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Question 1. Let f,(r) = ——. Then
n
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(1). Each f(x) = is continuous on (—oo, +00).
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(2). The series of functions Z fn(z) absolutely converges on (—oo,+00) by the

n=1
o0
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comparison test because -—| < —3 and the series E — Is convergent by the
n n n
n=1

p-series. So it converges pointwise on (—oo, +00).

(3). The series of functions Z fr(x) converges uniformly on (—oo,+00) by the
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< — and the series E — converges
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Weierstrass M-test because 5
n

by the p-series.
Thus the function f(z) = Z
n=1

COS3 * is differentiable (—00, +00) by Remark 5.2 to
n

Theorem 5.1.
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Question 2 (a). Let b be any given positive number. Let f,(t) = - and let
n!
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n=>0
Then

1) fr(t) exists and is continuous on [—b, b];

2) the series of functions Z fn(t) converges pointwise on [—b, b and

n=0

3) the series of functions Z f1(t) converges uniformly on [—b, b], by the Weier-

n=0
strass M-test, because
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Thus
= [t t2
) — ) = -
£t _;(n!) =0+ 1dt4 4= f(1)
for any t € [—b,b]. Since b is any given positive number, f'(t) = f(t) for all ¢ €
(—00, +00) and so y = f(x) is a solution of /' = y. O

Question 2 (b).

dy dy
a7 /y_/dt

=Inlyl=t+k = y=0C¢,
where C' = +eF. Let

[e.e]

t'n/
f(t) = ZO E
From (i), f(t) = Ce* for certain constant C. Let ¢t = 0, we have
C-e"=f0)=1+0+0+---=1
and so f(t) = e'. Hence
e = ZO m
for all x € (—o0, +00). O
Question 3 (i).
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Question 3 (ii).
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Question 3 (iii). Since a,, = <5) if n is odd and (6) if n is even, {/|a,| = R if

n is odd and 6 if n is even. Thus
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b, = sup v/l|a,| = =
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and so limsup v/|a,| = lim b, = 5 It follows that
1

R=————F——==5
lim sup {/|a,|

O
Question 3 (iv). Observe that
(322" =~ 3" 2.
2 = eyl
n=1 n=1
Thus
1 1 1 1
R = . |an+1| = | 3n+1 _n2 - I 3 = g
n—00 |an| N—00 (n+ 1)2 3n n—o00 (1 + %)2
O

Question 4.
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Let a; = 3 ( 23'23]&1 3 )fork22. Then
1) ax > 0, that is, the series is alternating.
2) Since
G _ 3Dl pow
ay (k + 1)1 23k+2 %-(1—%)---(1{;—%—1)
_1
= 3 <1
(k+1)-8 7

ag+1 < a or {ax} is monotone deceasing.
3) Observe that
o< _%'(1—§)'--(k—%—1)<%-1~2-~(k;—1)_ 1
= k= ol - 23k 1 Jloo3—1 3. f. ok

for k > 2. Since khi& 3R g 0, klggo ar, = 0 by the Squeeze theorem.
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Thus we can apply the alternating series estimation. From

L b (k-
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we have k& > 3. Thus
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VIR 24+ — — — +——— =2 21312364 12 44
V9 + 2 783 + 50716 07988533521312364950631280098447

with an error of magnitude less than 1074



