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2 a).
y = Ceffsintdt _ Cecost
with C' € R. J OJ
2 b). From (1 + t2)d—i +ty = 0, we have
yh = Ceif ﬁdt — Ceiéf ﬁd(1+t2) — 06_%1n(1+t2)
=0 (M) = o1+ = ¢
1+ t2
with C' € R. Let
_
SV =)
where C'(t) is an undetermined function. Then
2
J - C'tV1I+t2=C(t) - e
p 1 +t2
and so we have the equation
C'OV1I+12—C(t) 2= it
(1 —|—t2) 2v14t 4t ( ) _ (1 —l—t2)3/2.

1412 V1t

It follows that
C'OVI+22 =1+t or C'(t)=1+1t%

t3
Thus C(t) =t + Ex and so

) = () + o) = -S4 t+8  C+t+ %
POEE TR T AT e T Vire Jite
with C € R. O

3 a). The integrating factor

N(t) _ ef g(t)dt _ ef atdt _ 621&2'

Thus the general solution

y = ﬁ (/ p(t) f(t)dt + C) = 62% (/ 2te? - e 2 dt + C)

1 2
=== (/2tdt+0) =e (4 O).

From y(1) = 5, we have
5=e¢?(1+C) or C=5e~1
and so y(t) = e 2 (t? + 5¢* — 1). O



2

dy
3 b). From (1 + t2) — 2ty* = 0, we have

dt
/dy 2t
—7? =In(1+#*) + C.
1 (3)
Since y/(0) 2 23 In(1+0)+C or
8
C=—-.
3
Yy
Thus “— =1In(1+*) — = or
y’ = :
8 —31In(1 +¢2)
1
and so y = |

/8 — 3ln(1 + t2)
3 ¢) From \/1+t3 y 6t’e™Y = 0, we have

d(1+ )
edy = dt+C=2 | —+C=2-2V1+t34+C.
/‘ Y V1+ﬁ V1413

e/ =4vV1+t34C.
Since y(0) = 0, €® = 4y/1+0+ C, and so C = —3. Hence ¢/ = 4V1+13 — 3 or

Thus

y = In(4v1+ 13 - 3). 0
4 a). Let v = % Then y = vt and so y' = v't + v. From the equation y = % + %,
we have
t+v=v+0v> or t =1
Thus
/dv /dt
L on@hro o —Lom@y+co
v Y
and so y = v 0J
In(|t]) + C

4 b) Let v = % Then y = vt and so 3y’ = v't +v. From the equation 3’ = % — tan %,
we have
tv' + v =v — tanw.



Thus
/cosvdv dt
. =— | —+k
sin v t
dsi
/ Yk
sinw
In|sinv| = —In|t| + &k
1
|sinv| = e~ IR — k. _
i
sinv = —
t
C C
and so sin% =7 or y = tarcsin (?) O
5 a). From
r? —T7r+10 =0,
we have r = 2,5 and so y = Ae*' + Be® O
5 b). From
r? 4+ 6r+9 =0,
we have (r +3)2=0orr =7, = —3 and so y = Ae™* + Bte ™ O
5 c). From
r?+2r+3=0,
we have
—2+v22-4-1- -2+ -
r= 5 5 _ 5 LN
Thus y = Ae™' cos V2t + Be ' sin V/2t. OJ
6. From

P +2r+1=0,

we have (r +1)2=0o0r7 =7 =7y = —1. Thus y = Ae™* + Bte " and

y' = —Ae ' — Bte™' 4 Be "
Since y(0) = 1 and ¥'(0) = 0, we have

{ A+ B-0-e" =1

—Ae® —B-0-€e"+ Be’ = 0.
and so A =1and B = A = 1. The solution is y = e + te™". OJ
7 a). Since ¢ =3 #£ 0, try

yp = At + Bt* + Ct + D.

Then y, = 3At> 4+ 2Bt + C and y), = 6At +2B. From the equation y 4 3y, = 6t> —6,
we have

6At + 2B + 3(At* + Bt* + Ct + D) = 6t> — 6



and so
3A=6
3B=0
6A+3C=0
2B+ 3D = —6.
Thus A=2, B=0,C=—4and D = —2, and so y, = 2t° — 4t — 2 0

7 b). From 72 +3 =0, we have r = +y/—3 = ++/3i. Try
y, =t - [Acos(v/3t) + Bsin(v/3t)].

Then

y; =A cos(\/gt) + B sin(\/gt) +t[—A sin(\/gt)\/g + B cos(\/gt)\/g]
y) = 2[—Asin(v/3t)V/3 + B cos(V3t)V/3] + t[—Acos(v/3t)(v/3)? — Bsin(v/3t)(v/3)?]

= 2[—Asin(vV/3t)V3 + B cos(V/3t)V/3] — 3t[A cos(V/3t) + Bsin(V/3t)]
Since y, + 3y, = cos(v/3t), we have

2[— Asin(vV3t)V3 + B cos(V3t)V/3] — 3t[A cos(V/3t) + Bsin(v/3t)]
+3t - [Acos(V/3t) + Bsin(v/3t)] = cos(V/3t)
{ —24v3=0
2BV3 =1
%tsin(\/gt) O
8 a). From 72 —3r+2 = 0, we have (r —2)(r —1) = 0 and so r = 1, 2. It follows that
yn = Ae' + Be*.

and so

It follows that y, =

Try
Yy, =t - Age® + Boe™.
We have
y;, = 2Agte® + Ape®t + 3Bye®
Yy = 240" + 4 Aote® + 2A0e* + 9Bye’
= 4A0t€2t + 4A062t + 93063t.
Since yp — 3y, + 2y, = 3¢* + ¢*, we have
4 Apte® +4A0e* +9Bye3 —3 (2A0t€2t + Age® + SBoe3t) +2 (Aote% + Boe3t) = 3?43t
(4140 - ?)Ao) 62t + (9.80 - 9B0 + 230) 63t = 362t + 63t
1 1
Thus Ag = 3 and By = 37 and so y(t) = yn + y, = Ae' + Be* + 3te* + §e3t O
8 b). From 72 +4 =0, r = £/—4 = £2i. Thus y;, = Acos2t + Bsin2t. Try
yp = t(Apcos 2t + By sin 2t) + Cysint.



We have

y, = Ao cos 2t + By sin 2t + t(—2Ag sin 2t + 2B, cos 2t) 4 Cy cost

y, = —2Agsin 2t + 2B, cos 2t 4 (—2A sin 2t + 2B, cos 2t)
+t(—4Agcos2t — 4By sin2t) — Cysint

= —4Apsin 2t + 4By cos 2t — 4t(Ag cos 2t + By sin 2t) — Cysint.

Since y, + 4y, = cos 2t + sint,
—4Agsin 2t + 4B cos 2t — 4t(Ag cos 2t + By sin 2t) — Cysint
+4[t(Ag cos 2t + Bysin 2t) + Cysint] = cos 2t + sin t

—4Aqsin 2t + 4Bj cos 2t 4+ 3Cy sint = cos 2t + sin t.

1 1
Thus Ay =0, By = 1 and Cy = 3 and so

1 1
y:yh—l—yp:Acoth+Bsin2t+Ztsin2t+gsint O

8 ¢). From > —2r +1 =0, we have (r+1)>=0or r =r; =7y = 1. Thus y; = €,
Yo = te! and
yn = Ae' + Bte'.

Note that @ = 1 and g(t) =

gy2 —Y19
yp<t>:</ / /dt)y1+</ / /dt)‘yQ
ayi1Y2 — ay1ys ay1Y2 — ay1Ys

t t

€ et —et. &
= ! dt | -e L dt | - te'
(/ ettet — et(tet + et) ) o (/ eltet — et(tet + et) c

1
—/(—1)dt-et+/¥dt-t6t——tet—l—tetln\t].

et
t.

Thus
y(t) = Ae' + Bte! —te' +te'In|t| = Ae' + B'te! + te' In|t|,
where B’ = B — 1 is any constant and so is A. O
9. From r? + 4r + 3 =0, we have (r +3)(r + 1) =0 or r = —1, —3. Thus
yn = Ae™' + Be
Try
y, =t Age .
We have
y;) = Aoeigt + Aot)eizgt . (—3) = (AO — 3A0t)€73t
y;,' = —3A06_3t + (Ao - 3A0t)6_3t . (—3) = (—614() + 9A0t)6_3t.

Since y, + 4y, + 3y, = 2e3,

(—6A0 + 9A0t>€_3t + 4(A0 — 3A0t>€_3t + 3A0t6_3t = 26_3t

—2Ape7 = 2e73.



6

Thus Ag = —1 and y(t) =y, + y, = Ae " + Be " —te™" and
y = —Ae™t —3Be™ — 73 4 3te™¥,
Since y(0) = 0 and 3/(0) = 3,
{ A+ Be’ —0=0
—Ae® —3Be® — e’ + 0 = 3.

Thus B = —2 and A =2, and so y(t) = 2¢™" — 373 — te™ O
10. First we set up a differential equation. Let y(t) denote the concentration of salt
in the tank at time ¢t. At time ¢ we have

200-y(t) b
of salt. From time ¢ to t + At, the salt in the tank roughly increases

1
5 Ib x4 gal/min x At min

and roughly decreases
y(t) lb/gal x4 gal/min x At min.

Thus we have
200y(t + At) — 200y(t) ~

y(t+ At) —y(t) 1
2 ~ — -4 — 4.
00 Af 5 y(t)

Let At tend to 0. We obtain the differential equation

dy dy 1 1
W _9_y YW =
dt yoor o T50Y T 100

ACAE—y(t) 4 At

N | —

200

d
Now we solve this differential equation. From &y + —y = 0, we have

dt 50
Yp = Ce /50t — Cesot,

1
Observe that y, = 3 is a solution of the nonhomogeneous equation. Thus the general

solution is

1 1
y(t) =yn+y, = Ce ' + 5
So
Si 0) = —
ince y(0) 500" . 1
20 o~y 0, 2
00 ¢ Ty
Thus C' = ﬁ —3 and so y(t) = —20%6_%t + 3 (1 - e—%t> 0



