2001,/2002 Fall Term MA2108 Advanced Calculus II
Answers to Optional Practice Questions for Chapter One
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Question 1 (b).
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Question 2 (a). First we show that 1 < a, < 2 by induction on n. Since a; = 1, the
statement holds for n = 1. Suppose that 1 < a,,_; < 2 with n > 2. Then

VIi+1</1+a, 1 =a, <V1+2

and so 1 < a, < 2. The induction is finished and hence {a,} is bounded.
Now we show that a,.1 — a,, > 0 by induction on n. If n =1, we have a, — a; =

vV1+1—12>0. Suppose that a,, — a,—1 > 0 with n > 2. Then
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The induction is finished. Thus {a,} is a monotone increasing bounded sequence and
the limit of {a,} exits. Let A = lim a,. Then we have
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A= lim apy1 = lim V1+a,=V1+A
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or A2=1+A. Thus A = 2\/_

1_2\/5. Thus lim an:A:1+\/g. O
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. Since a,, > a; = 1, we have A = lim a,, > 1 and
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Question 2 (b). First we show that 1 < a,, < 2 by induction on n. If n = 1, we have
a; = /2 and so the statement holds for n = 1. Suppose that 1 < a,_; < 2 with

n > 2. Then
V2 <\ a1 =a,<V2-2=2

and so 1 < a, < 2. The induction is finished and so {a,} is a bounded sequence.
By using the fact 1 < a,, < 2 proved above, we have

ap = /20,1 2> VOn—1* Gp—1 = Qp_1

for n = 2,3,4,... and so the sequence {a,} is monotone increasing and bounded.
Thus the limit of a,, exists. Let A = lim a,,. Then we have
A= lim a, = lim \/2a,_1 = V2A

or A2 = 2A. Tt follows that A = 0 or 2. Since a,, > a; = v/2 for all n, we have
Azx/ﬁ>0andsoA7éO. Thus A = 2.
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Question 3. Given any € > 0, there exist positive integers K; and K5 such that
|a2k_1 — A| <€

for all £ > K; and

lagr — A < €
for all £ > K,. Let N = 2 - max{K;, Ks}. Let n > N. If n = 2k — 1 is odd, then
k > Kj because 2k — 1 > N > 2K; and so |ag,_1 — A| < e. If n = 2k is even,

then k > Ky because 2k > N > 2K, and so |agrx — A| < €. In both cases, we have
la, — A| < e forn> N. Thus lim a, = A. O
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Question 4. Let b, = sup{an,, api1, @nyo, ...} and let B, = sup{aZ, a2 4,a2,,,...}.
Since b, > a;, for each k > n, we have b2 > a2 for each k > n. Thus b2 is an upper
bound of {a2,a?_ ,,a2,,,...} and so

(1) v2 > B,.
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Since B,, > a% for each k > n, the nonnegative number a; < V/B,, for each k > n.
Thus v/ B, is an upper bound of {a,, a,11,anyio,...} and so

(2) bn < v/Ba.

By Equations (1) and (2), we have b2 = B,,. Thus
- 2 N2
lim afb = lim B, = lim bi = <lim bn> = <lim an> )
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Question 5. Suppose that lim |a,| = 0. Since —|a,| < a,, < |a,|, we have lim a,, =0
n—oo n—oo

by the Squeeze theorem.
Conversely suppose that lim a, = 0. Given any ¢ > 0, there exists a positive
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integer N such that |a,| = |a, — 0] < € for n > N and so ||a,| — 0] = |a,| < € for
n > N. Thus lim |a,| =0. O]

Question 6 (a). Since inf AU B is a lower bound of AUB and A C AUB, inf AUB
is a lower bound of A and so inf AU B < inf A. Similarly, inf AU B < inf B. It
follows that inf AU B < min{inf A, inf B}.

Let z € AUB. If z € A, then z > infA. If z € B, then z > inf B. Thus
z > min{inf A, inf B} for all z € AU B and so min{inf A, inf B} is a lower bound of
AUB. Hence min{inf A,inf B} <inf AUB and so min{inf A,inf B} = inf AUB. O

Question 6 (b). No, it is not true in general. Counter example: Let A = {1,2}
and let B = {0,2}. Then infA = minA = 1 and inf B = minB = 0 and so
max{inf A,inf B} = 1. On the other hand, AN B = {2} and infANB = 2 #
max{inf A, inf B}. O



