
2002/2003 Semester I MA2108 Advanced Calculus II

Take-home Exam 5

Question 1 [20 marks]
For each of the following sequence of functions, determine whether is converges point-
wise to a function, and find the limiting function if it exists. Justify your answers.

(a)

{(
1− x2

n

)nx}
, x ∈ R.

(b) {(cos x)2n}, x ∈ R.

(c)

{
sin nx

cos nx + nx

}
, x ∈ [1, +∞).

(d) {fn(x)}, fn(x) =
n∑

k=0

x2

(1 + x2)k
, x ∈ R.

Question 2. [30 marks] Determine whether the following sequences of functions
converge uniformly on the indicated intervals. Justify your answers.

(a) Fn(x) =
xn

1 + xn
, x ∈ [0, 1

2
].

(b) Fn(x) =
xn

1 + xn
, x ∈ [0, 1].

(c) Fn(x) = x +
x

n
sin nx, x ∈ [−a, a], a > 0.

(d) Fn(x) = x +
x

n
sin nx, x ∈ R.

(e) Fn(x) =
xn sin nx

1 + xn
, x ∈ [0, 1

2
].

(f) Fn(x) = nx
(
1− x2

)n
, x ∈ [0, 1].

Question 3. [30 marks] Determine whether the following series of functions con-
verge uniformly on the indicated intervals. Justify your answers.

(a)
∞∑

k=1

k sin kx

k3 + x2
, x ∈ [0,∞).

(b)
∞∑

k=1

e−kxxk, x ∈ [0,∞).

(c)
∞∑

k=1

(−1)k+1

k + x
, x ∈ [0,∞).

(d)
∞∑

k=1

xk

1 + k(ln k)2
, x ∈ [−1, 1].

(e)
∞∑

n=0

(
1

nx + 2
− 1

(n + 1)x + 2

)
, x ∈ [0, 1].

(f)
∞∑

k=1

(x

2

)k

, x ∈ (−2, 2).
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Question 4. [20 marks] Show that each of the following series converges uni-
formly on [a,∞) for any a > 0, but does not converge uniformly on (0, +∞).

(a)
∞∑

n=0

1

1 + n2x
.

(b)
∞∑

k=1

1

k1+x
.


