3F /p"i] where for each i € [1,1], z; and
A; are respectively an element and a subset of &,x;+1. Most of the time, the
details of the shifts do not play a role. We will therefore use the shorthand

notations
H z; and H A;
K K

to denote these expressions.

Similarly if A = (A1,...,As) is a p-composition then we write

[T = TTw=/p)
A i=1

(where z; € G 41).

5. FINDING RIGHT COSET REPRESENTATIVES

We will now analyse the right cosets Dz such that (AyS,)* NP # 1, and
where from now, P will always denote the Sylow p-subgroup of &, as in
Definition Our aim in this section is to find a good subset X; C S,
such that

o (ArS,)Y NP #1 forall y € Xy;
o if (A;r6,)" NP # 1, then there exists y € X}, such that Dz = Dy.

When (Ar&,)* NP # 1, this is a non-trivial p-group conjugate to a
subgroup of A&, and hence it is generated by a fixed-point-free element
y of &, of order p. Clearly we can replace x by elements of the form dx for
d € D without altering the right coset Dx. Taking d suitably in A&, C D
will allow us to have y = (Agm)* in P. Such z takes orbits of Agm to
orbits of ¢, and the order in which these orbits appear can be controlled by

modifying with d € 6%’]. The following makes this precise.

Proposition 5.1. Let  and P be as in Definition[{.15 Let x € Sy such
that (Ax&,)* NP # 1. Then for each r € [1,1] there exists v, € & 41 such
that

° HH T € Dx;
[ ] (Apﬁ'rﬂ-)xr 6 R,{T.
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Proof. Let 1 # y € (Ar6,)* N P, say y = (Arg)® for some p-cycle g € &,,.
Then g = 77 for some 7 € &p; and by replacing « with (Ax7)z € Dz we
may assume g = T.

Since y € P = P, X --- X P, we have y = Hf":l Yy where for each 7,
Yr € P = Ry [SF/p"). As [T vr = (Apm)® = [, (x[i])*, there exists
o € 6 permuting the cycles of Agm such that, for each r € [1,1], we have
H?:Txffﬁl mlio]® = y,. Recall that Hle wlio] = (Akw)"[p], so by replacing
z with oPlz € Dz, we may assume that

((Aprrm)[E7 /D))" = yr € Pr = Ry, [57/p"™]
for all » € [1,1]. Thus = preserves the orbits of P and we can write z =
lezl zr, where z, € G, +1[X7 /p™] for all 7, and y, = ((Aper ) [E5 /D))"

The proposition follows by defining ;- to be the element of &,x,+1 such that
(S /phr] = 2. O

This shows in particular that we can take x so that it respects the direct
factors of P. We have the following refinement, which concentrates on a
fixed factor of P. The proof is analogous to that of Proposition [5.1

Proposition 5.2. Suppose that (Apmm)* € Ry, for some x € Symi1. Then
there exist a p-composition X = (A1, Aa,...,As) of p™, and elements z, €
&, for all v € [1, 5] such that

o [[z, € 6[;1 z;

° (Ap/\rﬂ')xr S R)\T \ B)\T.

Proof. By Proposition .2 and Lemma [£.7] there exist a p-composition A =
(A, A2y ..., Ag) of p™, and elements v, € Ry, \ By, for r € [1,s], such that

(Apm7)® =T], ¥». Thus there is some o € &,m such that (H?jEA . wlio])*
—r—1

[p]

v [8} /p*r] for all # € [1, s]. By replacing z by oPlz € Spm T, We may assume

that
(Ap T[S /) = 2 [22 /)
for all r. Thus = = [];_, zr, where z, € & r+1[S}/p’"], and

W(Z0 /o] = (Apm)[Z) /]
The Proposition follows by defining x, to be the element of &, +1 such that
. [8)/pM] = 2. O

We now find good coset representatives for these z,, and we start by
defining distinguished elements which will conjugate Apm to (mlP™ It

Definition 5.3. For t € Z;; and m € Z>, define 2,1 € Sym+1 by

(= Dp+)eme =i+ (G —1)p™ (i <p™,j<p).

Here, and hereafter, given an integer x, we write T for the residue of z
(mod p) with 0 < T < p.
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For example, if m = 0 then zp; normalizes the group () (see Lemma
below), and zp; = 1.

Note. It will be convenient to describe z,,: by making use of the natural
faithful action of &,, on standard tableaux. We take tableaux with p"* rows
and each row of length p, i.e. of shape (p?"). Then Zm,1 is the element of
Spm 41 which sends the tableau

1 2 - p 1 p™+1 - (p—1)p™+1
p+1 p+2 - 2p 2 p™42 - (p—1)p™+2
. . . to . . .
p"—p+1 pm—p+2 - pm Tl p"ﬂ 2;;’” pm.'H

We denote the first tableau by T, and the second one by T, and we will use
these notations later.

In general, z,,; sends T" to the tableau

1 tp™+1 - (tHp—1))p™+1
2 ™42 - (t(p—1))p"+2

p™ ((H1)p™ - (Hp—1)+1)p™
which is obtained from T by permuting the columns according to 20,t-

Lemma 5.4. Let 2,4 be as above.

(1) We have w[i]*™t = (i,p™ +14,...,(p—1)p"+1i)* fori € [1,p™]. Thus,
(Apm)zmt = (7lP"1)r.
(2) For s,t € Zy, we have (Apmz04t) - Zm,s = Zm,ts-

Proof. For the first part, consider the tableaux T" and Tz, ; above. The rows
of T are the cycles of Aymm, and the rows of Tz, are the cycles of (7Pt
The standard formula for conjugation gives the statement. The second part
follows from a direct verification using the definition of 2z, ;. O

We still concentrate on a factor R,, of P. When A,n7 is conjugated,
we need to take care of its centraliser in &,m+1. This is the group Hpm x

6[5]” (and this explains why in the following the group GI[leL appears). In
particular we should expect factors from Hp» occuring as well.

We denote by R the subgroup of B, consisting of elements which fix
the last block of p™ elements pointwise, i.e.

RY, =[] Bm-1lil
=1

Proposition 5.5. Suppose that (Apm7)® € Ry, \ By, for some © € Gpymia.
Then there exist unique t € Zy,, h € Hym and b € RV such that

hzm b € Gl[,pjn x.

Proof. Since (Apmm)® lies in R, \ By, and has order p, we apply Corollary
Hence there exist unique t € Z3 and b € R}, such that (Aymm)* = (w11,
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Thus
]

By = (")) = (B,

and so zm,tbx_l lies in the centraliser of Apmm in &pm+1, which is Hpm x GI[,pn]q.

Hence, there exists a unique h € Hpm such that hz,, ;b € 61[)p7]n x. O
Propositions and [5.5] suggests the following definition for the de-
sired coset representatives.

Definition 5.6. Let d € ZT. For a p-composition X = (\q,...,\s) of d,
define

Xy :={n][(zr.t,br) | h € Hy, t, € Z3, by € R} for all 7 € [1, 5]}
A

and then set

Xd = U X)\.
A
For m € Z>, we define the subset Yy, of &,m+1 by

Y = {hzmsb | h € Hym, t €73, b€ R }.

m

For example Yy = {hzo, : h € (), t € Z,} which is the normaliser of (r)
in &,. We have also a recursive description:

Lemma 5.7.
(1) Let m € Z>o. Then
P
Xpm = Yo U [ [ Xpma [i]
i=1

(disjoint union, and where X,—1 =10)).
(2) Let k € Z*, with p-adic p-composition k = (k1,...,k;). Then

X =[] Xpi-
K
Proof. These follow from Propositions [£.12] and [£.11] and Lemma [£.9] O

We can now state the main theorem of this section.

Theorem 5.8. Let P be as in Definition [{.13. Let v € &y, such that
(ArSp)* NP # 1. Then there exist xg € Xy, such that xg € Dzx.

Proof. This follows from Propositions and and Lemma [5.7/(2).
O

We note that the converse of Theorem [5.§ also holds.
Lemma 5.9. We have (Ar6,)Y NP # 1 for ally € X,

Proof. By the definition of the 2y, ;, , the conjugate (Ajm)Y belongs to P. [
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6. UNIQUENESS

We have seen in the previous section that (AyS,)Y NP # 1 for all y € Xy,
and if (A;S,)* NP # 1, then there exists xy € X}, such that Dz = Dx.
However, zg need not be unique. For example, instead of zg, one may choose
(Agm)xo which also lies in Xj.

In this section, we will construct a subset of X which contains a unique
element from each right coset Dz satisfying (A;S,)* N P # 1.

We begin with the observation that such a subset can be chosen to be
contained in Xj_q.

Proposition 6.1. Let k € Z" with pt k. Then X;_1 C Xy. Furthermore,
if x € X, then there exists y € Xy_1 such that Dx = Dy.

Proof. Let k = (K1, K2,...,K;) be the p-adic p-composition of k. Since p 1 k,
we see that x; = 0, and (k1, ..., K;—1) is the p-adic p-composition of (k —1).
Thus, Xj, = X,—1 x X1[k] by Lemma [5.7/(2).

The first assertion now follows as 1 (= zp 1) belongs to Xj.

For the second part, we have = a - 2'[k] where a € Xj,_; and 2’ = hzo,
with h € Hy and ¢ € Z,,. Let u be the inverse of ¢ in Z,. Then 2g,, is the
inverse of zp; by Lemma (2) Define y := Ak_l(zo,uh_l)a. Then y € Dx
since Ag (20,0~ ') € D and

Ak(zoﬂh*l)ac = Ak_l(z(),uh*l)a . (zoyuhflx/)[k] =.

Furthermore, y € Xj_1; to see this, note that Ay_jz0, normalises Hj_;
and use Lemma [5.4](2). O

Before we continue, we make the following observation:

Lemma 6.2. Let m € Z>o, and let k € Z* with p-adic p-composition
(K1,-..,k1). Then

(1) S NI, Spmli] = T2 6@_1[@];
2) 6P NI, Sy =11, 6[”] .

Proof. Note first that 6[p | consists precisely of the permutations of & m+1
which, in the natural actlon, induce row permutations on the tableau 7.
Suppose that P! € [[}_, &pm[i] for some ¢ € Gpm. Then /P! leaves each
successive block in [1,p™1] of size p™ invariant. Thus, on the tableau T,
olPl leaves each of the p sub-tableaux consisting of p™ 1 successive rows

of T invariant setwise, so that o) € T[?_, 6[5,7]1_1[1']. This shows (‘51[)’)7],1 N
T2, Spmli] C [T 6[pm 1[?]. The converse clearly holds, since GEJTL,l -
Spm and

P

[Tex 1= H6m1 c el

i=1
This proves part (1). Part (2) is sumlar. O
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Proposition 6.3. Let k € Z* such that p { k, with p-adic p-composition
k = (ki,K2,...,K1). For each i € [1,1), let z;,y; € Xpri. Let 2 = yp = 1,
and let x =[], x; and y =[], yi. The following statements are equivalent:

(1) 6[]3} ST = Gp Jyi for alli € [1,1);
) 6P = ofy;
(3) Dz = Dy.

Proof. (1) = (2) and (2) = (3) follow from the fact that
[p] [p]
[[er cecp.

K

(3) = (1): Suppose that Dz = Dy. Then there exist 0 € & and 7 € &,
such that

(*) U[p](AkT)H%':Hyi.

This gives

olPl = l_I(nyZ ApsiT) ) € H Sritt,

so that olPl € HHG[pﬁ}i by Lemma (2) Thus, for each i € [1,I] there

exists 0; € Gy such that o) = [, aip}. Putting this into (x), we get, for
all i € [1,1],
[p]

When ¢ = [, we have o7 = 1 since k; = 0, and hence 7 = 1, since x; = y; = 1.
Thus, we have, for i € [1,1),

(Ame)xi = Y;.

Yi = O'Z[p}ib‘i IS Gﬂixi.
O

In view of Proposition our problem reduces to determining the nec-

essary and sufficient conditions for GETL:E = GLpJﬂby where z,y € Xpm

Recall that Xpm is a disjoint union of Y, and [[}_; X,m-1[i] (Lemma
[.7(2)). We consider these two sets separately.

Proposition 6.4. Let m € Z* and for each i € [1,p], let x;,y; € Xym—
The following statements are equivalent:

(1) 6L (T, 2ili]) = S (T2, wili).-
(2) GLpi_lxz = & Ly, for alli € [1,p].

The proof of this is straightforward, using Lemma (1) It remains to
consider the right cosets 6[’)] x where x € Y,,.

Proposition 6.5. Let m € Zx>o. Suppose that there exist v € X,m and
y €Y, such that 6[}1]”3: = G[Zﬂny Then x =y.
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Proof. We have y = 7lPlz for some 7 € Spm. Since y € Y,,, we have
(Apmm)Y € Ry \ B, and since 7P centralises Apm7m we have

(Apmﬂ')x = (APMTI')y € Rm \ Bm

We claim that 2 € Y;,. If not, then € [],_; X m-1[i] C [[7_; Spmli], say
@ = [T x[i], and then (Apmm)® = [T (Apm-1m)"[i] € TTE_, Spmli], a
contradiction since (R, \ Bm) N[, Spmli] = 0. Thus z € Yy, and hence
x = y by the uniqueness result of Proposition O

Theorem 6.6. Let k € Z© with pt k. Then Xj_1 is a transversal of the
right cosets Dx satisfying (ApSy)" NP # 1.

Proof. This follows from Propositions and O
Corollary 6.7.

(1) Let m € Zxo, and let ay, = | Xpm|. Then ap, satisfies the following
recurrence relation (where a_1 =0):

(2) Let k € Z" such that p t k, with p-adic p-composition (k1,...,K;).
Then the number of right cosets Dz such that (ApSp)* NP # 1

equals HZ L,

Proof. From the uniqueness of Proposition we have

Youl = [Hym || Zg || Ron—a [P = p*" 71 (p = 1)

pMm—1

(note that |Rp,—1| = p = ). The corollary thus follows from Lemma

-(1 2) and Theorem [6.6] O

From Corollaries [3.5 and [6.7, we have

dim((Resp Lie(kp))ps) = (p = 1)(k = )] T ax,

where (K1, ..., k) is the p-adic p-composition of k. Since

-1 o %
[Tas =au>p (p—1)>pr (p—1)
=1

(note that p™++1 > k), we see that H '_1 G, and hence dim((Resp Lie(kp))pf),
grows exponentially with k.

Remark. Selick and Wu [SW2] computed explicitly Lie™**(6) and Lie™**(8)
in characteristic two. In particular, they showed that Lie™**(6) has dimen-
sion 96, which is also the upper bound computed by our recurrence formula.
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