A PRODUCT DECOMPOSITION OF Q}YRP?

JIE WU

ABSTRACT. We give a specific product decomposition of the base-
point path connected component of the triple loop space of the
suspension of the projective plane.

1. INTRODUCTION

In this paper, we give a specific product decomposition of the base-
point path connected component of the triple loop space of the sus-
pension of the projective plane, which is denoted by Q3XRP?. Let
RP? = RP?/RP* ! let X(n) be the n-connected covering of the space
X and let P*(2) = X" 2RP?, the n-dimensional mod 2 Moore space.
In particular, P3(2) = YRP2 Our theorem is as follows.

Theorem 1.1. There is a homotopy equivalence
QIP3(2) ~ Q*(S%(3)) x Q3 (P%(2) vV ERP)
localized at 2.

This theorem was first given in my thesis where we only gave a prod-
uct decomposition of QF(XRP?). The author would like to thank his
thesis advisor Fred Cohen for pointing out that our original decom-
position for Q3(XRP?) can be delooping. He showed that the power
map

4: 02(S3(3)) — Q2(S3(3))

is null localized at 2, his proof will be used in this paper. The author
also would like to thank the referee for pointing out the fact that 4 is
null on Q2(5%(3)) was proved ( but not published ) by J. Moore prior
to F. Cohen, and might well have been known to I. James long before
J. Moore. The application of this theorem to calculate the homotopy
groups 7,(P3(2)) for r < 11 was given in my thesis [Wu]. An indepen-
dent calculation of m.(P3(2)) can be found out in [Mu]. The homotopy
groups of YR P? may be useful in low dimensional topology.
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THE UNIVERSITY OF TORONTO, YORK UNIVERSITY AND THE
FIELDS INSTITUTE.
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2. PROOF OF THE THEOREM 1.1

In this section, all spaces are localized at 2 and H,(X) means the
homology with coefficients in field Fy, the field with two elements. Let
j: P3(2) — BSO(3) be the inclusion of the 3-skeleton of BSO(3) and
let X5 be the pull back in the diagram

BSO(2) — BSO(3)
T T
X2 - P3(2>,

where the map BSO(2) — BSO(3) is induced by the canonical injec-
tion SO(2) — SO(3). Thus there is a fibration

S? — Xy, — P3(2).
Let i : S? — X, be the inclusion of the fibre.
Lemma 2.1. The map Q%(i) : Q2(S%(3)) — Q*(X2(3)) is null.

Proof: Consider the commutative diagram

0

— m3(BSO(3)) — m(S?) — m(BSO(2)) — m(BSO3)) —0
) | T )

%

- mPY2) & m(S?) S m(X)  —  m(PY2) —0,

where the top and bottom rows are long exact sequence of homotopy
groups. Thus m(X3) = 0, m(Xy) = m(BSO(2)) = m(CP>) = Z and
iy : mo(S?) — my(Xy) is of degree 2. Let ¢ : S2 — X, be a representive
of the generator in mo(X3). Then there is a homotopy commutative
diagram

25X,
I T¢
52 B g

where [2] : S* — 57 is of degree 2. Now consider the homotopy com-
mutative diagram

0s2 g’

Q([2]) | La([4])
sz B g
where H, is the second James-Hopf map. Notice that S® is an H-space.
We have
Q([4]) = 4:Q8* — QS?,
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where 4 : Q5% — QS? is the power map of degree 4. Consider the
EHP sequence 5% — Q(5%(3)) 23 Q95, the map S3 — Q(S3(3)) is a
representative of the nontrivial element 7 in m4(S®) = Z/2. Notice that
the composite

5% 2 (S(3)) 2 Q(S%(3))
is null. Thus the map 2 ~ Q(2) : Q*(S3(3)) — Q2(S3(3)) factors
through Q(Hs) : 92(S3(3)) — Q%S5 up to homotopy. By a result of
Cohen [C1, or C2], the map

2-Q(H,) : Q*(S%(3)) — Q*5°

is null. Thus the power map

4: O*(S%(3)) — Q*(S*(3))
is null. Notice that the map Q(Hy) : Q%(S*(3)) — Q2(S3(3)) is a
homotopy equivalence. Thus Q%([2]) : Q2(S%(3)) — Q?(S%(3)) is null
and so the boundary map Q2(7) : Q2(52(3)) — Q%(X3(3)) is null, which
is the assertion.

Corollary 2.2. There is a homotopy equivalence
Q3P3(2) ~ Q2(S%(3)) x Q3(Xy).
Lemma 2.3. The (mod 2) homology of X5(2) is as follows:
B Z)/2 r=3,4,6
H.(X2(2)) =< Z/2®Z/2 r=>5
0 otherwise.

Proof: Consider the homotopy commutative of fibre sequences
S? — BSO(2)=CP>® — BSO(3)

I 1 1
SQ i X2 i P3(2>
1 i o

Thus the homotopy fibre of X3(2) — P3(2) is SO(3). The assertion
follows by inspecting the Serre spectral sequence for the principle fibre
sequence

SO(3) — Xo(2) — P*(2).

Recall that H,(QP3(2)) = T(u,v) as algebras with dim(v) = 2 and
Sqlv = u, where T'(u,v) is the tensor algebra generated by u and v.
Lemma 2.4. H,(Q(X2(2))) = T(V) as subalgebras of H.(QP3(2)),
where V' has a basis

{u?, [u, v], v* + ufu, v], [u?,v], [v?, u] + u[u?, v]}



4 JIE WU
in T(u,v) = H,(QP3(2)) and [x,y] is the commutator of z and y.

Proof: Notice that Qj, : H,(QP3(2)) — H.(SO(3)) is an epimorphism
and 7 (Q2P3(2)) = m(SO(3)). Thus the Serre spectral sequence for the
fibre sequence

QAX,(2)) % arPd2) % 50(3)

collapses and therefore there is a short exact sequence of Hopf algebras
1 — H.(QX2(2))) — H(QP?*(2)) — H.(SO(3)) — 1.

Thus H,(Q(X5(2))) is the cotensor product of Fy and H,(2P3(2)) over

H.(SO(3)); see [MM].

We first show that V' C H,(Q(X2(2))). Let ¢ be the comultiplication
in the Hopf algebra H,(2P3(2)) = T'(u,v). Then 1 is determined by
the generators.

YPu)=u®l+lxu
and
YY) =rv®1+1Q0v+u®u.
The comultiplication ¥ on the basis for V is as follows:

Y(u?) =u? @1+ 1@,
Y([u,v]) = [u, 0] @ 1+ 1@ [u, ],
Y +ulu,v]) = (0 + ufu,v]) ® 1+ 1@ (0 + ulu,v]) + u* @ u?,
V(2 v]) = [wiv] ®1+1® [u? ],
and
U([u, v?]) 4+ ufu?,v)) = ([u, v?] +uu?,v]) @ 1+ 1@ ([u, v?] + u[u?, v]).

Notice that H.(SO(3)) = E(u,v), the exterior algebra generated by
wand v. Thus V C H,(Q(X2(2))). Let ¢ : T(V) — H.(Q(X2(2))) be
the algebra map induced by the inclusion V' C H,(2(X2(2))) and let
A= Qi,op(T(V)). Then A is the subalgebra of H,(QP?3(2)) generated
by V', which is also a tensor algebra. Notice that V' — Q(A) is an
isomorphism. Thus A = T'(V'), see [CMN, Proposition 3.9], and so
¢:T(V) — H,(Q(X2(2))) is a monomorphism. Notice that Poincare
series

X(H(Q(X2(2)))) = x(H(QP*(2)))/x(H(SO(3)))
=(1—t—t) A +t+2 4+ =1 -2 —* =2t —15) L = x(T(V)).
Thus ¢ : T(V) — H,.(Q(X2(2))) is an isomorphism, which is the asser-

tion.

Lemma 2.5. The homology suspension o, : QH.(Q(X2(2))) — H.11(X2(2))
18 an isomorphism.
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Proof: Let x9,x3,x4,ys and ys be in H,(Q2(X5(2))) corresponding to
u?, [u, v], v* +ulu, v], [u?, v] and [v?, u] +u[u?, v] in T'(u,v), respectively.
Consider mod 2 Serre spectral sequence ET, for the principle fibre
sequence
Q(X2(2)) — * — X5(2).
Notice that, for * <5, H,(Q(X5(2))) has a basis
To, T3, '1:37 Ya, Ty, [an '1:3]’ o3, Ys.
Let aj11 = 0.(z;) and bjy1 = 0.(y;). Then
ds(az) = w2,
ds(aszs) = 56%;
ds(aszs) = waw3,
ds(as) = w3,
ds(aszs) = 2372,
and
E;, =0
for r > 6,s > 0,t > 0 and s +¢ < 6. Thus there exists as, b5, bg € Ef,o

such that ds(as) = x4,d5(bs) = y4 and dg(bg) = ys. The assertion
follows.

Lemma 2.6. The element
x3 = [u,v]
in H3(Q(X2(2))) is spherical.
Proof: Consider the exact sequence of homotopy groups
m4(P?(2)) — m3(SO(3)) — m3(Xa(2)) — m3(P*(2)) — m2(SO(3)) = 0.

Notice that m3(SO(3)) = Z and m4(P?(2)) is torsion. Thus m3(X2(2)) =
Z or Z & G for some 2-torsion abelian group G. Now X5(2) is 2-
connected and Fy = H3(X5(2); Fy) = m3(X2(2))®@F,. Thus m3(X2(2)) =
Z and so m(£2(X2(2))) = Z. Now the 3-skeleton (£2(X32(2)))(s) o

Q(X5(2)) is the homotopy cofibre of an attaching map ¢ : S* — S2
Notice that

Ho((QX(2))) 013 Z) = Ha(QXo(2)): Z) = .

Thus ¢ is of degree 0 and so the 3-skeleton (Q(X2(2)))) ~ SV S%.
The assertion follows.

Proof of Theorem 1.1: By Corollary 2.2, it suffices to show that
X5(2) ~ P%(2) v ERP.
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We use the notations in Lemmas 2.4 and 2.5. By Lemma 2.4, the only
nonzero Steenrod operations on H,(X»(2)) are given by

Sq?as = az, Sqtas = a4, Sqlbs = bs.
Thus

H.(X5(2) = Mo N

as modules over Steenrod algebra, where M is generated by as, a4, as
and N is generated by b5, bs. By Lemma 2.6, the element x3 is spherical
in H3(Q(X2(2))). Let f: 5% — Q(X2(2)) so that f.(t3) = 23, where ¢3
is a generator for H3(S®). Consider the relative Samelson product for
the multiplicative fibre sequence

Q(X2(2)) - QP(2) — SO(3),
see [N1]. There is a relative Samelson product
£ E): S*ARPE = PY(2) - Q(X,(2)),
where FE : RP? — QP?(2) is the suspension. Notice that both t3 and
u are primitive. Thus
£, ELu(1a ® u) = [fulta), u] = [[u, 0], u] = [u?, ]

in T'(u,v). Let @ = coX[f, E] be the composite P%(2) — YQ(X2(2)) =

X5(2) and let us and vg be the generators for Hs(P%(2); Fy) and Hg(P5(2); Fy),
repectively. Then 6, (us) = o.([u?,v]) = bs and Sql0,(vs) = bs. Thus
0.(vs) = bg which is the only nonzero element in Hg(X5(2)) and so

0, : H,(P%?2)) — H,(X5(2))

is one to one. Let B’ be the homotopy cofibre of § : P5(2) — X5(2).
Then H,.(B®) has a basis {as, a4, as}. Notice that ay, = 0. (x3) is spher-
ical. Thus B? is the homotopy cofibre of an attaching map ¢ : S* —
S3 Vv 8% = (X3(2))w. Notice that the homotopy fibre of the pinch
map X»(2) — B5 is 4-connected and so m4(X2(2)) = m4(B®). Thus the
composite

S5 81V S Xy(2)

is null, or the injection S*V S% — X5(2) extends to a map s : B5 —
X5(2). Now the composite

PS(2) v B> 2% X5(2) v X2(2) 5 X5(2)

is a homotopy equivalence, where 1/ is the fold map.
Consider homotopy commutative diagram of cofibre sequences
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L AVE U - L

I pl l |

st Bogr P S8
where p is the projection. Notice that Sqlas = ay. Thus P?(k) ~ P?(2)
localized at 2 and k = 2k’ with &' = 1(2). Notice that Sq2as = as.
Thus B® is not homotopy equivalent to P?(2) V S* and therefore the
composite

st Lo sivst Loge
is essential and is therefore equal to n in 74(S®) = Z/2, where p is the
projection. Thus the homotopy class [¢] = n + 2k'[¢] in 74(S3 v S*) =
Z/2 ® 7 with generators n and [¢], where k' = 1(2). Notice that SR Py
is the homotopy cofibre of (n,[2]) : S* — S3 Vv S§1. Thus B® ~ SRP,
and the assertion follows.

REFERENCES

[C1] F. R. Cohen, Two-Primary analogues of Selick’s theorem and the
Kahn-Priddy theorem for the 3-sphere, Topology, 23(1984),401-421.

[C2] F. R. Cohen, A course in some aspects of classical homotopy theory,
S.L.M 1286(1986),1-92.

[CMN] F. R. Cohen, J. Moore and J. Neisendorfer, Torsion in homotopy
groups, Ann. of Math. 109(1979),121-168.

[Mu] J. Mukai, Some homotopy groups of M3, preprint.

[MM] J. Milnor and J. Moore, On the structure of Hopf Algebras, Ann. of
Math. 81 (1965), 211-264.

[N1] J. Neisendorfer, Primary homotopy theory, Memoirs. AMS, 25 (1980).

[Wu] J. Wu, Thesis, University of Rochester (1995).

MSRI, 1000 Centennial Drive, Berkeley, CA 94720, U.S.A.
The Fields Institute, 222 College St., Toronto, Ontario M5T 3J1, Canada



