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Problem # | Your Grades

1

(10 points)
2

(10 points)
3

(10 points)
4

(10 points)
)

(10 points)
6

(10 points)
7

(10 points)
8

(10 points)
9

(10 points)
10

(10 points)
total
(100 points)
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Determine the limit of the following sequences:

1o =nymsin (L) 4 arct 2n°
. — Ssin | — arctan | —m——— .
n 4+ 3n + 2n?

Solution.
lim (—1)" sin | © ) + arct 2n°
im sin arctan [ ——
n—00 4 4 3n + 2n?

1 2
7111320 " sin (5) + arctan <4/n2 gy 2) =0+ arctan1 = %,
=0

where lim (—1)" sin (

because

aera o)

and

3" + n%%60" + 2n!
2
n! + (Inn)?
Solution.
. 3"+ n%60" + 2n!
lim
n—oo  nl+ (Inn)?
3/l nf/27 120" /0l 4+2 04042
1+ (lnn)2/n2-n2/2n.2n/p!  14+0-0-0

=2
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3 In(2 + e”)
) An+1 |-
Solution. , )
In(2 + e 5T - e” et 1
limM: lim 2E iy et 2
n—oo 4n + 1 n—o0 4 n—oo 4 4

Another Solution.
lim In(2 + e") ~ lim Ine™(2/e™ + 1) i n+1In(2/e" + 1)

n—oo 4n +1 n—00 dn+1 —n—>nolo dn +1
JEERLICTI R R B
= lim o = =

n—0o0 4+1/n —4—1-0_1.

4. {(1 + 2n)1/"}.

Solution.

lim (1+2n)"" = lim 2" (1/n+2)""=1-1-(0+2)° = 1.

n—o0 n—oo

Another Solution.

(2n+1)/n
lim (1+20)"" = lim ((1+2m)"""*")

n—oo n—oo

24+1/n
— lim <(1 + 2n)1/2”+1> 2o,

n—oo
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Determine convergence or divergence of the following series:
= 2+n
5. E vn

— n?+4n+3°

Solution. Let a, = -2 and let b, = % Then

n2+4n+3
n 2 ) 2 1
lim 2 = lim + \/_ 0% = lim /Vn =
n—oo by, n—>oon2—|—4n+3 n—oo 1 4+ 4/n + 3/n?
Since ) b, converges by the p-series, the series ) a, converges.
n=1 n=1
6.
Z < /n(n+1)(n+ 2)
Solution. Let a,, = ——-——— and let b, = BL/Z Then
n(n+1)(n+2) n
n 1 1
lim G _ lim 032 =
n—o0 b,  n—o0/n(n+1)(n+2) b V1-(1+1/n)-(1+2/n)

Since z b, converges by the p-series, the series Z a, converges.
n=1 n=1
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Determine the absolute convergence, conditional convergence or divergence of the fol-
lowing series:
[e.e]

Solution. Let b, = and let f(z) = %5. Since

(22 +1) —z- 22 1—a?

_n__
n2+1

/ xTr) = = < O
f)( ) ($2_+_1)2 <x2_+_1>2-_
for x > 1, the sequence b,, is monotone decreasing. Since in addition
lim b, = lim —— =0,
n—oo ngﬂm7z+—1/n
the series > (—1)”+1n2i+1 converges by the alternating series test. Consider the series
n=1
n+1 n _
I o
n=1 n=1
and let a,, = % Since
2
n . 1 .
Jim 5 = i S5l 11—

o0 o0

and » a, diverges by the p-series, the series ) b, diverges and so the series in the
n=1 n=1

question converges conditionally. 0

2

8. i(—l)”*l (%ﬂ)n .

n=1

Solution. Let a, = (—1)"*! (L)HZ Since

n+1
n? 1/n n
lim {/Ja,| = lim (1) ( = lim ([ —
dim Y lan] = lm 1(=1) (nH e e

= 1i —1 —1<1
_nljgo(l_'_%)n—e )

the series converges absolutely by the root test for general series. 0
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9. Find limit inferior and limit superior of the sequences:

(")

Solution.
na\ (D" 2 2 2 2 2 2 2 2
Sin_ = _71a_7()’__717__’07_a17_a07__71a__707"'
L B e e Tk i KU SIS X
. . . 2_ 2_
The subsequential limits are %= —\/§, 0,1, 5= V2. Thus

— (. nm\ED"
lim (sm —) =
4

n—oo

(=nn
lim (sin %T) = /2.

S

0
Solution 2. Let a,, = (sin %)(—1)"' Then
(0 n = 8k
% n=38k+1
1 n =8k + 2
2 =8k+3
ay = V2 " N
0 n=38k+4
—\% n=38k+5
1 n=38k+6
\ —\% n=38k+7
. . . 2 2
The subsequential limits are 5= —/2,0,1, 5= V2. Thus
— (="
lim (sin %) =2
(="
lim (sin %T) = /2.
O

Solution 3. Let a,, = (sin M)(_l)n. Then

4
—V2<a,<V2

and so .
—V2 < lim a, < lim a, < V2.
Since
klim agri1 = V2 klim agiis = —V2,
— (=nn
lim (sin %) = \/5

(=nn
lim (Sin %) = —V2.
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10. Show that the sequence defined by
1
a1:2 an+1:3_an

satisfies 0 < a,, < 2 and is monotone decreasing. Deduce that the sequence is convergent
and find its limit.

Solution. We prove that 0 < a, < 2 by induction. Whenn =1, 0 < a1 = 2 < 2.
Suppose that 0 < ap < 2. Then 1 <3 — a; < 3 and so

1

0<ak+1:3 §1§2

The induction is finished and so 0 < a,, < 2 for all n.
We prove that a, 1 — a, < 0 by induction. When n =1,

a9 3 ~a S ap
Suppose that a1 — ar < 0. Then
ay a . 1 1 . (3 — ak) — (3 — ak+1)
2 — 1= — =
i T3 —an 3—ay (3 — ar1)(3 — ay)
_ Ap41 — Qg <0

(38— art1)(3 —ar) ~
because ag,1 — ax < 0 by induction, and 3 — a1 > 0,3 — ax > 0 from the above. The
induction is finished and so {a,} is monotone decreasing.
Let A = lim a,. Then

1 1
A=l = li =
e T 3 T, T3 A
and so 3A — A2 =1or A2—3A+1=0. It follows that
3+V0-4 3+V6
N 2 2

Since 0 < a, < 2,0 < A <2 and the root A = #5 is rejected. Hence A = 3_2‘/5, that
is,

. 3—V5
lim a, = )

n— oo 2

A




