2003/2004 Semester I MAZ2108 Advanced Calculus II

Take-home Exam 4

Question 1 [4 points, 1 for each part]
For each of the following sequence of functions, determine whether is converges point-
wise to a function, and find the limiting function if it exists. Justify your answers.
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(b). When & = km, then cosz = (—1)* and so lim (cosz)™ = lim 1 = 1 for
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x = kr. When z # kr, the | cosz| < 1 and so lim (cosz)* = 0 in this case. Thus
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because the positive number 5 < 1for x #0. Thus
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Question 2. [6 points, 1 for each part] Determine whether the following sequences
of functions converge uniformly on the indicated intervals. Justify your answers.
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Solution. (a). Uniform convergence.
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Since nh_)rgo (% =0, 7}1320 T, = 0 by the Squeeze theorem and so the sequence of
the functions converges uniformly.
(b). NOT uniform convergence.
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Since each F,(x) = is continuous on [0,1] and its limiting function F(z) is
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NOT continuous on [0, 1], the sequence of functions does not converge uniformly on

0, 1].
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(¢). Uniform convergence.
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Since lim — = 0, by the Squeeze Theorem, lim 7T,, = 0 and so the sequence of
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(d). NOT uniform convergence.
T, = sup |F,(z) — F(z)| = sup la] - |sinna|
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Thus T,, does not tend to zero as n tends to oo, and so the sequence of functions does
not converge uniformly.
(e). Uniform convergence. Since
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by the Squeeze Theorem. Note that
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Since lim (§> = 0, lim 7;,, = 0 by the Squeeze theorem and so the sequence of

the functions converges uniformly.

(f). NOT uniform convergence. When z = 0,1, F,(z) = 0 and so F(z) =
lim F,(z) =0 for x =0,1. When 0 < 2 <1, then 0 <1—2% <1 or
Thus, for 0 < x < 1,
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by the Standard limits. Thus F(z) =0 for all 0 <z < 1. Now
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We find the maximum of F,,(z) on [0, 1].
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Hence the sequence of functions does not converge uniformly. U



