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2
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(10 points)
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(10 points)
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(10 points)
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(10 points)
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(10 points)
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1 October Name:

MA2108 Midterm
Determine the limit of the following sequences:

n+n’r+2 3n+n®+1
]_ COS —_— _—
6+ n + 3n2 44+ n?+2n

n—+ n’r 42 3n+n®+1
+In({——
44n24+2n

Solution.
T e

1 2/n? 14+ 1/n?

i cos /n+7m+2/n | 3/n+1+1/n

n—oo 6/n?+1/n+3 4/n2+1+2/n

™
COSs + In 5

0 {lnn+n6060”+n!}

3" + n!
Solution.
Inn  nb 120"
o n®60" fnl Tt oy 104041
im = lim =
3n + n! n—oo 3" 0 + 1
H +1

n—oo
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MA2108 Midterm

1 October
3. {WW —\/ﬁ)}.

Name:

Solution.

: . V/nn+2-—n) 2 2
lim vn(vn+2—+/n) = lim = lim = =1
n—m\/_( vn) nooo \n+24/n noo /142/n+1 1+1

9 2n+lnn
4. 1-— )
{( n+3) }

Solution.
2n+Inn
2 2n+Ilnn 9 n+3 n -+ 3
lim (1 — = lim 1—
n—oo n+3 n—0o0 n+3
2+1Inn/n 240
1+3/n —

n+3
= lim [(1— 2 )
n—00 n-+3

Determine convergence or divergence of the following series:
5 innn—i—4n2+5n—2
— 2n? 4+ nt+1

= () 1+0 = ¢4,

21 4n? -2 1
Solution. Let a,, = nn +dn” +on and b, = —. Then
2n2 +nt+1

n2
2Ilnn 4 D 2
im i 21nn+4n2+5n—2_n2:hm n2 n_n?_y,
n—oo b, n—oo 2712 —+ n4 —+ 1 n—00 2 1
n n
. . oo , . x~2Inn+4n®+5n -2

Since the series > > | # converges by the p-series, the series ; m;nz +nn 1 +7;
is convergent by the limit comparison test.

O

n

&ZQB:nV




n

Solution. Let a,, = n . Since
3n - n!
n+1 n
lim 97ty (BEDT -3
n—oo  Qy, n—oo 3nt+1. (n —+ 1)' -
1+4H)" (n+1
= lim ()" ) ‘< 1,
n—00 3-(n+1) 3

the series is convergent by the ratio test. 0

Determine the absolute convergence, conditional convergence or divergence of the fol-
lowing series:

7. Z n—i—lln:l/__z'

Inn — 2 Inz —2
nn\/ﬁ Then a, > 0 for Inn > 2 or n > €% Let f(x) = nf/f

Solution. Let a, =

Then 1\/_ lnr
, ~3—Inx
Jla) = (\/5)2 = vz =0

when Inz > 3 or x > ¢*. Thus {a,} is (eventually) monotone decreasing. Moreover

. Inn 2
lim a, =

n—o00 n—>oo \/_ \/_

The series is convergent by the alternating series test. Now

- Inn —2 = |Inn — 2|
R =

|Inn — 2]
—>_

Vn Vn

x
1
for Inn > 3 or n > €* and the series g —— is divergent by the p-series, the series
Vn

=0-0=0.

Since

o0

Inn—2
5 (—1)”+1T is divergent by the comparison test and hence the original series
n
n=1
is conditionally convergent. 0

-1 n+1

8. i sin TL)

n:l



—1)tL g 1 1
(=)™ sinn < —————— Let f(o) = —/————.
n[(lnn)? + 1] n[(lnn)? + 1] z[(Inz)? + 1]
Then f(z) is positive and monotone decreasing. Since the integral

e e 1 y=lnz & 1 0 T
z) dr = —_— — dpy—— = = arctan = —
/1 f(@) /1 x[(Inz)? + 1] dy=4dz /0 y? +1 J o 2

o0

converges, the series g

>

n=1

Solution. Observe that

1

————— is convergent. By the comparison test, the series
n[(nn)? + 1] gemt- By P

(=D)™*'sinn

1 ) is convergent and hence the original series is absolutely convergent.
n((Inn)?

U

9. Find limit inferior and limit superior of the sequences:
1

(1—|—%) <1—|rcos%>E

Solution. Let n = 12k 4 r, where k and r are integers with r = 0,1,--- ,11 and k£ > 0.
Then

1+cosn—7r:1+Cos(2k7r+r—ﬂ):1+cosr—7r.
6 6 6
3
If r #£ 6, then1+cos%r21—\/7_, and so, for r # 6,

1

12k +
(1+ 2 )~<1—£> g
2k 1 r >

1

(12 + )7\ 12k +r 2 1
< (1 1 4 cos o F 1T < (1 9T
—< +12k+r)( s U )0

L 0
2 12k+r
lim (1+ (o3 (o3

i 1+ 2 212k1+ -1.20=1
e 12k +r - -
1
12k
)(l—l—cosﬂ)l%—i_r:l

Since

12k +r 6

k—o0

lim (1 +



for r # 6 by the Squeeze Theorem. When r = 6,

1
. 2 (12k + r)m\ 12k + r
lim (1 1 =

kir?o( +16k+r)( s )

= i —_N12k+7r = =
Jim, (“ mw) (1-1) Jim 0=0.

Thus the set of subsequential limits is {0, 1} and so

1
2 - — 2 —
lim (1+ — <1+Cosnl>n:0 and lim {1+ — <1+cosn—7r>”:1.

1
2
Another solution. Let a, = (1 + —) (1 + cos %) ", Then
n

1
ogang(u—)-zi
n

because —1 < cos %T < 1. Thus

_ I 1 1 1 1
0 < lim a, < lim a, < lim (1+—>'2n: lim <1+—>-2n:1.
n

n—oo n—oo n—oo n—oo

Since

klim A12%16 = klirn (1 + ) (1 + cos(2km + m))12k+5 96 — Jim () = 0,

12k +6 koo
0< lim a, < hm a12k16 = 0.
It follows that
h_m a, = 0.

Since

li lim (14— ). 2 =1

im a9 = lim — =

k—oo 12k k—oo 12]€ ’

1 = lim ajo < lim a, < 1.
k—o00 n—0o00

It follows that

lim a, = 1.
O
10. Let Z a, be a convergent positive series. Show that the series Z —1 PR—

n=1
is also Convergent



Proof. Since nEZI a, converges, nh_)rgo a, = 0. Let b, = Hﬁiﬂ Then
1+ a, + a2
lim 2 = hman-wzlim(l—i-an—i-ai):l—kO—i-O:l
n—oo n n—oo an n—oo

and so the series Z is convergent by the limit comparison test.

1+an+a2

Another Solution. Since a,, > 0,

Qn
—— < a,.
1+a,+a?

o0

By comparison test, g converges because g a, converges.

1+an+a2

n=1



