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Convex quadratic semidefinite programming (QSDP)

S" = {n X n symmetric matrices} with inner product X e .S = trace(XJ5).

(P) miny X e Q(X)+CeX
AX) = b, X =0,

Q : 8" — S"is a given self-adjoint psd linear operator
A 8" — IR"isalinearmapst. AX)=[410X,..., 4, ¢X]".

Problem dimension: 7 = dimension of X; m = number of constraints.
Assume 1 < 2000, m < 5000.

(D) maxy,z —3X e Q(X)+b'y
Ally)—QX)+2Z = C, Z =0,

Al IR™ — 8" is defined by ATy = >7" yr Ay
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Applications

Semidefinite least squares problem: given K € §", solve
(SDLS)  min{[|£(X) = L(K)[|lr : A(X)=b, X = 0},

where £ : 8" — S" is a given linear operator.

Special case: Nearest correlation matrix problem

(NCM)  min {[|L(X) — £(K)|lr : ding(X) = ¢, X = 0},

Often Q(X) = LTL(X) =Qo X = diag(vec(Q)) vec(X). The matrix representation of
O w.r.t the standard basis of S™ is a diagonal matrix.

e Nearest Euclidean distance matrix problem [Alfakih et al]
e Compliance estimation in deformable object modelling [Krislock]
e Correlation stress testing for value-at-risk [Qi,Sun]

e Inverse quadratic eigenvalue problems with partial eigenstructure [Bai,Chu,Sun]



Related Work

(QSDP) is a generalization of a linearly constrained convex QP:
1o T
(LCCQP) min 5% Qr+cxz: Ar=b, z>05.

[Bergamaschi et al, 04| proposed preconditioners for the KKT systems arising from IPM for
LCCQP. Given a primal-dual iterate (z, ¥, z), the KKT system is given by:

—diag(z)ldiag(z) — Q AT
() y 0

Key difference: KKT systems for LCCQP is sparse if () and A are sparse.
KKT systems for QSDP is dense even if Q and A are sparse.

Focus of this talk: how to solve large dense ill-conditioned KKT systems arising from IPM

for QSDP.



Perturbed optimality conditions

Assumption: A is surjective; (P) and (D) are strictly feasible.

—-9(X) + Ally) + Z = C, Z=0
A(X) =b X=0
XZ = v

)

parameter v > ( is to be driven to 0 explicitly.
The set of solutions {( X", y”, Z”) : v > 0} is called the central path.
As v | 0, it converges to an optimal solution (X™, y*, Z*) satisfying X*Z* = 0.



A primitive primal-dual path-following IPM

Central Path

Primal—dual
feasible
(AX, Ay, A Z) region

Optimal solution

Polynomial iteration complexity of such IPM for QSDP has been established by Kojima et
al. by treating it as a monotone SDLCP.



Newton system

At each IPM iteration, given current iterate (X, y, Z) with X, Z > 0, let W (dense!) be
the scaling matrix satisfying W XW = Z, compute the search direction from the Newton

system:
—Q(AX) + AT(Ay) + AZ = Ry = C—Z— ATy + Q(X)
A(AX) = R, = b— A(X)
W @ W(AX) Y AZ = R = vX'-2,

where v > ( is the barrier parameter.

Note: dim(W & W) = n? x n?.



Computation of search directions (AX, Ay, AZ)

(a) Eliminate AZ, solve the following KKT system:

n: | —-WeQW — AT AX
(KKT) < = rhs,
m A 0 Ay
B dense!

For n = 1000, dim(B) > 10°!

e Impossible to solve (KKT) by direct methods for n > 100, iterative solver is the only
choice.

(b) Further eliminate A X, solve the m x m Schur complement equation:

(SCE) AW oW +9) 'A" Ay = rhs

M (m X m dense!)

e For a general Q (even diagonal ones), computing (W @ W + Q)~! need ©(n") flops, so
(SCE) is not viable!



Partitioning the KK'T matrix B

Consider the eigenvalue decomposition: W = PDP?. Then
WeoW = PDPL, withP=P®P, D=D® D.

For (X", y", Z") on the central path with X”Z" = vI and v < 1, the diagonal entries of
D must separate into 3 groups with orders v, 1, 1/v:

D — diag(Dy, Dy, Ds),  where
diag(Dy) = O(v), diag(Ds) = O(1), diag(Ds) = O(1/v).
Let Q := PTQP, A = AP. Partition P, A and Q according to that of D = diag(D;, Ds, D3):
P =[P, Po, Ps], A=A, Ay, A3, Qi =ProP;, i,j=1,2,3

P —(D+Q) AT [ PT
I A 0 I

Later: construction of preconditioners and analysis are based on these partitions in the

Note that

B:

middle matrix.



Conditioning of 5” along the central path

Let
X5 7" = lin%)X”,Z’/.
73*,;1*,@* = liH(l)P”,le”, o

Partition P*, A*, Q* as before.

Assume that the optimal solution (X™*, Z*) is strictly complementary (X* + Z* - 0),

X* is said to be primal non-degenerate if [A%, A% has full row rank.

Theorem: ||B”|| > O(1/v)asv | 0.
Suppose Q% > 0 and X* is primal non-degenerate. Then [|(B”)"!| = ©(1).

B is ill-conditioned with condition number > O(1/v) as v | 0.
I3 is dense, and cannot be stored = difficult to construct preconditioners based on many

existing techniques.



Preconditioner I: “Block diagonal” preconditioner

Recall (1,1) block of B = —P(diag(D;, Dy, D3) + Q)PT. Consider
:I:Pdiag(Hl, Hz, Hg)PT 0

+ — — 3

0 M

where H; is a pd approximation of D; + éjj, and M is a pd approximation of M.
Theorem: Suppose there exist constants g, @ > 0 s.t.
ol X H}, My, M" = 5I, Dj = Hj

Suppose Q7; > 0 and X* is primal non-degenerate. Then there exist constants
C1,Ca,C3,C4 > 0 s.t.

eig((®7)'BY) C [~c1, —ea]Ues, i) V v < 1.

Weaker asymptotic result for eig((®”)~1B"), but ®_ performs better in practice!



Example 1

QSDP arising from finding the nearest correlation matrix of K with Q(X) = Qo X.

Data generation: Let 3 be an n x n random correlation matrix with Ay (2) = 1.
Set ' = X + unit random.

Set ) = n X n symmetric nonnegative random matrix.

Take Hy = Dl—l—HQHI, Hy = D2+||QH[, Hs = D3, M = 1,.
Spectra of B” and (%)~ 'B for v =~ 1077,
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Preconditioner 11

—Pdiag(Hy, Ho, H3)PT AT
A 0 |’

H,; must be easy to invert so that (1,1) block is easy to invert.

Theorem: Suppose there exist constants g, @ > 0 s.t.
ol X H{, Hy =X oI, Dy =X Hi.
I é’{l >~ 0, then there exist constants 0 < ¢; < 1 < ¢3 s.t.

eig((V")'B") C [e1,¢9] V v < 1.

Note: non-degeneracy conditions are not needed. But 2 times more expensive to evaluate
compared to ®..



Take
Hi = D1+HQHI, Hy = D2+”Q“], Hs = Ds.

Spectra of B” and (U”)"!B" for v ~ 107" in Example 1.
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Efficient computation of &7 X:y], U7Xy

Depends on:

(1) The block diagonal matrix H := diag(H1, Hz, H3) must be easy to invert so that (1,1)
block (= PHP?) is easy to invert.

(2) Computational cost of Schur complement S = APH 1P? AT must be moderate.

(1a) Consider the choice H; = H;® H such that || D;+ Qi — H{® H1||p = min; similarly
for Ho, Hs.

(1b) Consider the diagonal approximation: H = D+ diag(Q). Computing diag(Q) need at
least @(n4) flops even if Q is diagonal! Fortunately, when Q is diagonal, we can compute
a good approximation of diag(Q) in 4n? flops.

(2a) Computing S = S; + S5 + S3 needs O(mn?) + O(m*n?) flops,
where S| = A(PH,P') @ (PH,P") A", similarly for S;, S3.
(2b) Computing S needs O (mn?)+O(m?n?) flops in general, because it is difficult to exploit

sparsity in A if the middle matrix is not in Kronecker product form. Remedy: approximate
S~ AU @ UA?, where U @ U ~ D + diag(Q).



Preconditioners for initial phase of IPM

When v > 1, use

VeV AT
A 0

where V ® V is a pd approximation of W ® W + Q, such as

)

IWeW+Q -V ®V|p=min.

Another obvious choice is:

—diag(W) @ diag(W) — diag(Q) A
A 0 |

It is sparse if A is sparse, but is not as effective as V.



Numerical experiments

We test the following variants of IPMs on 8 classes of problems.

A0. by PSQMR with no preconditioning.
Al. by PSQMR preconditioned by V, ¢ _.
A2. by PSQMR preconditioned by V, U,

We generated problems for n = 100, 200, 400, 800, 1600.

Data as | Data as | cond(Q) in Egl | cond(Q) in Eg2

Linear map A in Egl in Eg2 increased by 10 | increased by 10

diag(X) =e El E2 E3 E4

diag(X) = e and

Xi; = 0 for some i

E5 E6 E7 E8




Stop IPMs when err < 1077.
Stopping condition for PSQMR: residual < 1073 max{ || B, || Rallr, || Rell 7}

A0 (1) Al (V,9) A2 (V, V)
m~mn|it err time gmr |it time gmr|it time qgmr
(h:m) (h:m) (h:m)
E3 n=800|10 1.0-6 0:40 179.4 |11 0:22 32.0|11 0:22 21.0
1600 11 2:10 26611 2:21 19.9
E5 n=800|12 1.0-5 0:54 200.7|13 0:25 30.5|13 0:20 153
1600 13 253 30613 2:01 13.0

Each linear system (with dimension > 10°) is solved (approximately) in about 10 mins



Ongoing work
e Extend IPM to linearly constrained convex SDP:
min{ f(X) : A(X) =05, X = 0}.
von Neumann entropy: f(X) = Tr(X(logX —logY) — X +Y).
Each iteration needs to solve a linear system with matrix:
—WeW -V2f(X) A"
A 0

e Augmented Lagrangian method for QSDP.



