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1 (a). Fla) = lim (142)7 = ()" = ¢
n—oo n

1 (b). It does not converge pointwise because lim (—1)"" does not exist.

1 (c).

" =0 if 0<z<1
Pa) = lm = { Lot e=1
o , : n? , 1
2 (a). The limiting function F(z) = lim ——— = lim > = 1.

n—oo N2 + 12 n—»ool_}_%
2 7 1
0<T,= sup |F,(z)— F(z)]= sup | ———1| = sup —— < —.
STy = s (e = Pl = sp | = 1] = sup o<

1
Since lim — = lim 0 = 0, we have lim 7, = 0 by the Squeeze theorem and so {F, }
n—oo 1, n—oo n—oo

converges uniformly on [0, 1].
2 (b). The limiting function F(z) = lim z2"(1 —z) =0 for 0 <z < 1. Observe

n—oo

T, = sup |F,(z)— F(x)| = sup z"(1 —z).

0<z<1 0<z<1
Let g(z) = 2™(1 — x). Then ¢'(x) = nz" (1 — ) — 2" = 2" '[n — (n + 1)z]. From

g'(x) =0, we have x = 0 or 2. Since ¢'(z) > 0 for 0 <z < 1 and ¢'(x) <0 for
n

n \" n
<z<l1, su r)=max{g(z)|0 <x <1} = 1— and so
o se st s glo) —max{e@0 o< 1) = () (1o )

lim 7, = lim | — TRPLLEN I T S N S
n—00 n—oo \ n + 1 n+1 n—>oo(1—|—%) n e-0

Thus {F),} converges uniformly on [0, 1].

1
2 (c). The limiting function f(x) = lim PTG for 1 < 2 < 00. Observe that
nlnx nlnzx
1, = sup fu(a) = )] = sup | "5~ 0| = sup
x>1 z>1 x e>1 T
1
Let g(z) = POT From
xn
1 _ 21
g'(z) = (n Inz - x_n)/ = n;x_n —n?lnx -z " = nonme x:lrlnx =0,

we have & = en. Since g(x)>0for1 <z < en and g (z) <0 for z > e%, we have

Inex 1
T, = supg(x) = max{g(z)|z > 1} = 7 = -

1 n

1




and so lim 7,, = — # 0. Thus {f,} does not converge uniformly on [1, +00).

n—oo (&
1
2 (d). The limiting function f(x) = lim DAMTOOSNE _ 0 for « > 4. Observe that
n—00 xn
nlnz - | cosnzl nlnzx nln4
0 < T, = sup|fu(z) — f(2)| = sup < sup =9(4) = :
>4 >4 m I 4n
nilnz . . . nln4 :
where g(z) = is monotone decreasing on [4, +00). Since lim = lim 0=
xn n—o00 n n—oo
0, we have lim T,, = 0 by the Squeeze theorem and so {f,} converges uniformly on
[4,+00).
2
2 (e). The limiting function F(x) = lim F,(z) = lim % = 1. Observe that
n—o0 n—oo M, X
T, = sup |y () — F(2) (—_— &
SIS P 230 12 + 22
2
Let g(x) = a2 Since
J(x) = 2z(n® +2%) — 2?20 2an? >0
(n? + 22)2 (n? + 22)2

for x > 0, the function g(x) is monotone increasing and so
2
T = supate) = Jim o) = Jimy % =l 57 =1
Thus lim 7, =1 # 0 and so {F,(z)} does not converge uniformly on [0, +00).
3. For ¢ = 1, since F,(x) converges uniformly to F(z) on I, there exists N such that
|F.(z) — F(z)] < 1
for all z € I and n > N. Thus |Fnyi(x) — F(z)| <1 or
Fyii(z) =1 < F(z) < Fyyi(z) + 1
for all € I and so
|F ()] < max{[Fy 1 (x) + 1|, [Fya(2) = 1} < [Fypa (o) +1< My +1

forall z € I. Let M = M1 + 1. Then |F(z)| < M for all z € I.



