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Semidefinite Programming Approaches for Sensor
Network Localization with Noisy Distance

Measurements
Pratik Biswas, Tzu-Chen Liang, Kim-Chuan Toh, Ta-Chung Wang and Yinyu Ye

Abstract— A sensor network localization problem is to de-
termine the positions of the sensor nodes in a network given
incomplete and inaccurate pairwise distance measurements. Such
distance data may be acquired by a sensor node by communi-
cating with its neighbors. We describe a general semidefinite
programming (SDP) based approach for solving the graph
realization problem, of which the sensor network localization
problems is a special case. We investigate the performance of
this method on problems with noisy distance data. Error bounds
are derived from the SDP formulation. The sources of estimation
error in the SDP formulation are identified.

The SDP solution usually has a rank higher than the un-
derlying physical space, which when projected onto the lower
dimensional space generally results in high estimation error. We
describe two improvements to ameliorate such a difficulty. First,
we propose a regularization term in the objective function that
can help to reduce the rank of the SDP solution. Second, we use
the points estimated from the SDP solution as the initial iterate
for a gradient-descent method to further refine the estimated
points. A lower bound obtained from the optimal SDP objective
value can be used to check the solution quality. Experimental
results are presented to validate our methods and show that
they outperform existing SDP methods.

Index Terms— Position Estimation, Graph Realization,
Semidefinite Programming, Dimensionality Reduction

I. I NTRODUCTION

A typical sensor network consists of a large number of
sensors which are densely deployed in a geographical area.
Sensors collect the local environmental information such as
temperature or humidity and can communicate to each other.
The advance of Micro-electro-mechanical system (MEMS)
and wireless communication technology have made the sen-
sor network a low cost and highly efficient method for
environmental observations. A successful example of habitat
monitoring system is the Great Duck Island (GDI) [1] system.
Other applications like battlefield surveillance, moving object
tracking and asset location are also attracting large research
efforts.
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The information collected through a sensor network can
be interpreted and relayed far more effectively if we know
where it is coming from and where it needs to be sent.
Therefore, it is often very useful to know the positions of the
sensor nodes in a network. Usually sensor networks consist
of a large number of sensors and it is too expensive to use
Global Positioning System (GPS)[2] to locate their positions.
Therefore positioning methods using neighboring distance
measurements are developed. The ad hoc sensor network
localization problem is: assuming the accurate positions of
some nodes (called anchors) are known, how to use them and
partial pair-wise distance measurements to locate the positions
of all sensor nodes in the network, see [3], [4], [5], [6],
[7], [8], [9], [10], [11]. The difficulty of this problem arises
from 2 factors. First, the distance measurements always have
some noise or uncertainty. Since the effect of the measurement
uncertainty usually depends on the geometrical relationship
between sensors and is not known a priori, an unbiased model
is not easy to build. Second, even if the distance measurements
are perfectly accurate, a sufficient condition for this sensor
network to be localizable cannot be identified easily, see [12],
[13].

In practice, increasing the number of anchors and the radio
range of communication usually make the localization result
more satisfactory, but this also implies incurring more cost.
Hence reliable algorithms to solve the localization problem,
as well as the knowledge of how to deploy a sensor network
so that the sensors can be located accurately, are both impor-
tant research issues. Various techniques have been developed
to overcome the measurement uncertainties. Most of these
methods are based on minimizing some global error functions
(called the objective function), which can be different when
the model of uncertainty changes. Depending on the kind of
optimization model being formulated, the characteristic and
computation complexity varies. For example, the maximum
likelihood estimation for sensor network localization problem
is a non-convex optimization problem. Existing algorithms
have limited success, even for small problem sizes, see [14].
On the other hand, if we relax the distance constraints, the
problem can be formulated as a second order cone program
(SOCP) and cheap and scalable algorithms can be applied
[5], [15]. However, the solution is acceptable only when the
anchors are densely deployed on the boundary of the sensor
network. Another approach is to allow a large radio range for
every sensor so that they can communicate with many other
sensors or anchors. But this needs a higher consumption of
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battery power for each sensor.
Most existing approaches apply various degrees of relax-

ation to the original problem. One recent relaxation is the
SDP relaxation developed in [16], [17], [18], [19], [20], [21],
[22], which is closely related to SDP relaxations for other
distance geometry problems, see [23], [24], [25], [26]. It
was subsequently proved that when there is no noise in the
measured distances, the localization problem can be solvedin
polynomial time under a uniquely localizable assumption [16].
However, if the sensor network is not uniquely localizable,
there must exist a higher (rank) dimensional localization that
minimizes the objective function, and SDP relaxation always
produces this maximal (rank) dimensional solution. A classical
way to obtain a 2-dimensional solution is to project the high
dimensional solution onto the 2-dimensional space, but this
generally does not produce satisfactory results. Moreover, in
a real world ad hoc wireless sensor network, the distance
measurements inevitably have noises. Using this noisy distance
information, we can only formulate the localization problem
as an optimization problem that minimizes the difference
between the measured distances and that of the estimated
locations. The max-rank property of the SDP solution [16]
makes the relaxation solution almost always lies in a higher
(rank) dimensional space, and no robust and reliable method
is available to round the high dimensional SDP solution.

In this paper, we formulate the sensor network localization
problem in terms of a general graph realization problem, relax
it to an SDP, and derive results on the upper and lower bounds
on the SDP objective function. The SDP objective function
gives us an idea of the accuracy of the technique and also
provides a ”proof of quality” against which we can measure
any estimation.

We have developed 2 new techniques to obtain better
estimation accuracy. One approach is to add a regularization
term to the objective function to force the SDP solution to lie
close to a low dimensional subspace ofRn. The addition of a
regularization term penalizes folding between the points and
maximizes the spacing between them. Previously, a similar
idea has been used for dimensionality reduction in machine
learning [27].

The other approach is to improve the SDP estimated so-
lution using a gradient-descent method. One should note that
gradient methods generally do not deliver a global optimal
solution when the problem is non-convex. However, our nu-
merical results show that the SDP estimated solution generally
give a good starting point for the gradient-descent method to
converge to the global optimal solution. It is demonstrated
that the improved solution is very close to the optimal one
by comparing the minimal objective value to the SDP lower
bound.

Section II describes the problem setup and a variety of for-
mulations using the SDP relaxation model. In Section III, we
derive upper and lower bounds for the SDP objective function.
The estimation accuracy of SDP based algorithms for noisy
distance data is also discussed. Section IV introduces the use
of regularization terms in the SDP objective function in order
to obtain lower dimensional solutions. Section V deals with
the use of post processing gradient methods using the SDP

estimated solution as a starting point. Finally, experimental
results that show that these methods significantly improve
the performance of SDP based localization algorithms are
presented in Section VI.

II. T HE SEMIDEFINITE PROGRAMMING MODEL

We start by introducing the notation used in this paper. For
two symmetric matricesA andB, A � B meansA−B � 0,
i.e. A−B is a positive semidefinite matrix. The standard trace
inner product betweenA, B is denoted by〈A, B〉. We useId

and 0 to denote thed × d identity matrix and the vector of
all zeros, whose dimensions will be clear in the context. The
2-norm of a vectorx is denoted as‖x‖. We use the notation
[A ; B] to denote the matrix obtained by appendingB to the
last row ofA.

Consider a sensor network inR2 with m anchors andn
sensors. An anchor is a node whose locationak in R2, k =
1, . . . , m, is known, and a sensor is a node whose location
xi in R2 is yet to be determined,i = 1, . . . , n. For a pair
of sensorsxi and xj , their Euclidean distance is denoted as
dij . Similarly, for a pair of sensorxi and anchorak their
Euclidean distance is denoted asdik. In general, not all pairs
of sensor/sensor and sensor/anchor distances are known, sothe
known pair-wise distances of sensor/sensor and sensor/anchor
are denoted as(i, j) ∈ N and (i, k) ∈ M, respectively.

Mathematically, the localization problem inR2 can be
stated as follows: givenm anchor locationsak, k = 1, . . . , m
and some distance measurementsdij , (i, j) ∈ N , dik, (i, k) ∈
M, find the locations ofn sensorsxi, i = 1, . . . , n. One
should note that this problem is in fact a special case of
general distance geometry and graph realization problems in
Rd whered = 2. The algorithms we propose are not restricted
toR2, so for generality, we will deal with the graph realization
problem and illustrate its applicability to the sensor network
localization problem as an example.

Let V := {1, . . . , n} andA := {a1, . . . , am}. The realiza-
tion problem inRd for the graph(V ,A; D) is to determine
the coordinates of the unknown pointsx1, . . . , xn from the
partial distance dataD = {dij : (i, j) ∈ N ∪M}.

The realization problem can be formulated as the following
error minimization problem:

min
x1,...,xn∈Rd

{ ∑
(i,j)∈N γij

∣∣‖xi − xj‖2 − d2
ij

∣∣

+
∑

(i,j)∈M γij

∣∣‖xi − aj‖2 − d2
ij

∣∣

}
, (1)

whereγij > 0 are given weights. By adding weights to the
distance constraints, we are essentially giving extra emphasis
to those distance measurements for which we have higher
confidence and vice versa. This would be particularly usefulin
cases where the distance measures are noisy but there is some
prior information about which of those are more reliable. In
such cases, we can assign higher weights to the distance con-
straints corresponding to the more reliable measures. Similar
ideas have been explored for other localization algorithmsin
[28]. However, this idea has not been explored in much detail
for our algorithm. The use of intelligent weighting schemesis
being investigated and will be reported elsewhere.
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Let X = [x1 x2 . . . xn] ∈ Rd×n be the position matrix
that needs to be determined. It is readily shown that

‖xi − xj‖2 = eT
ijX

T Xeij

‖xi − aj‖2 = aT
ij [X Id]

T [X Id]aik

whereeij = ei − ej , andaij = [ei;−aj ]. Here ei is the ith
unit vector inRn, andaij is the vector obtained by appending
−aj to ei.

For convenience, we letgij = aij for (i, j) ∈ M andgij =
[eij ;0m] for (i, j) ∈ N . We further letE = N ∪ M. Let
Y = XT X . Then the problem (1) can be rewritten as:

min





∑

(i,j)∈E
γij

∣∣gT
ij [Y, XT ; X, Id]gij − d2

ij

∣∣ : Y = XT X





(2)

We should emphasize that when there are no anchors, it is
important to eliminate the translational degree of freedomby
fixing the centroid of the configuration at the origin. This is
equivalent to adding the constrainteT (XT X)e = ‖Xe‖2 = 0
to (2).

Unfortunately, the problem (2) is not a convex optimiza-
tion problem. Our method is to relax the problem (2) to a
semidefinite program by relaxing the constraintY = XT X
to Y � XT X . The last matrix inequality is equivalent to
(Boyd et al. [25]) the condition that[Y XT ; X Id] � 0. Let
K = {Z : Z = [Y XT ; X Id] � 0}. The SDP relaxation of
(2) can be written as the following SDP problem:

v∗ := min
Z∈K




g(Z; D) :=
∑

(i,j)∈E
γij

∣∣gT
ijZgij − d2

ij

∣∣




 . (3)

Let I = {(i, j) : n + 1 ≤ i ≤ j ≤ n + d} and Eij =
(eie

T
j + eje

T
i )/2 for (i, j) ∈ I. Also let δij be the Kronecker

delta. The dual of (3) is as follows:

max






∑
(i,j)∈E λijd

2
ij +

∑
(i,j)∈I λijδij :

∑
(i,j)∈E λijgijg

T
ij +

∑
(i,j)∈I λijEij � 0,

|λij | ≤ γij ∀ (i, j) ∈ N





. (4)

When the given distance data is exact, the optimal objective
value in problem (1) is zero. The question is whether there
is enough distance information to determine the position of
all the unknown points. This problem has been discussed
in [16] in detail, and a condition of unique localizability or
realizability is given. We repeat it here,

Definition 1: Problem (1) is uniquely localizable if it has a
unique optimal solutionX̄ in Rd×n, with objective value 0,
and there is noxj in Rl, j = 1, ..., n, wherel > d (excluding
the case appending all zeros tōX), such that

‖xi − xj‖2 = d2
ij , ∀ (i, j) ∈ N

‖xi − (aj ;0)‖2 = d2
ij , ∀ (i, j) ∈ M.

The latter condition in the definition says that the problem
cannot be localized in a higher dimensional space where
anchor points are augmented to(ak;0) ∈ Rl, j = 1, ..., m.
The result in [16] stated that if the problem is uniquely

localizable, then the relaxation problem (3) solves (1) exactly.
Without solving (3) , it is difficult to tell whether a problemis
uniquely localizable. But once solved, one can check whether
Y = XT X in the SDP solution and immediately know if the
problem is uniquely localizable.

For the localization problem with measurement noises, the
story can be quite different. In general, the optimal objective
value in (1) is not zero. Therefore, the optimization problem
aims to minimize the difference between the measured dis-
tances and those derived from the estimated positions.

III. SDP WITH NOISY DISTANCE DATA

In this section, we analyze the effect of noisy distance
measures on the SDP objective function value. The SDP
objective gives us an insight into the actual estimation error
that can be introduced and its dependence on the noise.

We assume that the distancesdij anddik are perturbed by
random noisesεij andεik:

dij = d̂ij |1 + εij |, (i, j) ∈ N
dik = d̂ik|1 + εik|, (i, k) ∈ M,

where d̂ij is the true distance between pointsi and j, and
d̂ik is the true distance between pointi and anchork. We
further assume thatE(εij) = 0, E(εik) = 0. We take the
absolute value because the noise maybe higher than 1, and
so we would get a negative value for distance, which is not
meaningful.

Let v̂ and Ẑ be the optimal objective value and minimizer
of (3) for the problem(V ,A; D̂), respectively. Let̂λ be the
maximizer of (4) for the problem(V ,A; D̂).

Assumption 1. The problem(V ,A; D̂) is localizable, i.e.,
v̂ = 0 andgT

ijẐgij = d̂2
ij for all (i, j) ∈ E .

A. Sum of Absolute Errors

Proposition 1: Consider the problem(V ,A; D) and assume
that Assumption 1 holds. Letv∗ be the optimal objective value
of (3) for this problem. We have the following results.
(a)

E[v∗] ≤
∑

(i,j)∈E
γij d̂

2
ijE

∣∣2εij + ε2ij
∣∣ (5)

(b)

E[v∗] ≥ max






∑

(i,j)∈E
λij d̂

2
ij(1 + E[ε2ij ]) +

∑

(i,j)∈I
λijδij :

λ is feasible for (4)






(c) If εij ∼ N(0, τ2) for (i, j) ∈ E , then

E[v∗] ≤ (1.6τ + τ2)
∑

(i,j)∈E
γij d̂

2
ij . (6)

Proof. (a) SinceẐ ∈ K, it is clear that

v∗ ≤ g(Ẑ; D) ≤
∑

(i,j)∈E
γij

∣∣∣d̂2
ij(2εij + ε2ij)

∣∣∣ ,

and (5) follows readily.
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(b) For a fixedλ that is feasible for (4), we have by weak
duality that

v∗ ≥
∑

(i,j)∈E
λijd

2
ij +

∑

(i,j)∈I
λijδij .

By taking expectation on both sides, we get

E[v∗] ≥
∑

(i,j)∈E
λijE[d2

ij ] +
∑

(i,j)∈I
λijδij

=
∑

(i,j)∈E
λij d̂

2
ij(1 + E[ε2ij ]) +

∑

(i,j)∈I
λijδij .

Since the above inequality holds for anyλ that is feasible for
(4), the required inequality follows.

(c) The inequality in (6) follows from (5) by noting that
E
∣∣2εij + ε2ij

∣∣ ≤ 4√
2π

τ + τ2 ≤ 1.6τ + τ2.

Proposition 1 (c) indicates that the expected optimal SDP
objective valueE[v∗] can potentially grow as fast as the stan-
dard deviationτ of the noisesεij . The example in subsection
III-C and Figure 1(a) shows empirically thatE[v∗] indeed can
grow as fast as the upper bound predicted in Proposition 1 (c).

B. Sum of Squares Errors

We can also formulate the localization problem for
(V ,A; D) as the following error minimization problem:

min
X∈Rd×n






∑

(i,j)∈N
γ2

ij

(
‖xi − xj‖2 − d2

ij

)2

+
∑

(i,j)∈M
γ2

ij

(
‖xi − aj‖2 − d2

ij

)2





. (7)

The advantage of the model in (7) is that the objective
function is smooth, and standard local optimization methods
can be applied directly. But unfortunately, its SDP relaxation
is slightly more expensive to solve compared to (3).

We consider the following SDP relaxation of (7):

v∗ := min
Z∈K




h(Z; D) :=

√ ∑

(i,j)∈E
γ2

ij(g
T
ijZgij − d2

ij)
2




 .

(8)
The dual of (8) is given by

max






∑
(i,j)∈E λijd

2
ij +

∑
(i,j)∈I λijδij :

∑
(i,j)∈E λijgijg

T
ij +

∑
(i,j)∈I λijEij � 0

∑
(i,j)∈E λ2

ij/γ2
ij ≤ 1





. (9)

Let Bij = gijg
T
ij for (i, j) ∈ E . It is not difficult to show

that

h(Z; D)2 = 〈Z − Ẑ, Q(Z − Ẑ) − 2W 〉

+
∑

(i,j)∈E
t2ijγ

2
ij d̂

4
ij + R(Z; D),

where

Q =
∑

(i,j)∈E
γ2

ijBij ⊗ Bij , W =
∑

(i,j)∈E
sijγ

2
ij d̂

2
ijBij � 0

R(Z; D) = −2

〈
∑

(i,j)∈E
(ξij − sij)γ

2
ij d̂

2
ijBij , Z − Ẑ

〉

+
∑

(i,j)∈E
γ2

ij d̂
4
ij(ξ

2
ij − t2ij).

Here ξij = 2εij + ε2ij , sij = E[ξij ] = E[ε2ij ], and t2ij =
E[ξ2

ij ] = E[4ε2ij + 4ε3ij + ε4ij ]. Note thatE[R(Z; D)] = 0 and
〈Z − Ẑ, Q(Z − Ẑ)〉 =

∑
(i,j)∈E γ2

ij(g
T
ijZgij − d̂2

ij)
2.

Proposition 2: Assume thatγij = 1 for all (i, j) ∈ E for
simplicity. Consider the problem(V ,A; D) and assume that
Assumption 1 holds. Then we have the following results.
(a)

(E[v∗])
2 −

∑

(i,j)∈E
t2ij d̂

4
ij

≤ min
Z∈K

{
〈Z − Ẑ, Q(Z − Ẑ) − 2W 〉

}
(10)

≤ min
Y �0

{ ∑
(i,j)∈N (eT

ijY eij)
2 − 2sij d̂

2
ij(e

T
ijY eij)

+
∑n

i=1 |Mi|Y 2
ii − 2βiYii

}
(11)

≤ min
y≥0

{ ∑
(i,j)∈N (yi + yj)

2 − 2sij d̂
2
ij(yi + yj)

+
∑n

i=1 |Mi|y2
i − 2βiyi

}
(12)

≤ 0

whereMi = {j : (i, j) ∈ M} andβi =
∑

j∈Mi
sij d̂

2
ij .

(b)

E[v∗] ≥ max






∑

(i,j)∈E
λij d̂

2
ij(1 + sij) +

∑

(i,j)∈I
λijδij :

λ is feasible for (9)






(c) If εij ∼ N(0, τ2) for (i, j) ∈ E , then

E[v∗] ≤ τ
√

4 + 3τ2

√ ∑

(i,j)∈E
d̂4

ij . (13)

Proof. (a) For any fixedZ ∈ K, we havev2
∗ ≤ h(Z; D)2.

By taking expectation and using Jensen’s inequality , we get

(E[v∗])
2 −

∑

(i,j)∈E
t2ij d̂

4
ij ≤ E[v2

∗ ] −
∑

(i,j)∈E
t2ij d̂

4
ij

≤ E[h(Z; D)2] −
∑

(i,j)∈E
t2ij d̂

4
ij

= 〈Z − Ẑ, Q(Z − Ẑ) − 2W 〉 (14)

Since the above inequality holds for anyZ ∈ K, thus the
inequality (10) hold.

Let the optimal objective value of the minimization problem
in (10) bez∗. For a givenY � 0, let Y0 = [Y, 0; 0, 0]. Since
Ẑ + Y0 ∈ K, we have

z∗ ≤ 〈Y0, Q(Y0) − 2W 〉
=

∑
(i,j)∈N (eT

ijY eij)
2 − 2sij d̂

2
ij(e

T
ijY eij)

+
∑

(i,j)∈M Y 2
ii − 2sij d̂

2
ijYii.
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Note that the last sum above is equal to
∑n

i=1 |Mi|Y 2
ii −

2βiYii. Since the above inequality holds for anyY � 0, the
inequality (11) follows readily. The inequality (12) follows
readily from (11) by relaxing the constraintY � 0 to Y =
diag(y) with y ≥ 0.

(b) The proof is similar to that in Proposition 1.
(c) The required result follows readily from (a).

Corollary 1: If N = ∅, then Y = diag((βi/|Mi|)n
i=1)

is a minimizer of (11), whereMi and βi are defined as in
Proposition 2.
Proof. In this special case, the objective function in (11)
is given by

∑n
i=1 |Mi|Y 2

ii − 2βiYii, which is the sum of
independent quadratic functions inYii. Thus the optimum can
easily be shown to beβi/|Mi| for eachi.

The above corollary indicates that whenN = ∅, the quantity
E[‖xi − x̂i‖2] = Yii is the estimation error variance of an
unknown point given its distances only to a set of known
points. The error variance turns out to be the average of the
error variances of all the distances the unknown point has with
the known points.

Proposition 2 (c) indicates that the expected optimal SDP
objective valueE[v∗] can potentially grow as fast as the
standard deviationτ of the noisesεij . Indeed the example in
subsection III-C and Figure 1(a) shows empirically thatE[v∗]
can grow proportionately to the upper bound in Proposition 2
(c).

C. Simulations

We consider randomly generated test problems. Throughout
this section, the weightsγij in (1) are set to1.

First, sixty points{x̂i : i = 1, . . . , 60} are randomly gener-
ated in the unit square[−0.5, 0.5]× [−0.5, 0.5] via the MAT-
LAB command:rand(’state’,0); x = rand(2,1)
- 0.5. Then the edge setN is generated by considering only
pairs of points that have distances less thanR = 0.3, i.e.,

N = {(i, j) : ‖x̂i − x̂j‖ ≤ 0.3, 1 ≤ i < j ≤ 60}.
If there are anchors, the edge setM is similarly defined by

M = {(i, k) : ‖x̂i − ak‖ ≤ 0.3, 1 ≤ i ≤ 60, 1 ≤ k ≤ m}.
For the example in Figure 1,4 anchors are placed at the
positions(±0.45,±0.45).

We assume that the distancesdij anddik are perturbed by
random noisesεij andεik as follows:

dij = d̂ij |1 + τεij |, (i, j) ∈ N

dik = d̂ik|1 + τεik|, (i, k) ∈ M,

where d̂ij is the true distance between pointi and j, and
d̂ik is the true distance between pointi and anchork. We
assume thatεij , εik are independent standard Normal random
variables. In future examples, we will express the noise in
terms of percentage, that is, a value of0.1 for τ corresponds
to 10% noise.

Also for later purpose, we will use the Root Mean Square
Distance (RMSD) to measure the accuracy of the estimated
positions{xi : i = 1, . . . , n} :

RMSD =
1√
n

(
n∑

i=1

‖x̂i − xi‖2

)1/2

. (15)

For each givenτ , we generated50 samples of{dij :
(i, j) ∈ E}. We solve the corresponding SDP (3) for these50
samples to estimate the the expected optimal SDP objective
value E[v∗]. In Figure 1(a), the ratio between the estimated
E[v∗] and the upper bounds given in Proposition 1 and 2 are
plotted against the standard deviationτ of the noises. Figure
1(b) plots the ratios between the estimatedE[v∗] and the
corresponding lower bounds for the 2 different models. As
can be seen from the graphs, the upper bound is reasonably
tight and is a good indicator of the expected objective value.
The lower bound however is very loose and does not reveal too
much information. The construction of tighter lower bounds
are being investigated.

Figure 1(c) plots the ratios between the average RMSD
error and

√
τ obtained from the SDP relaxation of (1) and

(7). Observe that the average RMSD error roughly grows like
τ1.5 whenτ is small and

√
τ whenτ is large. Therefore the

RMSD grows at a higher rate whenτ is large, because the dis-
tance measures become so erroneous that the structure of the
graphs is altered significantly and they become nonuniquely
localizable.

D. The High Rank Property of SDP Relaxations

When the distance measurements have errors, the distance
constraints usually contradict each other and so there is no
localization in Rd. In other words,Y 6= XT X . However,
since the SDP approach relaxes the constraintY = XT X
into Y � XT X , it is still possible to locate the sensor in
a higher dimensional space (or choose aY with a higher
rank) and to make the objective function value zero. The
optimal solution in a higher dimensional space always results
in a smaller objective function value than the one constrained
in Rd. Furthermore, the ’max-rank’ property [29] implies
that solutions obtained through interior point methods for
solving SDPs converge to the maximum rank solutions. Hence,
because of the relaxation of the rank requirement, the solution
is “lifted” to a higher dimensional space. For example, imagine
a rigid structure consisting of set of points in a plane (with
the points having specified distances from each other). If we
perturb some of the specified distances, the configuration may
need to be readjusted by setting some of the points outside
the plane.

A main research topic is how to round the higher-
dimensional (higher rank) SDP solution into a lower-
dimensional (rank-2) solution. One way is to ignore the aug-
mented dimensions and use the projectionX∗ as a suboptimal
solution, which is the case in [18]. However, the projection
typically leads to points getting ’crowded’ together as shown
in Figure 2(a). (Imagine the projection of the top vertex of a
pyramid onto its base.) This is because a large contributionto
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Fig. 1. Ratios betweenE[v∗] and the upper and lower bounds in Propositions
1 and 2; and the ratios between average RMSD and

√
τ obtained from the

SDP relaxation of (1) and (7).

the distance between 2 points could come from the dimensions
we choose to ignore.

This problem can be reduced to some extent by placing
anchors at the perimeter like in Figure 2(b). Since these
anchors are constrained to be in a plane and are stretched out,
the other points cannot fold together into higher dimensions
and still maintain the distance constraints with these anchors.
An intelligent anchor placement design that ensures lower
dimensional embedding is part of our future research.

Example 1:An example of the effect of anchor placement
is demonstrated in Figure 2 where for the same network
of points and different anchor positions, the estimations are
drastically different. The (blue) diamonds refer to the positions
of the anchors; (black) circles to the original locations of
the unknown sensors; and (blue) asterisks to their estimated
positions from the SDP solution of (3). The discrepancies
between the original and the estimated points are indicated
by solid lines. (The same setup and notations will be used in
all examples of this article).

Example 2:Here we consider the same network of points
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(a) 4 inner anchors:(±0.2,±0.2)
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(b) 4 outer anchors:(±0.45,±0.45)

Fig. 2. 60 sensors,4 anchors, 20 % noise (following the standard Normal
distribution), Radio range=0.3. The positions are estimated from the SDP
problem in (3).

in Example 1, but the true distances are perturbed by ran-
dom noisesεij and εik following the uniform distribution in
[−

√
3,
√

3]. The corresponding results are displayed in Figure
3. Observe that the plots in this figure are qualitatively similar
to those in Figure 2.
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(b) 4 outer anchors:(±0.45,±0.45)

Fig. 3. 60 sensors,4 anchors, 20 % noise (following the uniform distribution
in [−

√
3,

√
3]), Radio range=0.3. The positions are estimated from the SDP

problem in (3).

The use of bounding away constraints (that correspond
to points that must be far away from each other) can also
reduce the problem of crowding. However, there may be too
many such constraints for all pairs of points thus increasing
the computational complexity of the technique. Warm start
approaches have been discussed in [19] where bounding away
constraints are added to a second SDP if they are being
violated in the initial SDP (without any bounding constraints).
However, it would be ideal if the SDP needs only to be solved
once.

This motivates the use of regularization methods. In [27],
regularization terms have been incorporated to the SDP arising
from kernel learning in nonlinear dimensionality reduction.
The purpose is to penalize folding and try to find a stretched
map of the set of points while maintaining local distance
relations. This idea is formally connected to the tensegrity
theory for graph realization, that is, certain stretched graphs
can always be realized in a lower dimensional space than those
graphs without stretching; see [30]. In the next section, we
describe a similar technique to encourage lower dimensional
solutions. We will also describe the use of a gradient descent
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method to improve the SDP estimated solution. These methods
turn out to be extremely effective and efficient.

IV. REGULARIZATION

It has been observed by many researchers that when the
distance data is noisy, the points estimated from (1) tend to
crowd together towards the center of the configuration. Here
we propose a strategy to ameliorate this difficulty.

Let e be the n-dimensional vector of all ones,̂e =
e/
√

n + m, and â =
∑m

k=1 ak/
√

n + m. Let a = [ê; â] and
A = [a1, . . . , am]. Our strategy is to subtract the following
regularization term from the objective function of (3) to
prevent the estimated points from crowding together:

λ

n + m

(1

2

n∑

i=1

n∑

j=1

‖xi − xj‖2 +

n∑

i=1

m∑

k=1

‖xi − ak‖2
)

= λ
( n∑

i=1

‖xi‖2 − ‖Xê + â‖2
)

+ λ
( n

n + m
‖A‖2

F + ‖â‖2
)

= λ〈I − aa
T , Z〉 + λ

( n

n + m
‖A‖2

F + ‖â‖2 − d
)
,

where λ is a positive regularization parameter that is to be
chosen.

Ignoring the constant term, the regularized form of (3) is
given by

min
Z∈K

{
g(Z; D) − λ〈I − aa

T , Z〉
}

. (16)

A. Choice of regularization parameter

An important issue in (16) is the optimum choice of the
parameterλ. If it is too low, the regularization term will not
affect the SDP solution significantly enough. However, if itis
chosen to be too high, the regularization term will overwhelm
the error term and thus causing the SDP to either be infeasible
or to yield a solution where the points are stretched out too
far apart.

The optimum choice of the parameterλ is dependent upon
the size and geometry of the network and the distance informa-
tion available. Currently, it is not known how to determine such
an optimum value prior to solving the SDP for a particular
network. We can start withλ = 1 and if the SDP is infeasible
or the objective function has a high negative value below a
predefined threshold, we scaleλ by a factor less than 1 and
solve a new SDP. The factor could be chosen to balance the
magnitudes of the error term and the regularization term in
(16). While this method works satisfactorily, it suffers the
disadvantage of possibly having to solve several SDPs.

A heuristic choice ofλ that we found to be reasonably
effective is the following. SupposeZ∗ is obtained from the
non-regularized SDP (3). Let

λ∗ =
g(Z∗; D)

〈I − aa
T , Z∗〉 . (17)

Our numerical experience show that the actual choice ofλ
should not be larger thanλ∗, and λ = λ∗ typically works
reasonably well. The heuristic choice ofλ just described
requires the solution of two SDPs.

It was observed from simulations that within a certain range
of network sizes and radio ranges, a particular range ofλ tends
to be ideal. By setting the value ofλ to be in this range prior
to localization, it is very likely that an accurate solutioncan be
obtained from the SDP (16) in the first attempt. However this
behavior needs to be investigated in more detail in order to
obtain a suitable choice ofλ that guarantees a good estimate.

Figure 4 shows the RMSD error versus the regularization
parameterλ for the problem in Figure 2. Observe that for a
reasonably wide range ofλ, the RMSD error are smaller than
the RMSD error obtained from the non-regularized SDP in
(3), which corresponds to the special caseλ = 0.
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(b) 4 outer anchors

Fig. 4. RMSD error of the estimated positions obtained from SDP with
regularization parameterλ for the examples in Figure 2.

Example 3: In the following example, we show the result
of adding a regularization term for the cases discussed in
Figure 2(a). The problem of crowding at the center as was
seen before is eliminated as seen in Figure 5(a) for anchors
placed in the interior. In Figure 5(b), we see that by choosing
an appropriate value ofλ, the regularization can be used to
improve the solution even for the case where the anchors are
in the exterior.
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(a) 4 inner anchors
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(b) 4 outer anchors

Fig. 5. Same as Figure 2, but for SDP with regularization. Theregularization
parameterλ is chosen to be value in (17), which equals to 0.551 and 0.365,
respectively.

Example 4:Here we show the result of adding a regular-
ization term for the cases discussed in Figure 3, where the
noisesεij follow an uniform distribution in[−

√
3,
√

3].

B. Ideas for improvement

The idea of regularization can be linked to tensegrity theory
and realizability of graphs in lower dimensions, see [30].
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(a) 4 inner anchors
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Fig. 6. Same as Figure 3, but for SDP with regularization. Theregularization
parameterλ is chosen to be the value in (17), which equals to 0.532 and 0.363,
respectively.

The notion of stress is used to explain this. By maximizing
the distance between some vertices in a graph, the graph
gets stretched out and there is a non-zero stress induced on
the edges in the graph. For the configuration to remain in
equilibrium, the total stress on a vertex must sum to zero. In
order for the overall stress to cancel out completely, the graph
must be in a low dimensional space. In this paper, we have not
explored a strategy of selecting any particular edges to stretch.
Techniques to select such edges can improve the robustness
of the regularization technique and are a part of our future
research.

V. REFINEMENT BY A GRADIENT DESCENTMETHOD

The positions estimated from the SDP relaxation (3) or (16)
can further be refined by applying a local optimization method
to (1). However, as the objective function in (1) is non-smooth,
it is more convenient to apply a local optimization method to
model below:

min
X∈Rd×n






f(X) :=
∑

(i,j)∈N
γ2

ij (‖xi − xj‖ − dij)
2

+
∑

(i,j)∈M
γ2

ij (‖xi − aj‖ − dij)
2





. (18)

The reason that we use the above model instead of the one in
(7) is purely based on our empirical experience that the former
tends to perform better than the latter. The method we suggest
to improve the SDP estimated solution is to move every sensor
location along the negative gradient direction of the function
f(X) in (18) to reduce the error function value. Now, we will
explain the gradient method in more detail.

Recall thatNj = {i : (i, j) ∈ N} andMj = {k : (j, k) ∈
M}. By using the fact that∇x‖x − b‖ = (x − b)/‖x − b‖ if
x 6= b, it is easy to show that for the objective functionf(X)
in (18), the gradient∇jf with respect to sensorxj is given
by:

∇jf(X) = 2
∑

i∈Nj

γ2
ij

(
1 − dij

‖xj − xi‖
)
(xj − xi)

+ 2
∑

i∈Mj

γ2
ij

(
1 − dij

‖xj − ai‖
)
(xj − ai)

Notice that∇jf only involves sensors and anchors that are
connected toxj . Thus∇jf can be computed in a distributed
fashion.

Let

X(α) = [x1 − α∇1f(X), . . . , xn − α∇nf(X)]. (19)

By choosing the step sizeα ∈ (0, 1] appropriately, the function
valuef(X(α)) can be reduced. In our method, the step size
is chosen by a simple back-tracking procedure: starting with
α = 1, if f(X(α)) < f(X), set the next iterate to beX(α)
and stop; else, reduceα by half, and recurse.

Example 5:Consider the example presented in Figure 7.
These are the results of the gradient method applied to the
network of 60 sensors and 4 anchor nodes (shown as blue
diamonds), a radio range of 0.30 and 20% noise, as discussed
in Figure 2(b). The SDP estimated positions shown in Figure
2(b) are used as the initial solution. The SDP estimated
positions are indicated by the blue crosses in 7(a). Figure
7(a) also shows the update trajectories in50 iterations. The
blue asterisks indicate the final positions of the sensors; the
trajectories are indicated by blue lines. It can be observed
clearly that most sensors are moving toward their actual
locations marked by the black circles. The final positions after
50 gradient steps are plotted in Figure 7(b). which is a more
accurate localization.
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Fig. 7. Refinement through gradient-descent method, for theexample in
Figure 2(b)

To demonstrate that the refined localization is indeed better,
we can compute the objective function at every iteration
to see if its value is reduced. In Figure 7(c) the objective
function values vs number of gradient steps are plotted. One
can see that in the first15 steps the objective function value
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(b) Gradient result, 50 iterations

Fig. 8. Refinement through gradient method, for case in Figure 2(a)

drops rapidly, and then the curve levels off. This demonstrates
that the gradient search method does improve the overall
localization result. A natural question is how good the new
localization is. To answer this question we need a lower bound
for the objective function value. One trivial lower bound ofthe
objective function value is0; but a tighter lower bound is given
by the optimal objective value of the SDP relaxation of (18).
In this case, the SDP objective value is about0.376, plotted in
Figure 7(c) in a dashed line, and the gradient search method
produces an objective function value of about0.462. Thus an
error gap of0.086 of suboptimality is obtained, which is about
than 23% of the lower bound provided by the optimal SDP
objective value.

The gradient descent method is a local optimization method
that generally does not deliver the global optimal solution
of a non-convex problem, unless a good starting iterate is
available. The sensor network localization problem based on
(18) is a non-convex optimization problem. Hence a pure
gradient-descent method would not work. To see this, another
experiment is performed. We use random starting points as
the initial sensor locations and update them by the same rule
(19). The updated trajectories are shown in Figure 7(d). Most
of these sensors do not converge to their actual positions.
Comparing it to the result in Figure 7(b), we can see that the
use of the SDP solution as the initial localization makes allthe
difference. The effect of the initial position is also illustrated
through the results of applying the gradient method to the case
where the anchors are in the interior (as seen in Figure 2(a)).
The results of the gradient method are shown in Figure 8.
Clearly, due to bad initialization, some points are unable to
converge close to their actual locations.

Some finer points need to be mentioned. First, since the
regularized SDP is already quite accurate, it is a better starting
point for the refinement and the gradient method offers some
minor improvement. For the non regularized case, the initial
estimate is highly erroneous to begin with and the gradient
method can offer significant improvement but still may have
high error. A combination of the regularized and gradient
method yields very accurate estimates even in the presence
of high noise. Secondly, because the distance measurements
have noises, convergence to the true location should not be
expected. Hence, although some of the trajectories do not
converge to their corresponding true locations, this does not

mean that the gradient method is not working. Actually, from
the objective function value, we know that the updates work.
Finally, we can also use an exact line-search method to choose
the step sizeα to guarantee a drop in the objective value.

VI. EXPERIMENTAL RESULTS

For the purpose of simulations, the scenario described in
subsection III-C is used. A network of 60 uniform randomly
distributed unknown points is generated in the square area
[−0.5, 0.5]× [−0.5, 0.5]. m anchors are also generated in the
same manner. The distances between the nodes is calculated.If
the distance between 2 nodes was less than the specified radio
rangeR, the distance is included in the edge set for solving
the SDP after adding a random error to it in the following
manner.

dij = d̂ij · |1 + N(0, 1) ∗ nf |,

whered̂ij is the actual distance between the 2 nodes,nf (noise
factor) is a given number between[0, 1] that is used to control
the amount of noise variance andN(0, 1) is a standard normal
random variable. The radio rangeR and noise factornf are
varied and the effects on the RMSD error as defined in (15) are
observed. For each of the graphs shown below, experiments are
performed on 30 independent configurations and the average
is taken. Our program is implemented with MATLAB and it
uses either SDPT3 [31], [32], SEDUMI [33] or DSDP [34] as
the SDP solver.

A. Effect of Varying Radio Range and Noise Factor

Figure 9 shows the variation of average estimation error
(normalized by the radio rangeR) when the noise in the dis-
tance measurements increases and with different radio ranges.
6 anchors are placed randomly in the network area.

The results for the SDP model (1) and the results from
[17] where detailed results of different SDP models without
regularization are discussed will serve as comparisons against
which the effectiveness of the regularization technique can be
gauged.

As can be seen from the results, for random anchor
placement, the use of regularization provides about30%R
improvement even in very high noise and low radio range.
This is a significant improvement over the previous methods
as far as estimation accuracy for random anchor placement is
concerned. This frees the algorithm from the constraint that
anchors must be placed at the perimeter for good estimation.
For reasonably large radio ranges, the estimation error stays
under control even in highly noisy scenarios. Even for30%
noise, the estimation error can be kept below20%R for
R ≥ 0.3. It can also be observed that the gradient method
offers some minor improvement over the regularized SDP. In
fact, it is because the regularized SDP provides an excellent
starting point that the gradient method error is also lowered
significantly as compared to results mentioned in [17].
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Fig. 9. Variation of estimation error (RMSD) with measurement noise, 6 anchors randomly placed.

B. Effect of Number of Anchors

Figure 10 shows the variation of estimation error by increas-
ing the radio range while varying the number of randomly
placed anchors from 4 to 8, and thenf was fixed at 0.2. For
the same networks, Figure 11 shows the variation of estimation
error by increasing the measurement noise (nf ) while varying
the number of anchors from 4 to 8, where the radio range is
fixed at 0.3. We remind the reader that the number of anchors
is denoted bym.

From these results, it becomes clear that beyond a certain
number of anchors, the regularized SDP provides nearly the
same accuracy irrespective of the number of anchors as
opposed to the SDP model (3) which is more sensitive to
the number of anchors. This is encouraging since the regular-
ized SDP can therefore be used to provide better estimation
accuracy with fewer anchors.

VII. C ONCLUSION

In this article, we have presented robust techniques to solve
the sensor network localization problem using semidefinite
programming. The results show significant improvement in
the performance of the SDP based algorithms in highly
noisy scenarios by adding regularization terms followed by
refinement using a gradient-descent method. Our future work
concentrates on making the algorithms more efficient and
robust. The links with tensegrity theory need to examined
more closely in order to develop more effective regularization
terms through intelligent edge selection. By choosing optimal
weights within the objective function with regard to both the
error term and the regularization term, the accuracy of the
estimates provided by a single SDP solution can potentially
be improved significantly.

As the size of the networks grows, solving one large
SDP may become intractable. For this purpose, a distributed
algorithm based on SDP has been described in [19], [20]. The
ideas described in these paper are also being incorporated into
a distributed formulation where the entire network is divided
into multiple clusters which are solved in parallel and the
solutions from the clusters are subsequently stitched together.

We have also demonstrated the use of SDP for localization
using combinations of distance and angle constraints or pure
angle constraints [21], [35] . This is particularly useful in
multi-modal sensor networks where distance information may

be collected by a variety of sensing mechanisms, such as
cameras, ultrasound and RF. The extension of these techniques
to provide robust noise handling for angle based localization
is a part of our future research.

The general graph realization problem for which an algo-
rithm was described in this paper can be extended to solve
other distance geometry problems such as molecule structure
determination [20] and ball packing as well.
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