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1 (i). Let Fn(x) =
n + ex

n + x2
. Then the limiting function

F (x) = lim
n→∞

Fn(x) = lim
n→∞

n + ex

n + x2
= lim

n→∞

1 + ex

n

1 + x2

n

= 1

and

0 ≤ Tn = sup
0≤x≤1

|Fn(x)− F (x)| = sup
0≤x≤1

∣∣∣∣n + ex

n + x2
− 1

∣∣∣∣
= sup

0≤x≤1

|ex − x2|
n2 + x2

≤ sup
0≤x≤1

ex + x2

n2 + x2
≤ e + 1

n2

Since lim
n→∞

e + 1

n2
= lim

n→∞
0 = 0, lim

n→∞
Tn = 0 by the Squeeze Theorem. Thus {Fn}

converges uniformly to F (x) and so

lim
n→∞

∫ 1

0

n + ex

n + x2
dx =

∫ 1

0

lim
n→∞

Fn(x)dx =

∫ 1

0

1dx = 1.

1 (ii). Let Fn(x) =

(
x2 + 1

8

)n

sin nx. Then

0 ≤ |Fn(x)| =
∣∣∣∣(x2 + 1

8

)n

sin nx

∣∣∣∣ ≤ (
22 + 1

8

)n

=

(
5

8

)n

for 1 ≤ x ≤ 2. Since lim
n→∞

(
5

8

)n

= lim
n→∞

0 = 0, the limiting function F (x) = 0 for

1 ≤ x ≤ 2 and

lim
n→∞

Tn = lim
n→∞

sup
1≤x≤2

|Fn(x)− F (x)| = lim
n→∞

sup
1≤x≤2

|Fn(x)| = 0

Thus {Fn} converges uniformly to F (x) and so

lim
n→∞

∫ 2

1

(
x2 + 1

8

)n

sin nxdx =

∫ 2

1

lim
n→∞

Fn(x)dx =

∫ 2

1

0dx = 0.

2 (i). Since ∣∣∣∣ cos nx

n2 + x2

∣∣∣∣ ≤ 1

n2

and the series
∞∑

n=1

1

n2
is convergent by the p-series, the series of functions

∞∑
n=1

cos nx

n2 + x2

converges uniformly on (−∞, +∞) by the Weierstrass M -test.
2 (ii). Since ∣∣∣∣ 1

1 + n3x2

∣∣∣∣ ≤ 1

1 + 22n3
≤ 1

n3

1



2

for x ≥ 2 and the series
∞∑

n=1

1

n3
is convergent by the p-series, the series of functions

∞∑
n=1

1

1 + n3x2
converges uniformly on [2, +∞) by the Weierstrass M -test.

2 (iii). Let fn(x) =
xe−x

n2
for x ∈ (0, +∞). Then

f ′n(x) =
1

n2

(
e−nx − xne−nx

)
=

(1− nx)e−nx

n2
.

Thus fn(x) is monotone increasing for 0 ≤ x ≤ 1

n
and monotone decreasing for

x ≥ 1

n
. It follows that

|fn(x)| ≤ fn(
1

n
) =

1
n
e−n· 1

n

n2
=

e−1

n3

for x ∈ (0, +∞). Since the series
∞∑

n=1

e−1

n3
= e−1

∞∑
n=1

1

n3
is convergent by the p-series,

the series of functions
∞∑

n=1

xe−nx

n2
converges uniformly on (0, +∞) by the Weierstrass

M -test.

3. Let fk(x) =
(−1)kxk

1 + x2k
for 0 < x <

2

3
. Since

|fk(x)| =
∣∣∣∣(−1)kxk

1 + x2k

∣∣∣∣ ≤
(

2
3

)k

1
=

(
2

3

)k

for 0 < x <
2

3
and the series

∞∑
k=1

(
2

3

)k

converges by the geometric series, the series

of functions
∞∑

k=1

(−1)kxk

1 + x2k
converges uniformly on

(
0,

2

3

)
by the Weierstrass M -test.

Thus the function F (x) =
∞∑

n=1

(−1)kxk

1 + x2k
is continuous on the interval

(
0,

2

3

)
.


