ARTIN’S BRAID GROUPS, FREE GROUPS, AND THE LOOP
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ABSTRACT. The purpose of this article is to describe connections between the
loop space of the 2-sphere, and Artin’s braid groups. The current article exploits
Lie algebras associated to Vassiliev invariants in work of T. Kohno [19, 20], and
provides connections between these various topics.
Two consequences are as follows:
(1) the homotopy groups of spheres are identified as “natural” sub-quotients of
free products of pure braid groups, and
(2) an axiomatization of certain simplicial groups arising from braid groups is
shown to characterize the homotopy types of connected C'W-complexes.

1. A TALE OF TWO GROUPS PLUS ONE MORE

In 1924 E. Artin [1, 2] defined the n-th braid group B,, together with the n-th pure
braid group P,, the kernel of the natural map of B, to X, the symmetric group on
n-letters. It is the purpose of this article to derive additional connections of these
groups to homotopy theory, as well as some overlaps with algebraic, and topological
properties of braid groups.

This article gives certain relationships between free groups on n generators F,,, and
braid groups which serve as a bridge between different structures. These connections,
at the interface of homotopy groups of spheres, braids, and homotopy links, admit a
common thread given by a simplicial group.

Recall that a simplicial group Iy is a collection of groups

FOaFL"' arna"'

together with face operations
di : Fn - Fn—l;
and degeneracy operations
S - Fn - Fn-‘rla
for 0 < i < n. These homomorphisms are required to satisfy the standard simplicial
identities.

One example is Milnor’s free group construction F[K] for a pointed simplicial set
K with base-point * in degree zero. The simplicial group F[K] in degree n is the free
group generated by the n simplices K,, modulo the single relation that s (x) = 1.

In case K is reduced, that is K consists of a single point in degree zero, the geo-
metric realization of F[K] is homotopy equivalent to QX|K| [24]. Theorem 1.1 below
addresses one property concerning the simplicial group given by F[A[1]] where A[1] is
the simplicial 1-simplex. This theorem gives one connection between F[A[1]], and a
simplicial group described next which arises naturally from Artin’s braid groups.
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Artin’s pure braid group P11 is generated by elements A; ; for 1 <i<j<n+1
with relations given in [23]; these relations as well as in an alternative form in terms
of commutators are stated below in section 2. There is a simplicial group which in
degree n is given by I';, = P41 which is elucidated in section 2, as well as in [10, 3].
The simplicial structure is given heuristically as follows. Face operations are given by
deletion of a strand, while the degeneracies are gotten by “doubling” of a strand. This
simplicial group itself is denoted AP,. Thus the pure braid groups P, assemble into a
simplicial group.

Theorem 1.1. The loop space ( as simplicial groups ) of the simplicial group AP.,
Q(AP.,), is isomorphic to F[A[1]] as a simplicial group.

Consider the free group on n letters F,, = F,[y1, - ,yn] together with elements z;
for 1 <i <mnin P41 given by the naive “cabling” pictured in Figure 1 below.

[ N+1-i

FIGURE 1. The braid z; in P,41.

The braid z; with N =1 =4 in Figure 1 is Artin’s generator A; 5 of P,. The braids
xz; for 1 < i < N in Figure 1 yield homomorphisms from a free group on N letters
Fn =Fnlyi, - ,yn] to Pyy1

On: Fnlyr, - syn] — Pnya
defined on generators y; in Fy by the formula
@N(yi) = X;.

A connection between Artin’s braid group and the loop space of the 2-sphere is given
next using the feature that the second pure braid group is isomorphic to the integers
with a choice of generator denoted A;s. Notice that the simplicial circle S! has a
single non-degenerate 1-simplex given by (0,1). Thus there exists an unique map of
simplicial groups

O: F[S'] — AP.
which in degree n is defined by

Ont Fulyr, -+ yn] = P,
and specializes to
©1((0,1)) = A1 2
with value given Artin’s generator for P,. One of the theorems stated in [10] is as
follows.
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Theorem 1.2. The morphism of simplicial groups
0: F[S'] — AP,

is an embedding. Hence the homotopy groups of F[S'] are natural sub-quotients of
AP., and the geometric realization of quotient simplicial set AP./F[S] is homotopy
equivalent to the 2-sphere. Furthermore, the image of © is the smallest simplicial
subgroup of AP, which contains A .

This theorem implies that the homotopy groups of F[S?], those of the loop space of
the 2-sphere, are given as “natural” sub-quotients of the braid groups, a result related
to work of the second author [28]. The proof of the above theorem sketched in [10]
relies heavily on the structure of a Lie algebra arising from the “infinitesimal braid
relations” as Vassiliev invariants of braids by work of T. Kohno [19, 20, 21], Falk, and
Randell [15], as well as work of V. Drinfel’d [13] on the KZ equations. The precise
details in section 8 here depend heavily on the specific structure of this Lie algebra.

In addition, the Lie algebraic methods used to prove this theorem suggest that
the methods might be useful to study whether related maps are faithful. A “Lie
algebraic/homological” criterion for testing whether a representation of P, is faithful
is given in [9)].

The Brunnian braid group Brunn,y; is the subgroup of P,;; given by those el-
ements which are trivial after deleting any strand, that is the intersection of the
kernels of all of the d;, 0 < ¢ < n. Similarly, the almost Brunnian braid group
ABrunng,4o is the subgroup of P,yo given by those elements which are trivial af-
ter deleting any strand except possibly for the first strand, that is the intersect-
ing of the kernels of the d; for 1 < i < n+ 1. Clearly, dy : Pyy2 — P,11, and
d0|ABmm”+2 : ABrunng, o — Brunn,j are surjections.

Corollary 1.3. The cokernel of the natural map
do| ABrunnnss : ABrunng, o N Fyp1 — Brunn,,1 N F,
is isomorphic to m,15%.

An example is presented next. The commutator of the braids 1 = A; 3 - A2 3, and
2o = Aj 2+ A; 3 in the third braid group as presented below in section 6 represents the
Hopf map 71 : S3 — S2. In addition, the braid closure of the commutator [x1,x2] gives
the Borromean rings.

An analogue for all spheres arises at once by taking coproducts of simplicial groups
AP, Vv AP, which in degree n is given by the free product P,,+1 II P,11. Recall that if
n > 2, the loop space of S™ is a retract of Q(S? V S?) by the Hilton-Milnor theorem.

Corollary 1.4. The smallest simplicial subgroup of AP,V AP, which contains Py 11 Py
in degree 1 is isomorphic to F[S'] Vv F[S']. Hence QS™ is a retract, up to homotopy,
of the geometric realization of the simplicial subgroup F[S]V F[S] for any n > 2.

The results in Corollary 1.4 suggest an axiomatization of certain families of simplicial
groups. One application of Theorems 1.1, and 1.2 is given next. Let B denote the
smallest full sub-category of the category of reduced simplicial groups which satisfies
the following properties:

(1) The simplicial group AP, is in B.

(2) If I1, and T are in B, then the coproduct IV T is in B.

(3) If I is in B, and T is a simplicial subgroup of II, then I is in 5.

(4) If I is in B, and T is a simplicial quotient group of II, then I is in B.
Theorem 1.5. Let X denote simply-connected CW -complex. Then there exist an

object T'x in B such that the loop space Q(X) is homotopy equivalent to the geometric
realization of 'x.
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The Lie algebra obtained from the descending central series of P, Ej(P,) occurs in
several disparate ways in the results above. To close the introduction, these features
are summarized next.

(1)
(2)
3)

—
-
2
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o N —

(9)
(10)

(11)

One application of the structure for Ej(P,) is the proof of Theorem 1.2 which
gives that the homomorphism © : F[S'] — AP, is an injection.

A second application of E}(P,) are the consequences of the axiomatization
preceding Theorem 1.5.

In the course of the proof of Theorem 1.2, the Lie algebra EJ(FP,) is shown
to naturally contain the E° term of the classical the Bousfield-Kan spectral
sequence for the loop space of the 2-sphere. An analogous feature is satisfied
for the classical unstable mod-p Adams spectral sequence for the loop space of
the 2-sphere for which the descending central series is replaced by the mod-p
descending central series of P, as described in section 8.

An important feature of E}(P,) is the application in [19, 20] characterizing
Vassiliev invariants of pure braids.

Natural quotients of free groups, and P, give a simplicial group K[S'] associ-
ated to natural self-maps of the loop space of double suspensions [7]. The same
groups appear in work of Milnor on homotopy links [25, 26] as well as work of
Habbeger-Lin [17] on homotopy string links.

Related results concerning analogous structures for the pure braid group of the
2-sphere are given in [10, 3].

A survey of how these topics 'fit” as well as other related topics is given in [10].
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2. THE SIMPLICIAL STRUCTURE FOR AP,

The pure braid group P, is generated by elements A, for 1 < r < s < n. The
element A, ; may be thought of as linking the s-th strand around the r-th strand for
1 <r < s <n with a fixed orientation together with an explicit formula given by

where

Ans=alr,s) o2 alr,s)™!

Oé(?”, 5) =0s5-105-2"05-3"" 0Opy1-
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Artin gave a complete set of relations for the pure braid group P, [2, 1], or [23]. A
restatement of Artin’s relations in terms of commutators is given next.

Theorem 2.1. The group P, is generated by elements
AT,S

for1 <r <s<n. A complete set of relations is given as follows:

(1) If either s <i, or k <, Ar,sAi,kA;’; =A .

(2) Ifi <k <s, ApsAinAps = AL Ai kAis.

3) Ifi<r<k, Ar7sAi7kA;; = A;;AZ:AMAMAM.

4) Ifi<r<k<s, AT,SAMAE; = AZ;A;}ALSAMAMAZ:Ai_’slAiyrAi,s.
Furthermore, these relations are equivalent to the following relations.

(1) If either s < i, or k <r, then [A; 1A s] = 1.

(2) Ifi <k <s, then [Ai, AgL] = [Aik, Ais).

@) Ifi<r <k, [Aj, Ayl = [Aig, Ai].

(4) Ifi<r<k<s, [Air AL = [Aig, [Air, Ais]]

The face operations in the simplicial group AP, are defined as follows:

Ai—l,j—l ift+1< i,

1 if t+1 =i,
di(Asj) = S Aij1 ifi<t+1<yj,
1 ift+1=j,
Aij ift+1>4.
The degeneracy operations are defined as follows:
Ait1j4+1 ift+1<i,
Aj i1 Aivi a1 ift+l =1,
se(Aig) =4 Ai ifi<t+1<j,
Aij - Aijs ift+1=j,
A j ift+1>j.

That the face and degeneracies preserve the defining relations is verified directly.
The details are omitted. These operations give a convenient method for describing the
behavior of ©,, in the next section.

Recall that F[S!] in degree n is isomorphic to a free group on n letters x1,...,x,.
There are two natural choices for the definition of the face, and degeneracy operations.
A short digression concerning natural topology, and these two different choices is given
here.

The first description of the simplicial group structure arises by regarding the sim-
plicial circle S* as a quotient of the simplicial 1-simplex with n-simplices given by

z; = (0,0,...,0,1,...,1) = (0, 1" 177
for1 <i<n.

di(z;) = Ti—1 if i < j, and
B T if i > j.

The degeneracy operations are given by

sia;) = Tjy1 if i < j, and
B x; if i > j.
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A second natural description of the face, and degeneracy operations is obtained by
applying a Tietze transformation as follows. Regard the free group on n-letters as the
quotient

F[y(),ylv s 7yn}
modulo the single defining relation
Yo yr---yn =L
The face operations are then given by
Yj if j <1,
di(y;) =41 ifi=j, and
Yj—1 if 7 > 4.

The degeneracy operations are given by

v ifj<i,
5i(Y;) = S Ui - Yir1 ifi=j, and
Yji+1 if j >

3. ON LOOPING AP,

The next theorem was proven in [10] while a detailed proof is included here for
completeness.

Theorem 3.1. The loop space ( as simplicial groups ) of the simplicial group AP,
Q(AP.), is isomorphic to F[A[1]] as a simplicial group. Thus AP, is contractible, and
the realization of the simplicial set AP, /F[S*] is homotopy equivalent to S?.

Remark 3.2. The long exact homotopy sequence of the fundamental fibration sequence
due to Fadell, and Neuwirth [14] can be regarded as determining the homotopy type of
the loop space for the simplicial group obtained from the pure braid groups.

Proof. John Moore gave a definition for the loop space QI', of a reduced simplicial
group I, ( a simplicial group for which T’y consists of a single element) [27]. This pro-
cedure corresponds to the topological notion of looping in the sense that the loop space
of the geometric realization of I', is homotopy equivalent to the geometric realization
of QI',. This process of looping a simplicial group is described next.

Define a simplicial group ET, where the group ET,, in degree n is given by the
group I',, 11 with face, and degeneracies given by ”shifting down by one”. Then QI
the looping of I', in degree n, is defined to be the kernel of the map

do: ET, — T,

thus
an = ker[do : Fn+1 — Fn]

In the special case that '), is P41, then ET,, is P,, 2. Recall that P, is generated
by symbols A;; for 1 < i < j < n+ 1. Furthermore, the map dy : EI', — I'y
is induced by the projection map p. : 71 (F(R?,n +2)) — m(F(R?n + 1)) where
p: F(R?n+2) — F(R?n+ 1) is the map given by projection to the first n + 1
coordinates.

The fibre of the map p is R? — Q,,1 where Q,,,1 denotes a set of cardinality n + 1,
and thus the kernel of p, is isomorphic to F, ;1. It will be shown below that a choice of
generators for this kernel, regarded as a simplicial set is A[1]. Together with Theorem
1.2 giving that © : F[S'] — AP, is an embedding, the result follows.
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The kernel of the map dy : P,42 — P,4+1 which is given by deleting the last
coordinate is given by the free group with generators P42 ; for 1 <j <n+2. A basis
for the kernel is given by {P,12 ;|1 <j <n+1}.

Furthermore, the simplicial 1-simplex is given by (0¢,1"*1=%) in degree n with 0 <
i < n+1 with the single relation that (0"*1) = 1 in the simplicial group F[A[1]. There
is a dimension-wise morphism of groups

U FIA[l]] — Q(AP,)

defined by sending (0%, 1"T17%) to P,4a,; for 0 < i < n+ 2. A direct check gives
that this dimension-wise homomorphism is compatible with the face, and degeneracies.
Since each map is an isomorphism, the map ¥ is an isomorphism of simplicial groups.
The theorem follows. O

4. ON EMBEDDINGS OF RESIDUALLY NILPOTENT GROUPS

Let p : 1 — G be a homomorphism between discrete groups. Let I'*(7) = I'”
denote the n-th stage of the descending central series for w. That is

(1) TY(7w) = 7, and inductively
(2) Tt (7) = [[', 7], the subgroup generated by commutators
[+ [P, holhs] - - Thy]
with h; in 7, and ¢ > n + 1.
Define the associated graded
B () = T (m) /T (),
and
E5(m) = @nx1Eg (7).
It is a classical and easily checked fact that the commutator
[, -]:mxm— =
given by
[z.y) =ty ay
induces the structure of Lie algebra on Ej(7) [23]. A group homomorphism p: 7 — G

preserves the stages of the descending central series. Thus there is an induced morphism
of associated graded Lie algebras

Eg(p) : Eg(m) — Ep(G).
Definition 4.1. A discrete group I' is said to be residually nilpotent group if

(T(7) = {identity}

i>1
where T'!(7) denotes the i-th stage of the descending central series for 7.
Theorem 4.2. Assume that w is a residually nilpotent group. Let
p:m— G

be a homomorphism of discrete groups such that the morphism of associated graded Lie
algebras

Eg(p) : Eg(m) — Eg(G)

is a monomorphism. Then p is a monomorphism.
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Proof. Let x denote a non-identity element in the kernel of p. Since 7 is residually
nilpotent, there exists a natural number n such that the element z is in I'*(7) and
not in I"*1(7). But then z projects to a non-identity element in Ef(7), and thus has
non-trivial image in EJ(G) contradicting the fact that x is a non-identity element in
the kernel of p. O

If F[S] is a free group generated by the set S, then F'[S] is residually nilpotent [23],
and the next corollary follows at once.

Corollary 4.3. If F[S] is a free group generated by the set S, and
Eg(p) : E(F[S]) — EG(G)

is a monomorphism of Lie algebras, then p : F[S] — G is a monomorphism of groups.
If p is assumed to be an epimorphism, then it is an isomorphism.

Proof. If f induces an monomorphism on Ef(F[S]), then f is a monomorphism by
the previous theorem. It suffices to note that f induces a surjection. The lemma
follows. |

This approach for testing whether a homomorphism p is faithful is suited for residu-
ally nilpotent groups 7 such as free groups, and pure braid groups P,,+1. A single case
is addressed here in section 8 here.

5. THE LIE ALGEBRA ASSOCIATED TO THE DESCENDING CENTRAL SERIES FOR P,

The next theorem gives the structure of the Lie algebra arising from the descending
central series for Pj, which was analyzed in work of T. Kohno [19, 20], Falk, and Randell
[15], and Xicoténcatl [30]. Let B; ; denote the projections of the A; ; to Ej(Py).

Theorem 5.1. The Lie algebra obtained from the descending central series for Py is
given by Ly, the free Lie algebra generated by elements B; ; with 1 < i < j < k, modulo
the infinitesimal braid relations:

(1): [Bij, Bse| =0 if {i,j} N {s,t} = ¢,

(ii): [Bi;,Bit +Bij]=0if1<i<t<j<k, and

(iil): [Btyj,Biyj + Bi,t} =0ifl<i<t<j<k.

Furthermore there is a split short exact sequence of Lie algebras
2490)

0— E§(Fn) —— Ej(Pny1) Eg(P,) — 0

where E§(Fy,) is the free Lie algebra generated by B; 11 for 1 < i <mn+1. In addition,
E§(Pyy1) is additively isomorphic to E§(P,) ® E§(F,).

Ep (dn)

A related direct computation which is used below follows.
Proposition 5.2. (1) If1<j<t<k<n+1, then
[Bjk + B, Bj] =0,
and
[Bjt, Bei]| = Btk Bj il
(2) If1<r<m<n+1, then

[ Z Bi,n+17 Z Bj,m} =0.
1<i<n 1<j<r

Proof. Assume that 1 < j < t < k < n+ 1, and consider the infinitesimal braid
relations as follows:

® [Bji+ Bjk,Bix] =0

 [Bji+ By, Bjx] =0
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Thus [Bj,k + By i, Bj7t] = [Bt,k, Bng] + [Bj,k, Bt,k] =0.

In addition, [Bj; + Bjk, By k] =0, and thus [Bj ¢, B ] = [Byk, Bj k).

Consider [, ,;<,, Bint1,Bjm] for m < n+1. Since [B; 41, Bjm] = 0if {i,n +
1} N {j,m} = ¢, it follows that [Y°, ;.. Bint1, Bjm] = [Bmnt+1 + Bjnt1, Bjm] =0
by the infinitesimal braid relations.

The proposition follows. O

6. ON O, : F}, » P41

The proof that the map ©,, : F,, — P41 is a monomorphism depends on the
structure of certain Lie algebras given in this section. These Lie algebras arise from
passage to the associated graded for the descending central series filtration of a discrete
group arising in the commutative diagram of groups

(C]
Fn #Pn-i-l

L

On_1
F,_.1 — P,.

This diagram together with induction on n is used to prove the following theorem.

Theorem 6.1. The maps ©,, : Flx1,22, - ,2n] — Pny1 on the level of associated
graded Lie algebras

E§(On) : Eg(Flxy, w2, an]) = Eg(Pati)
are monomorphisms. Thus, by Theorem 4.2, the maps ©,, are monomorphisms.

The hypothesis that ©7 is an isomorphism gives the initial step in an induction
with the assumption that E}(0,_1) is an embedding. To carry out the inductive step,
notice that there is a commutative diagram of morphism of Lie algebras

£y (©n)

EE)k(Fn) ES(PVL+1)
lES(dw lEa‘(dm
E}(©,_
Ey(Fay) =29 Ba(p,).

Most of this section gives explicit results concerning these Lie algebras which are
used to prove Theorem 6.1 in the next section. Thus recall P. Hall’s classical result
that

ES(FTL) = ES(F[mlax27 e 7x7l])
is isomorphic to the free Lie algebra over the integers Z
L[Ila Ty 7xn]

where the z;’s in the free Lie algebra are the projections of the analogous elements in
the group F,,. Furthermore, the kernel of the projection map

m: Lz, @, -+ ,xn] = Llxg, -, 2]
defined by
0 ifi=1
m(z;) = .
x; ifi>1.

is given by L[S,,] where S, is the set
{z1,ad(w, )ad(zi,) - - - ad(wi, ) (1)}
for all p > 1 with 4; > 1. Thus the Lie algebra kernel of
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Eg(dn) : Eg(Fn) — Eg(Fn-1)
is given by L[S,].

It is not the case that the exact sequence of groups 1 — ker(d,,) — F, — F,_1 — 1
induces a short exact sequence of Lie algebras after passage to the sub-quotients of the
descending central series. The details of this last assertion are not included.

It is convenient to give define additional elements specified in the following formulae.

(1) An - Bl,nJrl + BQ,n+1 + -+ Bn,nJrl» and

(2) Yq(n) = =Xn_gi2<i<nBin+1 if 2 < g <n.
Some values of O(x;) are required next, and are recorded in the next theorem which is
a direct computation.

Theorem 6.2. The map ©,, : Flx1,29, - ,x,] — P,y1 satisfies the following for-
mula:

E§(0n)(2q) = Zi<icn—gr1<j<nt1Bij

on the level of associated graded Lie algebras Ef(Pp+1) for 1 < q <mn. In addition, the
following formulas hold.

(1) E§(©n)(z1) = Ay

(2) Ifj <n+1, [An,Bi,j] =0.

(3) E5(On)(zq) = An +74(n) + B1<i<n—gt1<j<nBi ;-

(4) If2 < p <q, then [,(n), O(zq(n))] = 0.
Proof. The formula

E5(On)(z4) = Zicicn—g+1n—gt2<i<nBij

is that given by the degeneracies as described in section 6, the simplicial structure for
AP,. The next 4 formulae are proven next with formula 1 given by the definition of
A,
With the condition s < ¢ < n + 1, notice that [B; 41, Bs,t] = 0 for ¢ # s,¢t. Thus
[An, Bst] = [Li<i<nBint1, Bst)s
and
[An, Bsi] = [Bsnt1 + Bint1, Bs i
which is 0 by the infinitesimal braid relations in Proposition 5.2. Formula 2 follows.
Since
E§(On)(2q) = Ti<i<n—q+1.n—qr2<i<nBij,
and
An + 'Yq(”) = Yi<i<n—q+1Bin+1,
formula 3 that E§(0,)(zq) = An + 74(n) + Zi<i<n—qgt+1<j<nBi,; follows directly.
To work out part 4, consider
Vp(n),0(xy)] = —[En_pri<i<cnBint1, Y1<i<n—q+1<<j<nt1Bij].
Then expand each term for n —p + 1 < i < n given by
[Biyn+1, Z1<i<n—q+1<<j<n+18i4].
There are two cases to check.
(1) If it <n—g+1, then [B; i1, Zi<i<n—gt+1<<j<n+1Bi;] = 0 by the infinitesimal
braid relations.
(2) Ifi =n—q+1, then [By_gt41,n+1, Z1<i<n—g+1<<j<n+1DBi ;] = 0 by the infini-
tesimal braid relations.
The theorem follows. O
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Some additional properties concerning the degeneracies are given next follow at once.

Theorem 6.3. The map ©,, : Flx1, 22, -+ ,x,] — Pny1 satisfies the following for-
mula:

(1) For any fizred 0 < j <mn, sjA, = Apy1.

(2)

s (v () — Ye(n+1) ifj<n+1-—g,
() {7q+1(n+1) ifji>n+1-gq.
(3) [13(3), O(z2)] = [13(3), As] + [As,72(3)] + 2[13(3),72(3)]-
(4) For any fized 2 < i < j < n, there are sequences of degeneracies s(I,J) such
that

° S(I, J)(.’EQ) = Ty,

o s(I,J)(x3) = z;,

o (1, J)([13(3), EG(On)(22)] = [v;(n), E5(On)(x:i)]-
(5) For any fized 2 < i< j <mn,

[vi(n), Eg (On) ()] = [ (n), An] + [An, 7i(n)] + 2[v;(n), vi(n)].
(6) If 2 <p<q, then
[¥p(n), On(z4(n))] = 0.

(7) If 2< g < p, then

[Vp (1), On(z4(n)) = 274(n)] = [1p(1), An] + [An, 74 (n)].

Proof. The degeneracies are described in section 2 which gives the simplicial structure
for AP,. Recall that A, = ¥1<;<pBjn+1. That sjA, = A, 11, and formula 1 follows at
once. Recall that v,(n) = Byyo—gn+1+Bnts—gnti+- - -+Bnnt1. Thusif j <nt+1—g,
then s;74(n) = Bnts—gnt+2+Bnta—gnt2+- -+ Bntinte. Furthermore, if n+2—q < j,
then s;v4(n) = Bpt2—qn+2 + Bnys—gnt2 + -+ + Bnii,nt2, and formula 2 follows.
To check formula 3, notice that the following hold.
(1) By definition, v3(3) = —(B2.4 + B3 4).
(2) By definition, E}(©3)(x2) = B1,3 + Bas+ B4+ Baa.

(3) Thus [’)/3(3),E8<(@3)(.T2)} = —[3274 + B374,Bl73 + 32,3 + B1,4 + 3274] which
equals

(4) —[Bg,4,B1,3+ B23+ Bi4+ Bs 4] by the infinitesimal braid relations.

(5) Thus [y3(3), E§(O3)(x2)] = —[Ba,a, B2,3 + Bi.4] by the infinitesimal braid rela-
tions.

(6) Furthermore, [Ba4,B2s + Bs 4] = 0 by the infinitesimal braid relations, and
thus

(7) [v3(3), ©(x2)] = [B2,4, B3 4] — [Ba, B1 ] = [B2.a, B3 .a] — [Ba,, A3 — B3 4].

(8) Substituting v2(3) = —Bs 4, 13(3) = —(B2,4 + B34, and 72(3) — 73(3) = B2
gives [v3(3), ©(z2)] = [3(3), As] + [As, 72(3)] + 2[3(3),72(3)]. Thus formula 3
follows.

Formula 4 clearly follows from the degeneracies.
To check formula 5, notice that

[vj (), E5(0©5)(@:)] = (L, J)([v3(3), E(On)(z2)],
s(I, 1) ([13(3), E5(O3)(22)] = S(I, J)([73(3), As] + [As,72(3)] + 2[v3(3),72(3)]),
and
S, J)([v3(3), Az] + [As, 72(3)] + 2[3(3),72(3)])
equal to
[7j (’n’)’ An] + [An7 Yi (n)] + 2[7]‘ (n)7 Vi (n)]
Formula 6 is formula 4 in Theorem 6.2.
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By formula 5, For any fixed 2 <1 < j < n,

[vi (n), E5(0n)(@i)] = [ (n), An] + [An, vi(n)] + 2[y;(n), vi(n)].
Thus
[vj (), E5(0n)(2i) — 2vi(n)] = [v;(n), An] + [An, vi(n)],
and formula 7 follows.

7. ON THE PROOF OF THEOREM 6.1

Recall the morphism of Lie algebras

. E;(©,) .
Ej(Fn)  — EG(Prya)
| B | B
Ei(Fo_y) 22O gep).
Taking Lie algebra kernels results in a commutative diagram
* E;(On
L[xfo(Fn—l)] M L[Bl,n+1a Ba i, 7Bn7n+1]
" Eg(On) ‘
EO(Fn) . Eo(Pn+1)
JES‘ (dn) lE; (dn)
Bl (On—
Ej(Fyoy) 22 Eg(P)

for which
e the Lie algebra kernel of E(d,) : E§(F,) — E§(Fn-1) is L[xfO(F"fl)], and
e the Lie algebra kernel of Ef(d,) : E§(Pnt+1) — E§(Pn) is
L[Bin1, Bant1, -+ s Brnyl]-

The inductive hypothesis is that Ej(0,_1) is a monomorphism. To finish, it suffices
to check that the induced map of Lie algebras

L[Bl,n+17 BQ,n+17 e 7Bn,n+1]
is a monomorphism. This will be checked using the computations of section 5.
The next step is to consider the morphism of Lie algebras

L[Ifé(anl)} E5(©n)

p: L[Bins1, Bans1, o+, Bl = L[Bons1, -+ Buna]
defined by the formula
P(Bjn+1) = {BMH L i ,
—(B2nt1 + Bspy1+ -+ Bppg1) ifj=1
Notice that p(X1<j<nBjn+1) =0, and so
p(A,) = 0.

A remark is appropriate here. With the exception of the map p, all of the above
maps are morphisms of simplicial Lie algebras. The map p fails to preserve one face
operation, and is thus not a morphism of simplicial Lie algebras.

Let B equal Ef(F,_1). The image of

E3(©,): LzP] — L[Biny1,Banit, Bunti)
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is in the Lie ideal generated by ©(z1) = A,,, and thus is in the Lie algebra kernel of p.
Hence the map O restricts to a map of Lie algebras

E§(©n) : Llzt'] — L[AT]

where C' = L[B2n+1,B3n+1, -y Bnnt1]. In the work which is given below, the
notation z; = z;(n), and v; = v;(n) is used when the integer n is clear from the
context.

The structure of the Lie algebras L[z?], and L[AS] are used below. Recall that the
abelianization of the Lie algebra L[S] is equal to

Hy(L[S]) = L[S}/ ([L[S], LIS]))-
Some of this structure is well-known, and recorded next.
Theorem 7.1. The abelianization of L{x¥], HL[x?], is given by the free abelian group
with basis x1, and
[l @y ag,] - oy, ],

for all sequences 2 < ji,j2,- -+ ,3q-

The graded free abelian groups Hy L[zP], and H; L[A¢] are filtered as described next
for which the filtration of H; L[AS] satisfies a reversed ordering from that of H;L[z?].
This reversal is forced by the infinitesimal braid relations, and the requirement that the

map Ej(0,,) preserve filtrations on the level of the first homology group as suggested
by Theorems 7.4, and 7.7 below.

Definition 7.2. Grade the first homology group H;(L[z?]) by setting
Grq(Hi(L[z7])
for ¢ > 1 equal to the linear span of the classes
[ [y, g Jag,] - o, g,

for all sequences 2 < ji, j2, - jg—1,Jq With the convention that Gry(Hy(L[zP]) is the
linear span of of the class 1. Thus

Hi(L[27]) = ©¢>1Grq(Hi(L[z).
Filter Gry(Hy(L[z?]) by F,(Gr,(Hi(L[zP])) as follows.
(1) For every q > 1,
FoGrg(Hi(L[z7])
is the linear span of the classes
[ [, @ ag,] - - g, o, ]
for all sequences
2<j1 <5< < g

(2) Filtration p > 0, F,(Gr,(H1(L[z?])), is the linear span of the classes

[ o, @ ]wg,] - o, J2g, ]
with D([- - [x1, 2j,J2j,] - - - o), ]2;,]) < p where
D([ - [x1, mj]wg] - - oy, Jog,]) = Bi<icg—rd(zy,)

with d(xj,) equal to the number of x;,,, such that j; > jix for k& > 0.
Thus, there are inclusions
Fy(Gry(Hy(L[2T])) C Fypi1(Gro(Hi(L[z7]))

for all p, and
Grq(Hi(L[z1'])) = Yoy Fy(Grg(Hi(L[zt])).
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There is a similar filtration H; L[AS], but with reversed ordering.

Definition 7.3. Grade the first homology group
Hy(L[AT))
by setting
Grq(H1(LIAS])
for ¢ > 1 equal to the linear span of the classes
O N o P R PN o7

for all sequences 2 < ji, j2, " - - jq—1,jq With the convention that Gry(Hy(L[AS]) is the
linear span of the class x;. Thus

Hy(LIAT]) = @21 Grq(Hi (L[AT)).
Filter Gry(Hy(L[AS]) by F,(Gr,(H1(L[AS])) as follows.
(1) For every g > 1,
FoGrg(Hi(L[AT])
is the linear span of the classes
[ A v sa] - 1 4]

for all sequences
J1=>2J2 =2 Jq 2 2.

(2) Filtration p > 0, F,(Gry(H1(L[AS])) is the linear span of the classes
[+ A Vi ] - 1aa 4]
such that
A [Ans v vga] - Vg i 173,]) = Ba<icg-10(75)
with 6(v;,) equal to the number of ~;,,, such that j; < ji1 for k > 0.
Thus, there are inclusions

Fy(Grq(Hi(LIAT))) C Fpia(Grq(Hy(LIAT]))
for all p, and
Grq(H1(L[AY])) = Uo<p Fp (Grg (HL(L[AT])).
Theorem 7.4. The map of Lie algebras E;(©,,) : L[zP] — L[AY] induces a map
Hy(On) - HiLlwy] — HiL[AY]
which

(1) preserves both gradation, and filtration as given in Definitions 7.2, and 7.5,
and
(2) is an isomorphism.

Corollary 7.5. The map of Lie algebras E3(0,,) : L[zP] — L[AS] is an isomorphism.
The proof of Theorem 7.4 follows by induction with the first case given next in which

x; = x;(n), and v; = v;i(n).

Theorem 7.6. Ifn > 1, then E§(©,)(z1) =An. If2 < ji <jo <o < jg, then

Eg(O©n)([- - [z, mjyJag,] - Jag, ], ) = [ (A v, )70 1)
Thus E§(0©,,) preserves filtration 0 in Theorem 7.4, and induces an isomorphism
H\(0y) : Fo(Grq(Hi(L[z1'])) — Fo(Grq(Hi(LIAT]))
for all ¢ > 0.
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Proof. By Theorem 6.2, E(©,)(z1) = A,. Thus the theorem is correct in the case of
the empty sequence. The next step is to check that Ej(©,,) preserves filtration 0 by
inducting on ¢ as stated in Theorem 7.4. Assume by induction that if 2 < j; < jo <
-+ < Jg, then
E§(On)([ -+ [wv, mj g - o, o, 1) = [ I8 95,1750 - 1 v -
Next, consider j; < jg+1, together with the value of

Eg(O©n)([- - [z, zjJag,] - - Jag, ]y, )25,00])
given by
[ A 5 o] 19521750 1 B (On) (2g41)]-
If 2 < j, < jg, then [v;,(n),0O(x;, (n))] = 0 by Theorem 6.2. Hence by the Jacobi
identity, [[4, B],C] = [[A,C], B] + [A, [B, C]], the value of
[ (A Vo oa ]+ 172170, 1 EG (On) (241))]
is equal to
[ A5 o] 10521 EG (On) (2g41)]75, ]
Notice that by the inductive hypothesis, the element

[ A Vi) - - 17316 (On) (241)]

is equal to
ES (@n)([ o [1‘1, sz]xjs] e ]qu—l]szﬁl])-
That is, the element x;, does not appear.
Furthermore, notice that the element E§(©,)([---[v1,2,]zy,] - - -z, ]wj,.,]) is
equal to

[' o [An>'yjq+1]’7jq71] o '}Vjs]’}/jz}
by the inductive hypothesis. Hence
Eg(On) ([ [rv, wg g - Jag, o, Jog,0]) = 1 (A g 1, v b )
The theorem follows. O
The proof of the next theorem is analogous, but uses a variation of Theorem 6.3

to measure changes of order, and their effect on the filtration defined above. To keep
track of certain signs, the following conventions are used.

Theorem 7.7. If2 < ji,ja2,- -+, jq, then the class of
Eg(On)([- -+ [z1, mj0]wj,] - Jwj, )5, ])
in HyL[AC] is equal to the class of
(:l:]-)[ o [A’fL?’qu]’qufl] o ]’7j2]'7j1] +Q

where Q projects to an element of lower filtration degree in HyL[AS]. In addition,
E}(©,,) both preserves the filtrations as given in Definitions 7.2, and 7.3 , as well
induces an isomorphism on the level of first homology groups.

Proof. The proof of Theorem 7.7 is by induction on filtration degree p for fixed grada-
tion Gry(H;(L[zP]) starting with filtration degree p = 0. Notice that if n > 1, then
E5(0,)(x1) = Ay, and if 2 < j; < jo <--- < j,, then

E5(0n)([- - [z1, mju]ws,] -+ Jwj, o], 1) = [+ Ay 5,105,015 3]
by 7.6. Thus the theorem is correct for filtration degree 0, and for all ¢ as the map
E}(©,,) induces an isomorphism on the level of

Hy(©y) : FoGre(Hi(L[aT])) — FoGre(Hi(L[AT]))
for all 1 < gq.
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Thus assume inductively that
ES(GH)[ o [xlv le]sz] T }‘rjq—l]qu]

in H1L[AS] is equal to (£1)[- - [An, 75, 1%5,_1) - 1752]75] + © where Q is of lower fil-
tration as stated in Theorem 7.7.
Consider the following formulae.

(V) EgOn)[---[er, wj, g, -, Jas )2, ] = [[A; Bl, C] for which

A=Eg(On)([ - [w1, zj,]wg,] - ], ])
with
B = E;(0n)(z;,),
and
C = Ey(On)(zj,.,)
(2) The inductive hypothesis gives that

[Aa B] = (:l:l)[ te [Ana ’qu]’)/jq71] e ]7j2]7j1] +Q
for which Q projects to lower filtration degree in Gry(H;(L[z?)). Hence

HAv B]ﬂ C] = [((il)[ o [Ana "qu]f}/jq—l] e },‘YjQ}ijl] + Q)]a C]
in Gr,(Hy(L[z§]).

(3) Since €2 has lower filtration degree than [A, B], the filtration degree of [ ,C]
has filtration degree strictly less than that of [[A, B],C] in Gry(H;(L[AS]) by
inspection of the definition.

(4) Next consider

[ A Vi) - 137 O = (1B, FICT = [[E, CLF] + [E[F, C]]

for which
o E=[-[An,7,]%j,s] |75] and
o =1y ..

(5) Notice that

(B, OV = [ A Y511 ] - 1751 B0 (On) (,1)]-
(6) Thus [E,C] is the sum

(X, Eg (©n) (2,41 175.] + [X, 12 Bo (On) (25,
where
X = ]+ )
(7) It
J2 < Jgt1s
then [v;,, £5(0,)(x;,,,)] = 0 by part 6 of Theorem 6.3. Hence

[E,C] = [[X, E5(0n)(@j,11)]750];
the inductive hypothesis applies, and the Theorem follows.
(8) If
J2 > Jg+1,
then
[’sz ) ES (@n)(qu+1)] =V+Y
n) + [Any Vi) and Y = 2[y;,,7;,,,] by part 5 of Theorem

where V' = [v;(2), A
’Ea(@ )(x]q+1 )]77j2] + [X7 [7j27E8(®n)(qu+1)]] is equal to the

6.3. Thus [[X
coset of

HX’ ES (C—)n)(qu+1 )]ij] + [X7 2[7]'2’ Yigt+1 )]]
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in H,(L[z{]), and thus

HXv ES(GYL)(‘quJrl) - 27jq+1]7j2]

in H, (L[z{]) modulo terms of lower filtration.
(9) Furthermore,

[[Xv Ef)k (®n>(qu+1) - 27jq+1},7j2} = 7[[X7 ’qu+1]’}/j2]

in case X = A,,, and

[[’757 ES(@H)(qu+1) - 27jq+1]7j2] =0.
(10) Thus if jo > jgi1, then [[X, E5(0n)(2,,,) — 274,.1]7j.] is one of the following.
(@) ~[[X;7jq11]75], or

(b) [[X’7jq+1]7j2]
(11) In addition,

[AW’ES(GH)(qu+1)] = [An7’7jq+1]
as follows from 6.3, and 6.2.

Formula 5 in Theorem 6.3 is used at this point, and is stated next for the convenience
of the reader. For any fixed 2 < ¢ < j < n, [yj(n), Ej(©,)(z;)] = S where S =
[vj(n), An] + [An, vi(n)] + 2[vj(n),vi(n)]. This formula will be used in the expansion of
E§(On)l-- - [rv, wj)ag] - - o, @, )24, ]. Thus,

[B, C] = [E5(On)(25,); E5 (On)(@5,,)] = [igs Anl + Ay Vigia ] + 200505 Vig ]

Formula 5 in Theorem 6.3 is used at this point, and is stated next for the convenience
of the reader. For fixed 7, and j with 2 <i < j < n,

[vi(n), E5(On)(2:)] =U +V

where U = [v;(n), An] + [An,%i(n)], and V' = 2[y;(n), 7i(n)].

The previous formula will be used in the expansion of the element specified by
an expansion of Ej(0,)([Xy,zj,.,]) for Xg = [-- [z, 25 ]2,] - |z, ]z, ]. Thus,
[B, C] = [EG(On)(x5,), B5(On)(z),,,)] = U + V7 where U” = [vj,, An] + [An, Vjgin ),
and V7 = 2[7jq77jq+1]'

Next, notice that

[Aa [’an An“v
and

[A, [An, Yg+1]]
both project to 0 in Gry(H;(L[AS]). Hence the class of [A4, [B, C]] equal to the class of
[A7 2[’qu ’ ’ij‘FlH.

O
Theorem 7.8. The map
E§(©y) : Llz{'] — LIAY]

induces an isomorphism of Lie algebras, and thus a monomorphism. Hence ©, is a
monomorphism.

Proof. Notice that the map Ej(©,) sends a generator [--- [y, z;, |x;,] - - -]z, _, ]x;, ] to

(:l:]-)[ o [An”yjq]’yjq—l] o ]’sz]Ple] +Q

where € projects to an element of lower filtration degree in H;L[AS] by Theorem 7.7.
Hence the morphism of Lie algebras E{(0,,) induces an isomorphism on the module of
indecomposables, and thus an isomorphism of Lie algebras. The Theorem follows. [
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8. ON VASSILIEV INVARIANTS, THE MOD-p DESCENDING CENTRAL SERIES, AND THE
BOUSFIELD-KAN SPECTRAL SEQUENCE

Let T™(G), respectively I'"™P(G), denote the n-th stage of the descending central
series for a discrete group G, respectively, the mod-p descending central series for G.
Thus

(1) T™(G) is the subgroup of G generated by commutators [ - [g1, g2], 93], - -], g¢]
for t > n with decreasing filtration

G=TY{G)2T*G)D---,

and
(2) T™P(QG) is the subgroup of G generated by commutators

[+ [91, 9], g3, -], g’

for s - p? > n with decreasing filtration
G=T'"G)DT?*?(G)D---.
Let B (G) =T™(Q)/T" (@), and EJP(G) = I™P(G)/T"T1P(G). The commutator
map of sets
[-,-]:GxG— G
induces a natural pairing endowing
E5(G) = @nx1 E5 (G)
with the structure of a Lie algebra while the analogous pairing for
E§¥(G) = @155 (G)
with the p-th power map £ : G — G which induces a function
£: E37(6) — Ef(G)

gives the structure of a restricted Lie algebra [18].

Kohno [19, 20], and Falk-Randell [15] analyzed the structure of E}(P,+1). A varia-
tion is required here. This technical variation is obtained by replacing the descending
central series by the mod-p descending central series thus giving the analogous structure
for EyP(Ppy1).

Recall that the unstable Adams spectral sequence is that obtained by filtering a
simplicial group by the mod-p descending central series [11]. This variation is recorded
here as it corresponds to the relationship between Vassiliev invariants, the Bousfield-
Kan spectral sequence, or unstable Adams spectral sequence.

First, consider filtering via the standard descending central series. The resulting
spectral sequence is labelled the Bousfield-Kan spectral sequence below. On the level
of E}, the morphism of simplicial groups © : F[S'] — AP, induces a map

E§(On) : Eg(Fn) — Eg(Pota),

the subject of sections 7, and 6 on embeddings of Lie algebras here.

On the other hand, there is a second filtration, as well as a second spectral sequence
obtained from the associated graded Lie algebra for the mod-p descending central series
EyP(F,)[11]. The resulting spectral sequence, the unstable Adams spectral sequence
abuts to the homotopy groups of F[S!] modulo torsion prime to p.

Question: Is there a further relationship between the Vassiliev invariants of pure
braids, and the homotopy groups of the 2-sphere ? Is there an informative interplay
between these invariants, and homotopy theory 7

The point of the next result is to derive the structure of the Lie algebra obtained from

the mod-p descending central series for the pure braid groups. Algebraic preliminaries
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are given next arising from work of [19, 15, 30], and the modification below for the
mod-p descending central series.

Theorem 8.1. Let
1- A—2-B L0 1
be a short exact sequence of groups such that

e there is a section o for p: B — C giving poo = 1¢, and
e the natural action of C on H1(A) is trivial: Given b in B and a in A, then
bab™! = ax
for some x in the commutator subgroup [A, A] = T'?(A).
Then there is

(1) a split short exact sequences of Lie algebras
0— Ej(A)— E;j(B)— Ej(C)— 0,

and
(2) a split short exact sequences of restricted Lie algebras

0— Ep?(A) — Eg*(B) — Ep*(C) — 0.

The structure of the Lie algebra for the mod-p descending central series of the pure
braid group, as well as certain other groups follows from the proof of the Proposition
8.2. A proof is analogous to the ones in [19, 15, 30]; modifications in the case of the
mod-p descending central series are direct, and are given below for convenience.

Observe that p((b- o(p(b~'))) = 1, and so there exists an unique element a in A
with j(a) = b-op(b~!). Thus, there is a well-defined function ( not necessarily a
homomorphism )

T:B— A

defined by the formula
7(b) =57 (b-a(p(b71))).
A useful variation of 8.1 for the mod-p descending central series is recorded next.

Proposition 8.2. Let

1—- A J B u Cc— 1
be a short exact sequence of groups such that

e there is a section o forp: B — C giving poo = 1¢, and
o the natural action of C on Hi(A) is trivial: Given b in B and a in A, then

bab~ ' = ax

for some x in the commutator subgroup [A, A] = T'?(A). ( Note that x is always
in [B, B], but x is not necessarily an element in [A, A].)
Then the following hold.
(1) For fired b in B, a in A, there is an element y in [A, A] such that b~'ab = ay.
(2) The group |B, A] is a subgroup of [A, A].
(3) The group
[ (B),I"(A)]
is a subgroup of T"T™(A), and the group [["P(B),T™P(A)| is a subgroup of
rntmp(A).
(4) If n > 1, 7 is a fillration preserving function ( not necessarily a group ho-
momorphism ). That is, T(I'™(B)) is contained in T (A), and 7(I'"™P(B)) is
contained in T™P(A).
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(5) If p(b) = 1, then j7(b) = b. Furthermore, there are split short exact sequences
of groups

1— I'"(A)— I'"™(B)— I''(C) — 1,
and
1— I'P(A) - T"™P(B) — T"™P(C)— 1.

(6) Ifn > 1, there are well-defined induced functions T : E}(B) — EJ(A), and
7Byt (B) — EyP(A) defined on an equivalence class of b, [b], by the formula

([]) [7(0)]-

(7) If n > 1, and [b] is in the kernel of the induced homomorphism Ef(p) :
Ey(B) — EJ(C), respectively [b] is in the kernel of the induced homomor-
phism E)°P(p) : EJP(B) — Ey*(C), then E§(j)(T[b]) = [b], respectively
Ey?()(F(b]) = 0] -

Furthermore, there are split short exact sequences of abelian groups
0— Ej(A) — Ej(B)— Eg(C)— 0,

and
0— EgP(A)— Ey*(B)— Eg*(C)— 0.

(8) The morphisms 0 — Eg?(A) — Ej*(B) — Ej*(C) — 0 are of restricted
Lie algebras.

Remark 8.3. The hypotheses above that bab™' = ax for some x in the commutator
subgroup [A, A] is not necessarily satisfied without the hypotheses of trivial local co-
efficients. Notice that if A is a normal subgroup of B, then a~'b~lab is always in
A, but may not necessarily be in [A, A]. An example is given by the group extension
1— Z/3Z — Y3 — Z/2Z — 1 for which the commutator subgroup A = Z/3Z is
trivial, but the group [B, A] is non-trivial for B = X3. The hypothesis of trivial local
coefficients is important in this step.

Theorem 8.1 is a restatement of Proposition 8.2. The proof of 8.2 is based on the
Hall-Witt identities together with another lemma of P. Hall both recorded in the next
statement proven in [23], page 290, and [12], page 2. An additional useful statement
is also given by 8.4. Recall that [a,b] = a=!-b~1-a b denotes the commutator of

elements a, and b in a group G, and ¢* =c ! -a-c.

Theorem 8.4. For any elements of a group G,

(1) [avb] : [bv a] =1,

(2) [a,b-c = [a,d]-[a,b] - [[a,b], ],

(3) [a'bvc]:[avc}'[a’cLb]'[b?c];

(4) Ha”b]a Ca] ) [[Ca a]a bc] : [[bv C]vab] =1,

(5) Ha7db]=c]'[[bvc]va]'[[c7 a’]7b] = [b7 a]' [07 a’] [C b] [a b} [ ]b' [bv C]a'[a7c]'[cv a]b7

(6) [a,b"] = [a,] - [a,b]" - [a, )P .
If a is an element of I'™P(G), and b is an element of T™P(G), then

[a, "] = [a,b]? - =
for z in T(m+Pm)P (@),

If A, B, and C are normal subgroups of a group G, then [[A, B],C] is contained in the
subgroup generated by [[B, C], A] and [[C, A], B].

The proof of Proposition 8.2 is given next.
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Proof. The first statement of the proposition is one of the stated assumptions concern-
ing the extension 1 - A — B — C — 1. Thatis b='ab = ax for b in B, a in A,
and some z in [A, A] by the assumption that the local coefficient system on H;(A) is
trivial.

By part (1), b=tab = ax for bin B, a in A, and some x in [A4, A]. Thus a=*b~1ab = =z,
so [B, A] is a subgroup of [A, A]. Statement (2) follows.

The proof that [["(B),I"(A)] is a subgroup of I'"**™(A) is given in [15, 30]. Modifi-
cations in the case of [["™P(B),"™P(A)] are stated next. Since I''(G) = I''"?(G) for any
group G, [[1P(B), TP (A)] = [T1(B),T1(A)] is a subgroup of I'?(A4), and thus ['*P(A).
Consider the case of [I"?(B),I'"™P(A)]. Inductively assume that for m < M, and
n < N that [["™P(B),I"™P(A)] is a subgroup of I""*™P(A). That [["™?(B),I"t%P(A)]
is also a subgroup of I T4P(A) follows by induction on ¢ via Theorem 8.4, or Ap-
pendix A of [12]: If a is an element of I'"™P(G), and b is an element of I'"P(G), then
[a,bP] = [a,b]P - z for z in T(™+P™):P(G) by Theorem 8.4. Assume that b is an element
of I'"P(B), and that aP is an element of ["™T9~1P(A), then [b,a?] is an element of
Fm+n+q7p(A).

The other cases are those in [19, 15, 30]: If G = I™?(B), K = A, H = I"t1-1LP(4),
then [["™P(B),IT"9P(A)] is a subgroup of I"+t™*T%P(A). A similar argument implies
that if [[™P(B),I"™P(A)] is a subgroup of I'"*t™?(A) for m < M, and n < N, then
[Cm+s2(B), T™P(A)] is a subgroup of T TM+TsP(A),

Recall that there is a well-defined function 7: B — A given by the formula 7(b) =
F7Hb - o(p(d™1))). To prove the fourth statement, notice that the following formula
holds which measures the failure of the map 7 from being multiplicative:

T(wy) = (r(2))(r ()i~ ([(r(y) ", op(@)]).

In addition, [(7(y))~!,op(x)]) is an element of [A, B] which is a subgroup of [A, A].
Thus for all elements x,y in B,

T(zy) = (1(2))(7(y))V,
as well as
7(a?) = (r(x))"W

where V', and W are elements of [A, A] by statement (3).
Let A = 0 o p, and observe that

T(aya™ly™h) = @y Ty My e (M) (Ay)).

Furthermore, if v is an element of I'™(B), and 7(z) lies in I'™(A), then the commutator
[7(2),v] lies in T™*"(A) by part (3). Similarly, if v is an element of I'™P(B), and
7(2) lies in T™P(A), then the commutator [7(z),v] lies in T *™P(A) by part (3). Thus
the statement that 7(I'™(B)) is contained in I'"(A), and 7(I'P(B)) is contained in
P (A) follows by induction on n together with part (3) of the proposition. Statement
(4) follows.

Statement (5) concerns 7 : B — A given by the formula 7(b) = j71(b- o(p(b™1))).
By definition, if p(b) = 1, then p(b=!) = 1, and j7(b) = b. Hence if if b is either in
ker(p) NT"(B), or ker(p) NT"™P(B), then 7(b) = b. Thus by the preceding remark as
well as part (4), 7 restricts to functions 7|yxer(p)nre(B) : ker(p) NT"(B) — T"(A), and
Tlkex(pynrmre(p) : ker(p) NI™P(B) — I™P(A).

It follows that the homomorphisms

j:T"(A) — ker(p) NT"(B),

as well as
j:T"P(A) — ker(p) NT"™P(B)
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are group isomorphisms. Furthermore, there are exact sequences of groups 1 —
) - m™B) —- I'"C)— 1l,and 1 - I'™P(A) - I'"P(B) - I™P(C) — 1
which are split by the existence of o. Part (5) follows.

If n > 1, there is a well-defined induced function 7 : Eff(B) — E{(A) defined on an
equivalence class of b by the formula 7([b]) = 7(b) by parts (c¢), and (d) together with

the formula
T(ay)(r(2))(r(y))i " ([(r(y) " op(@)]).

If the class [b] of an element b in I'™P(B) is in the kernel of the induced homomor-
phism E;P(p) : EyP(B) — EyP(C), then b is in I™P(B), and p(b) is in T"T1P(C).

Since the natural map "4 (p) : I"+t1(B) — T"T(C) is a surjection by part (3),
there is an element z in I'"*1P(B) such that p(z) = p(b). Note that b is in I'"™P?(B),
but x is in ["+1P(B).

Hence 71 is in I™*1P(B), and bz~! is a representative of the class [b] in E}(B)
with j7(bxz) = bx. Hence the natural map Ey”*(j) : Ey*(A) — EjP(B) is a surjection
to the kernel of 7 : E)"P(B) — E;?(C), and there is a split short exact sequence
0— EjP(A)— EjP(B)— Ej?(C)— 0. Statement (6) as well as the proposition
follows from the above. |

The next theorem follows at once as it was checked in [6], page 251, that the local
coeflicient system for the extension

1—-F,— P11 —-FP,—1
is trivial over the integers.

Theorem 8.5. The restricted Lie algebra obtained from the mod-p descending central
series for Py is given by Ly, the free restricted Lie algebra over Z/pZ generated by
elements B; ; with 1 <11 < j <k, modulo the infinitesimal braid relations:

(): [Bij, Bsil =0 if {i, j} N {s,t} = ¢,

(ii): [B;;,Bit+ Byl =01if1<i<t<j<k, and

(iii) [Bt7j,Bi7j + Bi,t} =0 Zfl <i<t<g< k.

Furthermore there is a split short exact sequence of restricted Lie algebras
*,p E(’;’p(l) *,p *,p
0— EgP(Fn) —— Eg¥(Pay1) Ey?(Pn) — 0

where EyP(F,) is the free restricted Lie algebra generated by By 41 for 1 <i<n+1.
In addition, Ey?(P,1) is additively isomorphic to Ey?(Py,) @ EyP (F,).

E;”J(dn)
_—

The following is an “integrality” statement concerning embeddings of Lie algebras
as do not necessarily induce an embedding after mod-p reduction.
Theorem 8.6. Ifn > 1, the induced maps
E§(On) : Eg(Fn) — Eg(Pota),
and
Eg’p(@n) : Egyp(Fn) - Egyp(Pn+1)
are monomorphisms.

Proof. Notice that the map Ej(©,) sends a generator [--- [,z |x;,] - - -]z, _,]x;, ] to

(:l:l)[ o [Anv’}/jq]qu_l] e ]7]‘2]7]1] +Q
where (2 projects to an element of lower filtration degree in H;L[AS] by Theorem 7.7.
By 7.8, the map
E§(©y) : L[z7] — L[AT]
induces an isomorphism of Lie algebras over the integers. Hence, the induced map on
the level of universal enveloping algebras is an isomorphism over the integers. Thus,
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there is an induced isomorphism on the level of universal enveloping algebras after
reduction modulo p, and an isomorphism on the level of restricted Lie algebras. This
suffices, and the Theorem follows. O

9. ON BRAID GROUPS, AND AXIOMS FOR CONNECTED CW-COMPLEXES

The purpose of this section is to give axioms which characterize C'W-complexes
in terms of braid groups when viewed within the context of simplicial groups. First
consider the category of groups G, and the category of reduced simplicial groups SG.
Let C denote a small category.

The definition of a simplicial subgroup is used next. There are two natural choices
for the definition. That these choices are equivalent is recorded below.

Consider the following axioms: Let B denote the smallest subcategory of SG which
satisfies the following properties:

(1) The simplicial group AP, is in B.

(2) If II, and I' are in B, then the coproduct II VI is in B.

(3) If I is in B, and T is a simplicial subgroup of II, then T is in 5.
(4) If I is in B, and T is a simplicial quotient of II, then I' is in B.

The next result is stated in the Introduction as Theorem 1.5.

Theorem 9.1. Let X denote simply-connected CW -complex. Then there exist an

object T'x in B such that the loop space Q(X) is homotopy equivalent to the geometric
realization of I'x.

First, the definition of a simplicial subgroup is required. The authors are unaware
of a good reference, so additional features are stated below.

Definition 9.2. (1) Amap f: G — H in C is a monomorphism provided when-
ever there are two maps «, 3 : m — G in C such that

foa=fop,
then
a=0.
(2) Amap f: G — H inC is an injection provided f is one-to-one on the underlying
sets.

Next recall the following standard fact.

Proposition 9.3. A map f : G — H in G is an injection if and only if f is a
monomorphism.

Proof. Assume that f is a monomorphism. It will be checked that ker(f) is trivial.
Assume that there is some non-identity element x in ker(f). Define

(1) «:Z— G by a(n) =1, and

(2) B:Z — G by B(n) =z
Then foa = fof, but a(x) # B(z), and so a # . That is a contradiction, and thus
ker(f) is trivial, and so f is an injection.

Next, assume that f is an injection, and that foa = fof. Thus f(a(x)) = f(6(z)).

Hence a(z) = ((z) and the proposition follows. O

The next step is to check an analogous statement for reduced simplicial groups.
First, two definitions should be given.

Definition 9.4. Let I', and II denote reduced simplicial groups. Then I' is a simplicial
subgroup of II provided there is a monomorphism ¢ : I' — IT in S§G.
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Definition 9.5. Let I', and II denote reduced simplicial groups. Then the pair (II,T")
is a simplicial group pair provided there is a morphism in SG given by ¢ : I' — II which
is a degree-wise injection of groups.

Proposition 9.6. Given simplicial groups I, and I1, the following are equivalent.
(1) T is a simplicial subgroup of II.
(2) The pair (IL,T) is a simplicial group pair.

Proof. Assume that f : I' — II is a monomorphism in SG. It will be checked that in
each simplicial degree n, ker(f) is trivial. Assume that n is the minimal degree for
which there is a non-trivial element z in ker(f).
Let
G(x)
denote the simplicial closure of  as given in [8]. Thus G(z) is both a simplicial group,
and the natural morphism of simplicial groups 3 : G(z) — I satisfies

B(x) = x.
Thus, there are morphisms in SG given by
(1) a:G(z) — T by a(z) =1, and
(2) B:G(z) =T by B(z) = =x.
Then foa = fop, but a(x) # B(x), and so a # B.
This statement contradicts the fact that f is monomorphism. Thus ker(f) is trivial,
and f is an injection in each degree.
Next, assume that f is an injection in each degree, and that foa = f o (. Thus in
each degree, it follows that f(a(x)) = f(8(z)). Hence a(x) = B(x) and the proposition
follows. 0

10. PROOF OF THEOREM 1.5

The simplicial group AP, is in B by axiom 1. By Theorem 1.2, there is a morphism

of simplicial groups

O: F[S'] — AP,
which is a degree-wise injection. Thus F[S!] is a simplicial subgroup of AP, by 9.6.
Hence F[S'] is in B by axiom 3.

Notice that coproducts, AP, V AP, as well as F[S'] vV F[S!] are in B by axiom 2.
Since F[S™] is a subgroup of F[S'] Vv F[S!] for n > 1, F[S"] is in B. By passage to
coproducts, V,rF[S™] is in B for any set 7T

The next statement concerning push-outs is the simplicial analogue of a classical
result of J. H. C. Whitehead [16, 22]. found in [29].

Proposition 10.1. Let Gy, G1, and G4 be simplicial groups in B together with mor-
phisms a: Gg — Gy, and B : Gy — Go in B. Then
(1) the push-out Il of a: Gog — G4, and 8 : Go — G is in B, and
(2) if both a, and B are monomorphisms in B, the classifying space of 11 is the
push-out of the classifing space construction of a : Gy — Gy, and 5 : Gy — Ga.

Let Y be the cofibre of a map a : Vo S™ — X, and assume that QX is homotopy
equivalent to a simplicial group G in B. Then consider the push-out of groups

F[\/neTSnil] %

9| le

VgAP, — T



ARTIN’S BRAID GROUPS, FREE GROUPS, AND THE LOOP SPACE OF THE 2-SPHERE 25

where f is the natural extension of the attaching map a, and g can be chosen to be a
monomorphism. If f is a monomorphism, the push-out I" lies in the category B. Since
VsAP, is contractible, the geometric realization of G is homotopy equivalent to Y.

It will be checked next that f may be assumed to be a monomorphism. First assume
that G’ is homotopy equivalent to QX and

f i FVperS" ' — G

represents the looping of the attaching map. Observe that F[V,.7S""!] embeds in
VsAP, via the injection

g: F[VperS™ ] — V5AP,.

Next, recall that B contains products as it contains both coproducts, and quotients.
Let
G =G’ x (VgAP,),

and let f be the injection

f'xg:FNperS" ' —G.

Notice that G is homotopy equivalent to X because AP, is contractible, and that G
is in B. Hence f may be replaced by f’ x g, and thus assumed to be a monomorphism.
The result follows by 10.1.

11. APPENDIX: A SAMPLE COMPUTATION

The purpose of this section is to list a sample computation for the values of O3.

(1) O3([z1, z2]wa]xs]) = [As,y3]72]V2],
(2) O3([x1, za)zs]za]) = —[As, 2]V3]72] + 2[As, ¥3)72]72] modulo decomposable el-
ements, and

(3) ©s([z1, wslwa]za]) = [As, V2] v2]vs] — 2[As, y2)vs]v2] + 2[As, ¥3]72]72] modulo de-
composable elements.
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