2002/2003 Semester I MA2108 Advanced Calculus II

Take-home Exam 5

Question 1 [20 marks]
For each of the following sequence of functions, determine whether is converges point-
wise to a function, and find the limiting function if it exists. Justify your answers.
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(b). When = = km, then cosz = (—1)* and so lim (cosz)™ = lim 1 = 1 for
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x = km. When z # kr, the | cosz| < 1 and so lim (cosz)*" = 0 in this case. Thus
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because the positive number 5 <1 for x # 0. Thus
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Question 2. [30 marks| Determine whether the following sequences of functions
converge uniformly on the indicated intervals. Justify your answers.
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Solution. (a). Uniform convergence.
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Since lim (5 =0, lim 7,, = 0 by the Squeeze theorem and so the sequence of
the functions converges uniformly.
(b). NOT uniform convergence.
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Since each F,(x) = is continuous on [0,1] and its limiting function F(z) is
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NOT continuous on [0, 1], the sequence of functions does not converge uniformly on

0,1].
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(¢). Uniform convergence.
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Since lim — = 0, by the Squeeze Theorem, lim 7T,, = 0 and so the sequence of
n—oo N, n—oo

functions converges uniformly:.
(d). NOT uniform convergence.
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By choosing x = 2nm + 21, we have
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Thus T,, does not tend to zero as n tends to oo, and so the sequence of functions does
not converge uniformly.
(e). Uniform convergence. Since
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by the Squeeze Theorem. Note that

T, = sup |Fu(z) — F(r)| = sup

n
0<z<1 0<z<1 I+

n

1
Since lim (=) =0, lim 7,, = 0 by the Squeeze theorem and so the sequence of
n—oo n—oo

the functions converges uniformly.

(f). NOT uniform convergence. When =z = 0,1, F,(x) = 0 and so F(z) =
lim F,(z) =0for z =0,1. When 0 <z < 1,then 0 <1—2*<1or
%?101;5, for 0 < x <1,

F(z) = lim F,(z) = lim na (1 —2%)" = lim =0
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by the Standard limits. Thus F(z) =0 for all 0 < z < 1. Now
T, = sup |F,(z)— F(z)| = sup F,(z) = sup nz (1 —2?)

0<z<1 0<z<1 0<z<1

n

We find the maximum of F,,(z) on [0, 1].
Fi(z)=n(l-2*)"+nz-n(l- xQ)n_l (—2x)=0
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Hence the sequence of functions does not converge uniformly. 0
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Question 3. [30 marks] Determine whether the following series of functions con-
verge uniformly on the indicated intervals. Justify your answers.
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Solution. (a). Uniform convergence. Since

BT

ksin kx
k3 + x2

[ee]
1
and Z e converges, the series of functions converges uniformly by the Weierstrass

k=1
M -test.
kx k

(b). Uniform convergence. Let fi(z) = e ""z".
flx)=(=k)-e ™ . aF e k.a" = ke ™" 11 —2)=0

—x=0,1.
k
Since fx(0) = 0 and lim fi(x) = lim xT = 0, the maximum of |fx(x)| = fx(z) on
T—00 r—o00 Nt
[0,00) is fr(1) = e*, that is,
|e_’”:rk| <e* x € [0, 00).
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Since E et = E (—) converges by the geometric series, the series of functions
k=1 k=1 \©

converges uniformly by the Weierstrass M -test.

(¢). Uniform convergence. Let ap = o Then, for x > 0, a; is positive,
x
o (_1)k+1
monotone decreasing and lim a; = 0. Let S(z) = ~—— and let S,(z) =
n (_1)k+1
. By the alternating series estimation,
pt k+x

1

— < - -
1Su(a) = S(@)| < anr = ————



Thus ) )
T, =sup|S,(x) — S(x)| <su < )
x£|() (”_I£n+1+x—n+1
1
Since lim 1 0, by the Squeeze Theorem, lim 7, = 0 and so the series of
n—oo M n—oo

functions converges uniformly.
(d). Uniform convergence. Note that

.Tk

1+ k(In k)2

1
<
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x €[0,1].

1 1 =~ 1
Since < for £ > 2 and Z ———— converges by the integral
k=2

1+ k(Ink)2 = k(lnk)? k(In k)2

1
test, the series _
>

above, the series of functions converges uniformly by the Weierstrass M-test.
(e). NOT uniform convergence. Consider the partial sums

Sn(z) :i (kxl_}_Q a (k+11)$+2)

converges by the comparison test. From the inequality

k=0
(1 1 . 1 1 n n 1 1
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1 1
2 (n+Dz+2
Thus
- 1 1 1 1
(z) ;(nx+2 (n+1)x+2> ne (z) nggo(2 (n+1)x+2>
0 z=0
T z#0.

Since each S,(x) is continuous on [0, 1] and S(z) is NOT continuous on [0, 1], the
series of functions does not converge uniformly.
(f). NOT uniform convergence. Note that

> (5)

k=n+1
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—2<x<2

= Sup
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let z—2~

+ 0.
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Since 7;, does not tend to 0 as n tends to oo, the series of functions does not converge
uniformly. O

Question 4. [20 marks] Show that each of the following series converges uni-
formly on [a, 00) for any a > 0, but does not converge uniformly on (0, c0).

> 1
(a) Z 1 _’_an
0

= 1
(b) kltz’
k=1

Proof. (a). On [a,00) with a > 0, since

1 1 < 1
14+ n2z| ~ 1+ n2a — an?
1
and Z 5 = = Z — converges, the series of functions converges uniformly on
an —n
a, oo) by the Welerstrass M -test.
On (0, 00),
T, =su —_—
:v>18 Z ‘
- 1
=su
:c>13 k:22n+1 1+ k2x
> L =1
Sup ————— =
w0 L+ (n+ 1)z
1
because the function —————— is monotone decreasing on (0, 1) with
14+ (n+1)2%
) 1
lim ——— =
z—0 1+ (n+1)%x
= 1
Thus T, does not tend to 0 as n tends to oo, and so the series of functions Z 5
—~ 1+ n%x

does not converge uniformly on (0, 00). (Another solution: You can prove by contra-
diction using the Cauchy Criterion.)
(b). On [a,o0) with a > 0, since
1
nl—f—a:

1
— n1+a

— converges, the series of functions converges uniformly on la, 00) by the

and Z

Welerstrass M -test.
On (0, 00),
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Since the function
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1
we have ililg m = 3 and so
T, >t
-2

1

(2n)”

— is monotone decreasing on (0, 0o) with lim ~——~— =

@02 (2n)r 2’

It follows that 7T}, does not tend to 0 as n tends to oo, and so the series of functions

o)

Z R does not converge uniformly on (0,00). (Another solution: You can prove

k=1
by contradiction using the Cauchy Criterion.)
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