MA2108
Professor J. Wu

Midterm

25 September 2001

Time allowed: 1.5 hours

Tutorial Group:(circle one)
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Thursday 12-1

Thursday 1-2

Friday 4-5
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Signature:
ANSWERS to #1 — 8:
I.LAO BO CcO DO EO FO
2A0 BO CO DO EO FO
3.A.0 BO CO DO EQO FO
4A0 BO CO DO EO FO
5A0 BO
6.A0O BO
7A0 BO CO
8. A0 BO CO
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Problem # | Your Grades

1

(8 points)
2

(8 points)
3

(8 points)
4

(8 points)
5

(8 points)
6

(8 points)
7

(8 points)
8

(8 points)
9

(18 points)
10

(18 points)
total
(100 points)
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1. Determine limit of the sequence

| 2n+1+ n?m+ 1
n cos )
5+ 2n An +2n? 4+ 2

Answer:
(A). -1 (B).0 (C).1. (D).In2. (E). 400 (F). the limit does not exist.
Solution.

. | 2n—|—1+ n’m 41 n i 2—1—%_’_ ’ 7T+# In 14 s
im | In cos———— | = In lim cos lim —*— = In1+cos —.
n—00 54+ 2n dn +2n? +2 n—00 % + n—00 % 2 % 2
O
3 2n
2. The limit of the sequence { (1 — > } is
n+1
(A). 0. (B). divergent. (C). e L. (D). €% (E). e73. (F). e7©.
Solution.
—3 n+1
lim 1+
3 2n n—o00 n 4+ 1 ( —3)2
lim (1 -— = _ =0,
n—00 n+1 —3\? 1
lim (1 + )
n—00 n+1
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1
3. The limit of the sequence is
! {ﬁ(ﬂm—ﬁ)}
(A). —2. (B). —1. (C). 0. (D). 1. (E). 2. (F). oc.
Solution.
i 1 ’ V24+n++n
im = lim
n—co \/n(v/24+n—+/n) noe/n-(V2+n—n) (V2+n++/n)
RV E YRRV S
=lm —=Ilim ——=—-=1.
O
2)! 3
4. The limit of the sequence w i
n?(3" + n!)
(A). 0. (B). +o0. (C). 1. (D). 2. (E). 3. (F). 6.
Proof.
o (nAlnd R (149044 +% 140
im ———— = lim 0 - = lim = L= =
n—oo n?(3"+nl)  n—ce h 41 n—o0 ] 0+1
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Determine the absolute convergence, conditional convergence or divergence of the

following series.

=1
5. ;%_1.

Answer: (A). convergence.

1
> — and the series
n

Solution. Since
2n—1

=1

(B). divergence.

I =1
5 ; - is divergent by the

p-series, the series Z is divergent by the comparison test . [l
— 2n — 1
6 i 3" +n° Answer: (A) convergence (B). divergence
. Wer': Vi . . Vi .
—4n 4 nt & &
3n 3 3n
Solution. Let a, = o and let b, = —. Since
4n 4 nt 4n
. 3" 4 nd) - 4" 1+2 140
lima—:lim( +1°) = lim 42 = t0_
n—oo by n—oo (A" 4nt) 3" n—co 142 140

o0

[e.o]

and the series E b, is convergent by the geometric series, the series E a, is con-

n=1
vergent by the limit comparison test.

n=1

O



6

MA2108 Midterm 25 September Name:

7. Z n+l\/—+2

Answer (A). absolute convergence. (B). conditional convergence. (C). divergence.

Solution. Since a, = is positive, monotone decreasing and lim

1
E—|
n—><>o\/ﬁ—|—2 ’

EH

+ 2
th E 1)t t by the alternati ies test.
e serles \/_ i 2 lS convergen Y e alterna 1ng series tes
Si 1 1 f > 4 and th EOO 1 Eoo
mce orn all e serles —— — —
\/_+ 2% Vit vn e 2/ 24</n

n=1
is divergent by the p-series, the series

o0

D

n=1

(1)t

72

is divergent by the comparison test.
oo

Thus the series z:(—l)T”rl

n=1

"sinn
8.
Z lnn+

Answer (A). absolute convergence. (B). conditional convergence. (C). divergence.

O

is conditionally convergent.

1
Vn+2

, (—1)"sinn 1 1
Solution. Ob that . Let — f
olution serve tha nnn T 12 FETESIE et f(z) = oz £ 1)2 or
x > 1. Then f(x) is positive, continuous and monotone decreasing on the interval
[1,400). Since
o 1 <1 1%
[t i [y 2
1 #(lnz+1)? Y Yh
1
where y = Inx + 1, is convergent, the series Z m is convergent by the
(=1)"sinn | . :
————— | is convergent by the comparison test
n(lnn + 1)2
d so th Z "SR 4 absolutel ¢ 0
and so the series ———— is absolutely convergent.
lnn +1)2 Y Comvers
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9. (a) Let A and B be nonempty bounded sets of real numbers. Suppose that A is
a subset of B. Show that sup A < sup B.

This is a tutorial question.

(b) Consider the sequence {a,} given by

a1:\/§, A =30, 1 n=2,34---.
Show that {a,} converges, and find the limit.

Solution. We first show that 0 < a, < 3 by induction on n. Clearly 0 <
Suppose that 0 < a,; < 3 with n > 2. Then 0 < a, = /3a,_1 < 3-
The induction is finished and so 0 < a,, < 3 for all n. Now since a,, = /3 - ap_1
\Vn—1 - Gn_1 = ay_1, the sequence {a,} is monotone increasing and bounded. Thus
the limit lim a,, exists.

Let A i—ﬁom a,. Then

:‘»—n
A

AV

:

A= lima,=,/lim3-a, 1 =V3A
and so A =0 or 3. Since A = lim a,, > lim a; = lim \/gzﬁ,wehaveA%Oand

n—oo n—oo n—oo

so A = 3. O
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10. (a) Let Z a, be a series with a,, > 0. Suppose that Z a, is convergent. Show

e}
that the series Z a? is also convergent.

n=1

This is a tutorial question.

(b) Determine the domain of the function f(z) defined by f(z) = Zn(Qx - 1"

n=1
0<z <l
Solution. Let a,, = n(2z — 1)". Then
n 1)|]22 — 1|+t 1
lim 9ot g, (D= Do 1 = 2w — 1),

When [ = 2z — 1] < 1, that is, -1 <2x —1 < 1lor 0 <z < 1, f(z) is defined as
the series is convergent by the ration test for general series.

When [ = |2z — 1] > 1, that is, z < 0 or > 2, f(x) is not defined as the series is
divergent by the ration test for general series.

When x = 0, the series Z n(—1)" is divergent by the divergence test because the
n=1
unbounded sequence {n(—1)"} does not tend to zero.

When x = 1, the series Zn is divergent by the divergence test because the
n=1
unbounded sequence {n} does not tend to zero.
Thus the domain of f(x) is the open interval (0, 1).



