Supplement to Chapter Two
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Let Z a, be a series of numbers. Suppose that Z a, is convergent.
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We are going to estimate the infinite sum S = Z Q-

n=1
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Example. Let S = g —. By taking the partial sum, we have
n
n=1
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SmSi=1, 5~ 5 =145 =125 5~ 5 =1ty;+g ~ 1361,

By using computer programs, we are able to compute much more,
say S1000000- A mathematical problem is then what is the ‘error’ for
estimating S by using the partial sum S,,. In other words, how to
estimate the remainder

Rn:|S_Sn|:‘an+1+an+2+"'|-

Theorem [Integral Test Estimation]. Let f : [1,00) — R be a

positive, continuous and monotone decreasing function. Suppose we
(o ¢

have a series Z ay such that ar = f(k), then the remainder
k=1

R, = |aps1 + apio + -+ | S/ f(x)dz.

Proof. From the graph,



we see that

area of the rectangles < area under f(x) over [n,00), that is,
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k=n+1 n
= 1 1 1.
Example 1. Zﬁ ~ 1+ 5 +...+ 102 with the error
n=1
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Ry < —dr =—=0.1
10'—,/;) 2270710

To get the estimation with error less than or equal to 0.01, we may
need to add up the first 100 terms.
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Example 2.FEstimate g — with error < 0.001.
n
n=1
3

>~ 1 1 10
From / —4d:z: < 1073, we have gn*?’ <103 or n® > 5 orn>T.
n X
Thus

=1 1 1 1 1 1 1
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with error < 0.001.

Theorem [Alternating Series Estimation]. Let Z(—l)”ﬂan (or

n=1
o0
Z(—l)”an) be an alternating series. Suppose that
n=1
(i) an, > 0 for all n,
(ii) a,, is monotone decreasing (i.e., a, > apyq for alln), and

(iii) lim a, = 0.



Then the remainder

o0
R, = Z (_1)k+1akj < ap1
k=n+1
0
(resp. R, = Z (—1)kak < ape1).
k=n+1
Proof.
Ry = (-1 2 + (<1 a0+ -
= ‘an+1 — Qp42 + Ap43 — Apgd + -0 ’ :
Since
Ap41 — Apy2 T Apg3 — Gpydg + 00
= Qps1 — (Ans2 — Any3) = (Qnpa — Anys) = (Qnge — Apar) — - < Ay
and
pt1— Opi2+0pi3—Opig+- o = (an—H - an+2) + (an+3 - an+4) +--- >0,

we have R, < a,.41.
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Example 3. FEstimate z:(—l)”ﬂ—4 with error within 0.001.
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Frommg10_3,Wehaven+1260rn25. Thus
n
- 1 1 1 1 1
n+1 ~ - - s
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n=1

with error within 0.001.



