2001,/2002 Semester I MAZ2108 Advanced Calculus II

Optional Practice Questions for Chapter three

1. a)
1 1 it =0
S(xz) = lim = 1/n ;
n—00 li =0 i 0 <1

nr+1 nl—{goa:—l—l/n 1 <z <
{S,(x)} does not converge uniformly to S(x) on [0, 1] because each S, (x) is continuous
on [0, 1] while its limiting function S(z) is not.
1. b)

S(x) = lim 2" =0

n—oo

for x € (0,1). Observe that
T, = sup |Sy(z)—S(x)] = sup 2" = 1.

z€(0,1) 0<a<1
Since hm T, =1%#0, {S.(x)} does not converge uniformly to S(z) on (0, 1).

1. ¢) {S ()} does not converge pointwise on [0, 1] because when 0 < z < 1

lim S, (7) = lim n*z(1 — ") = +oo.

1. d)
1=0 _1 if 0<z<1
1—a" 0 if z=1
1/2™ -1 0—1
lim /T
nﬂwl/x"—{—l 0+1

=—1 if 1<z<?2.

Sn(z) does not converge uniformly to S(z) because each S, (x) is continuous on (0, 2)
while S(z) is not.

1. e)
) ITO =0 if —-1l<zx<l1
n 1 : _
noe Lt lim =1 if 1<z <2

n—oo 1/x2"+1 0+1

Sn(z) does not converge uniformly to S(z) because each S, (x) is continuous on (0, 2)
while S(z) is not.
2. a) By the geometric series, the series is convergent if and only if
1l—x
1+

T
+x

<l < —1<1



2

1 —
From —1 < —x, we have

11—z l1+x+1—2 2
0<1+ = = & x> —1.
1+x 1+ 1+x
1 —
From * < 1, we have
+x
1— 1l—z—-1-— -2 2
0>-— 2 127 A —— )
1+2 1+ 1+2x 1+2x

Sr<—1 or z>0.

TIII]S lhe domain 1s x> 0. Ol)SeI ve that
k—1
k=n-+1 L

T,, = sup |S,(x) — S(x)| = sup

>0 >0

1o n 1— ¢ n+1 1— 2 n+2 (115)"
= sup + + +---| =sup =
>0 |[\1+ 2z 14+x 1+x e>0 | L — 7,
1 -zl N
=sup——— = +O
m>%) 2z|1 + z|n1
1 -zl

because ————— — — oo as * — 0. Since T}, does not tend to 0, the series of
2z|1 4 x|t

00 1— k—1
functions Z (1 n x) does NOT converge uniformly on (0, 400).
x
k=1

2. b) This is a power series.

1 1 1
" limn — ooM lim - lim 1

1
Check the ending points. When = = 2y + R = 1, the series Z T diverges by the

k=1

p-series. When © = o — R = —1, the series Z ( k) converges by the alternating
k=1

series test. Thus the domain is [—1,1).
Observe that

© ok
T, = sup |Su(z) = S(@) = swp | > > sup | Y .
—1<z<1 —1<z<1 j— O<z<1 JA— k
We have
00 2k oo 2k 25+l 2k
Tos > sup —| = sup Z — > sup —
o<o<1 |, 5, k o<a<l, S 0<z<1

k=25+1
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g¥rt o g2 22 221 2942 L2
= su - +o+ > su + P ‘
0<xI<)1 224+1 25+ 2 2s+1 | — 0<g£1 9s+1 9s+1 9s+1

x28+1 (1 et 2+ N 25_1) S 1
percr 271 =32
because
¥t 5 99_1 1 s 1
lim = (I+z+a+---+2771) = 23+1(1+1+"'+1): w2 =g
Thus the subsequence {75} does not tend to 0 and so the sequence {T,,} does not
ok
tend to 0. It follows that the series of functions Z % does NOT converge uniformly
k=1
n[—1,1).
2. c¢) This is a power series.
1 1 1
= [ B n? 1 =1
lim n — co i i

e lim ——
] eTE T

— 1
Check the ending points. When = = zy + R = 1, the series Z 72 converges by the
k=1

converges by the alternating

o0
p-series. When z = oy — R = —1, the series
k=

k

1
series test. Thus the domain is [—1,1]. Since

l’k

1
2 S

— 1
for x € [—1,1] and the series Z e converges by the p-series, the series of functions

k=1
ok
k2 converges uniformly on [—1,1] by the M-test.
2 d) Since
cos kx 1
k2| T k2
o0 o0 k
and the series Z e converges by the p-series, the series of functions Z COZZ <
k=1 k=1

converges uniformly on (—oo, +00) by the M-test and the domain is (—o0, 4+00).
2. e) Observe that

o0 oo oo
E cos km)x E k 22k = E
k=1

k=1 k=1
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By the geometric series, the domain is | — 2| < 1or —1 <z < 1.

> (_x2)n+1
T, = sup |S.(0)— S@) = sup | 3 (—at)| = sup [V
—l<a<l —l<a<t |, £ 1<zt |1 — (—22)
=n+1
22(n+1) 1

1
— > = —
W T T 141 2

22(n+1)

because lim = —. Thus T,, does not tend to 0 and so the series of functions
z—1 1 -+ Qj‘2 2

oo

Z(cos km)2?* does not converge uniformly on (—1,1).

k=1
oo oo

3. Let R, = Z ay for each n. Since Z ay converges, the sequence R, = S—95,,_1 —
k=n k=1

€
0 as n — oo. For any € > 0, there exists N such that |R,| < = for n > N.
Observe that ay = (ag + agy1 + -+ ) — (Qgs1 + Ageo + -+ ) = Ry — Ryyq and

n+q n+q

k k
E arx = E (Rk - Rk+1)x
k=n k=n

= (Rn - Rn+1)xn + (RnJrl - Rn+2)xn+1 et (Rn+q - Rn+q+1)$n+q
— Rn$n+Rn+1(—$n+In+1)+Rn+2(—l’n+1+l’n+2)+' . '+Rn+q(_xn+q—l+xn+q)_Rn+q+1xn+q
=Rya"+a2"(—1+x)- (Rn+1 + Ryi0n + Rn+3x2 4t Rn+qa:q_1) — Rn+q+1x”+q

q—1

= Rnl’n - Rn+q+1$n+q + xn(—l + QZ) Z Rn+1+kxk.
k=0
When n > N, we have
n+q q—1
Z apz®| = | Rz — Rn+q+1x”+q + 2" (=1 + ) Z RnHJrkxk
k=n k=0
q—1
< |Rula™ + [Rugqp|2" 4 2" = L4 2 Y [Rypais2”
k=0
€ € e
< gx” + gx"” +2"(1 —x) gack
k=0
2 2
= %x” + gx"ﬂ + %m"(l —z%) = gex” < 36

for any ¢ and x € [0,1]. Let ¢ tends to co. We obtain




for n > N and = € [0, 1] and so

o0
E akxk

k=n+1

T, = sup |S,(z) — S(z)| = sup

2¢
< —<e€
0<z<1 0<a<1 3

for n > N. It follows that lim 7,, = 0 and so the series of functions Zakxk

converges uniformly on [0, 1].
0 1 o0 .1'2k+1
4. Since the series ;(_1)k21{:——|—1’ the series of functions kz:;(—l)kzk 7 converges
uniformly on [0, 1]. Let
© L a2
= -1 .
)= > gy
Then f(x) is continuous on [0, 1]. Observe that
c1 N k 42k S k[ o S @
t = dt = —1)"t*"dt = —1 t“"dt = —1
wtans = [t = [ 0= [t =3 0 gy
for —1 < x < 1, where / Z = Z/ by Theorem 3.7.3. Thus
0 =9 =00
f(z) = arctan x
for 0 <z <1 and so
f:(—l)k Lo f(1) =lim f(x) = lim arctan z = arctan 1 = Ul
— 2k +1 z—1 z—1 4
5. Let f(x) = sinz. By the Taylor formula
(6)
o 190
6!
where ¢ is between z and 0. Since f(®(z) = —sinx, we have
(6) - 6 L6 1 (LS
|E|:f (ﬁ)xﬁzsm(g)x ng 32(2) _ b 1
6! 6! 6! 6! 27.6!  128-720
= L 10850605 x 1077
92160
for = € [0,0.5].
1 o0
6. From the geometric series 1 = z*, we have
-z
k=0

1

o0
— :Zz%
-
k=0
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for |z| < 1. By taking the derivatives, we have

/
1 / = 2%k = 2%—1
() = () 3o
k=0 k=1
o ! oo
where (Z x2k> = Z 2k - 22~1 because
k=0

k=1

. / _ . .
i) (2%*)" = 2ka® ! exists and continuous.

o
ii) the series of functions Z 2% converges pointwise on (—1,1).
k=0

iii) by theorem 3.7.3, the series Z 2k - 2?7 converges uniformly on [—p, +p)] for

k=1
any p < 1.

Observe that

Thus

for |z| < 1. In particular




