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INSTRUCTIONS TO CANDIDATES

1. This examination paper consists of TWO (2) sections: Section A
and Section B. It contains a total of SEVEN (7) questions and
comprises FOUR (4) printed pages.

2. Answer ALL questions in Section A. Section A carries a total of
60 marks.

3. Answer no more than TWO (2) questions from Section B. Each
question in Section B carries 20 marks.

4. Candidates may use calculators. However, they should lay out
systematically the various steps in the calculations.
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SECTION A
Answer all the questions in this section. Section A carries a total of
60 marks.

Question 1 [16 marks]

For each of the following sequences, either find the limit or show that
the limit does not exist.

(a) {\/M—n}
b) {8y }

) 2+f
(=)
o |

ntoo . 100“ cosn}

Solution. (a).

o2n — n? 2
hm\/n2+2n—n—hmn+ non = lim — = 1.
n— oo n—>00\/n2+2n+n n—0oo 1+2+1

n

(b).

3=

1 6\"
lim (6" +8")"» = lim8(1—|— (g) ) = 8.

another solution:

8 < (6" +8")" < (2-8")% =827,
Since lim 8 - 27 = 8,
lim (6" + 8")" =8
by the Squeeze theorem.
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o ntY 100 ) 200
lim ——— = lim =0-0=0,
n—00 n! n—oo 21 n!
. n'%9.100™ - cosn
lim —
n—00 n!

by the Squeeze theorem. g
Question 2 [16 marks]

Determine the convergence or divergence of each of the following series.
Justify your answers.

(2) Zan—i-\é?—”L—l

(b)

Solution. (a). Let a, =

lim &% = lim
m-—=1m -——----"n
n—oob, n—oon?+ 3n — 1

and Z converges by the p-series, the series Z a, is convergent by

n=1
the limit comparison test.
1

(b). Let f(z) = (11 2ma)

decreasing on [1,400). Since the integral

/OO 1 d y=Ilnz /OO 1 d 11 ( +1)OO n
———— dx =—1In =) =400
v+ 2me) e Jo 142y YT 2T

Then f(x) is positive and monotone




1
diverges by the integral test.

4
diverges, the series 3 _ s
n= 2 712
(c). Let a ( n+3> o
5
=— < 1.

2 n

lim {/a, = lim5 (1 — =5.¢2
n1—>n<;IO “ n1—>Ho10 < n+ 3) € 62
Thus the series converges by the (simplified) root test.
1 —_—

3

v+ —\/ﬁ: 1 <
" WV L) e

(d).
[o¢]
. . 1 . .
Since the series E — converges by the p-series, the series converges

n=1 n2

by the comparison test.
]



Question 3 [10 marks]

Find the radius of convergence of each of the following power series.
Justify your answer.

G (3)

R 1 B 1 B 1 _5
o ana] (n+1)HZ- 27 2p)l (n+1)2%.2 7
li im im
n—oo | Gy n—oo  (2n + 2)!- (n!)?2.2n n—oo(2n 4+ 2)(2n + 1)
[ |

Question 4 [18 marks]

(a) Find limit inferior and limit superior of each of the following
sequences.

(ii) {<1+%> <1+sinz—7r)’l‘}.

o0

2lnn +1
b) Is the seri E —1)"—
(b) Is the series n:1( ) NG

ditionally convergent or divergent? Justify your answer.

absolutely convergent, con-



Solution. (a)(i). Let a, = {(—1)” - —] :
1 2n—1
lim aop—1 — lim <—1 — §> = —Q

1 2n
lim ay, = lim (1 — 5) =0.
The subsequential limits are 0 and —oo. Thus

lim a, =0 lim a, = —o0.

n—oo n—00

(ii). Let a, = (1—1—% (1+sin%)z. Let n = 8k + r, where
k>0and r=20,1,2,--- 7. Then
1
) <1+sin(2k7r—0—%)> 8k +r

Goktr = <1 T

For r # 6,

and so

for r # 6. For r = 6,

1 6

and klim agi+6 = 0. The subsequential limits are 0 and 1. Thus

lim a, =1 lim a, = 0.

n—o0 n—oo

1 5
Another solution of a (ii). Let a, = <1 + —> (1 + sin %) :
n
Then
1 1
0<a,< (1+—) - 2n
n



because —1 < sin % < 1. Thus

' — — 1 1 : 1 1
0<lma,<lma,<Ilm ((l1+—)-2n=1lm (1+— | -2» =1.
n n

n—o00 n—oo n—oo n—oo

Since

. L 1 67\ 8k + 6
fimosa = i (14 g g ) (e ) 570 <o

0< lim a, < hm a8k+6 = 0.

n—oo

It follows that lim a, = 0. Since

n—oo

ima IITl :
Bk~ 8k ’

k—oo

1 = lim ag;, < 11m a, <1

k—oo
and so lim a, = 1.
2Ilnx +1
Let ——— . Th
() Let f(2) = 52—~ Then
1
f’(a:)—2 x Vo= @) 2\/_ _4-2mmz—-1 3-2Inz
B 3z 6r/r  6ryT

2lnn +1

3vn

3
for Inx > 3 orx > . Thus the sequence { } is eventually

monotone decreasing. Since

1 2Inn +1 y 21nn+ 1 ;
im-———=lim—=+ —= =
21 1

the series Z nn + converges by the alternating series test.

Smce

( 1)n2 Inn+1 1
3vn | T 3yn

=1 134 1 N . 1

and ; —3\/5 = 3 ; n_% diverges by the p-series, the series nz_:l (_1)n%‘

diverges by the comparison test.
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In conclusion, the series Z(—l)

n=1

,2Inn 41

3vn

converges condition-

ally.

SECTION B
Answer not more than TWO (2) questions from this section. Each
question in this section carries 20 marks.

Question 5 [20 marks]

1
2 " s
(a) Evaluate lim L Justify your answer.
n—a0 Jo 1 + xn
(b) Find the interval of fth i (1= 20)"
val of convergence of the power series E —
8 P 3n+1

Justify your answer.

(c) Let {a,} be a bounded sequence of real numbers. Show that

lim {/|a,| < 1.
—0Q

n

1
Solution. (a). For 0 < x < 3

n o n 1\7
0 " sin nx T < (5) .
1+ | 7 142~ 1
1\" " si
Since lim | =] =0, lim TORRE by the Squeeze Theorem
and so
" sin nx
F = lim——=0
() = lim ===
1
for0§$§§. Now

" sinnx

T, = F,(z) — F(z)| = -
sup [Py () = Fla)] = sup | 5500

0<z<i 0<z<i

@)



1 n
Since lim (5 = 0, lim7, = 0 by the Squeeze Theorem and so
{F,(x)} converges uniformly to 0 on [0, 3]. Thus
1 1 1
2 2" s 2 i 2
lim de:/ limwdx:/ 0 dx =0.
n—oo Jo 142" g n—oo 1 4am 0
(1—22)" = (=2)" "
(b). ; % = ; % <x — 5) . The radius of conver-
gence B a
1 1 1
R — — 1 = —.
a2 Bn+1) 2
lim —— im
n—0o0 |an| n—oo 27 - (3n + 4)
1 1 .
For x = — 4+ — =1, the series
2 2
Stowr_sor
vt 3n+1 n:13n+1
: . . 1 1
is convergent by the alternating series test. For z = 37 5= 0, the
series
U .
~ 3n+1l  ~=3n+1
=1
is divergent by the limit comparison test with respect to Z — because
n
n=1
1
Jm 2 =3

oo
1
and the harmonic series Z — is divergent. In conclusion, the interval
n
n=1
of convergence is (0, 1].
(c). Since {a,} is a bounded sequence, there exists non-zero num-
bers m and M such that

m<a, <M
for all n and so
|an| < max{|m], [M]}
for all n. Write ¢ for max{|m|, |M|}. Then

T 1 - 1 . 1
lim |a,|» < lim ¢» = limen =1,

n—oo n—oo n—oo
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= 1 . 1 C. 1 .
where lim ¢» = lim c¢» because the limit of ¢» exists. g

n—oo n—oo

Question 6 [20 marks]

(a) Consider the function

o0
= Z e "
n=1
Is f(x) continuous on [0, +00)? Justify your answer.

(b) Consider the sequence {z,} defined recursively by
1 3

1 =2, Tpi1 == <xn+—>, for n>1.
2 T

Show that {x,} converges, and find its limit.

(c) Show that the series Z [SEST does not converge uniformly on

k=1
(0, +00).

Solution. (a). Let f,(x) = x2"e ™. From

fi(z) =nz" e —na"e ™ = na" e (1 — 1) =0
x =0,1. Since f,(0) = lim f,(z) =0 and f,(1) = e ", the maximum
of fu(x) on [0, +00) is fi?fj = e ", that is,

[fu(@)| = fulz) < e

for z € [0, +00). Since the series Z e~ " converges, the series Z fn(x)

n=1 n=1
converges uniformly by the Weierstrass M-test and hence the function

§ In —nx

1S continuous.
(b). First we show that z, > v/3 by induction. z; > /3. Suppose
that x, > v/3 > 0. Then

xn+1:%(xn+ )>—2\/—\/> V3.

The induction is finished and so z,, > V3 for all n.
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Now we show by induction that {z,} is monotone decreasing.

1 3 3
= (2+2)=1+° <.
i) 2(+2> +4<£B1

Suppose that x,_1 > x,,. Then

1 n 3 1 . 3
Ty — Tpt1 = = | Tp— — =\ Tn —
+ 2 ! Tn—1 2 T

B

1 Tpo1Lyp — 3
Tyl — Ty) —— >0
2 s ! ) Ty 1Ty
because Z,_1Z, — 3 > V3 -v3 — 3 =0 by the first step.
By the Monotone Convergence Theorem, the sequence {z,} con-
verges because it is monotone decreasing and bounded below. Let
A = lim z,,. Then

n—oo

1 3 1 3
A—llmxn+1—lim2( +a):§(A+Z).
It follows that A = ++v/3. Since each z, > /3, A + —+/3 and so

A=+/3.
(¢) On (0, 00),

1 1 1
> -
= i}ifo) ((n 1)t + (n+ 2)1+2 + + (2n>1+2:p)

1 1 1
Zsup( + +---+—)

>0 \ (2n)1+22 T (2p)1+2e (2n)1+2=
n 1
=Sup ————— = SUp —————
:17>IO) (2n>1+2 m>g 2. (271)29”
Since the function ————— is monotone decreasing on (0,00) with
2 (2n)%
. 1 1 b 1 1 d
iIm ———— = —. we have sup ———— = — and so
202 (2n)2r 2 2. (2n)% 2
T, > 1

[\)
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It follows that T}, does not tend to 0 as n tends to oo, and so the series
= 1

of functions Z Tite does not converge uniformly on (0, c0).

k=1
| |

Question 7 [20 marks]

(a) Let f(z) = 2°sin (2°). Find f“®(0).

(b) Let A and B be two non-empty bounded set of real numbers.
Define A+ B={a+b|a€ A, be B}. Prove that

inf A+ inf B = inf(A + B).

C 1
(c) Show that the series of functions ;(—1)”m con-

verges uniformly on [1, +00).

Solution. (a). From the Taylor series
, R
Slnx:x—§+a—ﬁ+“' ;
_ 32 50 .68
f(z) =2°sin (27) = 2™ — ?jt? — Wju
Thus
o)
a8

and so f“48(0) = 0.
(b). For each a € A and b € B, inf A < a and inf B <b. Thus

infA+inf B<a+infB<a-+b

for any a € A and b € B. Hence inf A + inf B is a lower bound of the
set A+ B and so

inf A+ inf B < inf(A + B)

because inf(A + B) is the greatest lower bound of A + B.
Given any a € A, for any b € B,

inf(A+B) <a+b = inf(A+ B) —a <b.
Thus inf(A + B) — a is a lower bound of B for any given a and so
inf(A+ B) —a <inf B = inf(A+ B) —inf B<a
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for any given a € A because inf B is the greatest lower bound of B.
This shows that inf(A + B) — inf B is a lower bound of A and so
inf(A+ B) —inf B < inf A, that is, inf(A+ B) <inf A+inf B

because inf A is the greatest lower bound of A.
Hence inf A + inf B = inf(A + B).
(c). For each = € [1,00), by the alternating series estimation,

L1 1
2. (=) (2k + 1)

<
et (2n + 3)

1

because the sequence {m

} is monotone decreasing and

li L 0
m-—— =

Thus on [1, +00)

> 1
0<T, =su L —
- 96211) k:n-i—l( ) (2k + 1)9&
1 1
< sup

vl (2n+3)"  2n+3

Since lim 5 = 0, lim 7;, = 0 by the Squeeze theorem. Thus
n—oo LN n—0o0
the series of functions i(—l)”; converges uniformly on
— (2n + 1)*

{1, —|—OO) [



