MODULE STRUCTURE ON LIE POWERS AND NATURAL
COALGEBRA-SPLIT SUB HOPF ALGEBRAS OF TENSOR
ALGEBRAS

J.Y. LI* AND J. WU

ABSTRACT. In this article, we investigate the functors from modules to mod-
ules that occur as the summands of tensor powers and the functors from mod-
ules to Hopf algebras that occur as natural coalgebra summands of tensor
algebras. The main results provide some explicit natural coalgebra summands
of tensor algebras. As a consequence, we obtain some decompositions of Lie
powers over the general linear groups.

1. INTRODUCTION

The algebraic question for functorial coalgebra decompositions of the tensor al-
gebras was arising from homotopy theory described as follows. The relevant topo-
logical question is how to decompose the loop spaces. This is a classical problem in
homotopy theory with applications to homotopy groups. For instance, the classical
results of Cohen-Moore-Neisendorfer [6] on the exponents of the homotopy groups
of the spheres and Moore spaces were obtained from the study of the decompo-
sitions of the loop spaces of Moore spaces. The decompositions of the loop space
functor € from p-local simply connected co- H-spaces to spaces was then introduced
in [22] with the subsequent development in [20, 2] 24 26]. Namely one gets the
natural decompositions QX ~ A(X) x B(X) for some homotopy functors A and B
on p-local simply-connected co-H-spaces X. Such decompositions may lose some
information for an individual space X in the sense that the functor A may be
indecomposable but the space A(X) may have further decompositions. However
the functorial decompositions has a good property that one can freely change the
co-H-spaces X in the decomposition formulas because they are functorial. Also
there are examples of spaces X such as Hopf invariant on complexes given in [12]
with the property that the space A(X) is indecomposable for certain functor A. A
fundamental question concerning the functorial decompositions is how to determine
the homology of the factors A(X) and B(X), which can be reduced to be a pure
algebraic question as follows:

Let V' be any module over a field k = Z/p and let T(V') be the tensor algebra
on V. Then T(V) becomes a Hopf algebra by saying V to be primitive. By
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forgetting the algebra structure on T'(V'), we have the functor 7' from modules to
coalgebras. Let

(1.1) T(V) = A(V) @ B(V)

be any natural coalgebra decomposition of T'(V') for some functors A and B from
(ungraded) modules to coalgebras. From [22] Theorem 1.3], the functors A and
B can be canonical extended as functors from graded modules to graded coal-
gebras and the above decomposition formula holds for any graded module V.
Then from [2I, Theorem 1.1], the functors A and B induce functor A and B
from co-H-spaces to spaces with the natural decomposition QX ~ A(X) x B(X)
with the property that there exist filtrations on mod p homology H,(A(X)) and
H,(B(X)) such that its associated graded modules E°H,(A(X)) = A(X"1H,.(X))
and E°H,(B(X)) = B(X7'H,(X)), where X! is the desuspension of the graded
modules. Briefly speaking, any coalgebra decomposition of the functor T as in
formula induces a natural decomposition of the loops on p-local simply con-
nected co-H-spaces in which the homology of its factors can be determined by their
corresponding algebraic functors.

The functors A and B in decomposition are complement to each other and
so it suffices to understand one of them as a coalgebra summand of the functor 7'
There exist some important coalgebra summands of 7" in [22] Theorem 6.5] that
give the functorial version of the Poincaré-Birkhoff-Witt Theorem. One of such
functors is the functor A™®  which is the smallest natural coalgebra summand of
T(V) containing V. The coalgebra complement of the functor A™" denoted by
B™2x hag the property that B™**(V) can be chosen as a sub Hopf algebra of
T(V). However the determination of A™®(V) and B™2*(V') seems out of current
technology. As a consequence, the homology of the geometric realization A™"(X)
and B™*(X) remains unknown. It is then important to find coalgebra summands
B of T with the explicit information on B(V') because in such a case the homology
of the geometric realization B(X) can be understood.

The purpose of this article is to provide some explicit coalgebra summands B
of T. We are interested in the special cases where B can be chosen as a sub Hopf
algebra of T'. This will give a relatively large coalgebra summand of T" because any
subalgebra of tensor algebra is a tensor algebra, and so the complement functor A
of B as in decomposition becomes relatively small. Let L, (V) be the nth
free Lie power on V', namely L, (V) is the homogenous component of the free Lie
algebra L(V') on V of tensor length n. Our main result is as follows:

Theorem 1.1. Let the ground ring be a field of characteristic p. Let {m;};cr be
finite or infinite set of positive integers prime to p with each m; > 1. Then the sub
Hopf algebra of T(V') generated by

Lypr(V)  foriel, r>0

is a natural coalgebra summand of T(V'). In particular, the sub Hopf algebra B(V')
of T(V) generated by

L,(V) forn NOT a power of p
is a natural coalgebra summand of T(V').

By the maximum property of the functor B™**, the sub Hopf algebras in the
theorem are all contained in B™?*. According to [22] Proposition 11.1] as well
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as [], the indecomposable elements in B™* does not has tensor length p for p > 2
and so the sub Hopf algebra B(V') coincides with B™**(V) up to tensor length
p? — 1. For the case p = 2, the sub Hopf algebra B(V') coincide with B™#*(V') up to
tensor length 7 according to the computations in [25]. Our sub Hopf algebra B(V)
is strictly smaller than B™**(V) for general module V. However if the functors B
and B™** are extended to the functors from graded modules to graded modules in
the sense of [22], the sub Hopf algebra B(V) coincides with B™®*(V) for graded
modules V' of dimension < p — 1 with Voyen = 0 according to [31, Theorem 1.1].

There is a canonical connection between coalgebra decompositions of 7' and
the decompositions of the Lie powers L,(V) as modules over the general linear
groups by restricting decomposition to the primitives. The decompositions of
Lie powers have been actively studied in the recent development of representation
theory [2 3, [4, 9] [10].

The article is organized as follows. In section [2] we investigate the sub-quotient
functors of the tensor power functors Tj,: V + T, (V) = V™ from modules to mod-
ules. These special functors are of course closely related to the tensor representation
of the symmetric groups and the finite dimensional polynomial representations of
the general linear groups (by evaluating on a fixed module V). They are also
related the modules over the Schur algebras and the modules over the Steenrod
algebra [I5] 16, 17]. In this section, we introduce exact functors ~,(—) from the
category of functors from modules to modules to the category of the modules over
the symmetric groups in this section which are variations of the classical Schur
functor [I} 19, 11]. In geometry, the summands of the tensor power functors T;, are
closely related to decompositions of self-smash products [23] 29].

In section 3| we investigate the subfunctors of the Lie powers L,, that occur as
the summands of the functor T,,, which we call T, -projective subfunctors of L,,.
According to Theorem these functors are closely related to the summands of
the Lie powers L, (V) that occur as summands of V®" studied in [3} 9} [10].

We give a coalgebra decomposition of T' called the Block Decomposition in sec-
tion [dl According to Theorem this is a coalgebra decomposition of T' in the

form -
T = )Cm,
i=1

where {m;} is the set of all positive integers prime to p and the primitives of C™:
are exactly given by the primitives of the tensor algebra T with tensor length m;p"
for r > 0. In other words, the primitives of the tensor algebra 7" with tensor length
mp" for r > 0 for each m prime to p can be blocked into a coalgebra summand C™
of T.

The proof of Theorem [I.1]is given in section [f] In section [6] we give some appli-
cations of our decomposition theorem to Lie powers by restricting to the primitives.

2. THE STRUCTURE ON THE TENSOR POWERS

2.1. Tensor Algebras. Let V be any module and let
T(V)=EPver
n=0

be the tensor algebra generated by V, where V®" = k and the multiplication
on T(V) is given by the formal tensor product of monomials. The tensor algebra
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admits the universal property that, for any associated algebra A and any linear map
f:V — A, there exists a unique algebra map f: T(V) — A such that f|y = f. In
particular, the linear map

V—oTV)®TV) z—~zl+1Qx

extends uniquely to an algebra map ¢: T(V) — T(V) @ T (V) and so T'(V') has the
canonical Hopf algebra structure with the multiplication given by the formal tensor
product of monomials and the comultiplication given by 1. We refer to [I8] as a
classical reference for Hopf algebras and quasi-Hopf algebras. The comultiplication

1 is coassociative and cocommutative. The module T'(V') with the comultiplication
: T(V) = T(V)®T(V) is called shuffle coalgebra as its graded dual

T*(V) — @ (V®n)* ~ @(V*)(@n
n=0 n=0

is the usual shuffle algebra under the multiplication ¢*: T*(V) @ T*(V) — T*(V).
We are interested in the functor T: V' — T(V). There are three terminologies
on this functor:
(1). The functor T : V + T(V) from modules to Hopf algebras;
(2). The functor T¢: V + T(V') from modules to coalgebras by forgetting the
multiplication;
(3). The functor 7™ : V + T(V) from modules to modules by forgetting both
multiplication and comultiplication.
The notation of the functor T refers one of TH, TC or TM if the working category
is clear.
By taking the tensor length from the definition of 7'(V), the functor 7™ admits
a natural decomposition that

(oo}
(2.1) ™ = PT,,
n=0

where T,,(V) = V& with To(V) = k. Thus the functors 7H, T¢ and T™ are
graded functors. From the well-known property (see for instance [I3}, Lemma 3.8])
that

0 if n#Em

(2.2) Hom(T,,T,,) = { k() i n—m,

the decomposition of T™ is in fact an orthogonal decomposition. A direct con-
sequence is that the comultiplication ¢ (as a natural transformation) is uniquely
determined by the multiplication on T(V') for having the Hopf structure.

Proposition 2.1. Let Ay : TM (V) — TM(V) @ TM (V) be a natural transforma-

tion such that T™ (V) with the usual multiplication together with the comultipli-

cation given by Ay is a quasi-Hopf algebra for every V. Then Ay = oy for all

V.

Proof. For every V', from the property that Hom(7T,,, T,,) = 0 for n # m, we have
Ay(Th(V)) CTi(V) @ To(V) @ To(V) @ T1 (V)

and the counit

ev: T(V)= @Tn(v) — To(V)
n=0
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is the canonical projection by sending each T;(V) to 0 for i > 0 and €|z, (v = id.
Since both Ay and ¥y has the counit uniquely given by €y, we have

Avlr, vy = Yvin vy

It follows that Ay = 1y because both of them are algebra map with respect to
formal tensor product. (I

Remark 2.2. Given a module V', of course one could have many comultiplication
on T(V) such that T(V') is Hopf. The proposition states that ¢ is the only one
possible comultiplication on T(V) as a natural transformation.

2.2. Subfunctors of the Tensor Algebra Functor. Let C and D be categories
and let A, B: C — D be functors. We call A is a subfunctor (quotient functor) of
B if there is a natural transformation ¢: A — B such that

ox: A(X) — B(X)

is injective (surjective) for every object X € C. A subfunctor (quotient functor) of T'
refers to a subfunctor (quotient functor) of TH#, T or TM. A subfunctor (quotient
functor) of TH is called a sub Hopf functor (quotient Hopf functor) of T. Similarly
we have sub coalgebra functor (quotient coalgebra functor) of T and submodule func-
tor (quotient module functor) of T. A graded subfunctor (graded quotient functor)
of T refers to a subfunctor of TH, T¢ or TM as functors from modules to graded
Hopf algebras, graded coalgebras or graded modules, respectively.

Proposition 2.3. Let B be a subfunctor of T'. Then B is a graded subfunctor of T'.
Proof. Let ¢v: B(V) — T(V) be the natural monomorphism and let
B, (V) = dy (Tn(V))

o0

for any V. From the fact that T = € T, is an orthogonal decomposition, the
n=0

functor B admits a graded decomposition

B = éBn.
n=0

Thus if B is a subfunctor of T, then B is graded subfunctor of 7. By the
orthogonal property of 7" as in equation ([2.2)),

Hom(B,, B,,) =0

for n # m. Thus if B is a subfunctor of T or T, then the multiplication and
comultiplication on B whence it is defined as a natural transformation must be
graded and hence the result. O

Corollary 2.4. Let C' be a quotient functor of T. Then C is a graded quotient
functor of T'.

Proof. Let B be the kernel of TM — C by forgetting the possible Hopf or coalgebra
structure on C'. By Proposition B is a graded subfunctor of 7™ and so C is
a graded quotient functor of T™, where C,, = T, /B, for each n > 0. By the
orthogonal property of T" as in equation ,

Hom(C,,,C,,) =0
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for n # m. Thus if C is a quotient functor of TH or T, then the multiplication
and comultiplication on C' whence it is defined as a natural transformation must

be graded and hence the result. O
2.3. The Associated Symmetric Group Modules of the Functors. Let V,,
be the n-dimensional k-module with a fixed choice of basis {z1,...,z,}. For each
1 < i < n, define the linear transformation
dz’5 Vn — Vn—l
by setting
Z; it j<i,
di (LUJ) = 0 if j = i,

The right k(X,,)-action on V,, is given by
Li* 0 = Tg(q)

for 1 <i<mnand o € X,. Then, for each 1 <i <n and any ¢ € ¥,,, clearly there
exists a unique permutation d;o € ¥, _1 such that the diagram

(2.3) d; do ()

— diO'
‘/n—l

Vn—l
commutes. Let B be a functor from modules to modules. Then B(V},) is a right
k(%,,)-module induced by the action of k(3,) on V,,. Define

(2.4) Yn(B) = [ Ker(B(d;): B(Va) = B(Vo_1)).
i=1

By applying the functor B to diagram (2.3)), v, (B) is a k(X,,)-submodule of B(V,,).
Let

¢: B—C

be a natural transformation of functors from modules to modules. Then clearly
¢y, induces a k(X,)-map

Yo (@) Yn(B) — Y (C).
Proposition 2.5. Let

be a short exact sequence of functors from modules to modules. Then there is a
short exact sequence of k(X,,)-modules

yn(A) YL () 228 o (),

Thus vyn(—) is an exact functor from the category of functors from modules to
modules to the category of k(X%,,)-modules.
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Note. The exact functor v,(—) is a variation of the Schur functor given in [I1]
in the following sense: Let B is a sub-quotient functor of 7, and let V' be a module
with m = dimV > n. Then B(V) is a sub-quotient k(GL,,(k))-module of V™.
Let V,, embed into V in the canonical way such that V =V @ V’. In our definition,

w(B) C B(V) C B(V). According to [9, Section 1.2, p.71], B(V) — 7,(B) is the
Schur functor.

Proof. Define coface operation d': V,,_; — V;, by setting
te0={ T i 35
for 1 <4 <n. Then the sequence of module {Vn+1}n20 with faces
di,...,dp: Vy, — Vit
relabeled as dy, ..., d,_1 and cofaces
d', ... d": Ve —V,
relabeled as d°,...,d" ! by shifting indices down by 1 forms a bi-A-groups in the

sense of [30, Section 1.2]. By applying the functors to the bi-A-group {V,41}n>0,
one gets a short exact sequence of bi-A-groups

{A(VnJrl)}nZO — {B(VnJrl)}nZO - {C( n+1)}n20‘
The assertion then follows by [30, Proposition 1.2.10]. O

Corollary 2.6. Let ¢: A — B be a natural transformation between functors from
modules to modules. Suppose that

Yn (@) Yn(A) = n(B)
is an isomorphism for each n > 1. Then
ov: A(V) — B(V)

is an isomorphism for any finite dimensional module V. Thus if both A and B
preserve colimits, then ¢ is a natural equivalence.

Proof. Let C be the cokernel of ¢. Suppose that C'(V') # 0 for some finite dimen-
sional module V. Let

n=min{k | C(V) # 0 dim(V) = k}.

Then v, (C) = C(V,,) # 0. By Proposition ¥n(C) = 0 which is a contradiction.
Thus C(V) = 0 for any finite dimensional module V. Similarly, for D the kernel of
¢, we have D(V) = 0 for any finite dimensional module V| finishing the proof. O

2.4. T,-projective functors. Consider the functor T),. Let v, = 7, (7). Then
Yn is the k-submodule of V,®" spanned by the monomials

Lo(1) @ @ To(n)
for o € ¥,, with the right symmetric group action explicitly given by

(2.5) (T4, ® - ®Ti,) 0= T(sy) ® - D T(iy)
for o € 3,, and the monomials z;, - - - z;, € 7,. Observe that
(2.6) Yo = k(X,)

as a k(X,,)-module.
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Let V be any k-module and let a1,...,a, € V. We write a; - - - a,, for the tensor
product a1 ® -+ ® a,, € V®" if there are no confusions. Let the symmetric group
¥, act on V®" by permuting positions. More precisely the left k(X )-action on
Ven is given

(2.7) o (ar- - an) = g1y Ao (n)

for o € ¥,, and the monomials a; - - -a, € V™. Let B be any functor from modules
to modules. Define the functor 2 (—) by setting

(2.8) T (V) = 10 (B) @(z,) VE"
for any module V. Clearly
T (V) =7 @iz, VI 2 T (V).

Proposition 2.7. Let

B<leT, L C
be a short exact sequence of functors from modules to modules. Then the natural
isomorphism v, Qx(s,) Ven = T, (V) induces a natural commutative diagram of
ezact sequences

(J) ©id

n In p) ®id
,yn (B) ®k(2n) V® ’Y L»

n Y "
Y Oz, VE" Y (C) Gz, VE

I

B(V) < - T (V) - C(V)
with a natural exact sequence
Torlf(z")('yn(C)7 V®") — ’}’n(B)®k(En)V®n — B(V) — 'yn(C)®k(gn)V®n —» C(V)
for any module V.
Proof. By taking the image of jy, we may consider B(V') is a submodule of T;, (V)

for any module V. Let
0: Tn ®k(2n) Ve Tn(V)
be the isomorphism and let ®Z = 0 o (v,,(j) ®id). Observe that the isomorphism 6
is given by
0($1"'$n®01"'an):al"'an
for ay,...,a, € V. Let a = ay---a, € V®" be any monomial with a; € V for
1 <j<n and let

o= Z kgwg(l) ©To(n) € ’yn(B)

oEX,
Then

®€(a®a1~--an) = Z kgxo(l)---xa(n)®a1-~-an

oceX,
= Z ko‘(l‘l"'mn)'(j@al"'an

oEX,
= Z koxl...xn®a.(al...an)

oEYX,
= Z kgxl...xn®ag(1)...aa(n)

oceX,

= Z koaa(l) Tt Qg(n) € yen,
oceX,
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Define a linear transformation f,: V,, — V by setting

fa(xi) = a;
for 1 < i <n. Consider Ty, (f,) = f&": T (V) — T, (V). Then

To(fa)(a) = f5" ( Z koxo() - "afg(n)) = @5(04 ®ay--an).

oEX,

From the commutative diagram

B(V,) <X T, (V)

BV) Ve T,(v),
o € W(B) € B(V,),
we have
(2.9) 8B (a®ar - an) = Tu(fa)(a) € B(V).

It follows that
Im(®F) € B(V)
for any module V. Thus we have the left square commutative diagram in the

statement.
By Proposition there is a short exact sequence of k(%,,)-modules

n(J) n(p)
fYn(B) e Tn RUE ’Yn(c)
Since 7, is a free k(X,,)-module, there is a exact sequence
TorY®) (1,(C), VE™) = 7 (B) Bue(z, ) VE" = MmBi(z,) VE" = 1 (C) @iz, ) V™.

Hence we have the right square of the commutative diagram as well as the exact
sequence in the statement. (Il

Example 2.8. We give an example that the natural transformation
'yn(B) ®k(2n) yen B(V)

could be neither epimorphism nor monomorphism for subfunctors B of T,,. Let
k be a field of characteristic 2. The Lie power Ly(V) is the submodule of V®2
spanned by [a,b] = ab — ba for a,b € V. The restricted Lie power L5¥*(V) is the
submodule of V®? spanned by a?,[a, b] for a,b € V. Then

V2(L2) = 72(L5™)

is the 1-dimensional submodule of k(X3) generated by 1 — 7. Since k is of charac-
teristic 2, vo(Lgo) = v2(L5®) is the trivial k(33)-module and so

Yo (L5®) R s,y VE? = Sa(V),
the 2-fold symmetric product of V. The natural transformation

B(LE) B VO — LE*(V)
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is not epimorphism for V' with dim V' > 1 because its image is given by Lo (V). The
kernel of this natural transformation is measured by

Torlf(EQ)('yg/Lie@)7 V®2) £ 0
for V with dimV > 1. O

Let B be a functor from modules to modules. The dual functor B* is defined as
follows. For any finite dimensional module V', define

B* (V) =B(V")",
where V* = Homy (V, k) is the dual k-module of V', and, for a general module V/,
let
B* (V) = colimy, B*(V,)
be the direct limit of the module B*(V,,) subject to the direct system given by the
diagram of all finite dimensional submodules of V' with inclusions. Clearly T, = T,,.

Proposition 2.9. Let B be a functor from modules to modules. Then ~,(B*) is
the dual k(X,,)-module of v, (B) for each n > 1.

Proof. For the basis {x1,...,2,} for V, let {z7,... 2} be the standard dual basis
of V¥, Let

Op: Vip = VF
be the linear transformation such that 6, (z;) = x;‘ for 1 < j < n. Then it is routine
to check that the composite

* * [ 7%\ % B(en)* [/ * *
M (B*) € B* (V) = B(V,))" — B(Va)" —> 7(B)
is an isomorphism of k(X,,)-modules. O

We call a direct sum of copies of T}, a free T, -functor. A functor B from modules
to modules is called T,-projective if there exists a free T;,-functor F' together with
natural transformations s: B — F and r: F' — B such that ros: B — B is a
natural equivalence. In other words, a T),-projective functor means a summand (or
retract) of a free T,,-functor.

Proposition 2.10. Let B be a functor from modules to modules.
1) If B is a T,-projective functor, then v,(B) is a projective k(3,)-module
and there is a natural isomorphism

Yn(B) @k(z,) V" = B(V)

for any module V.

2) If B is a subfunctor of a direct sum of finite copies of T, with the property
that v, (B) is a projective k(3,,)-module, then B is a T, -projective functor.
Moreover there is a natural equivalence B = B*.

3) If B is a quotient functor of a direct sum of finite copies of T,, with the
property that v, (B) is a projective k(X,,)-module, then B is a T,,-projective
functor. Moreover there is a natural equivalence B = B*.

4) Let B be a sub-quotient functor of a direct sum of finite copies of T,.
Suppose that B is a T, -projective functor. Then B is both projective and
injective in the category of sub-quotient functors of direct sums of finite
copies of T, .
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Proof. The proof of assertion (1) is straightforward. Assertion (3) follows from (2)
by considering the dual functor.

(2). Let B be a subfunctor of F', where F is a finite direct sum of copies of T;,.
Let C' = F/B. Then there is a short exact sequence

Yn(B) = Y (F) — 7a(C).

Since v, (B) is a finitely generated projective k(2,,)-module, it is an injective k(%,,)-
module and so the above short exact sequence splits off as k(X,,)-modules. It follows
that ~, (C) is a projective k(X,,)-module because 7, (F) is a free k(X,)-module.

Tory™™) (7, (C), VE™) = 0.

Since F is a direct sum of copies of the functor 7,,, we can apply the exact sequence
in Proposition 2.7} In particular, the natural transformation

(2.10) Y1 4 (B) ®k(s,) VO — B(V)

is a natural monomorphism. The natural inclusion B — F induces an natural
epimorphism F = F* — B*. By Proposition [2.7] there is a natural epimorphism

(2.11) 8" 7, (B") @z, VE" — B*(V).
By Proposition [2.9]
n(B") = 7 (B)" = 1n(B)

as k(X,)-modules because 7, (B) is a finitely generated k(X,,)-projective modules.
Let V be any finite dimensional k-module. From equations (2.10) and (2.11} we
have

dim B(V) = dim B(V*)* = dim B*(V) < dim (,(B) ®k(s,) V") < dim B(V).

Thus ® and @5* are isomorphisms for any finite dimensional module V. Since
the functors v, (B) ®k(x,) (—)®", B and B* preserve colimits, the natural transfor-
mations ® and ®5 are natural equivalences. The assertion now follows from the
fact that v,(B) ®k(x,) V®™" is a natural summand of v, (F) Qx,) V" = F(V).

(4). Let C be the category of sub-quotient functors of direct sums of copies of
T,. It suffices to show that T,, is projective and injective in the C. Let B be an
object in C with a natural epimorphism ¢: B — T,,. It induces an epimorphism
(@) : Yn(B) = Yn(Tn) = yn. Since v, is k(X,,)-projective, there is a k(2 )-cross-
section s: v, (T},) — vn(B). Now the natural transformation

~ n ®1d n éB
To(V) = 3 (Th) @k, VE" S 7 (B) @z, VO —% B(V)

is a cross-section to ¢ and so T, is projective in C. Since T),, = T¥ is self-dual, T,
is also injective in C. The proof is finished. (]

We remark that if B is a sub-quotient functor of 7;, with the property that +,, (B)
is k(X,,)-projective, it is possible that B is not T,,-projective. For instance, for the
ground field k being of characteristic 2, the functor B = LY /Ly has the property
that v2(B) = 0 with B not Th-projective.
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3. THE STRUCTURE ON LIE POWER FUNCTORS

3.1. The Lie Power Functors and the Symmetric Group Modules Lie(n).
In this section, the ground ring is a field k. Let V be a module. The free Lie
algebra L(V') generated by V is the smallest sub Lie algebra of the tensor algebra
T(V) containing V', where the Lie structure on T(V) is given by [a,b] = ab — ba.
The functor L admits a graded structure that

L(V) = @ La(V).

where L, (V) = L(V)NT,(V) which is called the nth Lie power of V. By applying
equation (2.4]) to the functor L,,, we have the symmetric group module

Lie(n) = vn(Ly).

Let V be the n-dimensional module with a basis {x1,...,7,} as in subsection
From the definition,

Lie(n) = L, (Vn) Ny
spanned by the homogenous Lie elements of length n in which each z; occurs exactly

once. By the Witt formula, Lie(n) is of dimension (n — 1)!. Following from the
antisymmetry and the Jacobi identity, Lie(n) has a basis given by the elements

21, o)), Zo(@))s - - ) To(n)]

for o € ¥,,_1. (See [3].)
Proposition 3.1. There is a natural short exact sequence

Tork™n) (v, /Lie(n), VE") —— Lie(n) @iz, VE" —> Ln(V)
for any module V.
Proof. By Proposition it suffices to show that the natural transformation

®{ : Lie(n) @iz, VE" — La(V)
is an epimorphism. Let [[a1,as2],...an] € L,(V) with aq,...,a, € V. Let
a = [[x1,22],...,2,] € Lie(n).

Then exists unique k, € k such that

a=[[z1,z2],...,2,] = Z koo(1)  To(n)-
oeEX,

Following the lines in the proof of Proposition [2.7] we have
(3.1) i (a@aran) = Y kolo) - Go(n) = [[a1,a2], ..., an].

oe¥,
The assertion follows from the fact that L, (V') is the k-module spanned by the Lie
elements [[a1,as],...,a,] with aj € V. O

For any natural transformation ¢: L, — L,, we have the k(X,,)-linear map
Yn(9): Y (Ly) = Lie(n) — v (Ly) = Lie(n).
This defines a ring homomorphism v: End(L, ) — Endys,)(Lie(n)).
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Proposition 3.2. If n # m, then Hom(L,, L,,) = 0. Moreover the ring homo-
morphism
v: End(L,) — Endy(s,)(Lie(n))

is an isomorphism with a natural commutative diagram of functors

) ®id _ .
Lie(n) ®k(2n) V®n M Lle(n) ®k(§3n) V®n
Ln Ln
(I)V (I)V
3%
Lo(V) - L, (V)

for any natural transformation 6: L, — L.

Proof. Let ¢: L, — L,, be a natural transformation. Then the composite

is a natural transformation, which is zero as Hom(7T,,T,,) = 0 for n # m. Thus
¢ =0.
For the second statement, let 6: L,, — L,, be a natural transformation. Let V
be any module. Consider
[[a1,a2],...,an] € L,(V)

with a; € V. Let f,: V,, — V be the linear map with f,(z;) = a; for 1 < j < n.
Then there is a commutative diagram

(L) € La(T) 22Ul 1)
(3.2) 7 (6) b, 5y
’Yn(Ln) C Ln(Vn) Ln(fa) Ln(v)
Thus
5\/ o dL ([[w1, 2], -+ s Tn] @ ay -+ an)
= ([[al, as], . ]) by equation
= Ln(fa)(7(0 )([[xl,xz] ) by equation (3.2)
= ‘I)L ( n(5)([[3€1,$2]7---7 Zn]) ®ay---a,) by equation

and so the diagram in the statement commutes. It follows that the map
v: End(Ly) — Endys,)(Lie(n))
is a monomorphism.
For showing that +y is an epimorphism, let 8: Lie(n) — Lie(n) be any k(%,,)-linear
map. Since k(X,,) is a Frobenius algebra, the free k(X,,)-module 7, is injective and
so there is a commutative diagram of exact sequences of k(%,,)-modules

Lie(n) &—— v, —> v, /Lie(n)

Lie(n) —— 7, — 7, /Lie(n).
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It follows that there is a commutative diagram of short exact sequence of functors
DL
Tork™) (v, /Lie(n), VE™) <> Lie(n) @,y VE" —Yor Lo (V)
Tor(f,id) 0 ®id 0
Ly

[}
Tork™) (v, /Lie(n), VE™) < Lie(n) @,y VE" —Yor L (V)

for some natural transformation 6: L,, — L,. By taking V = V,, and restricting to
the submodule «,, € V", we have the commutative diagram
L]

Lie(n) —Z» Lie(n) ®@k(s,) Tn %» Lie(n)

0 0 ®id Y (9)
Lie(n) —> Lie(n) @i(s,) 1 —2> Lie(n),

where g(a) =a® x1 -+ - z,. Thus 6 = v,,(4) because

(I)%/n Og([[m0(1)7ma(2)]7~-~7$U(n)]) = CI)%"([[ZCl,Q?QL...,J}n} 'U®x1"'xn>
= @Z”([[arl,xg},...,a:n}®U-(x1---xn))
= O ([[z1,22], .., T0] @ To(1) +* To(n))
= H‘TU(].)?‘IO'(2)]7'"7:170'(71)]'
The proof is finished. O

Corollary 3.3. There is a one-to-one correspondence, multiplicity preserving, be-
tween the decompositions of the functor L, and the decompositions of Lie(n) over
k(X,). |

3.2. The T,-projective Subfunctors of L,,. Let @ be a subfunctor of L,,. Then
Q is a subfunctor of T;, because L,, is a subfunctor of 7,,. By Proposition the
functor @ is Tj,-projective if and only if v, (Q) is a k(3,,)-projective module. From
Corollary we have the following:

Proposition 3.4. There is a one-to-one correspondence, multiplicity preserving,
between T, -projective sub functors of L,, and k(X%,,)-projective submodules of Lie(n)

given by Q — 1, (Q). O

According to [22, Lemma 6.2 and Theorem 7.4], there exists a subfunctor L®*

of L,, with Lie™**(n) = v, (L2**) that has the following maximum property:

1) Lie™*(n) is a k(X,)-projective submodule of Lie(n) and

2) any k(X,)-projective submodule of Lie(n) is isomorphic to a summand of

Lie™™(n) as a k(X,,)-module.

From the above maximum property, Lie™**(n) is unique up to isomorphisms of
k(X,)-modules. By the above proposition, L™** is unique up to natural equiva-
lences with the maximum property that

1) L™ ig a T,-projective subfunctor of L,, and
2) any T,,-projective subfunctor of L,, is isomorphic to a summand of L,
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From Proposition we have the following:

Proposition 3.5. There is a natural isomorphism

[max

(I)V" : Liemax(’n) ®k(2n) AN L?ax(V)

for any module V. (]

3.3. The k(GL(V))-module L, (V). In this subsection, the ground field k is an
infinite field of characteristic p > 0 and V is a fixed k-module with the action of
the general linear group GL(V) = GL,,, (k) from the right, where m = dim V. Let
GL(V) act on T,,(V) = V™ through diagonal, that is,

(a1---an) - g = (a19) - (ang)
for a; € V and g € GL(V). Recall that the Schur algebra is defined by
S(V,n) = Endys,,(VE"),

where the left action of ¥,, on V®" is given by permuting factors. By the classical
Schur-Weyl duality, the group GL(V, n) generates algebra S(V, n) = Endys,,)(V®")
and so there is an epimorphism of rings

k(GL(V)) — S(V,n).

Observe that if M is a sub-quotient of a direct sum of copies of V®™, then the
k(GL(V))-action factors through its quotient algebra S(V,n). Thus if M and N
are sub-quotients of direct sums of copies of V&, then

Homyqr(vy) (M, N) = Homg(y,,) (M, N).

Recall from [I1] that the category of k(GL(V))-modules that are sub-quotients of
direct sums of copies of V" is equivalent to the category of modules over the Schur
algebra S(V,n), which is denoted by Mod(S(V,n)).

Let B be a sub-quotient of a direct sum of copies of T,,. The action of GL(V)
on V induces an action on B(V) via the functor B. Thus B(V') is a module over
k(GL(V)). Since B(V) is a sub-quotient of a direct sum of copies of V&™, B(V) is
an object in Mod(S(V,n)). Thus we have a functor:

©: Bw— B(V)
HOHl(A, B) - Homk(GL(V)) (A(V)’ B(V)) = HomS(V,n)(A(V)v B(V))

from the category of sub-quotients of direct sums of copies of T;, to Mod(S(V,n)).

Lemma 3.6. Let B be a sub-quotient of a free T, -functor and let V be a module
with dim (V') > n. Then B =0 if and only if B(V) = 0.

Proof. If B =0, clearly B(V) = 0. Assume that B(V) = 0. Let B = B/B’ with
B’ — B — F, where F is a direct sum of copies of T;,. It is routine to check that
v;(T,) = 0 for j > n. Thus ~;(F) = 0 for j > n and so

vi(B") =~;(B) =;(B) =0

for j > n. Since B(V) = 0, we have B(V},) = 0 because dim V' > dim V,, = n. Thus
v;(B) = 0 for j < n. The assertion follows by Corollary O
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Corollary 3.7. Let A and B sub-quotients of free T, -functors and let V be a
module with dim (V') > n. Then

©: Hom(A, B) — Homycrv))(A(V), B(V)) = Homgv,n) (A(V), B(V))
is a monomorphism.

Proof. Let f: A — B be a natural transformation such that fy: A(V) — B(V) is
0. Let C =Im(f: A — B). Then C(V) =0. Thus C = 0 and hence the result. O

A direct sum of finite copies of T, is called a finite free T, -functor.

Proposition 3.8. Let B be a sub-quotient of a finite free T, -functor and let A be
a quotient functor of a finite free T, -functor. Suppose that dimV > n. Then the
homomorphism

©4,5: Hom(A, B) — HomyaLv)) (A(V), B(V)) = Homg(y,n)(A(V), B(V))
is an isomorphism.
Proof. By Schur-Weyl duality, the monomorphism
Or, 1, : Hom(T),,T,,) — Homyar,v))(Tn(V), T0(V))

is an epimorphism and so ©4,p is an isomorphism when A and B are free T,,-
functors. According to [8, p.94], V®" is projective over S(V,n). Let A be a free T),
functor. By tracking the exact sequence for

©4,-: Hom(A, —) — Homg(v,)(A(V), —)
together with the fact that © 4 p is always a monomorphism, we have
6,473 : HOHI(A, B) — Homg(vm)(A(V), B(V))

for any sub-quotient B of a free T,,-functor. Let A be a quotient of a free functor F’
with an epimorphism ¢: F — A. Let C' = Ker(¢). From the commutative diagram
of exact sequences

QS*

Hom(A, B) %+ Hom(F, B)

Hom(C, B)
OB =1OfpB Oc¢.B

HomS(V,n) (A(V)v B(V)) g’ HomS(V,n) (F(V)a B(V)) - HomS(V,n) (C(V)7 B(V))v
the monomorphism © 4 p is an epimorphism and hence the result. ([

A k(GL(V))-submodule M of L,,(V) is called T, -projective if M is isomorphic
to a summand of a direct summation of 7,(V') as modules over k(GL(V')). Let
Brn: Ty, — L, be the natural epimorphism defined by

Bn(al e an) = Hala a2]7 cee 7an]

for any module W and any monomial ay - --a, € T,(W) = W®", Let 3, be the
composite

T, e, <teT

Theorem 3.9. Suppose that dimV > n. Then
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(1). The ring homomorphism
@L Ly HOHI(Ln7 Ln) — Homk(GL(V))(Ln(V), Ln(V))

ny

is an isomorphism.

(2). There is a one-to-one correspondence, multiplicity preserving between sum-
mands of the functor L, and k(GL(V))-summands of L,(V).

(3). There is a one-to-one correspondence, multiplicity preserving between T, -
projective subfunctors of L, and T,-projective k(GL(V))-submodules of
L,(V).

(4). For the functor L¥®*, the module L7**(V') is the mazimum T, -projective
submodule of L, (V') in the sense that any T,,-projective k(GL(V))-submodule
of L, (V) is isomorphic to a summand of L**(V).

(5). For any choice of the functor L™*, the socle Soc(L2**(V)) is uniquely
determined by

Bn(Soc(VE™)) = B (Soc(VE™)).
as the submodule of L,(V) C T,,(V).
(6). For any choice of the functor L™**  the head HA(LP**(V)) is uniquely
determined by
B (HA(VE™)).
as the quotient module of T, (V).

Note. By assertion (5), the functor L7** and the module L;**(V) are deter-
mined by evaluating the map 3, or 3, on simple k(GL(V'))-submodules of V®".

Proof. Since L, is a quotient functor of T}, assertion (1) is direct consequence of
Proposition Assertion (2) follows from (1) immediately. Assertion (4) is a
direct consequence of 3. The proof of assertion (6) is similar to that of assertion
(5).

For proving assertion (3), let M be a T,-projective k(GL(V'))-submodule of
L, (V). According to [8, p.94], T,,(V) is an injective module over S(V,n) and so
is M because M is a summand of a direct sum of finite copies of T,,. Thus the
inclusion

j: M — L,(V)— T, (V)
admits a k(GL(V))-retraction r: T,,(V) — M. The composite
e=jor: T,(V)—=T,(V)

is an idempotent in
Endycrvy)(Tn(V)).
The natural transformation o = ©°: T,, — T,, is an idempotent. Let B = Im(«).
Then B is a T,-projective subfunctor of L,, with B(V) = M and hence assertion
(3).
(5). Let
ver =P P,
il
be a decomposition over S(V,n) such that each P; is indecomposable. The map
Brn: VO — L, (V) induces a map

Bn: Soc(VE" = @ Soc(P;) — Soc(L,(V)).
iel
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Note that each indecomposable S(V,n)-summand of V®" has a unique socle. (See
for instance [I1], (6.4b)]. Thus there exists I’ C I such that

r=Pr
el

has the property that

Bnl: Soc(P) — Bn(Soc(VE™))
is an isomorphism. It follows that

Bn|: P — L, (V)
is a monomorphism because it restricts to the socle is a monomorphism. Since P
is an injective S(V,n)-module, the map [,|p has a retraction. Thus T,,-projective
S(V,n)-module P is isomorphic to a S(V,n)-summand of L, (V). From the maxi-
mum property of L™®*(n), P is isomorphic to a S(V,n)-summand of L***(V). In
particular, - B
Ba(Soc(VE™)) = Bul(Soc(P)) C Soc(LE(V)).
On the other hand, since LP**(V') is S(V, n)-projective, the inclusion
J: Ly (V) = L (V)

admits a S(V, n)-lifting j: LM*(V) — V®" such that j = §oj. Thus

Soc(L™**(V)) C Bn(Soc(VE™)).
Note that the inclusion i: L, (V) < T, (V') induces a monomorphism ¢|: Soc(L,(V)) —
Soc(T,,(V)). Thus B

Bn(Soc(VE™)) = Ba(Soc(VE™))
and hence the result. (]

We give a remark that if dim V' < n, then assertions (3) and (4) are not true by
the following example.

Example 3.10. Let k be of characteristic 3 and let V' be a 2-dimensional module
with a basis {u,v}. Then the canonical map

[iLa(V)®@V — L3(V) [a1,a2] ® az +— [[a1, az], as]

is an isomorphism of modules over k(GLa(k)). Since Lo(V) is a k(GL(V))-summand
of V&2, Ly(V) ® V is Tz-projective. Thus L3(V') is Ty-projective. On the other
hand, it is easy to see that the functor LY** =0 and so LY**(V) = 0.

In this case, L3(V) is not an injective S(V,3)-module. In fact, the inclusion
L3(V) < V®3 does not have S(V,3)-retraction by expecting the Steenrod module
structure on V®3. Also it is easy to check that Lz(V) is not a projective S(V,3)-
module. d

We call M C L, (V) functorial T, -projective if there exists a T,,-projective sub-
functor @ of L,, such that M = Q(V). (Note. Here we require that Q(V') is strictly
equal to M rather than isomorphic to M.)

Proposition 3.11. Assume that the ground field k has infinite elements. Let 'V be
any k-module and let M be a k(GL(V))-submodule of L, (V). Then M is functorial
T, -projective if and only if M satisfies the following two conditions:
1) There exists a k(GL(V))-linear map r: VO™ — M such that r|p is the
identity.
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2) The inclusion M — L, (V) admits the following lifting
yen

-

M ——— L,(V).
as modules over k(GL(V)).

Proof. Suppose that M is functorial T,,-projective. Let @ be a subfunctor of L,
with Q(V) = M. The inclusion

QL'LTLL’TVL

admits a natural retraction because 7, (Q) is injective. By evaluating at V', condi-
tion 1 is satisfied. Since 7, (Q) is projective, there a natural lifting j: Q — T, such
that 8, o j is the inclusion of @ in L, and so condition 2 is satisfied by evaluating
at V.

Conversely suppose that M satisfies conditions 1 and 2. Let j: M — L, (V) and
L, (V) < V®™ be the inclusions. Let j: M — V®" be a k(GL(V))-map such that
B 0j = j. By the Schur-Weyl duality, the map

k(%) = Hom(7T,,,T,,) — Endycrvy) (V")

is an epimorphism. There exists a natural transformation a: T, — T;, such that
ay =jor. Let 8 = 3, o . Consider the colimit of the sequence

0 0

there exists k >> 0 such that
Q= Im(&k) — colimg T},

is an isomorphism because, by taking v, (—) to the above sequence, the submodules
Im(7,(6%)) of 4, (T,,) has the monotone decreasing in dimensions:

dim Im(v,,(0)) > dim Im(y, (6?)) > dim Im(~, (6)) > --- .

Since Q = B,(ad*~1(T},)), Q is a Ty,-projective subfunctor of L,,. By evaluating at
V', we check that Q(V) = M. Since

byoby = [rpoayof,oay
= ianojoroianojor
= {ojoroiojor
= t¢ojor

0\/3

the map 0y is an idempotent. It follows that
Q(V)=Tm(fy) =iojor(V®") =M

and hence the result. O
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4. COALGEBRA STRUCTURE ON TENSOR ALGEBRAS
In this section, the tensor algebra T(V') admits the comultiplication
v TV)—TV)T(V)
described in subsection 211

4.1. Changing Ground-rings. Some results in the representation theory help us
to change the ground ring. Let Z,) be the p-local integers. By modular represen-
tation theory of symmetric groups (see, for example [7, Exercise 6.16, p.142]), any
idempotent in (Z/p)(X,) lifts to an idempotent in Z,)(3,). It is well-known [14]
that any irreducible modules M over Z/p(%,,) is absolutely irreducible, that is, for
any extension field k, M ® k is irreducible over k(X,,). Thus there is a one-to-one
correspondence between idempotents in Z/p(¥,) and the idempotents in k(3,,).

Let R be any commutative ring with identity. Consider T: V — T(V) as the
functor from projective R-modules to coalgebras over R. Denote by coalg’ (T,T)
the set of self natural coalgebra transformation of 7. Let k be any field of charac-
teristic p. We have the canonical functions

R: coalg?® (T, T) — coalg?/?(T,T)

by modulo p and
K : coalg” P(T,T) — coalg®(T,T)

by tensoring with k over Z/p. By [22] Corollary 6.9], there is a one-to-one correspon-
dence between natural indecomposable retract of T over k and the indecomposable
k(X,,)-projective submodule of Lie(n) for n > 1. Thus we have the following:

Proposition 4.1. The functions R and K have the following properties:

(1). The map R: coalg?® (T, T) — coalg?P (T, T) induces a one-to-one cor-
respondence betweens idempotents. Thus every natural coalgebra decompo-
sitions of T' over Z/p lifts to a natural coalgebra decomposition over Zp.

(2). The map K : coalg”® (T, T) — coalg?/?P(T, T) induces a one-to-one cor-
respondence betweens idempotents. Thus natural coalgebra decompositions
of T only depends on the characteristic of the ground field. O

By this proposition, we can freely change the ground fields k with the same
characteristic and lift natural coalgebra decompositions over p-local integers if it is
necessary.

4.2. Block Decompositions. From now on in this section, the ground field k is
algebraically closed with char(k) = p. For any coalgebra C, let PC be the set of
the primitives of C. If C is a functor from modules to coalgebras, then PC' is a
functor from modules to modules. Recall from Proposition [2:3] that any subfunctor
of T is a graded subfunctor. Thus if C is sub-quotient coalgebra functor of T,
then C'is graded and so we have the homogenous functors C,, and P,C = PCNC,
for each n. For the case C =T, PT(V) = L**s(V) is the free restricted Lie algebra
generated by V and P, T = L) for each n.

For natural transformations f,g: T — T, the convolution product f * g is defined
by the composite

V) Y T(V) o T(V) L% 7(v) o T(V)

multi.
—_—

T(V).
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If f and g are natural coalgebra transformation, clearly f * g is also a natural
coalgebra transformation. For any element ¢ € k, define Ac: T'(V) — T(V) by
setting

(4.1) Aelar---an) =C"a1--a,

for a1,...,a, € V. In other words, A\¢: T'(V) — T(V) is the (unique) Hopf map
such that A¢(a) = Ca for a € V. Let x: T(V) — T(V) be the conjugation of the
Hopf algebra T'(V'), namely x is the anti-homomorphism such that x(a) = —a for
a € V. More precisely,

(4.2) x(ai---an) = (=1)"anan-1 - - a

for ai,...,a, € V. For any element ( € k, we have the natural coalgebra transfor-
mation

(4.3) O =Xexx:T(V)—=T(V).

If « € P,T(V), then

(4.4) Oc(a) = (¢" = Do

by the definition of convolution product because (a) = a® 1+ 1® a. For general
monomials in T, (V), it is straightforward to have the formula
(4.5)
Oclar---apn) = Z (CF 4+ (=1)" ™) av1y Qo) To(kr1) Ao (n)-
o(l) <---<o(k)
ok+1)< - <o(n)
o€ X,
0<k<n

The maps 6. are useful for obtaining natural coalgebra decompositions of T'(V).

Theorem 4.2. Let the ground ring k be a field of characteristic p. Then Then
there exists a natural coalgebra decomposition

TV)=C(V)® D((V)
for any module V' with the property that

PO — 0 if n is not a power of p,
" P,T i mn=p" for somer.

Note. From the decomposition, we have P,D = 0 if n is a power of p and
P,D = P,T if n is not a power of p. The theorem gives a decomposition that one
can put all primitives of tensor length of powers of p in a one coalgebra factor and
put the rest primitives in another coalgebra factor.

Proof. Let {m1 < mga < mg < ---} be the set of all positive integers prime to p
excluding 1 and let (,,,, be a primitive m,th root of 1. We are going to construct by
induction a sequence of sub coalgebra functor C'(k) of T', with the inclusion denoted
by jx: C(k) — T, and a sequence of quotient coalgebra functor qx: T — E(k) with
the following properties:

1) C(k +1) is a subfunctor C(k) for each k > 0.

2) There exists a coalgebra natural transformation ¢, : E(k) — E(k+1) such

that g1 = g}, © ¢x for each k& > 0.
3) The composite gx o ji: C(k) — E(k) is a natural isomorphism.
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4) The primitives P, C(k) = 0 if n is divisible by one of my, ma, ..., my.

5) The primitive P, C'(k) = P,T if n is not divisible by any of mq,ma, ..., mg.
Let C(0) = E(0) = T and let iy = ¢o = id. The construction of C(1) and E(1)
is as follows. Let E(1) = colimg, T be the colimit of the sequence of coalgebra
natural transformation

O¢om, O¢om,
T —T ST — ..

Let ¢1: T — E(1) be the map to its colimit. By [22, Theorem 4.5], there exists a
sub coalgebra functor C'(1) of T, with the inclusion denoted by j;: C(1) — T, such
that g1 o4; is a natural isomorphism. From Equation [£:4]

0Cm1 : P,T — P, T
is zero if mq|n and an isomorphism if m; ¢ n. Thus P,E(1) = colimg<m1 P, T=0
if mq|n and
q1: P,T — P,E(1
is an isomorphism if m; { n. Since C(1) = E(1), conditions (4) and (5) holds.

Now suppose that we have construct C(j) and E(j) satisfying conditions (1)-(5)
for j < k. Let f: T — T be the composite

T % B, L oyt p K p

and let E(k + 1) = colims T. Let gpy1: T — E(k+ 1) be the canonical map to its
colimit. Notice that

Q10 f=quy1: T — E(k+1).

Let ¢, = qr+1 ©jk © (qx © jx)~'. Then gx41 = ¢}, o g and so condition (2) satisfies.
Since f factors through the subfunctor C(k), there exists a subfunctor C'(k + 1) of
C(k), with the inclusion into T denoted by jr41, such that gxy1 0 jrt1 is a natural
isomorphism. Hence we have conditions (1) and (3). Let « € P,T(V). Then

fle) =bc,, . ((Gro(aro i)™ oar)(@) = (G, — D0k o (ar 0 5i) ™ o qr) (@)
Thus f(a) = 0 if n is divisible by one of my,...,mgy1 and
f:P,T — P, T

is an isomorphism if n is not divisible by any of mq,...,mgr1. It follows that
P,E(k+1) =0 if n is divisible by one of my,...,mg4+1 and

Qk+1: PnT — P, E(k+1)

is an isomorphism if n is not divisible by any of my, ..., mg41. Since C(k + 1) &
E(k+ 1), we have conditions (4) and (5). The induction is finished.
Now let

C=()Ck)
k=0
be the intersection of the subfunctors C(k) of T' and let E(c0) be the colimit of the

sequence
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From condition (3), each C'(k) is coalgebra retract of T' and so each C(k) is a functor
from modules to coassociative and cocommutative quasi-Hopf algebras with the
multiplication on C(k) given by

multi

Ck)®Ck) — TOT 2% T —er C(k),

where we use the notation of quasi-Hopf algebra given in [I8]. By conditions (1)-
(3), C(k + 1) is a coalgebra retract of C(k) and so there is a natural coalgebra
decomposition

Ck)y=Ck+1)®C'(k)

by [22 Lemma 5.3]. From conditions (4) and (5), P,C(k + 1) = P,C(k) for
n < mgy1 and so P,C'(k) =0 for n < my11. It follows that

C'(k)n =0
for 0 <n < mgy1. Thus
Clk+1),=Ck),
for n < my41 and from conditions (1)-(3),
G E(k)n — E(k+1)n

is an isomorphism for n < my41. Notice that the integers my — oo as k — oo. Let
n be a fixed positive integer. For the integers k with my > n, we have C,, = C(k),,
and

E(k)n —20 B(k+1), L;. E(k +2)y e
It follows that the composite

Cp = Ck)y <> T, —+ E(k), —> E(c0),
is an isomorphism. Thus the composite

C——T— E(0)

is an isomorphism and so C' is a coalgebra retract of 7. This gives a natural
coalgebra decomposition

T=C®D
for some coalgebra retract D of T. From conditions (4) and (5), we have P,C =0
if n is not a power of p and PCy,r = PT,- for r > 0. The proof is finished. O

Theorem 4.3 (Block Decomposition Theorem). Let k be a field of characteristic
p. Let {m;};>0 be the set of all positive integers prime to p with the order that
mg=1<my < mg < ---. Then there exist natural coalgebra retracts C™ of T
with a natural coalgebra decomposition

o0

T(V)= @)™ (V)

i=0

such that

. P, T if n=mp" for somer >0,
pP,C™ = )
0 otherwise .
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Proof. We are going to show by induction that there exists natural coalgebra re-
tracts C™ of T', for 0 < ¢ < k, with a natural coalgebra decomposition

k

(4.6) T(V) = (@ cm (V)) ® D¥(V)

i=0
for some natural coalgebra retract D* of T such that

. o >
p.om = P, T if n=m;p" for some 7 2> 0,
0 otherwise .

for 0 <4 < k. The statement holds for k¥ = 0 by Theorem where C™0 is the
natural coalgebra retract C of T given in Theorem [£.2] Suppose that the statement
holds for k. Following the lines in the proof of Theorem with using {0c,, } for
i > k + 2, there is a natural coalgebra decomposition

D¥(V) = c™+1(V) @ DMH(V).

In brief, the first construction of E™*+1(1) = colim, T is the colimit of the map g
given by the composite

O¢,
T — DF e 7 3 1

and the inductive construction follows the lines in the proof of Theorem [£.2] with

pre-composing T — D* < T. This gives a monotone decreasing sequence of

natural coalgebra retracts C™*+1(4) of D¥ for i = 1,2, ... and the resulting natural
o0

coalgebra retract C™k+1 = (| C™*+1(7) of D* has the property in primitives that
i=1

P,C™++1 =0 if n is divisible by one of mgi9,mgy3,... and

P,C™+1 = P, D

if n is not divisible by any of m; with ¢ > k + 2. Together with the fact that
P,D =0 if n =m;p" for some 0 <i¢ <k and r >0 and P,D = P,T otherwise, we
have P,C™+t = P, T if n = my41p” for some r > 0 and P,,C™*+! = ( otherwise.
The induction is finished.

Now decomposition induces a commutative diagram

k k+1 k+1
T o~ <® Cmi) ®Dk ) <® C'rm) ®Dk+1 %’1» ®sz

i=0 i=0 proj. ;=
% iproj.
A K
®cn
i=0
that induces a coalgebra natural transformation
o0
T @on
i=0

which is an isomorphism because, for each n, D¥ = 0 for sufficiently large k >> 0.
We finish the proof. O
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5. PROOF OF THEOREM [[1]
In this section, the ground ring is a field k of characteristic p.

Lemma 5.1. Let @ be a T, -projective sub functor of L. Then @ is a subfunctor
of L, and the sub Hopf algebra T(Q(V)) of T(V) generated by Q(V) is a natural
coalgebra retract of T(V').

Proof. Tt is easy to see that v, (L) = v,(Ly) = Lie(n). By Proposition the
image of the natural transformation
L’TCS res n res
(I)V” : 'Yn(Ln )®k(2n) V® - Ln (V)
is L, (V). Since Q is T,,-projective,

Y 7(Q) Bxz,) VE" — Q(V)
is an isomorphism by Proposition m (1). From the commutative diagram
Y(Q) @x(z,) VE" — m(Ly®) @uqs,) VE"

~|p@ Ly
~ | 9@ ol

QYV) —————— Ly*(V),

we have Q C L,,. By Proposition 4), there is a natural linear transformation
ry: T (V) =VE" — Q(V)
with rv|gv) = idgev). Let
H,:T(V) — T(V®")
be the algebraic James-Hopf map induced by the geometric James-Hopf map by
taking homology. Then there is a commutative diagram
T(Q(V)) = T(Ln(V)) —— T(V)
2

& o,

r(Q) ) rven)
where the maps in the top row are the inclusions of sub Hopf algebras, jy is
the canonical inclusion and the right triangle commutes by the geometric theorem
in [28, Theorem 1.1]. Thus the sub Hopf algebra T(Q(V)) of T(V') admits a natural
coalgebra retraction and hence the result. O

A natural sub Hopf algebra B(V') of T(V) is called coalgebra-split if the inclusion
B(V) — T(V) admits a natural coalgebra retraction. For a Hopf algebra A, denote
by QA the set of indecomposable elements of A. Let IA be the augmentation
ideal of A. If B(V) is a natural sub Hopf algebra of T(V'), then there is a natural
epimorphism IB(V) — QB(V). Let Q,B(V) be the quotient of B, (V) =IB(V)N
T,(V) in QB(V).

Theorem 5.2. Let B(V') be a natural sub Hopf algebra of T(V'). Then the following
statements are equivalent to each other:

1) B(V) is a natural coalgebra-split sub Hopf algebra of T(V).
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2) There is a natural linear transformation r: T(V) — B(V') such that |y
is the identity.

3) Each Q. B is naturally equivalent to a T, -projective sub functor of Ly,.

4) Each QB is a T,-projective functor.
Proof. (1) = (2) and (3) = (4) are obvious. By [22] Theorem 8.6], (2) = (1).
Thus (1) <= (2). From the proof of [22, Theorem 8.8], (2) = (3).

(4) = (2). Since B(V) is a sub Hopf algebra of primitively generated Hopf
algebra T'(V'), B(V) is primitively generated and so
rn: P, B(V)=B(V)NL*S(V) — Q,B(V)

is a natural epimorphism, where L'%(V') = PT(V) is the free restricted Lie algebra
generated by V. Since Q,B is T,-projective, the map r, admits a natural cross-
section s,,: @, B(V) =~ P, B(V) by Proposition [2.10] (4).

Now we show that the inclusion B(V)) — T'(V) admits a natural linear retraction.
By identifying @, B(V) with s,(Q,B(V)), we have

B(V)=T (6]9 QkBW)) CT(V).
k=1

Since each QB is a retract of the functor Ty,
QyB® - ®Q;B
is a retract of T, 44,+...+4, for any sequence (i1, ...,4;). Note that {Q;B(V) |i> 1}
are algebraically independent. Thus the summation
> QuB(V)8QuB(V)® -8 Q,B(V) CT,(V) = Ve,
i1tia+t+ir=q
is a direct sum. From the fact that
P @.B2Q.Be---2Q;,B

i1 Fia+ - t+ir=q

is T),-projective, there is natural linear retraction
Vet — P QuB(V)®Q,B(V)®---©Qi,B(V)

i1+i2+-+it=q

for any ¢ > 1. Hence the inclusion B(V) — T'(V') admits a natural linear retraction.
|

Proof of Theorem[I.1. Let B(V) be the sub Hopf algebra of T'(V) generated by
Ly,pr(V) foriel, r>0.
Let {n;};j>1 = {mip” | i > 1, r > 0} with
np=mg <mng<---.

Namely we rewrite the integers m;p” in order. Let B[k](V') be the sub Hopf algebra
of V' generated by L, (V) for 1 < j < k. By Theorem it suffices to show that
QB is T,,-projective for n > 1. Let n be a fixed positive integer. Choose k such
that ng > n. Then the inclusion B[k] < B induces an isomorphism

Q.Blk| =2 Q,B

because B[k] and B has the same set of generators in tensor length < n. Thus it
suffices to show the following statement:



NATURAL COALGEBRA-SPLIT SUB HOPF ALGEBRAS OF TENSOR ALGEBRAS 27

For each k > 1, B[k| is coalgebra-split.

The proof of this statement is given by induction on k. The statement holds for
k=1by Lemma because L,,, is T),,-projective by [22 Corollary 6.7] from the
assumption that m; is prime to p. Suppose that B[k — 1] is coalgebra-split. Thus
there is a coalgebra natural transformation r: T' — B[k —1] such that r|g;_1j is the
identity map. Let ny = m;p” for some ¢ and r. Let C"™ be the natural coalgebra
retract in Theorem [.3] with a natural coalgebra retraction ro: T'— C™:. Define
f: T — T to be the composite

(5.1) T (™ T "+ Bk—1 = T.
Let E = colim ¢ T be the colimit with the canonical map

q: T — E.
As in lines of the proof of Theorem there exists a coalgebra subfunctor C' of
C™i such that

qgl¢g: C — E
is an isomorphism by [22] Theorem 4.5] with a natural coalgebra decomposition
(5.2) C™ ~C®D.

According to [22, Lemma 5.3], the subfunctor D of C™ can be chosen as the
cotensor product k[zC™¢ under the coalgebra map

qlomi: O™ — E
and so there is a left exact sequence
(5.3) P,D — p,cmi Ddlemy

for any n.
By restricting the map f as the composite in equation (5.1)) to the primitives,
we have the map

P,rc

Pof: P,T 2% p,c™i « p,7 % P B[k —1] = P,T.

If n # mupt for t > 0, then BP,f = 0 because P,C™ = 0. If n = m;p’ for some
t > 0 with n < ng, then P, f is the identity map because P,C™ = P,T and
P,Blk — 1] = P,T = LI as the sub Hopf algebra Bk — 1] contains L, ,s for
s > 0. Thus

p,C = P,C™
for n < ny. From decomposition (5.2), we have
(5.4) P,C™ = P,C® P,D
for all n and so P,D = 0 for n < ng. It follows that D,, = 0 for 0 < n < nj and
(5.5) Dy, = P.,D.

Now consider the case P, f for n = ny = m;p". Since P,C™ = P, T, P,rc = id
and so P, fo P,f = P, f with

Pnf(a) = PnT(a)
for « € P,,T. Thus the composite

Pnqlpir—1
_—

Im(P,f) = P,B[k — 1] . PE = colimp, y P, T
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is an isomorphism. From exact sequence (5.3]), we have
P,D = Ker(P,r: P,C™ = P,T — P,B[k —1]).

Let j: P,Blk — 1] — P,C™ = P,T be the inclusion. From the commutative
diagram

P,D = Ker(P,r)

P

Coker (i)

P,r

Y
P,Blk — 1],

the summation P,B[k — 1] + P,D in P,T = P,C™ is a direct sum with the
decomposition }
P,C™ = P,T = P, B[k — 1] ® P, D.
From definition of B[k], PB[k](V) is the restricted sub Lie algebra of L'(V) =
PT (V) generated by L, (V) for 1 <i < k. It follows that P, B[k]| = L}** = P, T
P,C™ and
Q. Bk = P,B[k]/P,B[k — 1] = P,C™ /P, B[k — 1] = P, D.

From decomposition 7 D,, is a natural summand of C™". Since C""" is a coal-
gebra retract of T, C™® is a natural summand of 7},. Thus D, is T, n-projective.
By identity , P, D is T,-projective. Thus Q, B[k| is T,,-projective. By Theo-
rem [5.2) B[k] is coalgebra-split. The induction is finished and hence the result. O

By inspecting the proof, we have the following slightly stronger statement.

Theorem 5.3. Let M = {m; };cs be finite or infinite set of positive integers prime
to p with each m; > 1. Let f: I — {0,1,2,...} U{oo} be a function. Then the sub
Hopf algebra BMF (V) of T(V) generated by

Lypr(V)  foriel, 0<r< f(i)

is natural coalgebra-split. O

6. DECOMPOSITIONS OF LIE POWERS

Let m = kp” with £ # 0 mod p and k > 1. According to [22] Theorem 10.7],
the functor Ly,- admits the following functorial decomposition:

Lkpr = ;CPT D LP(L;cprfl) S D LPT (L;C)

for each r > 0 starting with L} = Ly, where cach L;Cp,,, is a summand of T}~
which is called T},-projective in our terminology. By evaluating on V, one gets
a decomposition of the k(GL(V'))-module Ly, (V) given [3, Theorem 4.4] using a
different approach from representation theory, where L;Cp,,, (V) was denoted by Bjpr
in [3]. From Theorem we can obtain various new decompositions of L, and
so the decompositions of the k(GL(V))-module Ly~ (V') by evaluating on V.
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Let M = {m;};cs be finite or infinite set of positive integers prime to p with
each m; > 1. Let f: I — {0,1,2,...} U {oo} be a function. Let BM:/(V) be the
sub Hopf algebra of T(V') generated by

Lyypr (V) foriel, 0<r< f(3).
According to Theorem BM:f is coalgebra-split and so Q, BMf is T,-projective
by Theorem Since BM-f(V) is sub Hopf algebra of the primitively generated
Hopf algebra T'(V'), it is primitively generated by [I8, Proposition 6.13] and so there
is a natural epimorphism
On: PaB™T = QuBMT

From Proposition 4), the map ¢, admits a natural cross-section because
Q. BM is T,-projective. Thus there is a subfunctor D/ of P, BM:f such that

¢n|5 Dﬁ/"f - QnBM’f
is a natural isomorphism. Since DM/ is T),-projective,

Mt c p,BMI N L,

from the lines in the proof of Lemma Thus DM-f is a T),-projective subfunctor
of L,,. From the fact that DM/ =2 @, BM:/ and BM-/ is isomorphic to the tensor
algebra generated by Q,, B/ with n > 1, the inclusion

épn — pMJ

n=1

induces a natural isomorphism

(6.1) T <é Dn> ~ M/,

Since the algebra B/ is generated by Ly, (V) for m; € M and 0 < r < f(i),
we have

(6.2) DMT =0 if n # mp” for some m; € M and some 0 < r < f(i).

Let {m;p" | m; € M,0 <r < f(i)} = {n1,n2,...} withny <nz <--- and let a be
the cardinality of the set {m;p" | m; € M,0 <r < f(¢)}. Then decomposition (6.1)
becomes

(6.3) T (é Dm) >~ pMJ,

and so a natural isomorphism

(6.4) PT (EB Dm) = <EB Dm.) o~ ppM.f — pM.f (A [res,
=1 =1

According to Proposition the sub Hopf algebra BM:f is also a natural coalgebra
retract of T if we change the ground ring R to be p-local integers. Notice that
PT = L and PBMf = BM:/ N L when R = Z(p)y- By changing the ground ring
back to Z/p and then extending it to k, we have the following decomposition:

(6.5) L (EB Dm> ~ BMS L.
=1
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For applying the Hilton-Milnor Theorem to determine B/ N L,,, let us recall
the terminology of basic product from [27, p.512]. Let x1,...,xx be letters. A
monomial means a formal product w = x;, x;, - - x;, with 1 <4q,...,4; <k, where
the word length n is called the weight of w. We define the basic products of weight
n, by induction on n; and for each such product, a non-negative integer r(w), called
its rank. These are to be linearly ordered, in such a way that w; < we if the weight
of wy is less than the weight of ws. The serial number s(w) is the number of basic
products < w in term of this ordering. The basic products of weight 1 are the
letters xq, ..., 2 with the order x; < 23 < -+ < 2. The rank r(z;) = 0 and the
serial number s(z;) = i. Suppose that the basic products of weight less than n
have been defined and linearly ordered in such a way that w; < wy if the weight of
wy is less than that of wy; and suppose that the rank r(w) of such a product has
been defined. Then the basic products of weight n are all monomials of the w;ws
of weight n, for which w; and ws are basic products, ws < wy and r(wy) < s(ws).
Give these an arbitrary linear order, and define r(wyws) = s(ws).

Let Wy be the set of all basic products on the letters z1, ...,z by forgetting
the ordering. Then

Wi € Wit
for each k. Let
Woo = [ Wi
k=1

The elements in W are called basic products on the sequence of the letters z; for
1 > 1. For each basic product w = x;, - - - x;, € W,, define

(6.6) w(DM’f) — Dr/::l;f ® - ® DM

Mg,
with the tensor length with respect to DM-f
d(w) = ni, + 14, + - + g,

and the natural transformation
b w(DM) (V) =— T (@ DMV)) =~ BMI(V)
i=1

given by

Puw(21 @22 @+ @ 2¢) = [[21, 22, .- -, 2]
for z; € D/Vl f(V). Then the map ¢,, extends uniquely to a natural transformation
of Hopf algebras

«
T¢y: T(w(DMT)) — T (69 Dni(V)) =~ BMI(V)
i=1
by the universal property of tensor algebras. Now by taking the homology from
the Hilton-Milnor Theorem [27, Theorem 6.7], we have the natural isomorphism of
coalgebras

(6.7) 0: ®T (DMTY) —»T(@Dm>%BM’f',

1=1

where w runs over all basic products in W,,, the tensor product is linearly ordered
and the natural transformation 6 is given by the ordered product of T'¢,, which is
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well-defined because the tensor length d(w) tends to oo as the weight of w tends to
oo. By restricting to Lie powers, we have the decomposition

(6.8) ®L (DM —»L(@D )gBvamL.

i=1
By taking tensor length, we obtain the following decomposition theorem.
Theorem 6.1. Let M = {m;};cs be finile or infinite set of positive integers prime

to p with each m; > 1 and let f: I — {O 1, 2 ..} U {0} be a function. Then

there exists Ty, r-projective subfunctor Dm of Ly,pr for each m; € M and
0 <r < f(i) such that

Lmipr = @ LmipT/d(w)(w(DM’f))
d(w)|m;p"

ip”

for m; € M and 0 < r < f(i), where w runs over basic products with d(w)|m;p".
L.

Note. Since each D,,, is T),-projective, the tensor product w(Df) is T(w)-
projective. If m;p” /d(w) is prime to p, then the Lie power Lmipr/d(w)(w(DM7f)) is
T, pr-projective. Thus the non T},,,~-projective summands of L,,,,» occurs in the
those factors Ly, pr a(w) (w(DM7)) with mp”/d(w) =0 mod p.

Another remark is that the multiplicity of each factor Ly, pr /a(w) (w(D™:/)) can
be determined as follows: Let w be a basic product involving the letters z;,, ...,z ,
such that z;, occurs l; times and d(w)|m;p". According to [27, (6.4), p.514], the
multiplicity of the factor Ly, pr /a(w) (w(D™:/)) is given by the formula

(L)
(4
- ,U 77
P (o

where p is the Mobius function, [y is the greatest common divisor of Iy, ..., and
L=ly+ o+ g

Example 6.2. Let k be of characteristic 2. Let M = {m; = 3} and let f(1) =
Then we have natural coalgebra-split sub Hopf algebra

BMI(V) = (Ls(V), Lo(V), L12(V),)
of T(V) with D3 = Ls, DM =~ L, = Lg/Ly(L3) and
Dig = Lyy/ ([Lg, L @ [[Lg, Ls), Ls] © La(Ls))
From Theorem [6.1} we have the decomposition

L3 D12 ® L(D3 @ Dg) N L2
D1y @ La(D3) @ La(Ds) @ [[Ds, D3], D3]
D12 @ La(L3) ® L2(Lg) @ [[Lg, Ls], Ls].

Il

By comparing with [22] Theorem 10.7] or [3, Theorem 4.4], the Tjs-projective
summand

([L6, Ls], Ls] = L © L3 © Ls

can be recognized in our decomposition for Lqs. [
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Let M be the set of all positive integers m; with m; prime to p and m; > 1 and
let f(i) = oo for all i. Then the set

Let

{mipT ‘ m; € Mr > O} =N~ {17p7p27p37' . }

D, = DM

for n not a power of p. As a special case of Theorem [6.1] we have the following:

Corollary 6.3. There exists T, -projective subfunctor D,, of L, for each n not a
power of p such that

Ly, = @ Lm/d(w)(w(D))
d(w)|m

for any m not a power of p, where w runs over basic products with d(w)|m. .

(1]
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