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CHAPTER 1

Sequences of Real Numbers

1. Sequences
A sequence is an ordered list of numbers. For example,
1,2,3,4,5,6
The order of the sequence is important. For example,
2,1,4,3,6,5

is different from above sequence. An infinite sequence is a list which does not end.
For example,
1,1/2,1/3,1/4,1/5,- -
We are going to study infinite sequences. The Formal Definition of a (infinite)
Sequence is a function whose domain is the set of positive integers. We denote by
{an} the sequence
A1,02,a3,  ,Qp, - -

EXAMPLE 1.1. Here are some examples of infinite sequences.

11 1

() 19y’ 0’
o, 1t 1"
’ 37327337 3¢’
(3) 1)_27?”_4,57

Can you find a formula for each of the above sequences?
Answer: (1). a, = 1/n. (2). a, =1/3". (3). (=1)""n.
Historic Remarks:

While sequences of numbers appear on the earliest of artifacts from prehistory,
the study of sequences as abstract patterns of numbers was most likely conducted by
the Pythagoreans circa 400 B.C.E. The Pythaogoreans generated number sequences
by geometrical arrangements of pebbles, called figurate numbers. Although it was
a part of their belief that ” Everything is number”, it led to the birth of the branch
of mathematics that is today called number theory. Some examples of figurate
numbers include:

The Triangular Numbers formed by arranging pebbles in triangular patterns,

. . . . .. n(n+1
indicated by the following picture. (The formula is %)

The Hexagonal numbers indicated by the following picture. (The formula is
n(2n —1).)

Links to Other Areas of Science: The topics on sequences are used in many
areas of science. For example, much attention has been given to the sequences that
are the discrete versions of the logistic differential equation. The recursive equation
is simple enough, however the terms of the sequence may exhibit extremely complex
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6 1. SEQUENCES OF REAL NUMBERS

behavior. This equation is used as an introduction to dynamical systems and chaos
theory a hot area of mathematical research. The logistic difference equation is
given by

Pn+1 = kpn(l - pn)a
where 0 < pp < 1 and k is a given constant. In ecology, this is a model for
population growth such as modelling insect populations, where mating and death
occur in a periodic fashion. For values of k between 3.6 and 4 the behavior becomes

chaotic.
2. Limits of Sequences

DEFINITION 2.1. The limit of {a,} is A, and is written as

lim a, = A,

n—oo

if for any € > 0, there is a natural number N such that for every n > N, we have
lan, — Al <.

Remark. 1. Some sequences do not satisfy the above. We call such sequences

divergent.
2. Sequences which satisfy the above definition, i.e. A exists and is finite, are called

convergent sequences.

EXAMPLE 2.2. Prove the following limits by using € — N definition

1
1) lim — =0.
n—oo N,
2
2) lim y/—— =1.

1
SoLUTION. (1). Given any ¢ > 0, we want to find N such that ‘ - O‘ <€
n

1
for n > N, i.e.,, n > — for n > N. Choose N to be the smallest integer such that
€

1 1 1
N > —. (N is found now!) When n > N, then n > N > — or |— — 0| < e. Thus
€ € n
1
lim — =0.
n—oo n
n2
(2). Given any € > 0, we want to find N such that 5 1—1 < € for
n > N. Now
2 — \/n2 1
2’”7_1 <€<:>‘n_1’<6<:> w
Vn?+1 vVn2+1 n?+1
n?—(n%+1) ‘ 1
<€

g <e€
VnZ +1(n+vn? +1) VnZ +1(n++vnZ+1)
1
S Vn2+ln+vn2+1)> -
€
Observe that

V2 +1(n+vVn2+1)>n
for n > 1. Choose N to be the smallest integer such that N > % Then, for n > N,

\/n2+1(n+\/n2+1)>\/N2+1(N+\/N2+1)>NZ%
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n2

or 7712 )

— 1' < €. Thus N is found and hence the result.

<i> 0‘<ef0rn>N.

(i)n <esnln (i) <lIn(e) & n > 1111(1:’521)

(Note. In(3/4) < 0!!) Choose N to be the smallest positive integer such that
In(e)

(3). Given any € > 0, we want to find N such that

Observe that

N> . Wh N, th
Z TG/ en n > N, then
In(e)
N> —7_
e NEYZY,
or (i) — 0’ < €. The proof is finished. O

THEOREM 2.3. If {a,} has a limit, then the limit is unique.

PROOF. Let A and B be limits of {a,}. Suppose that A # B. Choose ¢ =
A—-B
g. Then € > 0 because A # B. By definition, there exists N; and Ny such

that |a, — A| < € for n > Ny and |a, — B| < € for n > Ny. For n > max{Ny, N2},
we have

|A—B| = |(A—an) + (an — B)| < |A — an| + |an — B] < 2¢ =2

A-B
A an

which is a contradiction. Thus A = B. O

THEOREM 2.4 (Squeeze or Sandwich Theorem). Given 3 sequences

{an}, {bn}; {cn}
such that
(i)  an <b, <cy for every n and
(ii) nh_}rr;o anp =A= lim ¢,

then lim b, = A.

n—oo

PRrROOF. For any € > 0, there exists N3 and Ny such that |¢, — A|] < € for
n > Ny and |a, — A| < € for n > Ny. Let N = max{Ny, No}. For n > N, we have

—€e<e¢,—A<e and —e<a,—A<e

A—e<c,<A+e and A—e<a, < A+e
Thus
A—e<ap<b,<ec,<A+e or |b,—Al<e
By definition, we have nlingo b, = A and hence the result. O
Remark. The above theorem is still applicable if the inequality
an <bp < ¢y

is true eventually.

EXAMPLE 2.5. Find limits
. 1+sinn
1) lim ——.

n— o0 n
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_ 1 n
2y (2" .
in +1
SOLUTION. (1). Since
0< 1+sinn < g
n n
2
and lim — = lim 0 =0, we have

n—oo N, n—oo

lim 1+sinn —0
n—oo n

3n—1\" 3\"
0< <
~\4n+1 —\4

and lim <z) = lim 0 =0, we have
3n—1\"
li =0
oo (4n+ 1)

3. Sequences which tend to oo

DEFINITION 3.1. {a,} tends to 400 if for each positive number k, there is an
N such that

an >k foralln > N.

Remark. For such sequences, we write as a,, — +00 as n — oo or

lim a, = 4o0.
n—oo

ExampPLE 3.2. The following sequences tend to +oo
1) a, =VInn.
2) a, = (3/2)".
The sequences —Inn, —n? and etc then tend to —oo.
THEOREM 3.3 (Reciprocal Rule). Consider a sequence {a,}.

1
(i)  Ifan >0 foralln and lim — =0, then

n—00 (y

lim a, = +oo.

n—oo

1
(i)  If lim a, = foo, then lim — = 0.

n— oo n— 00 an
ProOOF. We only prove (i). For each positive integer k, there exists N such
that ) )
— =0 < —
an, ‘ k

1

for n > N because lim — = 0. Then, for n > N, a,, > k because a,, > 0. This
n—oo an

finishes the proof. O

1
ExXAMPLE 3.4. Since lim \T = 0, we have lim v/n = co. Similarly, since
n—oo n n—oo

1
lim +/n = +0c0, we have lim — = 0.

n—oo n—oo \/’ﬁ
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4. Techniques For Computing Limits
THEOREM 4.1. Let f be a continuous function. Then
lim f(a,)= f(lim ay).
n—oo n—oo

IDEA OF PROOF. By the definition of continuity, when z — xq, f(z) — f(zo).

Now lim a, = A means that a, — A when n — oo. Thus f(a,) — f(A4) when

n — oo, that is,

lim f(an) = f(4) = f(lim ay).

O
EXAMPLE 4.2.
lim sin nn = lim _ T )= sin (z) =1
f(n)

THEOREM 4.3 (L’Hospital’s Rule). Suppose a,, = f(n), b, = g(n). If lim ﬁ
n

n—oo g

is of the form 2 o 9, then
00 0
!
lim —f(n) = lim fl(n)
n—oo g(n) n—oo g (n)

History Remark. Although the theorem is named after Marquis de 1’Hospital
(1661-1704), it should be called Bernoulli’s rule. The story is that in 1691, ’'Hospital
asked Johann Bernoulli (1667-1748) to provide, for a fee, lectures on the new sub-
ject of calculus. L’Hospital subsequently incorporated these lectures into the first
calculus text, L’Analyse des infiniment petis (Analysis of infinitely small quanti-
ties), published in 1696. The initial version of what is now known as 1'Hospital’s
rule first appeared in this text.

x

n
EXAMPLE 4.4. Show that lim (1 + E) =e”.
n

PRroOF.
lim In [(lJr E) } = lim nln (1 + E)
n—oo n n—00 n
. In (1+£) . 1-&£ ' (_%) . T
= lim ———* = lim —*—5—— = lim =zx.
. T\"™
Thus lim <1+ 7> = ¢e”. O
n—oo n
THEOREM 4.5. If lim a, and lim b, exist, then
(1). lim (an, +b,) = lim a, + lim b,,
(2). lim ka, =k lim a,,
(3). lim apb, = lim a, lim b,,
n—oo n—oo n—oo
a lim a,
(4). lim — =" provided b,#0 and lim b, # 0.
n—oo b, lim b, n—o0
PROOF. omitted. [l

2 2 1
EXAMPLE 4.6. Find the limit of In nmsn 2 +cos| — ).
2 + 4n + 2n? vn
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s o () o ()
= i [ (e ) oo ()]
=i [ (q7aass) v ()]

1+0+0 1
=In( —— =In| = 1=1-In2.
n(0+0+2>+c0s0 n(2>+ n

SOLUTION.

O

THEOREM 4.7 (Some Standard Limits). Some standard limits are given as
follows.

1
lim — = 0 for any fized p > 0.
n—oo N,
lim ¢" =0 for any fixed ¢ where |c| < 1.
n—oo

lim v =1 for any fixed ¢ > 0.
lim ¢/n=1.
5. lim — =0 for any fized p and ¢ > 1.
n—oo "
n
6. lim — =0 for any fixed c.

n—oo n!

Ll A

7. lim (1 + E) = e for any fized x.
n

(Inn)P

8. nleréo i 0 for any fixed k > 0.
PROOF. Assertion 7 was proved in Example 4.4.
1.
1 1\P
lim — = (1im —)" =0" =0,
n—oo NP n—oo N

2. Case 1: When ¢ = 0, the statement is obvious.
Case 2: When ¢ > 0, we have

In ( lim c”) = lim Inc¢" = lim nlne¢ = —oo.

n—oo n—oo n—oo

Thus, lim ¢" = 0.
n—oo

Case 3: When ¢ < 0, we have —|c|” < ¢™ < |¢|™ for all n. By Case 2, we have
lim (—|¢|”) = 0= lim |¢|". Hence by Squeeze theorem, we also have lim ¢" = 0.
n—oo

n—oo N . 3 n—oo
3. lim ¢n =M n =0 =1,
n—oo
. . . Inn , .
In ( lim (L/ﬁ) = lim In {/n = lim — = 0 (by L’Hospital’s rule).
n—oo n—oo n—oo n

Thus, lim {/n =€’ =1.
n—oo
5. Let k be a fixed positive integer such that p — k < 0. Then

P Tt p(p — 1)
Iim — = lim = lim==——7 —...
n—oo ¢ n—oo c"lnec c"(Inc)?
— 1. (p— N\np—F ~1) .- (p— 1
_ i P=D okt YT pp 1) p—k+1)
n—oo Cn(h’l C)k n— oo Cnnk*p(ln C)k

by L’Hospital’s rule.
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C” C-C+++-- C

6. Let a, = — = —— . Now fix an integer M > c¢. Then for any
n! nn—1)-----1
n>M,
O< C'C"."C <C
ap = a —ap-
n(n—1)----- M+ Mo p™™

c
Note that apy is a fixed number because M is fixed. Since lim 0 =0 = lim —ayy,
n—oo n—oo n

by the Squeeze theorem, lim a, = 0.

n—oo

8. Let m =lnn. Then n = ™. By (5),

(Inn)P mP mP
lim = lim — = lim —— =0
n—oo ’n,k m— 00 ekm m— o0 (ek)m ’
where e¥ > 1 because k > 0. O

Strategy: One can find the limits of many sequences from those of the standard
sequences.

EXAMPLE 4.8. Find the limits
8{n 1 10 !
1) lim S (nn) e nt

n—00 né —nl

1 3n
2) lim (1- .
n—oo 2n+1

SOLUTION. (1).

lim 8" + (Inn)'0 + n! ~ lim 8" /n!l + (Inn)'0/n! +1 _0+0+1 1
n— o0 ’17,6 — n' n—oo 716/77,' — 1 0 — 1

2).

1 3n
lim (1-— lim

3
1 2n+17 2¥1/7 5 1
1 =(e 2 =
( + 2n + 1) (™) eve

5. The Least Upper Bounds and the Completeness Property of R

= lim
n—oo

5.1. From Natural Numbers to Real Numbers. Starting with natural
numbers N = {1,2,3,---}, we obtain real numbers R by adding more and more
new numbers in the following steps:

Step 1. By adding 0 and negative numbers, we have integers Z = {0, £1,£2,£3,-- - }.

Step 2. Then we have rational numbers Q = {p ’p, q€EZ, q# 0}.
q

Step 3. Then, by adding irrational numbers, we have all real numbers.

Below we give some examples of irrational numbers. Recall that a natural
number p > 1 is called prime if p is NOT divisible by any natural numbers other
than p and 1. For instance, 2, 3, 5, 7, 11, --- are primes. Every natural number
n > 1 admits a unique (prime) factorization

n=pi-p2 Pk,
where each p; is prime. For instance, 20=2-2-5and 66 =2-3-11.
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EXAMPLE 5.1. If n is a natural number, and there is no natural number whose
square is n, then \/n is NOT a rational number. In particular, v'2,v/3,v/5,v6 are
irrational numbers.

. . ) a
PROOF. Suppose that y/n is a rational number. We can write v/n as 7 where

a,b € N and b # 0. Then

a (l2

\/77/ = g < n = be <~ CL2 = bzn.
Any prime occurring in the (unique) factorization of a will occur an even number
of times in the factorization of a?; similarly for b and b2. By a® = b?n, any prime
that occurs in the factorization of n must occur an even number of times, since
all primes occurring in the factorization of b?n are exactly those occurring in the
factorization of a?.
Thus n can be written as

n=(pi-p2---pr)°,
where, of course, the p;’s need not be distinct. This, however, is a contradiction to
the hypothesis, since n is expressed as the square of a natural number. O

5.2. Bounded Sets.

DEFINITION 5.2. A set of real numbers S is bounded above if there exists a
finite real number M such that

< M Vx € 8.
M is called an upper bound of S.

DEFINITION 5.3. A set of real numbers S is bounded below if there exists a finite
real number m such that
m<cz Vo € S.

m is called a lower bound of S.

DEFINITION 5.4. A set which is both bounded above and below is called a
bounded set.

Remark.

1. Upper bounds and lower bounds are not unique.

2. Some sets only have upper bounds but not lower bounds.
3. Some sets have only lower bounds but not upper bounds.
4. A set which is not bounded is called an unbounded set.

EXAMPLE 5.5. Let S = {r | r is a rational number with r < /2}. Then S is
bounded above.

THEOREM 5.6. Fvery convergent sequence is bounded.

PRrROOF. Let {a,} be a sequence convergent to A. For ¢ = 1, there exists N
such that |a, — Al <lorA—1<a, <A+ 1for n > N. Choose M and m to be
the largest and smallest number of the finite numbers

ai,as,...,an, A+1,A—1,

respectively. When n < N, we have m < a,, < M because M (m) is the largest
(smallest) number of the above finite set. When n > N, we have

m<A-1l<a,<A+1<M.

Thus, for all n, we have m < a, < M and so {a,} is bounded. The proof is
finished. g
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COROLLARY 5.7 (Test for divergence). If {a,} is unbounded, then {a,} di-
verges.

Remark.

1. The converse may not be true, i.e., divergent sequence need not be unbounded.
2. The inverse may not be true, i.e., a bounded sequence may not be convergent.
Example. The sequence {1,—1,1,—1,---} is bounded but NOT convergent.

5.3. Infimum and Supremum. Recall that any finite set of real numbers
has a greatest element (maximum) and a least element (minimum).

EXAMPLE 5.8. {—2.5, 3.1, —4.4, 4.5, 5}
However, this property does not necessarily hold for infinite sets.
ExamMPLE 5.9. {1,2,3,4,---,}.

DEFINITION 5.10. A real number M (# £00) is called the least upper bound or
supremum of a set E if
(i) M is an upper bound of E, i.e., x < M for every xz € F, and
(i) if M’ < M, then M’ is not an upper bound of E (i.e., there is an
x € E such that M’ < x).

We write M =supFE.

Remark.

(i) sup F is unique whenever it exists.

(ii) The main difference between sup F and max E is that sup E may not be an
element of E, whereas max F must be an element of F if it does exist).

(iii) If E has a maximum, then sup F¥ = max E.

EXAMPLE 5.11. 1. Let E = {r € Q | 0 < r < v/2}. Then supE = /2 but
max E does not exist because v/2 is not a rational number, that is, sup E & E.
2. Let E = {1/2,2/3,3/4,4/5,5/6,---}. Then supE = 1 and max E does not
exist.
3. Let B ={1,1/2,1/3,1/4,1/5,--}. Then max E = 1 = sup E.
DEFINITION 5.12. A real number m (# $00) is called the greatest lower bound
or infimum of a set E if
(i) mis a lower bound of E, i.e., m < x for every x € F, and
(ii)  if m’ > m, then m’ is not a lower bound of E (i.e., there exists an
x € E such that x < m/).

We write m = inf E.

Remark.

(i) inf F is unique whenever it exists.

(ii) The main difference between inf E and min F is that inf F may not be an
element of E, whereas min E must be an element of F if it does exist.

(iii) If E has a minimum, then inf £ = min E.

EXAMPLE 5.13. 1. Let B = {1,1/2,1/3,1/4, -+, }. Then inf E = 0 but min E
does not exist.
2. Let E={reQ|0<r<+2}). Then minE = inf E = 0.

5.4. The Completeness of R. Consider the set £ = {r € Q | r? < 2}. Then
E is a bounded subset of rational numbers, but sup E = /2 is NOT a rational
number. For considering sup and inf of bounded subsets of rational numbers, we
may obtain irrational numbers. For bounded subsets of real numbers, sup and inf
are still real numbers. This is called completeness property of R. In details, we
have the following.
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THEOREM 5.14 (Completeness Axiom of R). The following statement hold for
subsets of real numbers:

(i) If E is bounded above, then sup E exists.
(ii) If E is bounded below, then inf E ezxists.

Remark. For assertion (i), it just means that if a subset of real numbers F is
bounded above, then sup E exists as a real number. Compare with rational case:
if a subset of rational numbers E is bounded above, then sup F exists only as a
real number, but it need not be a rational number.
Remark. Richard Dedekind (a German mathematician, 1831-1916), in 1872, used
algebraic techniques to construct real number system R from Q. His basic ideas
are as follows.

Given a rational number r, we can construct two sets U = {z € Q | z > r}
and L = {z € Q| 2 < r}. (One can also construct U = {z € Q | z > r} and
L={z€Q|x<r}.) The sets U and L have the property that

(1). U and L are subsets of Q;
(2). UUL=Q,;

(3). U #0;

(4). L £0;

(5). UN L =0; and

(6). every element in U is greater than every element in L.

Such a paring (U, L) is called a Dedekind cut. Then we can use inf U (or sup L)
to define a new number. This is Dedekind’s idea to construct all real numbers by
using rational numbers. For instance, let U = {z € Q | 22 > 2 and x > 0} and
L={recQ|a?<2o0raz <0} TheninfU = supL = /2. Another way to
construct real numbers using rational numbers was introduced by Georg Cantor
(1845-1917). We will explain Cantor’s ideas in the section of Cauchy sequences.

Recall that a set E is bounded if and only if it is bounded above and bounded
below. Thus the Completeness Axiom leads to

COROLLARY 5.15. If E is bounded, then both sup E and inf E exist.

6. Monotone Sequences

DEFINITION 6.1. {a,} is called monotone increasing (decreasing) if
an S (2) An 41
for every n, that is,
ap <ag <ag<ag < -
(a1 >az>az3>---).
EXAMPLE 6.2. 1. The sequence {1/n} is monotone decreasing.
2. The sequence {1/2,2/3,3/4,4/5,5/6,---} is monotone increasing.
PROPOSITION 6.3. A monotone increasing (decreasing) sequence is bounded
below (above).
Proor. Let {a,} be a monotone increasing sequence, that is,
ap <ax<ag<---
Then a; is a lower bound for {a,} and hence the result. (]

THEOREM 6.4 (Monotone Convergence Theorem). Let {a,} be a sequence.

(i) If {an} is monotone increasing and bounded above, then {a,} is conver-
gent and

lim a, = supa,.
n—oo n
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(ii) If {an} is monotone decreasing and bounded below, then {an} is conver-

gent and
lim a, = inf a,.
n

n—oo

PROOF. (i). Suppose {a,} is monotone increasing and bounded above. Then
by the Completeness Axiom of R, supa,, exists (finite). Now, given € > 0, since
n

sup a, — € < sup a,, it follows that sup a, — € is not an upper bound of {a,}. In
n n n
other words, there exists an integer N such that ay > supa, — €. Then for all
n

n > N, we have

supa, —€ < ay < a, <supa, <supa, +¢€ (since n> N).
n n n

Equivalently,

ap —supay,| < € for all n > N and so lim a, = supa, (exists).
n n—oo n

The proof of (ii) is similar. O

EXAMPLE 6.5. Let a, = % that is, {an} = {1/2,2/3,3/4,---}. Then a,
n
is monotone increasing and bounded above. Thus

supa, = lim a, = 1.

n n—oo

COROLLARY 6.6. If {a,} is monotone increasing (decreasing), then either

(1) {an} is convergent or
(ii) lim a, = +oo(—00).
n—oo

PROOF. Suppose {a,} is monotone increasing, then either {a,} is bounded
above or not bounded above.
Case (a): If {a,} is bounded above, then by the Monotone Convergence Theorem,
{a,} converges.
Case (b): If {a,} is not bounded above, then {a,} has no upper bounds. Thus
for any given k > 0, k is not an upper bound of {a,}. In other words, there exists
N such that

an > k.

Since {a,} is monotone increasing, it follows that for all n > N,

ap, > an > k.
Therefore, lim a, = +oo.
n—oo
The proof for the case when {a,} is monotone decreasing is similar. g

7. Subsequences

EXAMPLE 7.1. The following are the subsequences of {a,, } = {1,-1,1,—-1,1,-1,---

{agn_1} ={1,1,1,---}
{ag,} = {-1,—-1,—1,---}.

In general, subsequences of {a,} are of the form {a,, }, ¥ = 1,2,3,..., with
ny<ng <ng<---.

Note. The rule is that we should choose a,, first and then a,, with no > n; and
then a,, with n3 > ng, so far and so on (up to infinite). Thus n, is at least 1, nqy
is at least 2, ng is at least 3, ---.
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THEOREM 7.2. Suppose lim a, = A. Then every subsequence of {a,} also
n—oo

converges to A, that is,

lim a,, = A.
k—oo

PrOOF. For any given € > 0, since lim a, = A, there exists N such that

n—oo

la, — Al <e forall n>N.

Then for all £ > N, we have
ng > k> N.

Hence
lan, — A] <e forall k> N.

Therefore, lim a,, = A. O
k—o0
COROLLARY 7.3. Suppose that {a,} has two subsequences that converge to dif-
ferent limits. Then {a,} is divergent. O
EXAMPLE 7.4. The sequence {1,—1,1,—1,---} is divergent because {ag,—1} =
{1,1,---} converges to 1 and {az,} = {—1,-1,---} converges to —1.
8. The Limit Superior and Inferior of a Sequence
Given a sequence {ay,}, we can form another sequence {b,} given by

by, = sup ar = sup{an, Gnt1,Gni2, " }-
k>n

ExampLE 8.1. Let {a,} ={1,-1,1,—1,---}. Then

bn = Supag = Sup{i]-a:FLi]-a:FL o } =1.
k>n

PROPOSITION 8.2. For any sequence {a, }, the associated sequence {b,} = {supay}

k>n
is always monotone decreasing. -
ProoF. For each n,
by, = sup{an, Gni1, @nio, -} > sup{ant1, @nio, -} = bpt1.
O

DEFINITION 8.3. The limit superior of {a,, }, denoted by lim sup a,, or lim sup a,,

n—oo

or lim a, is defined to be lim b,, i.e.
n—oo n—oo

lim a, = lim b, = lim sup ay.

ExampLE 8.4. 1. Let {a,} ={1,-1,1,-1,1,—-1,--- }.

lim a, = lim b, = lim 1=1.

2. Let {a,} ={1,2,3,---}. Then

bn:Supak :Sup{n7n+17...}:+oo
k>n

and so lim a, = lim b, = +oo.

3. Let {an} ={-1,-2,-3,---}. Then
b, =supay =sup{-n,-n—1,---} = —n
k>n
and so lim a, = lim b, = —oc0.

n—oo n— oo
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THEOREM 8.5. Given any sequence {a,}, either
(1). lim a, ewists (finite), or

n—oo
(2). lim a, = +o0, or

n—oo

(3). lim a, = —occ.
n—oo

PrOOF. If {a,} is not bounded above, then each b,, is +00, and thus

lim a, = lim b, = +o0.
n—oo n—oo

If {a,} is bounded above, then each b, is finite. Since {b,,} is monotone decreasing,
by Corollary 1.6.6, {a,} converges (to a finite limit), or lim,_,c b, = —00. O

Similarly, given any sequence {a,}, we can form another sequence {c,} given
by
cn = inf ap = inf{an, ant1,anio, -}
k>n

DEFINITION 8.6. The limit inferior of {a,}, denoted by lim inf a,, or lim inf a,,
n—oo
or lim a, is defined to be lim c¢,, i.e.
n—oo n—oo

lim a, = lim ¢, = lim inf a.
n— 00 n—oo n—oo k>n

ExaMmPLE 8.7. 1. Let {a,} ={1,-1,1,-1,1,—-1,--- }.
lim a, = lim ¢, = lim (inf{#+1,F1,+1,F1,---}) = lim —1=-1.

2. Let {an} ={1,2,3,---}. Then
¢p = inf ap =inf{n,n+1,---} =n
k>n

and so lim a, = lim ¢, = +occ.

n—o00 n— oo
3. Let {an} ={-1,-2,-3,---}. Then
cn:égiak =inf{-n,-n—-1,---} = -0
and so lim a, = lim ¢, = —o0.
n—oo n—oo

PROPOSITION 8.8. (i). As in Proposition 8.2, for any given sequence {ay}, the
associated sequence {c,} = {]igf ax} is always monotone increasing.
>n
(i1). As in Theorem 8.5, for any given {ay,}, lim a, either exists (finite), or +o0,
n—oo
or —00).
Remark. We always have o
lim a, < lim a,

n—oo n—oo

because ¢,, < b,.

PROPOSITION 8.9. (i). If lim a, = B with B # —oo, then given € > 0, there

exists N such that a, < B+ ¢€ for alln > N.
(). lim a, = C with C # +oo, then given € > 0, there exists N such that

n—oo

an, > C —€ for alln > N.

Proor. (i). If B = +o0, the assertion is obvious and so we assume that B is
finite. Since lim a, = B, given any € > 0, there exists IV such that for all n > N,

n—oo
|b, —B|<e = by,<B+e = sup{an,ani1, -} <B+e

ie. an,any1, - < B+eforall n > N. Proof of (ii) is similar. O
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Warning!! Given a sequence {a,}, lim a, is a different concept from sup a,,.
n—o00 n
From the definition, we have

by =supa, = Sup{ahaz, o }
n

by, = sup{an, ni1,Ani2, -}

with by > by > b3 > -+ and lim a, = lim b,,. Thus we have the relation

n—oo n—oo

lim a, <supa, = by,
n—00 n

but lim a, need not be equal to sup a, in general. Similarly,
n—oo n

lim a, > infa, = C1,
n— 00 n
but need not be equal to in general.

The correct understanding is that lim is the largest subsequential limit of
convergent subsequences, including those possible subsequences tending to +oo or
—00. Similarly, lim is the smallest subsequential limit. This is described in the
following theorem.

THEOREM 8.10. Let {a,} be any sequence. Let B = lim a, and let C =

lim a,.
n—oo

(i) Let {an,} be any subsequence of {a,} such that klim ap, exists, +00, or
—00
—o00. Then

C = lim a, < lim a,, < lim a, = B.
n—00 k—oo n—oo

(ii) There exists a subsequence {an, } of {an} such that

lim a,, = B.

k—o0

(iii) There exists a subsequence {am, } of {an} such that

lim ap, =C.

k—o0

PRrOOF. Let b, = sup{an, ant1, -} and let ¢, = inf{an, apy1, -}
(i). Since ng > k, we have

cr = inf{ag, ap41, -~} < apn, < by =sup{aw, apyr, -}

and so
C = lim ¢, < klim ap, < lim b, = B.
c— 00

k—o0 k—oo
(ii). We consider three cases B = +00, —oo or finite.
Case I. B = —o0.

Since b, = sup{an,dn41,an42, -} > a, and lim b, = B = —oo, we have
n—oo
lim a, = —oo = B. In this case, we can choose {a,} itself as a subsequence with
n—oo

the desired property.
Case II. B = +o00. In this case we are going to construct a subsequence {a, } of
{a,} such that klim ap, = B = +00.
—00
Since
bp=2by>-2by, >--->B= lim b, =+o0,

n—oo
we have
by =by =+ =400,
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that is b, = +oo for all n. Since by = sup{ay, aq,- -} = +00, there exists n; such
that a,, > 1 because 1 is NOT an upper bound of {a1,as,---}. Since

bry+1 = SUP{Gny 415 Gny 42, Any43 -+ } = +00,

there exists a,, such that ny > ny and a,, > 2 because 2 is NOT an upper bound
of {an,+1, @ny+2, ny+3 - }. Now, by induction, suppose that we have constructed
GpysQny, - 5 ap, such that ny < ng < --- < ng and

Gn, > S
for 1 < s < k. Since
bnk+1 = Sup{ank+1a App+2, """ } = +OO,

there exists ap,,, such that ngy; > ny and

Onyy, > k+1
because k 4 1 is NOT an upper bound of {an, +1,an, +2, @nj+3 - - }- The induction
is finished and so we obtain a subsequence {ay,, an,, -} with the property that
G, >k

for any k. Since lim k = +o0o0, we have

k— o0

lim a,, =400 = B.

Case III. B is finite. We are going to construct a subsequence {a, } of {a,} such
that klim an, = B.
— 00

Since
by = sup{ay,az, -},
by — 1 is not an upper bound of {aj,as,---} and so there exists a,, such that
Gn, > b1 — 1.
Since

bn1+1 = Sup{an1+17 Any+2," " }7

1
bn,+1 — = is not an upper bound of {a,,+1, @n,+2, - } and so there exists a,, such
that ny > ny and

1
Apy > bn1+1 — §
Now, by induction, suppose that we have constructed an,,Gn,, -+ ,an, such that
np <ng < --- < ng and
1

Any, > bn,_ 41— S

for 1 < s < k. Since
bry+1 = sSup{an, 41, 0n, 12, },

1
br,+1— Tl is not an upper bound of {ay, 41, an, 12, - } and so there exists ay,, .,
such that ngy1 > ng and
1
ank“ > bnk_i,_l — m

The induction is finished and so we obtain a subsequence {ay,,an,, -} with the

property that
1
Ay, > bnkfr‘rl - %

for any k. Consider the inequality

1
bnk_1+1 — E < ank < bnk
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Since {b,} is convergent, we have

lim b,, = klim bp, ,+1 = lim b, =B

k—o0

and
1

Jim (by,_ 41— ) =B -0=B.

Thus, by the Squeeze theorem, we have
lim a,, = B = lim a,.
— 00 n—oo

(iil). The proof is similar to that of (ii). We leave it to you as a tutorial question. [

EXAMPLE 8.11. Find the limit inferior and limit superior of the following se-
quences

L [1=2(=1)"n
R
ii) {(1+(—1)")sin%w},
i) {[1.54 (—=1)"]"}.
SoLUTION. (i). Note that
1-2-2k 1/k—4 4 2

= 3opyg A= M EEe == g
142 (2k—1) , o 1/k+2-2-1/k) 4 2
— = -0 1 _ :1 = - = —
RT3 12 ke T3 T 21k r2/k 6 3

2
Thus the subsequential limits are :|:§ and so

— 2
lim a, = 3 and nli%r;oan = —3

(ii). The sequence

2 4
{(1+ (—1)”)@%} - {0,28111: - 2,0,2sinzﬂ- - o,o,%m% — 9,

1
07ZSin8£T:O7()72sinZW:Q’...}.

The subsequential limits are —2, 0 and 2. Thus

lim a, =2 and lim a, = —2.
(iil). Note that
—2.5% li — lim (2.5%)° =
e = i, (257)7 = o

(2k—1)/k

" n\*
asp—1 = 0.52F1 lim agr_1 = lim l() ] = lim l() ] = 0?2
k—oo k—oo 2 k—oo 2

The subsequential limits are 0 and +oo. Thus

lim a, =400 and lim a, =0.

n—oo n—oo

d

The following important theorem was originally proved by Bernhard Bolzano
(1781-1848) and modified slightly by Karl Weierstrass (1815-1897). The Bolzano-
Weierstrass Theorem will be mentioned again in applied mathematics courses such
as MA 3236, Nonlinear Programming.



8. THE LIMIT SUPERIOR AND INFERIOR OF A SEQUENCE 21

COROLLARY 8.12 (Bolzano-Weierstrass). Every bounded sequence has a con-
vergent subsequence.

PROOF. Let {a,} be a bounded sequence. Since {a,} is bounded,

—o0 < inf{ay,az,---} =c; < lim a, < lim a, <b; =sup{a;,az,---} < +o0.
n—o00 n— 00

Thus lim a, is finite. By Part (i) of Theorem 8.10, there exists a convergent

n—oo

subsequence {a, } of {a,} such that
lim a,, = lim a,.
k—oo n— oo
O
THEOREM 8.13. lim a, = lim a, (finite, +00, —00) if and only if lim a,
n—o00 n—oo

n—oo

exists (finite), +00, or —oo.

PROOF. Suppose that lim a, = lim a, = A. Let b, = sup{a,,ani1, -~}

n—o0 n—00
and let ¢, = inf{an,ant1,---}. Then
cn = inf{an, ant1, -} < an < b, =sup{an, Gni1,- -}
By the assumption, we have

lim ¢, = lim a, = lim a, = lim b,.

n—oo n—oo n—oo n—oo
By the Squeeze theorem, the sequence {a, } converges and

lim a, = lim a, = lim a,.

n— o0 n—o00 n— o0

Conversely suppose that {a,} converges, tends to +o0o, or tends to —oo. Let
A = lim ay and let {a,,} be any subsequence of {a,}. By Theorem 7.2, we have
n—oo
klim an, = A. Thus the only subsequential limit of {a,} is A. By Theorem 8.10,
— 00

we have

lim a, = lim a, = A= lim a,.
n n n
n— oo n—o0 n—o0

Remark. This theorem means that

1) If lim a, = lim a,, then

lim a, = lim a, = lim a,.
n—oo n— 00 n—oo

2) If lim a, exists, +00 or —oo, then

n—oo

lim a, = lim a, = lim a,.
n—o00 n— oo n—oo

EXAMPLE 8.14. Let {a,} be a sequence. Show that lim |a,| = 0 if and only if
lim |a,| =0, if and only if lim a, =0

PROOF. Suppose that lim |a,| = 0. From |a,| > 0, we have

0= lim 0=1im0 < lim |a,| <lim|a,| = 0.

n—oo

Thus -
lim|a,| =lim|a,| =0

and so lim |a,| exists and
n—oo

lim |a,| = lim |a,| = lim|a,| =0
n—oo
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Conversely suppose that lim |a,| = 0. Then
n—oo
lim |a,| = lim|a,| = lim |a,|=0
n— 00
because {a,} is convergent. Hence lim |a,| = 0 if and only if lim |a,|=0.
n—oo
Now suppose that lim |a,| = 0. From
n—oo
_|a/n| S Qnp S |an|a

we have lim a, = 0 by the Squeeze theorem.

n—oo
Conversely suppose that lim a,, = 0. Then
n—oo
lim |a,| = | hm an| =10/=0
n—oo — 00

because the function f(x) = |z| is continuous. Hence

lim |ap| =0 <= lim a, =0.
n—oo

n—oo

EXAMPLE 8.15. Let a,, > 0 for all n. Prove that lim {/a,, < lim a"+1.
An+1

an

PROOF. Let B = lim

. If B = +00, clearly lim {/a, < B = 4+00. So we

1 S 0and so B > 0. Thus

Qn
B is a finite nonnegative number. By Proposition 8.9, given any € > 0, there exists
N such that

a
may assume that B < 4+oo. Since a,, > 0, we have

an+1
an
for n > N. Fixed any n with n > N, we have

< B+e

An4+1 An+4+2 Q43
0< bl Tnt2 TndS < Bae

)
Qp Gn4+1  OGp42

and so, for any k > 1, we have

a 1 Qpi+2 Ap43 Antk Aptk
0 dmtl Oniz s, Onbk _ Gnik gy o
Qp Ap4+1  An42 Aptk—1 Qap
k
—  appr < an(B+e)F = ar’;‘ﬁc < a”*k (B+¢€)#% for any k> 1.

Let k tends to co. We have
khm a"“ (B+e¢) A = hm a"*k lim (B + ¢) A7 = =a) - (B+¢)=B+e

k—oo
Thus
= X _k
lim az = lim a7} < lim a”*k (B + €)7+®
m— oo k—oo k—oo

= lim a”*’“ (B—I—e)ﬁ =B +e

k—oo
In other words,
T {/an < B+e
n—oo
for any € > 0 and so

lim {/a, = lim ( lim \"/an> < liH(l)(B +¢€) = B,

n—00 e—0 \n—oo

that is,

— a
lim a, < lim ntl

n— o0 n—oo (O

EXERCISE 8.1. Let a,

nan
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By Example 8.15 and Exercise 8.1, we have

. a 1 . T — a 1
lim —* <lim ¥/a,, <lim ¥/a, < lim Zntl
Gnp Gp

Qn

EXERCISE 8.2. Let a,, > 0 for all n. Suppose that the limit lim L exists

n—oo  (y

. . . . An41
or +o0o. Prove that lim 3{/a, exists and lim a, = lim .
n—oo n—oo n—oo a,,n

For instance,

1)!
lim ¥n!= lim M: lim (n+1) = +o0.

9. Cauchy Sequences and the Completeness of R
9.1. Cauchy Sequences.

DEFINITION 9.1. {a,} is called a Cauchy sequence if given any € > 0, there
exists a natural number N such that for all m, n > N, we have
|an, — am| < €.
Remark. Roughly speaking, a sequence is Cauchy if the width of its tail — 0 as
n — oo.

PROPOSITION 9.2. FEvery Cauchy sequence is bounded.

PRrOOF. Let {a,} be a Cauchy sequence. Choose ¢ = 1. There exists N such

that |a, — amm| < 1 for n,m > N. In particular, |a, — ayy1| <1 or
anN+1 —1<ap <ans1+1
for n > N. Let
M = max{aj,as, - ,an,an+1 + 1}
m = min{ay,as, - ,ay,an4+1 — 1}.
For n < N, we have m < a,, < M, and, for n > N, we have
mSaN+1—1<an<aN+1—|—1§M.

Thus, for all n, we have m < a,, < M and so {a,} is bounded. O

9.2. Completeness of R. The following Criterion was formulated by Augustin-
Louis Cauchy (1789-1857).

THEOREM 9.3 (Cauchy’s criterion). A sequence is a convergent sequence if and
only if it is a Cauchy sequence.

PROOF. =, i.e., every convergent sequence is Cauchy.
Given that {a,} is convergent, say lim a, = A. Then for any given € > 0,

n—oo
there exists N such that
€

|an — A| < 5

for all n > N. Now for any m,n > N,
€ €
lan — am| = [(an — A) — (am — A)| < |an — A| + |am — 4| < §+§:E

since both m,n > N. Therefore, {a, } is a Cauchy sequence.

<=, i.e., every Cauchy sequence is convergent.

Given that {a,} is Cauchy. By Proposition 9.2, {a,} is bounded. By the
Bolzano-Weierstrass Theorem (Corollary 8.12), there exists a convergent subse-
quence {an,} of {a,}. Let A = limj_oc apn,. Given any e > 0, since {a,} is
Cauchy, there exists N7 such that

\an—am|<g for all n,m > Nj.
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Since {ayn, } converges to A, there exists K such that
|anka|<§ forall k> K.

Let N = max{K, N;}. Choose an n; such that k& > N, for instance, choose nj to
be nyy1. When n > N, by triangular inequality,

€ €
lan — Al = [(an — an, + (an, — A)| < lan — an, | + lan, — Al < 5""5 =€

because n > N > Ny, np > k> N > Ny and k > N > K. Therefore {a,}

converges to A by the definition. O

Remark. The statement that every Cauchy sequence in R converges is often ex-
pressed by saying that R is complete. Note that our proof of the Cauchy Criterion
used the Bolzano-Weierstrass Theorem and the proof of that one used the com-
pleteness axiom of R (Theorem 5.14). We did not prove Theorem 5.14, namely we
treated Theorem 5.14 as an axiom. (Dedekind and Cantor proved the completeness
axiom in 1872 independently.) Conversely, we can treat the Cauchy Criterion as an
axiom, and prove Theorem 5.14. In this sense, both Theorem 5.14 and the Cauchy
Criterion are regarded as the completeness of R.

Cantor constructed real numbers from rational numbers by using Cauchy se-
quences. His ideas are as follows. Consider all of the Cauchy sequences {a,} with
an € Q. By the Cauchy criterion, {a,} converges to a real number. Then he
proved that all real numbers can be obtained as the limits of all of the Cauchy
sequences {a,} with a,, € Q. One can think that, by using our standard base
10 number system, any real number admits a (decimal) expansion. For instance,
V2 =1.4142--- , we can define a sequence of rational numbers

a1 =1,as =14,a35 =1.41,a4 = 1.414, a5 = 1.4142, - - with  lim a, = V2.

n—oo
1 1 1 .
EXAMPLE 9.4. Let s, =1+ 2 + 32 +-4 ot Show that {s,} is convergent.
PrRoOOF. For each k£ > 1, we have

1 1 1 1 1
I$ntk—sul =1+ 5+ + 5+ —mt+t t—m ) (1tz+t "+t

22 2 (n+12 " (n+k)? 22
S R S -
m+1)2 " (n+2)2 (n + k)2
1 1 1 1

SantD T mrnmry T arne T T kDt R

(1 1 n 1 1 n n 1 1
“\n n+1 n+1l n+2 n+k—1 n+k
1 1 1

== <=
n n+k n

1
Given any € > 0, choose N such that % < €, that is, N > —. When m >n > N,
€

from the above,
1 1
|sm—sn|<ﬁ<ﬁ<e.

Thus {s,} is a Cauchy sequence and hence {s, } converges by the Cauchy Criterion.
O
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9.3. Contractive Sequences. !
In this subsection, we give an application of the Cauchy Criterion.

A sequence {a,} is called contractive if there exists b, 0 < b < 1, such that
(1) |an41 = an| < blan — an—1]
for all n > 2.

THEOREM 9.5 (Contractive Theorem). Every contractive sequence converges.
Furthermore, if {an} is contractive and A = lim a,, then

n—oo
n—1

1 Y b
b). |[A—a,| < —
(b). 1A~ au| <
where b is the constant in above definition.

(a). |[A—an| < lag — a1], and

|an - an71‘7

PRrROOF. From Inequality (1), we have
|ang1—an| <blan—an_1| < b*an—1—an_2| < b’|an_s—an_3| < - <" Hag—ay
For each k£ > 1, we have

lanik — an| = [(@nik — Gnir—1) + (@ngr—1 — Gnyr—2) + -+ (Ang1 — an)|

< |an+k - an+k71| + ‘an+k71 - an+k72‘ + 4+ |an+1 - CLn|
<" Nay —ay| + 02 lag — ag| 4 -4 0" ag — a4
— (bn-l-k—l + bn+k—2 44 bn—1)|a2 _ al‘

bn—l (1 = bk+1 bn—l
= 0" 1040 4 b ag —an| = #\az—all < gople-al
Since 0 < b < 1, we have lim,,_,o, "' = 0 by the Standard limits and so
n—1
nhigo 1— b|a2 — al\ = O
Therefore, given any € > 0, there exists N such that
bn—l
1ib|a2—a1| <e€
for n > N and so, for alln > N and k > 1,
n—1
|Gntr — an| < 1—_b|a2 —ay| <e.

It follows that {a,} is Cauchy and so it is convergent.

Let A= lim a,. From the inequality

n—oo
n—1
|an+k - an| < m|a2 - a1|7
we have
n—1
|A —a,| = klln;oan+k —a,| = klir{)lo |antr — an| < = b\ag —ayl.

This is Inequality (a).

For each k > 1, we have

‘an-&-k - an| = ‘(an—&-k - an—i—k—l) + (an+k—1 - an+k—2) +---+ (an+1 - an)|

LThis subsection will NOT be discussed in class. You are not required to read this subsection,
but for those who want to know how useful the Cauchy Criterion is, it deserves to read this
subsection as an interesting application. Of course, those who dislike the proofs can just read the
conclusions in this subsection and look at some examples by yourself for fun. On the other hand,
for sure there will be no exam questions on this subsection.
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< |an+k - an+k71| + ‘an+k:71 - an+k72‘ +o 4+ |an+1 - an|
= |a'n+1 - an‘ + |an+2 - an+1| +---+ ‘an-&-k - an+k—1|
< b|an - an—1| + bZ‘an - an—l‘ + -+ bk|an - an—1|

=B+ + - +0)a, — an_1|

b-(1—20"k
=b(1+b+b0"+ -+ Van —an_1| = %b)lawan—ll < Tplan -l
Thus
A=a,| =1 — | = 1 Jans — an] € ——fa, —any]
Qp| = kirgo Qp+4k Up| = ki»ngo Antk an| > 1-b (e7%% An—1|-
This is Inequality (b). O

1
EXAMPLE 9.6. Let ¢; € (0,1) be arbitrary, and for n > 1 set c,q1 = g(ci +1).

1) Prove that the sequence {cy} is contractive.
2) Show that if ¢ = lim,,_. cp, then ¢ is a Toot of the polynomial x* —3x+1.

1
3) Letcq = 3 Determine a value of n such that |c — ¢,| < 1073.

PrOOF. (1). First we show that 0 < ¢, < 1 for all n by induction. By the
assumption 0 < ¢; < 1. Suppose that 0 < ¢, < 1. Then

1 1 2
0<cCppr=-(E+1)<-(1+1)==<1.

3 3 3
The induction is finished and so 0 < ¢,, < 1 for all n. Now from
1 1 1
ensr = eal = |3+ 1) = 3 (s +1)| = 51— ]

1 1 2
= §|Cn _Cn—1||cn "l‘cn—l‘ < §|Cn - Cn—1|(1 + 1) = §|Cn - Cn—1|a

the sequence {c,,} is contractive with b = 2.
(2). From

1
Cnyl = g(ci +1),

1 1 1
c¢= lim ¢p4q1 = lim g(ci +1)= 3 ( lim ¢ + 1) = §(02 +1).
Thus ¢ — 3¢+ 1 = 0, that is, ¢ is a root of 22 — 3z + 1.
(3). We use Inequality (a) of the Contractive Theorem.

Note that . 11 .
2
= — 1 = — —_ 1 = —.
2 =3la+1)=3 (22 + ) 12

1 2 n—1
b" |62—61‘= (3)

1—-0b
SN NN N A )
3 12 103 3 103

= (n—1)-In (g) <In4—-3In10

3In10 —In4

Thus when n = 15, we have

n—1

1-5

|C - 615‘ < |Cg - 01| <1073,
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Note. From 2% — 3z + 1 = 0, we have

z_Si\/3274_3i\/5
B 2 o2

3-V5
2

IS

Since0<c<1,c=

27






CHAPTER 2

Series of Real Numbers

1. Series

The notion of series is closely related to the sum of numbers. In fact, whenever
one hears the word series, the first thing to come to mind is the sum of numbers.
This is the basic difference between series and sequences.

The expression

ay +a2+a3+~~
o0
written alternatively as Z ay, is called an infinite series.
k=1

ExampLE 1.1. (1). 1+2+34+44---.
(2). 1+1/2+1/3+1/4+---
(3). 14+1/22+1/32+1/4% +---.
4).14+0+14+04+140+---.
DEFINITION 1.2. Given a series Z ay, its nt? partial sum S, is given by
k=1

n
Snzzak=a1+az+---+an.

k=1
o0
The sequence {5, } is called the sequence of partial sums of the series Z a.-
k=1

For instance,
S1=am
So = a1 + as
S3 =a1 +as +as
Sy=a1+az+az+ay

ExaMPLE 1.3. Consider the series 1 —1+1—-1+1—-1+1—-1+---. The
Sgn,1 =1 and Sgn =0.

DEFINITION 1.4. Consider the sequence of partial sums {S,} of the series
oo oo
Zak. If this sequence converges to a number S, we say that the series Zak

k=1 k=1
converges to S and write

Zak = lim S, = 6.
k:1 n—oo

If {S,,} diverges, then we say Z a, diverges.
k=1

29
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EXAMPLE 1.5 (Geometric Series). Let a # 0. Consider the series

o0
Zar":a+ar+ar2+ar3+~-~.

n=0

Then the partial sum

Sp=a+ar+ar’ 4+ +ar" P =a(l+r+--- 4" =

When—1<r<1,Sn—>1a as n — oo.

,
When r > 1, S,, diverges because r" — +00 as n — 0.
When r =1, S,, = an diverges.

1 _ _1 n
When r = -1, S, = w diverges.

When r < —1, S,, diverges because r™ — £o0.

o0
Thus the geometric series Zar” converges if and only if -1 <7r <1,
n=0

s a
E ar =

1—r
n=0

and,

for -1 <r<1.

Remark. If Z ay and Z by, converges, then one always has

k=1 k=1
(i) Z(ak—‘rbk) :Zak—l—Zbk.
k=1 k=1 k=1

oo oo
(ii) ank = cZak.
k=1 k=1

EXAMPLE 1.6.

26 () -2 () -

n=1 n=1
Y (Y,
T4 4 5 5
SR P S R I O S A
T4 4 4 5 5 5
11 1 1
i, 175, 1
4 5
N SRS S U S 4
BT SR ST
4 5

THEOREM 1.7. IfZak converges, then lim aj = 0.
o1 k—o0
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PROOF. Recall that partial sum Sy = a1 + as + - - - + ar. We have
Sk —Sk—1= (a1 +az+-+ar1+ar) = (a1 +ag+ - +ar_1) = a.

o0
Since the series Z ay, converges, the sequence {Si} converges. Let S = klim Sk-
— 00

k=1
Then

khm ap = khm (Sk - Skfl) = khm Sk - khm Skfl =5-5=0.

O

COROLLARY 1.8 (Divergence Test). If lim a, # 0 (or does not exist), then

o0
Z an diverges. U

n=1

o0
ExAMPLE 1.9. (1). The series Z(—l)" is divergent because the limit of the
n=1
n-th term (—1)™ does not exist.

oo
. nl .
(2). The series E 3 i divergent because

n=1
! 1
lim & = =—-—=400#0
n—o0 n2 . 2
lim —
n—oo N
oo
2 1
(3). The series ,;1 BZ I 5 is divergent because

im 2n+1 lim 2+1/n 2

£0.

Remark. The divergence test is a “one-way” test, i.e., lim a, = 0 does NOT

n—oo

o0
imply Z a, converges.

n=1

o0
THEOREM 1.10 (Cauchy Criterion). The series Zak converges if and only if
k=1
giwen any € > 0, there exists N such that

m

>

k=n-+1

<€

for allm>n> N.

PROOF. The series Z ay, converges if and only if the sequence of its partial
k=1
sums {S,} converges, (by definition), if and only if {S,} is Cauchy. The result
follows from

|Sm — Sl = (a1 +ag + -+ +an + ani1+ - +am) — (a1 + a2+ +ay,)|

m

>

k=n-+1

= lan41 4+ +am| =
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o0
1
ExAMPLE 1.11 (Harmonic Series). Show that the series E — diverges.
n

n=1

PROOF. Note that
2n

e e R
wa k n+1 2n
1 n 1 T 1 S 1 n 1 n 1 1 1
= — —_— PP R R JR— “ee —_—=ns— = —,
n+1 n+2 2n 7 2n 2n 2n 2n 2
o0
1
Suppose that the series Z -~ converges. By the Cauchy Criterion, given ¢ = %
n=1
2n 1 1
There exists N such that Z T < 3 for all m > n > N. This contradicts to
k=n-+1
1
the above fact that |Se, — Sp| > 2 where m is chosen to be 2n. O

Note. The divergence of the harmonic series appears to have been established
n

1
by Nicole Oresme (13237-1382) by showing that the sequence {Z k} is NOT

k=1

bounded.

THEOREM 1.12. Suppose that eventually a; > 0. Then Zak converges if

k=1

and only if {Sn} is bounded above.

PROOF. We may assume that a; > 0 for all k. Since

Sn+1 -5, = Gpt1 = 0,
the sequence {S,, } is monotone increasing. Thus Z ay, converges if and only if {5, }
k=1

converges, if and only if {S,} is bounded above (by the Monotone Convergence
Theorem). O

Note. Suppose that eventually ay > 0. This theorem means that the following.

1) If {S,} is bounded above, then Z ap, CONVerges.
k=1

2) If {S,} is NOT bounded above, then Z ay, diverges.
k=1

2. Tests for Positive Series

o0
A series Zak is called a (eventually) positive series if every term ay is
k=1
(eventually) positive.

2.1. Comparison Test.

oo o0
THEOREM 2.1 (Comparison Test). Consider 2 positive series Z ax and Z by, -

k=1 k=1
Suppose that eventually 0 < ap < by.

o0 o0
(1) Ifz by converges, then Z ay, converges.
k=1 k=1
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(ii) IfZak diverges, then Z by, diverges.
k=1 k=1

PROOF. Assertion (ii) follows immediately from (i). Let A, = Zak, and
k=1

n oo

B, = Zbk. Then A, < B, for all n. Suppose that Zbk converges, that is,
k=1 k=1

Zbk is a (finite) number. Then

k=1

An < Bn < Z bk
k=1

[e.e]
for all n and so A,, is bounded above. By Theorem 1.12, Z ay is convergent. [J
k=1

2k —1
3k +2

2%k —1\* 2\ "
< Z
sk+2) —\3

o0 k
2
and the geometric series g (3) converges.
k=1

e} k
EXAMPLE 2.2. The series Z < ) converges because
k=1

Remark. 1. Suppose 0 < a,, < b, and Z by, diverges. Then NO conclusion can

n=1
be drawn.
(oo}
2. Similarly, suppose 0 < a,, < b,, and Z an converges. Then NO conclusion can
n=1
be drawn.

ExXAMPLE 2.3.

1 n
O§<2> < 2" < 3™

o0 o0 1 n o0
The series Z 3" diverges. Now Z <2> converges and Z 2™ diverges.
n=1

n=1 n=1

o0 oo
COROLLARY 2.4 (Limit Comparison Test). Suppose that Zak and Z by are
k=1 k=1
(eventually) positive series.

o
(a). If klim % =L with 0 < L < oo, then Zak converges if and only if
k=1

o0 o0 o0
Z b converges. (So Z ay, diverges if and only if Z by diverges.)
k=1 k=1 k=1

(b). If klim Z—k =0, (that is, a, << by), and Zbk converges, then Zak

0 Ok k=1 k=1
converges.
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(c). If hm b— = 0, (that is, ar, << by), and Zak diverges, then Zbk
k=00 Dk k=1 k=1
diverges.

Remark. If lim dn _ +00, interchange a,, and b,, and then apply assertions (b)
n—oo n
and (c).
PrOOF. We may assume that Y- | ar and >, by are positive series.
(a). Since
ag
lim T = L (0, # o),

k—oo bk

{Zk} is bounded above, say, by M. Thus
k

0<ar < Mbg
by, br | .
for all k. Similarly, since hm — = (;é 0,# o0), ¢ — ¢ is bounded above, say,
oo g 3
by M'. Thus 0<b, < M’ak for all k.

If Zak is convergent, then Z Ma, = M’ Z ay, is also convergent. By the

k=1 k=1 k=1
oo
comparison test, it follows that Z by, is also convergent because b, < M'ay.
k=1
o0 o0 o0
If Zbk is convergent, then ZMbk = MZbk is also convergent. By the
k=1 k=1 k=1
o0
comparison test, it follows that Z ay is also convergent because ay < Mby. Hence
k=1

o0
Z ay is convergent if and only if Z by, is convergent. Hence Z ay is divergent if
k=1 k=1 k=1

and only if Z by, is divergent.
k=1
Now we prove assertions (b) and (c). hm % _ implies for every € > 0, there

k—o0 bk
is an N such that

ak—o‘<e Vk > N.
by

We choose € = 1. Then the above inequality is
arp < b, Vk> N.
We get the result by applying the comparison test. O

Standard series used in comparison and limit comparison tests.
1. The Geometric Series:

o0
E ar"! =
n=1

2. The p-series: for a fixed p
o0 1 7
-

To be proved in the subsection on Integral Test.

converges if |r| <1,

diverges if |r| > 1.

converges if p > 1,

diverges if p <1.
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EXAMPLE 2.5. Determine the convergence or divergence:
o0

1+ cosn
D>

n
n=1
o0

Inn+n3+8
I e T
n*—2n+3
n=1
SoLuTION. (1). It is convergent, by the comparison test, because
1-+cosn 2
0s—5— <2
n n
(o)
and the p-series Z 3 is convergent.

n=1
(2). Tt is divergent, by the limit comparison test, because

Inn+n+8 Inn 1

. nt—o2n+3 . nlan+n*+8n . 3 +1+$ 0+14+0
lim ——~1T°2 — lim —————— = lim = =
- - —+—
n nd  nt
=1
and the harmonic series E — diverges. O
n=1 n
oo

EXAMPLE 2.6. Determine convergence or divergence of E W, where k is
nn
n=2

a constant.
1 1
SOLUTION. Let b, = —— and let a,, = —. Then
(Inn)k n
1
el )k
lim " = Jim —%— = lim (nn)”
n—00 Oy n—oo n—oo n
(Inn)k
o0 o0 1
Since the harmonic series Z - is divergent, the series Z W is divergent for
n=2 n=2
any k. O

2.2. Integral Test. Let f(x) be a real-valued function on [a, +00) such that

b
f(z) is Riemann integrable, that is, the integral / f(z) dz exists for every b > a.
The following theorem is useful. ¢

THEOREM 2.7. Let f(x) be a real-valued function on [a,b].
(a). If f(x) is continuous on [a,b], then f(x) is Riemann integrable on [a,b].
(b). If f(z) is monotone on [a,b], then f(x) is Riemann integrable on [a,b].

The improper integral is defined by
oo b
/ fl@)de = blim f(x) dz = area under f(z) over [a, o).
0o b

Here we say that f(z) dz converges if the limit blim f(x) dz exists (finite),

a
i.e., the area under f(z) over [a, c0) is finite.
b

We also say that / f(z) dz diverges if the limit blim f(x)dz does not

exist.
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THEOREM 2.8 (Integral Test). Let f(x) be an (eventually) positive mono-

tone decreasing function on [1,400). Suppose we have a series Zak such that
k=1

ar, = f(k), then the series Z ay and the integml/ f(x)dx either both converge
k=1 1
or both diverge.

PrOOF. We may assume that f(z) is positive monotone decreasing on [1, +00).
Let a,, = f(n) for all n.

From the graph, we see that

area of the rectangles < area under f(x) over [1,n], i.e.,

> fk) Sfln f(:c)dwg/loo f(z)da.

k=2

n

Thus, if/ f(z) dx < oo, then
1

i.e., for all n, Z ay, is bounded above by the finite number / f(x)dzx. Since we
k=2 1

also have ay > 0, it follows from Theorem 1.12 that Zak converges, and thus

k=2
00

E ay, also converges.

k=1
Next we consider the following graph:
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From the graph, it is easy to see that
n—1 n

area under the rectangles > area under f(x) over [1,n], i.e., Z flk) > / f(zx) dz.
k=1 1

o0
Thus, if Z ar < oo, then
k=1

0o n—1 n—1 n
oo>ZakZZak=Zf(k)2/ f(z)dx,
k=1 k=1 k=1 1

n oo
ie., / f(z) dx is bounded above by the finite number Z ap, < 0o. Letting n — oo,
1

k=1
it follows that we have

/ch(as)dx < iak < 0.
! k=1

In conclusion, we have Z ay, converges if and only if / f(x) dx converges, which
k=1 L

also means that Z ay, diverges if and only if / f(x) dx diverges. O
k=1 L
EXAMPLE 2.9. Show that

1
1) the series Z — converges if and only if p > 1.
n

n=1

> 1
2) the series Z ——— converges if and only if k > 1.
= n(lnn)

1 = 1
(1). If p < 0, then — does not tend to 0 and so, by divergence test, Z — diverges.
np - np
1
Assume that p > 0. Let f(x) = — on [1,400). Then f(zx) is positive monotone
x
decreasing. Now
—+o0

1
p#1

e} [e%s} x
/ flx)dx = / z Pdr = —p+1
1 1

In(+o00) —Inl p=1

—p+1

1

(o9} o 1
Thus / f(z)dx converges if and only if p > 1 and so Z — converges if and
1 n=1 n

only if p > 1. .

eventually monotone decreasing. From

on [2,400). Then f(z) is positive. We check that f(x) is

1
fl(x) = (xil(lnw)*k)l = 2 %(lnz) F—kz t(nz) 1= = —22(Inz) *Y(nz+k),
x
we have f'(x) < 0 when Inaz > —k. Thus f(x) is monotone decreasing when
Inz > —k and so f(x) is eventually monotone decreasing. Now

1 _koo

1 =1 1 _ Y
/ f@)dx:/ d@fi/ Ly T
2 o 1

hliL’)k d 1d n2 yk
y=9r In(+00) —In(ln2) k=1
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0 o 1
Thus / f(z) dx converges if and only if k& > 1 and so the series Z e
9 = n(lnn)

converges if and only if k£ > 1.

2.3. Ratio Test.

oo
THEOREM 2.10 (Ratio Test). Consider the positive series Z an. Suppose

n=1

(2) lim 2L — .

n—oo (A

(i) If0< ¢ <1, then Z ay COnverges.

n=1

(ii) If 1 < £ < oo, then Z a, diverges.
n=1

(iii) If € = 1, then the test is inconclusive.

ProOF. We will prove (i) and (ii). Given any ¢ > 0, it follows from (1) that
there exists N such that for all n > N,
an+1 iy
Qn

a
‘<e or f—e< " pye

Qn

By repeating using the above inequalities, it follows that for all m > 0,

(3) an1(l — €)™ < anti4m < an1(£+€)™.

(i). If £ < 1, choose € > 0 such that £ +€ < 1, then Z an+1(0+€)™ converges

m=1
(since it is a geometric series with common ratio satisfying |r| = ¢+e < 1). Together
oo

with the right-hand-side of (3), it follows from the comparison test that Z AN+1+m

m=1
&)

converges, and thus g a, converges.

n=1
(ii). If £ > 1, choose € > 0 such that £ —e > 1, then by the left-hand-side of (3), we
have, for all m > 0,

AN+14m = CLN_H(E — E)m >any1 > 0.

In particular, lim a, # 0 or does not exist. By the divergence test, Z a, diverges.
n—oo
n=1
O
EXAMPLE 2.11. Determine convergence or divergence.
= n!
1 —.
) 2w
n=1
- (n)?
2) > ,
|
— (2n)!
(1)
(n+1)!
n . 1)n+l . 1)! . 1
limaH:hm(n—FniR:hm (nfl—')—") —hmﬁ27<l
n — nl-——.(n+1) (1+)
n n" n

Thus the series converges.
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[(n+ D)
lim ¢ = lim L—Ff): lim (n+1)
n—oo (@, n—oo (n') n— 00 (2n —+ 2) (2n + 1)
(2n)!
(n+1)2/n? , 1+2/n+1/n? 1+0+0 1

TR Br )@ D/ e @A ymE s n) | @40 @210) 1

Thus the series converges.

2.4. Root Test.

o0
THEOREM 2.12 (Root Test). Consider the series Z a, with each
n=1

an >0, and let

(4) ¢ = lim {/a,.
(i) If0<{¢ <1, then Z an, converges.

n=1

(ii) If 1 < £ < oo, then Z a, diverges.
n=1
(iii) If € = 1, then the test is inconclusive.

ProOOF. We will prove (i) and (ii).
(i) Suppose that £ < 1. Then for all given € > 0, it follows from (4) and Proposi-
tion 8.9 of chapter 1, that there exists an N such that /a, < ¢+ ¢ foralln > N.
Now choose € > 0 s.t. £+ ¢ < 1. Then

(5) 0<a,<(+¢e" foralmn>N.
(o)
Since Z(é +¢€)™ converges (as it is a geometric series with common ratio satisfying
n=1 -
|r| =€+ € < 1), it follows from (5) and the comparison test that Z ap converges.
n=1

(if). We are going to prove (ii) by contradiction. Given that ¢ > 1. Suppose that

oo

g an converges. Then by Theorem 1.7, we have lim a, = 0. In particular, there
n—oo

n=1

exists N such that 0 < a, < 1 for all n > N. Hence /a, < 1 for alln > N,

and it follows that we must have ¢ < 1, which is a contradiction. Hence Z an
n=1

diverges. O

COROLLARY 2.13 (Simplified Root Test). Consider the series Z ay, with each
n=1

a, > 0. Suppose that lim /a, = ¢.

n—oo

(i) If0 <l <1, then Z a, converges.

n=1

o0
(ii) If 1 < £ < oo, then Z ap, diverges.
n=1
(iii)  If € =1, then the test is inconclusive.
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Proor. We will prove (i) and (ii). Recall from Theorem 8.13 of chapter 1 that
if lim {/a, exists, then lim {/a, = lim %/a,. Then the Corollary follows from
Theorem 2.12. O

EXAMPLE 2.14. Determine convergence or divergence of the series

2

o0 1 n
2" 1 — = .
S (1)

n—oo n—oo

1
, , nN"In 1\" 2
lim /a, = lim |2" (1— — =lim2(l1——| =-<1.

Thus the series converges.

EXAMPLE 2.15. Determine convergence or divergence of the series

S ey (1-2)"

n
n=1

s (1-2)]

— 2\" _ — 2\" 4
= lim(3—|—sinn)<1—> < lim 4(1—) =— < 1.

lim {/a, = lim

n—00 n—00

n—oo n n— 00 n 62

Thus the series converges.

3. The Dirichlet Test and Alternating Series

3.1. The Dirichlet Test. The following theorem is due to Neils Abel (1802-
1829).

THEOREM 3.1 (Abel Partial Summation Formula). Let {ax} and {by} be se-
quences, and let { Ay }r>0 be a sequence such that
Ap — A1 = ag
for each k> 1. Then if 1 <p <gq,

q q—1
> arby = Agbg — Ap_1by + Y Ag(br — bria).
k=p k=p

PROOF. Since a = A — Ap_1,
apbp + app1bpyp1 + -+ agby
= (Ap = Ap-1)bp + (Apr1 — Ap)bpi1 + (Aptz — Ap1)bpya + -+ + (Ag — Ag—1)bq
= —Ap_1by + Ap(bp — bpt1) + Ap1(bpt1 — bpta) + -+ + Ag—1(bg—1 — bg) + Agbg
q-1

= —Ap_1by + Agbg + Y Ax(br — brta).

k=p

Remark. There are two canonical choices of {4, }

(1). 49=0, A4, = Zak. Then A,, — A,,_1 = a,, for all n.
k=1
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oo
(2). Suppose that Z ay, converges. Then we can also choose {A,} by letting
k=1

n o0 o0

Anzz:ak—z:ak:— Z ag, n>1, Ag = —> po, aj. In this case,
k=1 k=1 k=n-+1

we also have

A, — A, 1= (— i ak> - <—§:ak> = ap.
k=n-+1 k=n

An application is to give the following theorem of Peter Lejeune Dirichlet (1805-
1859).

THEOREM 3.2 (Dirichlet Test). Suppose that {ar} and {by} are sequences of
real numbers satisfying the following:

(i). the sequence of the partial sums A, = Zak is bounded,
k=1
(ll) b1 Zbg Zbg Z ZO, and
Then the series Zakbk converges.
k=1

PROOF. Since {A,} is bounded, there exists a positive number M > 0 such
that |A,| < M for all n. Also, since lim b, =0, given ¢ > 0, there exists N such

that b, = |b, — 0| < ﬁ for all n > N. Now, for m > n > N, by Abel partial

summation formula,

m m—1
> arbi| = |Ambm — Anbpir + > Ag(be — i)
k=n-+1 k=n-+1
m—1
< |Am| ’ ‘bm| + |An| : ‘bn+1| + Z |Ak| ’ ‘bk - bk+1|
k=n-+1
m—1
< Mby+Mbygpa+ Y M-(by—bgy) (because by, > bpyy >0, |Ax| < M)
k=n+1

=M- [bm+bn+1 +(bn+1 *bn+2)+(bn+2 *bn+3)+' -+ (bm—2 *bm—l) +(bm—1 *bm)]
€

2M:€.

= 2Mby,iq < 2M -

o0
Hence by the Cauchy Criterion, the series Z arby converges. O
k=1

3.2. Alternating Series Test. An alternating series is of the form

oo
Z(_l)n+1an:a1 —az+az—aqg+---, or

n=1

oo
Z(—l)"an =—a;+tay—az+ag—---
n=1

with each a,, > 0.
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ExXAMPLE 3.3.
1141141 -14+1—1+---
1 1 n 1 1 n
2 3 4
1 4+2-344-546—--

THEOREM 3.4 (The Alternating Series test). !
If {b,} is a sequence satisfying

(i) by > by > b3 >--->0, and

(i) lim b, =0,

n—oo

then Z(fl)"“bn ( and Z(fl)”bn) converge.
n=1 n=1

PROOF. Let ap = (—1)**! and let 4, = Zak. Then
k=1

0 when n even

|An|:|1—1+1—1++(_1)n+(_1)n+1|:{ 1 when n odd

Thus |A,| <1 for all n, and the Dirichlet test applies. O
EXAMPLE 3.5. Show that convergence or divergence of the series
o convergence p >0
DD =
n=1 divergence p < 0.

1
ProOF. If p < 0, then the n-th term (—1)"7 does not tend to 0. Thus the
n
series diverges in this case by the divergence test.
Assume that p > 0. Let a, = — Then a,, > 0, monotone decreasing and

n
lim a, = 0. Thus the alternating series converges in this case.
n—oo

o]

1
In conclusion, we have that the series E (71)"—1) converges when p > 0 and
n
n=1
diverges when p < 0. O

Now we are going to give a theorem providing an estimate on the sum of
o0

1
(certain) series. For instance, let S = Z(fl)"“—? By taking the partial sum,
n
n=1
we have

1 1 1
5%51:1, S%S2:1*2f2:075, 5%53:1*2?4’3*2%0861,
By using computer program, we are able to compute much more, say S1g00000- A
mathematical problem is then what is the ‘error’ for estimating S by using the

partial sum S,,. In other words, how to estimate the remainder
Rn = |S—Sn| = |an+1+an+2+"'|~

THEOREM 3.6 (Alternating Series Estimation). Let {b,} be a sequence satisfy-
mng
(i) by >by>b3>--->0, and

1Alternating series test can be regarded as an (important) special case of the general Dirichlet
test. In our module, we mainly use the Alternating Series Test for solving problems. Just keep
in mind that Dirichlet test is more general and you may have to use Dirichlet test to solve more
advanced questions.
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(ii) lim b, = 0.

n—oo

Let

n

Sp=Y (=D, and  S=> (=1)'p

k=1 1
Then the remainder R,, = |S — S,| < bp41 for all n.

PrOOF.
Ry =|(=1)" bpy1 + (=1)"bpyn + -+ |
= |bn+1 - bn+2 + bn+3 - bn+4 + - | .
Since
bn-i—l - bn-‘rQ + bn+3 - bn+4 + -
=bpy1 — (bng2 — bpgs) — (bnga — bys) — (bpge — bpyr) — - < bpga

and

bot1 = bpt2 + btz —bpya+ o = (bny1 — but2) + (bnys — bpja) +--- >0,
we have R, < ap41- [l

o0
1
EXAMPLE 3.7. Estimate g (—1)"“—4 with error within 0.001.
n

n=1

1
SOLUTION. From —1 < 1073, we have n +1 > 6 or n > 5. Thus

(n+1)

> 1 1 1 1 1
E’ n+1 ~ 1 _ - _
(71) F"‘l 24+34 44+54

n=1
with error within 0.001. O

3.3. Trigonometric Series. 2

Another application of Dirichlet test is to convergence of trigonometric series.
These series will be studied in much detail in the course on Fourier series with a
lot of applications in physics and other sciences. (Joseph Fourier, 1768-1830.) We
require the following two identities.

LEMMA 3.8. Fort # 2pm, p € Z,

1 1
cos—t—cos|{n+—=|t

" 2 2
E sin kt = 1
k=1 2sin —t
Sin 2

i + L t i 1t
sin(n+—=|)¢t—sin—~
- 2 2
E cos kt =
k=1

1
2sin =t

2This subsection will NOT be discussed in class. You are not required to read this subsection,
but for those who want to know how useful the Dirichlet test is, it deserves to read this subsection
as an interesting application. Of course, those who dislike the proofs can just read the conclusions
in this subsection and test some examples for fun. On the other hand, for sure there will be no
exam questions on this subsection.



44 2. SERIES OF REAL NUMBERS

PROOF. We prove the second identity. A proof of the first identity can be
found from text book [2, pp.297].

Using the trigonometric identity

1
sinx cosy = 5 (sin(z + y) + sin(z — y)),
we obtain

n n n

o1 1 1 . t . t
sin ithos kt = Zsm itcos kt = 2 Z [sm ( + kt) + sin (2 — kt)}

Bl (o)
e L s e
oo e oo 1)

oo 2) -] D

THEOREM 3.9 (Trigonometric Series Test). Let {b,} be a sequence satisfying
(i) by >by>b3>--->0, and
(i) lim b, = 0.

Then

(a). The series Z by, sin kt converges for allt € R, and
k=1

oo
(b). The series Z by, cos kt converges for all t € R, except perhaps t = 2pm,
k=1
pE L.

n
PROOF. (a). Let ap = sinkt and let A, = Zak. If ¢ = 2pm, then ag

k=1
sin 2kpr = 0 and so A,, = 0 for t = 2pw with p € Z. If t # 2pm, then

1 1
n cos §t — COs (n + 2) t
|A,| = Zsinkt = —
k=1 2sin =t
2
1t + + L t
cos 5 cos|n 5 141 1
- 1 = 1 1]
2 |sin Qt' 2 |sin =t sin 275‘

Thus {|A,|} is bounded above, and the Dirichlet test applies.

(b). Let ay = coskt and let A,, = Z ax. The Dirichlet test applies because
k=1

i + L t i 1t
sin|{n+ = |t—sin=
2 2

|An| =
1

2sin =t
2

2”: cos kt
k=1
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. 1 1
sin <n+2> t)+ s1n2t) 141 1
- 2 |sin 1t‘ N 2 |sin lt’ sin t‘
2 2 2
d
) ) = coskt
EXAMPLE 3.10. Determine convergence or divergence of the series Z e

k=1
teR, qg>0.

SOLUTION. When t = 2p7r with p € Z, the series

cos kt kt
Z ka

k=1
and so it converges for ¢ > 1 and diverges for ¢ < 1.
When t # 2pr, then the series converges by the trigonometric series test be-

1
cause, for ¢ > 0, the sequence T is positive, monotone decreasing and hm T =0.
k—o0

In conclusion, the series

% os ki convergent g>1,teR
1 is convergent 0<qg<1l,teR,t#2pr, forany peZ
k=1 divergent 0<q<1l,t=2pr forsome peZ

4. Absolute and Conditional Convergence

o0 o0
DEFINITION 4.1. A series Z a, 1is called absolutely convergent if Z |an]
n=1 n=1
converges.

THEOREM 4.2. Every absolutely convergent series is convergent.

oo
PROOF. Suppose that Z a, converges absolutely, that is, Z lan| converges

n= 1 n=1
by the definition. Let T, Z lak|, S Zak Since {7}, } converges, {T,,} is

Cauchy. Thus, for any € > 0, there isa N such that |T, — T | < € for all n,m > N.
For any n,m > N, we may assume that m > n, say m = n + p (as one of them
should be greater than another). Then

|Sn - Sm‘ = ‘Sn - (Sn +an+1 +an+2 + - +an+p)| = |an+1 +an+2 + - +an+p|

<lans1| + |ant2| + -+ antp| = =Ty =|Th —Tm| <e

Thus {S,} is a Cauchy sequence and so it converges. Thus the series Z an con-
n=1
verges and hence the result. O

EXAMPLE 4.3. Determine convergence or divergence of the series
- 1
>~ sinn + -
2

“— n(lnn)? '
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SOLUTION. Since

nn 4 1 |sinn| + 1 14 1
sinn + = sinn|+ = -
2 2 2
n(lnn)?2 | = n(lnn)?2 ~ n(lnn)?
1 . 1
S 1 + 5 3 oo 1 o |sinn + 5
and 7;2 W =3 T; m converges by Example 2.9, the series > W
> sinn + —
converges. Thus the series 722 converges. O
= n(lnn)

Remark. If you are testing for absolute convergence, all the techniques for the
positive series are applicable.

Q: Is the converse of the Corollary true? IL.e., if a series is convergent, will it be
absolutely convergent?
A: No, it is not necessarily true.

= 1
ExAMPLE 4.4. The series Z(—l)”f converges by Example 3.5, but it is NOT
n
n=1
absolutely convergent by the p-series.

o0
DEFINITION 4.5. A series Z an 1s said to be conditionally convergent if

n=1

oo oo
g an converges but g lan| diverges.

n=1 n=1

o0
1
EXAMPLE 4.6. The series Z(—l)"— is conditionally convergent.

vn

REMARK 4.7. Fvery series is either absolutely convergent, conditionally con-
vergent or divergent. O

n=1

EXAMPLE 4.8. The series

absolutely convergence p>1
E (-1) — = conditionally convergence 0 <p <1
n
n=1
divergence p<0

THEOREM 4.9 (Ratio Test for General Series). Consider the series Zan,
n=1

Suppose

(6) i 9ol

(i) If0 <4< 1, then Z an converges (absolutely).

n=1

(o)

(ii) If 1 < £ < oo, then Z ap, diverges.
n=1

(iii) If € = 1, then the test is inconclusive.
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PRrROOF. Part (i) was proved by the Ratio test. We will prove (ii). Given any
€ > 0, by definition of limit, there exists N such that for all n > N,

Wn+1|_£‘<6 or Z—G<M<€+e.

|an| |a’n|

By repeating using the above inequalities, it follows that for all m > 0,

lan+1](€ = €)™ < lant14m| < lan41[(£+ €)™
Given £ > 1, choose € > 0 such that £ — € > 1, then by the left-hand-side of
above inequality, we have, for all m > 0,
lant14m| > ant1(£ — €)™ > |an41] > 0.

o0
Now we prove (ii) by contradiction. Suppose that the series Z a, were con-

n=1

vergent. Then lim a, = 0 by Theorem 1.7 and so lim |a,| = lim a,| = 0. From
n—oo n—oo n—oo
the above inequality, letting m — oo,
0= lim |aN+1+m| > lim |aN+1| = ‘G,N+1‘ >0
m—00 m—00
a contradiction and hence the result. 0
oo
THEOREM 4.10 (Root Test for General Series). Consider the series Z Gy, and
n=1
let
(7) (= lim ¥/|a,|
n—oo
oo
(i) If0 </t < 1, then Z an converges (absolutely).
L
(ii) If 1 < £ < oo, then Z ap, diverges.
n=1

(iii) If £ = 1, then the test is inconclusive.

PROOF. Part (i) was proved by the Root test. We are going to prove (ii) by
contradiction, which is similar to the proof of the Root Test. Given that ¢ > 1.
oo
Suppose that Zan converges. Then by Theorem 1.7, we have lim a, = 0. In
ne1 n—oo
particular, there exists N such that —1 < a,, < 1 for all n > N. Hence {/|a,| <1
for all n > N, and it follows that we must have ¢ < 1, which is a contradiction.

oo
Hence E a, diverges. O
n=1
5. Remarks on the various tests for convergence/divergence of series

1. n-th term test for divergence:
- a test for divergence ONLY, and it works for series with positive and negative

e}
terms, e.g. Z(—l)”.
n=1

2. Comparison test/Limit Comparison test:
- when applying these tests, one usually compares the given series with a geo-
metric series or a p-series.

- generally works for series which look like the geometric series or the p-series,
o0

— 2+ (=1)" 2
e.g. ;T’ >

n=1
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_1)n
- when an oscillating factor/term appears, e.g. Z %, try the Comparison

test rather than the Limit Comparison test.
3. Integral test

o8 Z lnn

4. Ratio test
- generally works for series which look like the geometric series, series with n!, and
certain series defined recursively,

“8 Z:sn’ Z4n n"

n=1

1 1
Zan, where a1 =1, a,, = (= + —)an—1, n=2,3,--.
n

2
n=1
5. (Simplified) Root test:
- generally works for series where a,, involves a high power such as the n-th power,
o0

6. Alternatmg Series test: - works for alternating series only,

cg. Z lnn

n=2
o0
Remark. In general, Tests 2 - 5 works only for Z ay, where a, > 0 (except Ratio
n=1

and Root Tests for general series).



CHAPTER 3

Sequences and Series of Functions

1. Pointwise Convergence

1.1. Sequences of Functions. Let I be a (nonempty) subset of R, e.g.
(=1,1),[0,1], etc. For each n € N, let F,, : I — R be a function. Then we
say {F,} forms a sequence of functions on I.

ExampLE 1.1. 1. F,(z) = z", 0 < z < 1. Then {F,} forms a sequence
of functions on (0,1).
2. {(1 + E) } forms a sequence of functions on (—o0, 00).
n

Write out some terms:

Fl(l‘)=1+$ F2(x): (1_'_%)2 Fg(%):(l—i—f)B

If we fix the z, and let n — oo,

]

lim F,(z) = lim (1 + g)n =e".
n

n—oo n—oo
So for each z, we can define
F(z) = lim F,(z).
n—oo
DEFINITION 1.2. A sequence {F},} is said to converge pointwise to a function
Fon [ if
lim F,(z) = F(z) for each = € I,

i.e., for each x € I and given any e > 0, there exists an N (which depends on x and
€) such that
|F(z) — F(x)] <e  ¥n> N.
The function F is called the limiting function of {F,}.
Remark. The limiting function is necessarily unique.

ExAMPLE 1.3. The sequence {z"} converges pointwise on I = (0,1) because
the limit F(z) = lim 2" = 0 exists for any 0 < z < 1.

n—oo
The sequence {z"} does NOT converge on [—1,1] because the limit lim z"
n—oo
does not exist when x = —1 € [-1,1].

1.2. Series of Functions. A series of functions on a set [ is of the form
3 fale) = ful@) + fal@) + -
n=1

where each f, is a function on I.

EXAMPLE 1.4. Below are some examples.

1. Zx"_1:1+x+x2+x3+---
n=1

. sin kz sinx sin2x  sin3x
2. = + + + e, 0<x<1.
k:1k+m 142 2+ 3+x

49
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As in chapter 2, we may form the partial sums
ka (@) + fo(z) + - + fal@).

Then {S,,} forms a sequence of functions on I.

o

DEFINITION 1.5. The series Z fn is said to converge pointwise (to a func-
n=1
tion S) on I if {S,} converges pointwise (to S) on I, (i.e. lim S,(x) = S(z) for

n—oo

each z € I.)

o0
EXAMPLE 1.6. What is the pointwise limit of Zx"—l, where © € (—1,1)7

n=1
[e%S)

Does Z "1 converge pointwise on [—1,1)
n=1

SoLUTION. Consider the partial sum

U 1—2"
x) :le_l =l+z4 42" 1= .
for —1 < 2 < 1. Thus
- 1—an 1
D= Jim Sl = i T =
for x € (—1,1).
Since the series i 2"~ ! diverges when & = —1, the series of functions i z 1
does NOT convergenpz(;intwise on [—1,1). . O

1.3. Some Questions on Pointwise Convergence. Suppose a sequence of
functions {F,,} converges pointwise to a function F' on the interval [a, b]. Also sup-
o0

pose a series of functions Z fn(z) converges pointwise to a function S(z) on [a, b].
Among the questions we 7zzvalnt to consider the following. Some of these questions
were incorrectly believed to be true by many mathematicians prior to nineteenth
century, including the famous Cauchy. Cauchy in his text Cours d’Analyse “proved”
a theorem to the effect that the limit of a convergent sequence of continuous func-
tions was again continuous. As we will see, this result is false!

Question (a). If each F), is continuous at p € [a, b], is F' necessarily continuous at
p? Recall that F' is continuous at p if and only if

lim F(t) = F(p).
t—p
Since F(z) = lim,,_,o Fy () for every x € [a, b], what we really asking is does

lim ( lim Fn(t)) = lim <lim Fn(t)> ?
t—p \n—oo n—oo \t—p
Question (a’). For series of functions we can ask similar question. If each f,(z)

is continuous at p, is S(z Z fn(x) necessarily continuous at p? Again what we

really asking is does

lim n;fn ghm fu(t)
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Question (b). If each F), is differentiable on [a,b], is F necessarily differentiable
on [a,b]? If so, does

d . d

— lim F,(z) = lim —F,(x)?

dx n—oo n—oo dx
o0
Question (b’). If each f,, is differentiable on [a, b], is S(z Z x) necessarily

differentiable on [a,b]? If so, does
d — d
@ = S w

Question (c). If each F), is Riemann integrable on [a, b], is F' necessarily Riemann
integrable on [a, b]? If so, does

b b
/ lim F,(x) de = lim F,(z) dz ?

Question (c’). If each f, is Riemann integrable on [a,b], is S(z an

necessarily Riemann integrable on [a, b]? If so, does

/ Z fn(z) dz = Z ) dx ?
a np=1 n=174a

Without additional hypothesis the answer to all of these questions is gener-
ally no. This additional hypothesis is so-called uniform convergence, introduced
by Weierstrass in 1850. For his many contributions to the subject area, Weierstrass
is often referred to as the father of modern analysis. The subsequent study on
the subject together with questions from geometry and physics also lead to a new
area called topology in the end of 19th century. Poincaré is often referred to
as the father of topology. Topology together with Riemann geometry provide the
mathematics foundation for Einstein’s relativity theory. You may learn some basic
knowledge of topology and modern geometry in 4000 and 5000 modules.

Below we only give counter-examples to Questions (a) and (¢). You may read
the text book [2] for more examples.

ExaMPLE 1.7 (Counter-example to Question (a)). Consider the functions
Fo.(z)=2", z€][0,1].
For each fixed x € [0, 1), we have
nlingo F,(z) = nan;O 2" =0 (since |z| < 1).

At z = 1, we have
lim F,(1) = lim 1" =1.

n—oo n—oo

Thus {F,} converges pointwise to the function F' on the interval [0, 1] given by

0, forze€]0,1),
F(z) =
1 r=1.

Each F,, is continuous on the whole interval [0, 1], but F' is not continuous at = = 1.
This simple example gives a counter example to Cauchy’s (false) statement

that the limit of continuous functions is continuous, namely the limit of continuous
functions need not be continuous.
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ExXAMPLE 1.8 (Counter-example to Question (c)). Consider the functions

n’z, 0<x<%,

Fo(z)=1¢ 2n—n’z, 1<z<?2

n

0, % <z<l.
For each fixed = € (0, 1], one sees that F,, () = 0 whenever n > %, and hence

nlLrI;C F.(z) = nli_)ngoO =0.
Also, at x = 0, we have
lim F,(0) = lim n?.0=0.
Thus, {F,,} converges pointwise to the zero function F'(x) = 0 on the interval [0, 1].
For each n > 1, we have

1 1/n 2/n 1
/ F,(z)dx = / nx dx + / (2n —n’z) dx + / 0dx
0 0 1/n 2/n

1
n

2
2.2 2.2\ |7
_n’x +<2nx_nx)‘ +0
2 |, 2 )1,
1 1
— S b (4-2)—(2-2)t0=1

Thus we have
1

1
lim Fo(z)dx = lim 1=1#0= / F(z)dx, ie.
0

n—oo 0 n—o0

lim ; F.(x) dx;é/o ( lim Fn(x)> dzx.

n—oo n—oo

Reason: At different x, F,,(z) converges to F(x) at different pace (more specifi-
cally, in the definition of pointwise convergence, the choice of N depends on both
e and x).

2. Uniform Convergence
We define a slightly different concept of convergence.
2.1. Uniform Convergence of Sequences of Functions.

DEFINITION 2.1. {F,} is said to converge uniformly to a function F' on a
set I if for every € > 0, there exists an N (which depends only on €) such that
|E,(x) — F(x)] < e
for ALL x € I whenever n > N.

REMARK 2.2. If {F,} converges uniformly to F' on I, then {F,} converges
pointwise to F' on I. Conversely, if {F,,} converges pointwise to F' on I, then {F,}
need not converge uniformly to F on I.

The inequality in the definition can be expressed as
Fz)—e< Fp(r) < F(z) +e¢
for all x € I and n > N. The geometric interpretation is that for n > N the graph
of y = F,,(x) lies in the band spanned by the curves y = F(z) —e and y = F(z) +¢,

that is, given any € > 0 the graph of y = F),(z) eventually lies in the band spanned
by the curves y = F(z) — e and y = F(z) + €.
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ExaMPLE 2.3. The sequence of function F,, = x™ converges pointwise to 0 on
[0,1). But from the graph we can see that the graph of F,, = z™ DOES NOT
eventually lie in the band spanned by y = —e and y = +€. The geometric reason
also tells us that {2} does not converge uniformly on [0, 1).

2.2. Two Criteria for Uniform Convergence of {F,}. The following the-
orem is useful (computationally) in determining whether a sequence of functions
converges uniformly or not.

THEOREM 2.4 (T-test). Suppose {F,} is a sequence of functions converging
pointwise to a function F on a set I, and let

T, = sup|Fy(z) — F(x)].
xzel

Then {F,} converges uniformly to F on I if and only if lim T, = 0.

PRrROOF. First we prove the ‘only if’ part. Suppose that {F,} converges uni-
formly to F' on I. Then for any given € > 0, there exists N such that

|Fp(x) — F(z)| <§ foralln > N and x € T
= T, =sup|F,(z) — F(z)| < g <e foralln>N
xzel

= |T,—0=T,<e foraln>N.
Hence we have lim T, = 0.
Next we prgxgoghe ‘if” part. Suppose that nlinolm T, = 0. Then for any given
€ > 0, there exists IV such that
T, — 0| =T, <e foralln>N

= sup|Fn(xz) — F(z)|<e foralln>N
zel

= |Fu(x) — F(z)| <e foralln> N and z € I.

Hence {F,} converges uniformly to F on I. This finishes the proof of the theorem.
O

THEOREM 2.5 (Cauchy’s Criterion). A sequence of functions {F,} converges
uniformly on a set I if and only if given any € > 0, there exists a natural number
N such that

(8) |Fo(z) — Fr(x)| <€ forallxz €I and all m,n > N.
Remark: Here N does not depend on x.

PRrROOF. First we prove the ‘only if’ part. Suppose that {F,} converges uni-
formly to the function F' on I. Then given any e > 0, there exists N such that

|F,(z) — F(x)| < % for all z € I and all n > N.
Then for all x € I and m,n > N,
|Fo(z) = Fin(z)| = |(Fu(2) — F(z)) = (Fn(z) — F(2))]
< |Fule) = F(@)] + |Fun(@) = F@)| < 5+ 5

2
This finishes the proof of the ‘only if’ part.

Next we prove the ‘if” part. Suppose that equation 8 holds. Then for each fixed
point « € I, {F,(z)} is a Cauchy sequence of real numbers, and thus by Cauchy’s
criterion for sequences, the sequence of real numbers {F, (z)} converges. For each
x € I, we denote the limit by F(x) = nlingo F,(x). Then {F(2)},ecs forms a function

— €.
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on I, which we denote by F. Given any € > 0, by equation 8, there exists N such
that .
|F(z) — Fip(z)] < 5 for all x € I and all m,n > N.

Then for each fixed z € I and n > N, we have
[Fu(e) — F(2)| = [Fu(x) — lm_Ey(2)

= lim |F,(z) — F(x)] < lim % = % < e

Thus {F,} converges uniformly to F', and this finishes the proof of the ‘if’ part. O

2.3. Examples.

.2
EXAMPLE 2.6. Show that F,(z) = s $7 x € (—o0,+00), converges uni-
n

formly.

PROOF. The limiting function F(z) is

F(z) = lim =0

n—00 n

for all x € (—o0, +00). Since

sin? z
— 0

T,= sup |F,(z)—F(z)|=  sup <

1
z€(—00,+00) z€(—00,+00) n

n

as n — 00, thus the sequence of functions {F,, (2} converges uniformly on (—oo, +00).
O

EXAMPLE 2.7. Determine whether the following sequences of functions converge
uniformly on the indicated interval.

@) fole) = "7 o e [ 400);
() fule) = " 2 e 2, 00).

SoLuTION. Let f(x) = lim f,(z) =0 for x > 1.

2
n”lnx
(a). T, = sup|fn(x) — 0] = sup ——— = sup f,(x). From
z>1 z>1 X z>1
1 e n? —n3nx
fé(x):n25x " —pdlng -z 1:T=0,

we have n2 —n3lnx = 0 or 2 = e=. Observe that f,(z) is monotone increasing for
1<z < em and monotone decreasing for x > ew. Thus
2.1
1 n-- o n
T, = max fn(x) = fulen) = —Tr == A0
z>1 (e%) e
as n — oo and so {f,(z)} does NOT converge uniformly.

(b). Since en < 2 for n > 2, the function fn(z) is monotone decreasing on

?In2
[2,400) for n > 2 and so T,, = sup|fn(z) — f(2)] = fn(2) = P o > 2.
z>2

2’!1
Since lim T, =0, {f,} converges uniformly on [2, +00). d

2 1 H
EXAMPLE 2.8. Show that F,(z) = LR SmRE converges uniformly on [2,+00).

€T n
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SOLUTION. F(x)= lim F,(x) =0 for z > 2. Observe

n—00

2] i 21n2
T, = sup |F(z) — F(z)| :Supn nz|sin nz| _n’ln

2>2 2>2 xn — m
for n > 2. Since lim T,, =0, {F,} converges uniformly. O
n—oo

Remark. Let {F,} be a sequence of functions on an interval I. To see whether
{F,} is uniformly convergent, we may try to do by the following steps.

(1). Determine the limiting function F(z) = lim F,(x).

(2). Determine T;, = sup |E, (x) — F(x)].

(3). Check whether hm T, =0.

n—oo
If T, is difficult to be determined, then we may try to estimate an upper bound of
T, ( alower bound of T,, if we guess that the sequence of functions might not be
uniformly convergent).

2.4. Uniform Convergence of Series of Functions.
o0
DEFINITION 2.9. an is said to converge uniformly (to S) on I if the

n=1
sequence of its partial sums {S,,} converges uniformly (to S) on I.

o0
THEOREM 2.10 (T-test for Series of Functions). Suppose Z fn(x) is a series
n=1
of functions converging pointwise on a set I, and let

Z fula

k=n+1

T, = sup
zel

Then n(x) converges uniformly on I if and only if lim T, = 0.

PROOF. Let S,,( Z fr(z) and S(z Z fr(z). Then
S () — S(z)| = Z fr(x)
k=n-+1
and so the T-test, Theorem 2.4, applies. O
THEOREM 2.11 (Cauchy Criterion). A series of functions Z fn converges uni-
n=1

formly on a set I if and only if given any € > 0, there exists a natural number N

such that
‘ > (@)

k=n-+1

<€ forallxz el and allm >n > N.

Remark: Here N does not depend on .

PROOF. The proof follows by applying the Cauchy Criterion to the partial
sums Sy, ( Z fr(z (]

The following test is very useful in verifying that certain series of functions
converge uniformly to some functions on an interval.
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oo

THEOREM 2.12 (Weierstrass M-test). Consider a series of functions Z fr on
k=1
a set I. Suppose that

(1) |fe(x)| < My forallz el , k=1,2,---, and

(i) ZMk converges.
k=1

(oo}
Then Z frx converges uniformly (to some function) on I.
k=1

Remark. Weierstrass M-test only states that if a series of functions satisfies
conditions (i) and (ii), it converges uniformly on I. If a series of functions does
not satisfy these two conditions, the test fails, namely, no conclusion that you
can claim from this test.

o0
PROOF. Since Z Mj, converges (by (ii)), by the Cauchy Criterion, given any

k=1
€ > 0, there exists N such that

> -

k=n+1

Z Myl <e forallm>n>N

k=n-+1

because My > 0. Then for all x € I, we have

m m m
Yo o@D k@< Y My<e
k=n+1 k=n+1 k=n+1
o0
Thus, by the Cauchy criterion, Z fx converges uniformly on I. O
k=1
2.5. Examples.
e n
EXAMPLE 2.13. Show that Z ;(Q)S v converges uniformly on (0, 00).
n=1
PROOF. Since
cos" x 1
n2+az| = n?

o0
1
for all € (0,00) and the series E — is convergent by the p-series, the series of
n
n=1

o0
co
functions Z converges uniformly by the Weierstrass M-test and hence the
=1

s" x

n? 4 x
n

result. O

EXAMPLE 2.14. Does the series of functions

o0
Z n%z" sin nx
n=1
converge uniformly on the interval [0, %] ? Justify your answer.

SOLUTION. Note that

[

‘an" sin naz‘ < -

[\
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for z € [0, 3]. Since

(n+1)°
— 2
) ontl . (n+1)% 1
AT T e T <t
on
the series Z on converges and so the series of functions z n?z" sin na converges
n=1 n=1

uniformly on [0, 1] by the Weierstrass M-test. O

> n
EXAMPLE 2.15. Show that the series E (71)"HaL converges uniformly on
n

n=1

0, 1].

1
= — but
n

n
_1"+1£
(-1

Note. The M-test fails for this example because sup
z€[0,1]

oo

1

g — diverges. In this case, we use T-test or Cauchy Criterion.
n

n=1

n

PRrOOF. Let a,(z) = m—. Then, for 0 < z < 1, we have
n

a1(z) > ag(x) >--- >0 and lim an(z) =0.

n—oo

& n
Thus the series Z(—l)"+1x— converges pointwise on [0,1] by the Alternating
n

n=1
Series Test. By the Alternating Series Estimation,

0 k n+1 1
T, = sup (—1)k+1x— < sup * = .
0<a<1|, S, o<z<1n+1 n+1
1 xn
Since lim = 0, the series (—1)""' ~— converges uniformly by the T-test. [
n—oo N 1 n

X n
x
EXAMPLE 2.16. Show that the series E — does not converge uniformly on
n
n=1

0,1).

ProoOF. Observe that

T, = sup [Sn(z) —S(z)|= sup = sup °
0<z<1 o<e<t | 5= K| o<e<1, S K
xn—i—l xn+2 xn—&-l l,n+2 x2n
= su + + e > su + + e +
O<mI<)1<n+]- n+2 )_O<IE1<n+l n+2 2n>
LS S b z* cone i . 1)
= s — ecause — monotone increasing on (0,
n+l n+2 2n k &
S 1 . 1 T 1 1 1
- - P —_— = — = —,
“2n  2n 2n 2n 2
Thus the sequence {7}, } does not tend to 0 and so the series of functions Z n
k=1

does NOT converge uniformly on [0,1) by the T-test. O
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3. Uniform Convergence of {F,,} and Continuity

In this section we will prove that the limit of uniformly convergent sequence of
continuous functions is again continuous.

THEOREM 3.1. Let {F,} be a sequence of continuous functions on an interval I.
Suppose that {F,,} converges uniformly to a function F on I. Then F' is continuous
on I.

PRroOOF. Fix any point xg € I. We are going to show that F' is continuous at
the point zy. Given any € > 0, since {F,,} converges uniformly to F on I, there
exists N such that

|Fn(z) — F(x)] < % forall z € I and all n > N.

Next we fix an n > N (say, n = [N]+1). Since F), is continuous at xg, there exists
d > 0 (here ¢ depends on z( and €) such that for all z satisfying |z — zo| < 9, we
have

(@) = Fulwo)| < .
Then for all z satisfying |z — zo| < , we have
[F() = F(ao)| = |F(@) = Fu(a) + Fu(x) = Fu(wo) + Fu(wo) = Fao)|
< |F(@) = Fu(@)] + [Fu(e) = Fu(w0)| + [Fa(wo) — F(o)|

€ € €
<=4+ -4 = =€

3 3 3
Thus F' is continuous at xg. Since xzq is arbitrary, it follows that F' is continuous
on I. This finishes the proof of the theorem. O

EXAMPLE 3.2. Find the pointwise limit F of the sequence

Show using Theorem 3.1 that the convergence is not uniform.

x?n

SoLUTION. If 0 < x < 1, we have

1
If x =1, then F,(1) = 3 Thus the limiting function F'(z) is
0 0<x<1

5 =1

Because each F,(z) is continuous but F(z) is not, the sequence of functions { F;,(z)}

does not converge uniformly on [0, 1] by Theorem 3.1. O
It is possible that each F,, and F(z) = lim F,(x) are continuous, but {F,}

does not converge uniformly to F(z).

EXAMPLE 3.3. Let F,(z) = nze """ . Show that

1) Each F,(x) is continuous on I =[0,1].
2) {F.(z)} converges pointwise to a continuous function on I.
3) {Fn(z)} does not converge uniformly on I.
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ProoF. Each F),(z) is continuous because it is a well-defined elementary func-
tion on [0,1]. Let F(x) = lim F,(z) on [0,1]. When = = 0, F,(0) = 0 for each n
and F(0) = lim, . 0 = 0, when x # 0 (fixed),

1

. . a2 . . x
F(z)= lim F,(z) = lim nze " = lim > = lim —5—— = lim > =0
n—oo n—oo n—oo T n—oo enNT” . ;[;2 n—oo ren®

Thus F(z) = 0is continuous on [0, 1]. Now T,, = sup |F,(z) — F(z)| = sup F,(z).
0<e<1 0<z<1
From

n:z: ’I’LI2

x + nzxe

we have x = %4/ 2— Since F,,(0) =0 and F,, (1) =ne™ ",

< (—2nzx) = nefMQ(l —2nz?) =0,

n 1 1 n
F — F — 0. — n —— e ™ &= [,
(232, Fl0) = g, Pl m{ A RE R

Thus T,, = Since lim T, = 400, the sequence {F,} does not converge
n—oo

uniformly to F'(z) on [0, 1]. O
COROLLARY 3.4. Suppose that ka converges uniformly to a function S on

k=1
an interval I. Suppose that each fi is continuous on I. Then S is also continuous

onI.

SE

PRrROOF. Consider the sequence of partial sums {S,,} on I, where we have S,, =

Z fx. Then {S,} converges uniformly to S on I. If each fj is continuous on I,
k=1
then each S, is also continuous on I. Then by Theorem 3.1, S is also continuous

on I. O

EXAMPLE 3.5. Is Z € (0,00), a continuous function?

277,z7

SOLUTION. Let f,(z) = ’

that

. We find an upper bound of f,(z). Observe

n2 enz

L) = L " —pgem® ¢« (711 B x)
fu@) = (s ) = ( ) |

n TL2 ene TL2

We obtain that f}(z) >0 for 0 <z < L and f}(z) <0 for z > L. It follows that
fn(2) is monotone increasing on (0, 1] and monotone decreasing on [+, +00). Thus

1
sup fn(l') = Imax fn(l') = fn (1> = an I = i

0<z<+00 0<z<400 n n2e™

1 -
Let M, = ol Then |f,(z)] < M, for z € (0,00). Since ZM” converges by

n=1

(oo}
the p-series, the series of functions Z converges uniformly by Weierstrass

n= 1

TIZD

M-test on (0, 00). According to Corollary 3.4, the function Z is continuous

n= 1

n (0, 00). O
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oo o0
It is possible that each f, and Z fn are continuous, but Z fn does not
n=1 n=1
converge uniformly.

ExaMPLE 3.6. Consider the geometric series

- 1
Zx’L:1+x+x2+~-~:
1-2z
n=0
(o)
for —1 < z < 1. In this case, each 2™ and Zx” are continuous on I = (—1,1).
n=0

o0
We show that Z x™ does not converge uniformly by T-test. Since

n=0
T, = sup ‘x”“ + "4 ’ > sup ’ac"'“ "2
—1l<z<1 0<z<1
= sup (z"t' 42"t 4. ) > sup "t =1,
0<z<1 0<z<1

oo

the sequence {7}, } does not tend to 0 and so the series Z z™ does not converge
n=0

uniformly on (—1,1) by the T-test. O

4. Uniform Convergence and Integration

Before we go on, we first recall some facts about Riemann integrals (Reference:
Our Text Book [2, Chapter 6, pp. 208-216]).

4.1. Review of Riemann Integration. The detailed discussions on Rie-
mann integrals will be given in Analysis I in the third year. We only go through
the definition. Our purpose is to answer Question (c) rather than discussing Rie-
mann integrals. When you take Analysis modules, you may regard our theorems
as some of the important applications of Analysis.

Let f be a bounded function on a finite interval [a,b]. A partition P of [a, ]
is a set of points {xg,z1, - ,z,} such that

a=x9g<x1 <x2<---< Ty, =0
For such a partition P and ¢ = 1,2, ---n, we denote

Mi(f) = sup  f(x)

r€[Ti—1,T4]

mi(f)= _inf f(a).

r€[Ti 1,24

The upper (Riemann) sum of f with respect to the partition P is defined to be
U(P,f) =Y Mi(f)Au;.
i=1

Here Ax; = x; —x;—1. The upper Riemann sum U (P, f) can be graphed as follows:
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Similarly the lower (Riemann) sum of f with respect to P is defined to be
L(P,[) = mi(f) Az
i=1

The lower Riemann sum L(P, f) can be graphed as follows:

b b
The upper and lower integrals of f, denoted by / f(z),dz and / f(x),dx,

respectively, are defined by

b
/ f(z)dx =inf{U(P, f) | Pis a partition of [a, b]},

b
/ f(z)dx = sup{L(P, f) | Pis a partition of [a, b]}.

Remark. If f is bounded, then

/‘Lbf(fl?) dr < /lbf(x) dr,

see [2, Theorem 6.1.4, p.211].
A function f is said to be Riemann integrable on [a, ] if

/abf(x) dzx = /abf(x) dx.

The common value is called the Riemann integral of f over [a, b], and it is denoted

by /abf(:v) dz = /abf(x) d:c:/abf(m) da.

Remark. In the following, (1) and (2) are from [2, Theorem 6.1.8].

1) Any continuous function on a finite interval [a, b] is Riemann integrable.
2) Any monotone function on a finite interval [a,b] is Riemann integrable.
3) Any elementary function is continuous on its domain.

The elementary functions are the polynomials, rational functions, power functions
(z%), exponential functions (a*), logarithmic functions, trigonometric and inverse
trigonometric functions, hyperbolic and inverse hyperbolic functions, and all func-
tions that can be obtained from these by five operations of addition, subtraction,
multiplication, division, and composition.

4.2. The Theorems.
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THEOREM 4.1. Let {F,} be a sequence of Riemann integrable functions on a
finite interval [a,b]. Suppose that {F,} converges uniformly to a function F on
[a,b]. Then F is Riemann integrable on [a,b], and

b b b b
lim F,(z)dx :/ F(z)dx e lim F,(z)dx :/ ( lim Fn(l‘)) dx.
n—oo a a n—oo a a n—oo
PrOOF. By definition, given any € > 0, there exists N such that
€
[Fo(z) — F(z)] <

2(b—a)
for all n > N and z € [a,b]. Thus

< F(z) < Fp(x) +

Bal@) = 5=

for all x € [a,b] and n > N. It follows that

(9) -

for n > N. Since F,(z) is Riemann integrable, we have

[ (= g55) = [ (R =)

b b
:/a Fn(;z:)dx—2(b€_a)-(b—a):/a Fn(z)dx—%,

/ab (Fn(x)—l— 2(b€—a)) dx:/ab (Fn(x)+2(b€_a)> dx

b € b €
:/ Fn(x)dx+2(b_a)~(ba)/ Fu(z) + 5.

Together with Inequality (9), we obtain

(10) /abF 33—*</F / dx</ n(x)daH—%

for n > N. It follows that

e

/abF(ac)dfc/abF(x)dx—O

and so F'(x) is Riemann integrable. From Inequality (10), we have

b b b
/Fn(x)dx—gg/ F(m)dxg/ Fn(m)dx%—%, that is,
b b
/Fn(x)dzf/ F(z)dx

lim F dx—/ F(x

n—oo

2(b—a)

x)dr <e.

\\

Let € — 0, we have

< =-<e

for n > N and hence
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EXAMPLE 4.2. Compute, justifying your answer,

lim 1 sinnx2 dx.
n—oo Jg N+
SOLUTION. Let F,(x) = ST Then the limiting function
n+ a2
. . sinnz
F(z) = nh_)rr;<> F.(z) = nlLII;O a2 0

for any given 0 < z < 1, by the Squeeze theorem, because

1 sin nx 1

_ - <

n_-n+x2 " n

. 1 . .
and lim — = — lim — = 0. Since
n—oo n n—oo n

sin nx 1
T, = sup |F,(z)—F(x)|]= sup |——| < —
n Ogmgll n(z) — F(2)] P N g R

lim T, = 0 by the Squeeze Theorem and so the sequence of functions {F,} con-

n—oo

verges uniformly to F(z). Thus

. 1 . 1
lim [ 22 g = / lim 22 g = / 0dz = 0.
0 0

n—oo [q n + x2 n—oo n + x2

1

o0
COROLLARY 4.3. Suppose that ka converges uniformly to a function S on
k=1
an interval [a,b]. Suppose that each fi is a Riemann integrable (bounded) function
on [a,b]. Then S is also Riemann integrable on [a,b], and

[ee)

b o b b o0 b
/S(J:)d:c:z fr(x) de, i.e./ ka(x)dxzz fre(x) de.

k=179 k=1 k=179

ProoF. Consider the sequence of partial sums {S,} on [a,b], where S, =

Z fe. Then {S,} converges uniformly to S on [a,b]. If each f; is Riemann
k=1

integrable on [a,b], then each S, is also Riemann integrable on [a,b]. Then by
Theorem 4.1, S is also Riemann integrable on [a, b], and

b b b n
/ S(z)dx = lim Sp(x)dr = lim Z fr(z) dx
a n—oo a n—oo a =1
n b 00 b
= lim Z fr(z)dx = fe(x) dx.
"= k=17

By using this theorem, we have the following amazing formula.

EXAMPLE 4.4. Show that

o0

111 1
m2=) sttt

n=1
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" 1
PRrROOF. Since |x”_1{ < (2> for 0 < z < = and the geometric series

[\

0o 1 n—1 e 1
Z = converges, the series Z "1 converges uniformly to on [0, %}
n=0 2 n=1 1 z

by the Weierstrass M-test. Thus we have

eS) L . oo pl/2 00 1
= "t dr = — =

Since

1
2 1
=—In(1-—
/0 1-2z ( x)o

we obtain the formula

oo
11,1 1
n2 = i ...
" ;n-zn 2t Ty

O

REMARK 4.5. Example 4.4 gives a way to estimate the number In2 because
the remainder

R, = 3 L ! + ! +
" k-2F  (n+1)2nt1 0 (n 4 2)2nt2
k=n+1
< ! + ! + ! +
(n+1)2ntl * (n+41)27+2  (n41)2n+3
- 1 14 1 n 1 n - 1 I 1
- (n + 1)2n+1 2 92 - (n+1)27+1 1 — % - (n+1)2n"
For instance,
In2 L + L + L +- 4+ 1
n2~ = e
2 2-22 3.2 10 - 210
1 1

with error less than 11-210 — 11264°

4.3. Remarks on Theorem 4.1. For completeness we include the following
result, which does not require uniform convergence. The proof requires new the-
ory called Lebesgue integration that will be discussed in MA 4262. There are
applications in the area of probability and statistics.

THEOREM 4.6 (Bounded Convergence Theorem). Let {F,} be a sequence of
Riemann integrable functions converging pointwise to F(z) on [a,b]. Suppose that
(i) F(z) is Riemann integrable, and
(ii) there exists a positive constant M such that

[Fn(2)] < M

for all z € [a,b] and n € N.
Then

b b b
lim F,(z) d:v:/ F(z)dx =/ lim F,(z)dx

n—oo a n—oo
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5. Uniform Convergence and Differentiation

THEOREM 5.1. Let {F,} be a sequence of functions on [a,b] such that
(i) each F! exists and is continuous on [a, b,
(ii) {F,} converges pointwise to a function F on [a,b], and
(iii) {F)} converges uniformly on [a,b].
Then F' is differentiable on [a,b], and for all x € [a,b],

d d
F'(z) = nlgrgo F! (), i.e. e (nlirr;o Fn(m)) = lim <dan(x)>
Remark. Here the differentiability and continuity at the endpoints a and b refer
to the one sided derivatives and limits respectively.

PRrROOF. By (iii), there exists a function g such that {F),} converges uniformly
to g on [a,b]. In particular, lim F}(z) = g(z) for all z € [a,b]. By (i), since
n—oo
each F} is continuous on [a,b], F, is also Riemann integrable on [a, b], and by the
fundamental theorem of calculus,

/ "B (#)dt = Fy(x) — Fo(a) for all o € [a,0]

Letting n — oo, we have, for all x € [a, b],

T

(11) nh_)rréo Fl(t)dt = nlgr;o (Fo(z) = Fo(a)) = F(z) — F(a).

On the other hand, since {F}} converges uniformly to g on [a,b], it follows from
Theorem 4.1 that

x

lim F(t)dt = /x( lim F(t))dt = /wg(t) dt.

n—oo n—o0

Together with equation 11, it follows that

F(z)— F(a) = / g(t)dt for all x € [a,b].
By (i) and Theorem 3.1, g is continuous on [a, b]. Then by the fundamental theorem
of calculus, we have

d xT

— t)dt = .

| smar=g@
Together with equation 11, it follows that F' is also differentiable on [a,b], and for
all z € [a, b],

%(F(w) — F(a)) = % /:g(t) dt = g(z), ieF'(z)=g(z), ie.

i( lim F,(z)) = lim (iFn(x)).

dx “ n—oo n— o0 €T

The proof is finished. O

REMARK 5.2. By inspecting the proof, Theorem 5.1 still holds when the closed
interval [a,b)] is replaced by (a,b), (a,b] or [a,b).

This theorem can be generalized as follows.

THEOREM 5.3. Let {F,} be a sequence of differentiable functions on [a,b]
such that

(a) {Fn(xo)} converges for some xo € [a,b], and
(b) {F]} converges uniformly on [a,b].



66 3. SEQUENCES AND SERIES OF FUNCTIONS
Then {F,} converges uniformly to a function F(x) on [a,b] with,
d d
F'(z) = nlln;OF;(x), i.e. %(nlin;o F,(z)) = lim (%Fn(x)).

The proof of this theorem is omitted, see [2, Theorem 8.5.1, pp.340-341].

COROLLARY 5.4. Let ka be a series of differentiable functions on [a,b]

k=1
such that
a) ka(xo) converges for some xy € [a,b], and
k=1
b) Z f}. converges uniformly on [a, b].
k=1

Then Z fr converges uniformly to a function S(z) on [a,b], and for all x € [a, b,

k=1
S@) =3 file e (S A@) =3 L e
R dx dx
k=1 k=1 k=1
PRrROOF. Consider the partial sums S, ( ka on [a,b]. By (a), {Sn(x0)}

converges, and, by (b), {S/ (x)} converges unlformly on [a,b]. By Theorem 5.3,

{Sn(x)} converges uniformly to a function S(z) on [a, b] and so Z fr(x) converges

k=1
uniformly to S(z) on [a,b] by the definition. Furthermore, by Theorem 5.3, for all
z € [a,b], S'(z) = lim S) (), that is,

%(ifkw) = lim (ifk@)/ = Jif;oifé idi
k=1 k=1 k=1 k=1
O

As an application, we give a proof of binomial series. Let a be any real number.
The binomial number, a chooses n, is defined by

(a) _ala-1)(a—2) - (a-n+1)

n n!

)5 (5
(1) - L=D0 )

3! 6 16

= o

for positive integers n. For instance, <

N——
Il
N[
—
N~
|
—_
~—
[

We also use the convention that (3) =1 for any a.

THEOREM 5.5 (Binomial Series). Let a be any real constant. Then

a a(ail) 2 = a nioo a n
e Y 1

n=0
for x| < 1.
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PROOF. Let p be any fixed positive number with 0 < p < 1 and let I = [—p, p].
Consider the series of functions

1+ 3 <a)x"

converges when « = 0 € [—p, +p]. So it satisfies condition (a) of Corollary 5.4. We
check condition (b) of Corollary 5.4, namely, the series of functions

ad a
§ ( )nxnl
n
n=1

converges uniformly on [—p, +p]. Note that

()= |Gl
n n
for x € [—p,+p]. Let M, = '(a) np™ L. Then
n
la| -la —1[---|a = n]
a n . 1) - o™
My |G| 1 CEm] (n+1)p
li = lim - T = lim
n—oo n n— oo |(n)|np"— n—o00 \a| \a71| |afn+1| n. n—1
n!
~ lim la] - jla—=1|---la—mn|-nl-(n+1) -p
n—oo (n+ 1)!-la|-la—1]---la—n+1]-n
= lim w: lim |a/n—1-p=p< 1.

n—oo n n—oo

o0 o0
. . . a _
Thus the series g M,, converges and so the series of functions g ( )nm" !
n

n=1 n=1
converges uniformly on [—p, p|, by the Weierstrass M-test.

o0
By Corollary 5.4, the series 1 + Z (a) ™ converges uniformly to a function
n

n=1
f() on [=p, p] with

F(z) = S:l (Z) nz" 1,

Next we are going to set up a differential equation that

(1 +2)f'(x) = af(x).
(Note. Since the goal is to show that f(x) = (1 + x)%, this equation is observed
from that, if y = (1 + )%, then ¢/ = a(1 +2)* ! and so (1+ )y’ = (1 +2)* =y.)

Now
f(z) = i (a)nfcn—l _ i al@a—1)---(a—n+1) M on1

n!
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B L)) o £ 0] o
where
()

(a—l)(a—Q)---(a—l—n+1)+(a—1)(a—2)~-~(a—1—n+2)
n! (n—1)!
(a—1)(a—2)---(a—1—-n—+2)

— . (a—1-n+1+n)

:a(a—l)---(a—n+1) _ <a>'

n! n

Let y = f(x). Then we obtain the differential equation

dy dy adzx
1 —_— = _— =
(1+2) dx W y 1+x

/dy /adac
— _— =
Y 1+

= Inlyl=aln|l+z|+A=h|l+z*+A

— Jy| = e = A1 4 2|0
=y =Cl1+z[%

where C' = +e4 is a constant. By putting = = 0,

> (a
C=(1+0)*=y0)=1 0" =1.
aror =y =1+3 (1)
Thus y = |1 + z|* or

(1+$)“:1+i (Z)a:”

n=1
for |x| < p because 1 + 2 > 0 when |z| < p < 1. Since p is any number with
0 < p < 1, the formula

— (a
1 a _ 1 n
(1+) +nZ::1 (n)x
holds for all x € (—1,1). O

For instance,

m(1+x);i(i)ﬁl+lx+ (3) (—%)1,2+

k=0

(o) (8 £ 0 &)

EXAMPLE 5.6. Evaluate v/4.1 with error less than 0.001.
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SOLUTION.

(o) - 8) 50 )

Now

(}) =G0 b (e} 0D i
k
for k > 2. Let

Pope g o) o) (1)

i 5 (1=3) (k=351 (1\"
k! 40
_ 1
_ 2
40(k+1) =
that is, bp > b3 > --- >0, and klim br = 0 by the Squeeze Theorem because
L1200 (k=1) /1" 1
<b, < 2 ) ==
0<be = k! (4o> 2k - 40F
1
for k£ > 2 and klirgo A0k = 0. By the alternating series estimation, from
1 1 k+1
2. 2 — 0.001
(k n 1) (40) R
h k>1,b 2b—i<0001 d so
we have k > 1, because 2by = 6100 .001, and s

1
N1
Vilm2+42(2)— =202
+<1>4o 025

with error less than 0.001. O

6. Power Series
6.1. Power Series.

DEFINITION 6.1. A power series in z is of the form

o0
E ant™ = ag + a1 + asx® + - -
n=0

EXAMPLE 6.2. Below are some examples
o0

1. Z(n—l—l)x”:1+2x+3x2+4x3+5x4+~-~
n=0
x

o0
T T
n=0

n 2 3
n! 3!
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DEFINITION 6.3. A power series in x — xq is of the form

Z an(z — x0)" = ap + a1 (x — z9) + as(z — 20)* + - -
n=0
EXAMPLE 6.4. Here are some examples.
oo
LY @Dt =1t @1+ (=14
n=0

2. Y nP(+2)"=(x+2)+2%(z+2°+3%(@+27+--.
n=1

oo
Warning. Don’t expand out the terms a,(x — 2)™ in the power series Z an(xz—

n=0
xo)" because, when you rearrange terms in an (infinite) series, you may get different

values. (For partial sums, you can expand out, if it is necessary, because there are
only finitely many terms.)

oo
Question: Given a power series Z an(z — x9)", when does it converge and when
n=0
o0
does it diverge? In other words, what is the domain of the function Z an(x—1x0)".
n=0
We are going to answer this question.
6.2. Radius of Convergence.
oo
DEFINITION 6.5. Given a power series Z an(x—x0)", the radius of conver-
n=0
gence R is defined by
1
C Tm Van]
n—oo
If im {/|a,| = oo, we take R = 0, and if lim {/|a,| = 0, we set R = co. If
n—oo n—oo
. a . . .
lim M exists, R is also given by
n—oo |an‘
1
R =
|ant1]

lim
n—oo ‘an |

Remark. Recall that

1m'+|' < lim /Jay] < T ¢/fan] < T 12t

|an |an| '

If lim M exists, then
n—oo |an|

1i |an+1| —Tim |a'n+1|

|an| |an|
and so lim {/|a,| exists and
n—oo
lim 3/|a,| = lim Jani]

EXAMPLE 6.6. What is the radius of convergence for the series

T 1'2 1'3 1'4 1'5 £B6
ts+Eratatsts

sTety o
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SOLUTION. Since

4% n =2k
an =
32;_1 n=2k—1,
we have L
1 n =2k
Van| =
3 n=2k—1.

— 1
Thus lim {/|a,| = 3 and so the radius of convergence
n—oo

1 1
lim Y|a,| 3
O
oo
4z 4 3)"
EXAMPLE 6.7. Find the radius of convergence of the power series Z %
n
n=0
SOLUTION. Observe that
(A +3)" = 4n "
> PR > (et 1
n=1 n=1
Thus . ) ) )
R — et — — —
lim [t li o lim 1 4
im
nose Jal S T o (144
O
THEOREM 6.8. Given any power series Zak(x - :ro)’“c with radius of conver-
k=0

gence R, 0 < R < oo, then the series Z ag(x — xo)k
k=0
(i) converges absolutely for all x with |x — zo| < R, and
(i) diverges for all z with |z — xo| > R.

1
PRrOOF. By definition, the radius of convergence R = T an Assertion (i)
m |ag|*
follows from the root test because, from
. T _ 1
lim | ay (z — mo)k‘ b= lim|ak|%-\m—x0| = |x—x0|-lim\ak\% = \x—x0|-§ < R'ﬁ <1,
o0
the series Z ’ak (x — xo)k’ converges.
k=0
o0
Next we are going to prove (ii) by contradiction. Suppose that Z ap(z — zo)"

k=0
converges at a point « with |z — z¢| > R. Then by Theorem 1.7, we have

klim ar(x — x0)* = 0.
Let € = 1. Then there exists IN such that
lag(z —20)F =0/ <1 forallk>N= |ap(x—20)F|F <1 forallk>N
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1 1
= |ak|%<7 forall k > N = sup|ak|%§7 foralln > N
|z — o n>k |z — o
= Tm| |% < 1 1 < 1 - 1
im |a —_— < —< =
MU= e = R~ |z —=z R’
oo
which is a contradiction. Hence we must have Zak (z — x0)* diverges at each x
k=0
satisfying |z — xo| > R. O

6.3. Interval of convergence. In view of Theorem 6.8, for a power series

o0 (o)

Z ar(x — z0)¥ with radius of convergence R, the set of points at which Z ag(z —
k=0 k=0

xo)k is convergent form an interval called the interval of convergence, which
must be either

(:’EO_R7.TO+R), (:EO_RMTO—’—RL
[to — R,z0 + R) or [xo— R,z + R].

EXAMPLE 6.9. Find the interval of convergence of the power series.
(oo} (oo} (oo}
: (z -2 (z—-2)" n
(i) ZT (ii) ZT (4ii) Zn(x—Z)
n=1 n=1 n=1

SOLUTION. (i). First we find the radius of convergence

1 1 1
2

R= =
lim - im —_ lim

Next we check the ending-points x¢ + R = 2+ 1 = 1,3. When x = 1, the

o0
—1)n
series is E (72), which is convergent by Example 3.5. When x = 3, the series
n
n=1

o0
is Z —, which is convergent by the p-series. Thus the interval of convergence is
n
n=1
1, 3].
(ii). The radius of convergence is
1 1 B 1

- Janga] B lim .
lim —

oo
_1)n
Now we check the ending-points xo+ R = 1,3. When x = 1, the series is g u,
n

n=1
o0
1
which is convergent by Example 3.5. When x = 3, the series is Z —, which is
n
n=1
divergent by the p-series. Thus the interval of convergence is [1, 3).
(iii). The radius of convergence is

1 1 1
= =1

" T n+1 1
lim |a7+1| lim lim (1 + )
n

n—oo (A n—00 n n—oo

R =
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oo
Now we check the ending-points o+ R = 1,3. When x = 1, the series is Z n(—=1)",

n=1
o0
and when x = 3, the series is Zn Both of these series are divergent by the
n=1
divergence test. Thus the interval of convergence is (1, 3). g

Remarks on radius and interval of convergence of power series:

Keep in mind that interval of convergence is just the domain of the power
series, and radius of convergence is just distance from the center to the ending
points. (So it is just the half-length of the interval.)

For some power series, that is hard to be written in the standard form, we can

simply try to find the domain for getting interval or radius of Cé)onvergence.

2
—1)"
Example. Find the radius and interval of the power series E u
n
n=0

SOLUTION. By applying the root test for general series, let

—1)n® — 1"
= lim ¥a, = lim ¢ u = lim u
n—oo n—oo n n—oo {L/ﬁ
+o0 e —1] >1
= 1 e —1] =1
0 |z —1| < 1.

Thus the series converges (absolutely) when |z —1| < 1, and diverges when |z —1| >
1. Check the ending points |x — 1| = 1, that is, x = 0,2. When x = 0, the series is

o3} 2 [e%¢)
—_1)" —1)"
E (=1) = E (=D , (where (71)"2 = (—=1)" by checking n odd or even), and
n n

n=0

n=0

(oo}
1
it converges by the alternating series test. When x = 2, the series is E — which
n
n=0
is divergent by the p-series.

Hence the interval of convergence is [0,2) and the radius of convergence is 1.
O
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6.4. Uniform Convergence of Power Series.

THEOREM 6.10 (Abel Theorem). Let Z an(x — xo)" be a power series, and

n=0

let R > 0.

o0 oo
(1). If Z an, R" converges, then the series of functions Z an(x — x0)" con-
n=0 n=0
verges uniformly on [z, 2o + R).
oo

(2). If Z an(—R)" converges, then the series of functions Zan(x — x9)"
n=0

n=0
converges uniformly on [xg — R, zg].

PROOF. We only prove assertion (1). The proof of assertion (2) is similar to.

T IO. Then

oo o0
Z an(z —x0)" = Z ap,R"t".
n=0 n=0

We are going to show that this series converges uniformly on 0 < ¢ < 1, that is,

We may assume that R > 0. Let ¢t =

o0
o < x < xg + R. Write a,, for a,R"™. By the assumption, the series Zdn =

oo n oo oo n:O
Z an,R™ converges. Let A, = Z ar — Z&k =— Z ar. Then
n=0 k=0 k=0 k=n+1
oo oo
A,—A,_1= (— Z (lk) — (— Zak> = Qp,-
k=n-+1 k=n

By Abel Partial Summation Formula, for 0 <n <m, 0 <t <1,

m m—1
Z (_Iktk AmtmfAntn+1+ Z Ak(tkfthrl)

k=n-+1 k=n-+1
m—1
<A™+ A Y A1 - ).
k=n+1

oo oo
Since Z a, converges, the remainders Z ar = —Ap, tendstoO0andso lim A, =

n=0 k=n+1 nee
€
0. Given € > 0, there exists N such that |4, | < 3 forn > N. Now, for m >n > N
and 0 <t <1,

m m—1
D apth| << At + (At DT ARt (1 - 1)
k=n+1 k=n+1
€ € e
<t ot Y S th (1)
2 2 W2
€ m n n n m—
:§(t + " (=) (T P )

€

5 (tm+tn+1 +(tn+1+tn+2+~'+tm71) _ (tn+2+tn+3+.”+tm)) _ %’2tn+1 <e.

oo o0
By the Cauchy Criterion, the series of functions Z ant™ = Z an(z — xp)™ con-

n=0 n=0
verges uniformly on 0 <¢ <1, oron zg <z < x9 + R. U
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o0

THEOREM 6.11 (Uniform Convergence Theorem). Let Zan(ac — x9)" be a
n=0
power series of radius of convergence R > 0. Let I be the interval of convergence.
o0

Then the series of functions Zan(x — x0)" converges uniformly on any closed

n=0
interval [c,d] C I.

Remark. (1). I = [zg — R,z + R], [vo — R,z0 + R), (x0 — R,z9 + R], or
(xo — R,z + R). If I = [xg — R, z0 + R], then the power series converges on I. In
other cases, since [ is not closed, the theorem says that the power series converges
on any closed sub-interval of I. For instance, if 20 = 0, R =1, and I = [-1,1),
then the power series converges uniformly on [—1,0.9], [0,0.9] and etc, but it need
not converge uniformly on [—1,1) or [0,1).

(2). In any of the four cases, the power series converges uniformly on any closed
sub-interval of (z¢g — R, zo + R).

PROOF. There are three cases: (i). ¢ < zo < d, (ii). zp < ¢ < d, or (iii).
c<d< xg.

Case (i). ¢ <z < d. Since Z an(d—xzo)" and Z an(c—xo)" (because ¢,d € I),

n=0 n=0
oo

where d — zg > 0 and ¢ — g < 0, the power series Zan(z — )" converges
n=0
uniformly on ¢ < z < x¢] and g < & < d by the Abel theorem and so on the union
[e,d] = [e, zo] U [x0,d].
oo

Case (ii). o < ¢ < d. Since Z an(d—x0)" converges, the power series Z an(z—

n=0 n=0
x0)" converges uniformly on [zg, d] by the Abel Theorem and so on the sub-interval
[e,d] C [0, d].

Case (iii). ¢ < d < x¢. Since Z an(c—xo)" converges, the power series Z an(z—

n=0 n=0
x0)" converges uniformly on [¢, 2g] and so on [¢,d] C [, o). O
o0
COROLLARY 6.12. Let Z an(x—x0)" be a power series of radius of convergence
n=0

R >0, and let I be the interval of convergence. Suppose that [c,d] is a closed sub-
interval of I. Then

n+1 (C—l‘o)"+1

/Zanx Zo) da:—Z/ an(z—120) dx—Zan ) nJ_rl

oo
PROOF. Since Z an(z — o)™ converges uniformly on [c, d],
n=0
_ -1'0 n+1 _ (C _ xo)n+1
/CZanx xo) dx—Z/ an(z—120) dm—Zan T .

O

oo
COROLLARY 6.13 (Abel). Let Z an(x — x0)" be a power series of radius of
n=0
convergence R > 0.
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If Z a, R" converges, then
n=0

lim E an(x — x0)" E apR".
z—(zo+R)~

b). IfZan(fR)" converges, then

lim Z an(x — x0)" Z an(—
z—(z0— R)Jr

oo

PRrooOF. (a). By the Abel theorem, the power series Z an(x — x0)" converges
n 0
uniformly on [zg,z¢ + R] and so the function f Z an(z — x0)"™ continuous

on [zg, zo + R]. Hence

Z anR" = f(zg+ R)= lim  f(z)= lim Z an(x — x0)"

z—(zo+R)~ x—(xo+R)~

The proof of (b) is similar to that of (a). O

oo
EXAMPLE 6.14. From the geometric series Z =
n=0

=) (v
n=0

by letting z = —¢. For any = € (—1, 1)7 we have

1
for |z| < 1, we have
—x

x oo xn-i—l
n(1 — t— )" t"dt = -1H)" .
+2) /1+t :0( )/0 Z:O( |
n+1
Since Z converges when x = 1, we have
n=0
& 1 e anrl
1" = 1li 1" = lim In(1 =In2.
;; = i SIS < it <
In other words,
In2=1 —I—l :
n2—1-—-4+-_=
3 4

o0
1
EXAMPLE 6.15. From the geometric series E " = for |z| < 1, we have
-z

n=0
1 _ — 1n2n
1+12 =2 (-
n=0

by letting x = —t2. For any x € (—1,1), we have

0o x o x2n+1

o
= _— = —1 n 2n = —1 n .
arctan x /0 e dt E (—1) / 2" dt E O( ) 1

n=0 0 n=
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o 2n+1
T
Since Y (=1)" wh = +1, it iforml 1,1
mce nio( ) Ml converges en r 1t converges unitormly on [ ]

and so
0 Z,Qn—i-l
arctanz = 7;)(—1)" o T 1 for all |z| <1.
In particular,
T > 1 11 1
— = tanl = 1" =1—-—=—4+=—=4...
7 = arctan nz::o( )Qn—l—l 3+5 7+
EXAMPLE 6.16. From
o0 p2n+1
arctanz = ;(—1)" 1 for all |z| <1,
we have
) 0 I2(2n+1) oo x4n+2
arctana® = ) (-1 5o =D (050

for |z] <1 and so

1 oo 1 .4n+2 s 1
/0 arctan z” dx Z( ) o 2n+1 dz nzz;)( ) (2n+1)(4n+3)

n=0

7. Differentiation of Power Series
LEMMA 7.1. Let {a,} and {b,} be sequences such that a, > 0, lim b, exists
n—oo

with lim, o0 b, # 0. Then lim a,b, = lim a, - lim b,.

PROOF. Let B = nan;O b,,.Given any € > 0, there exists N such that |b, —B| < €

for n > N, that is,
B—e<b,<B+e for n > N.
Thus, since a,, > 0,
an(B —€) < apby, < an(B +€) for n>N

and so
(B—¢) n@o ap, = n@o an(B—¢€) < n@oa”b" < R@C an(B+e€) = (B+e) n@o -
Now, by letting € tend to 0, we have

B- lim a, < lim apb, < B- lim a,.
n—oo n—oo n—oo

Thus
lim an,b, = B- lim a, = lim a, - lim b,.

n—oo n—oo n—oo n—oo

O

o0
THEOREM 7.2. Suppose that Z an(z —x9)" has radius of convergence R > 0,
n=0
and

f(z) = Zan(x—xo)”, | — zo| < R.
n=0

Then

o0

(a). The power series Z nan(x — x0)" " has radius of convergence R, and

n=1
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(b). f'(z) = inan(m —20)""! for |z — x| < R.

n=1

PRrROOF. (a). By Lemma 7.1,

— 1 RN 1 1 —_— 1
lim n = lim |a,|™ -n» = lim n - lim {/n
n—oo n—oo n—oo n—oo
1 1
hrn 1= hm lan|™ = &
Thus the power series
o0
Znan (x —x)" Znan (x —x0)" = (x — x9) - Znan(x—xo)"_l
n=1
o0
has radius of convergence R and so has Z nay, (r — )"t
n=1
oo
(b). For any p with 0 < p < R, the series of functions Znan(x —x9)"!
n=1

converges uniformly on |z — zo| < p by the Uniform Convergence Theorem because
the closed interval [zg — p,zo + p] C (2o — R, 20 + R). The result follows from

Theorem 5.3. (]
Remark. The formula f/(z Z nan(x —x0)" " need not hold at the end points
T = xo = R in general even if the mterval of convergence of > > a,(z — xo)" is
[ R xo + R]
ExAMPLE 7.3. From Example 6.15,
0 2n+1
arctanx = ngo(fl)" ;n 1 for all |z| <1.
But
1 o0
T2 (arctanz)’ = Z(—l)"x2”

n=0
only holds for || < 1 because when x = £1, the right hand side diverges (and the

1
left hand side = 5)

o0
COROLLARY 7.4. Suppose that Z ap(z—0)* has radius of convergence R > 0
k=0
with pointwise limiting function f(x) on |x —xo| < R (i.e. f(z Zak (x — x0)"

on |x — xg| < R), then f(x) has derivatives of all orders on
|x — xo| < R, and for each n,

(12) ™ (z) = i k(k—1)(k—2)---(k—n+ 1ap(z — xz0)* "
In particular,

f(k)(wo)
(13) U = for all k.

(i.e. we have f(x Zf

x—xo)k.)
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PROOF. The result is obtained by successively applying the previous theorem
to f, f', f”, and etc. Equation 13 follows by setting z = xg in Equation 12, that is,

() = nlan+(n+1)n- - 2an41(z—20)+ (n+2)(n+1) - 3ap4o(z —20)2 + - --
U

EXAMPLE 7.5. From the geometric series

1im—§x”_1+x+;p2+x3+... Iz < 1,
we have -
(1195)2_(1:5) an Y=1+22+32° +42° +- -
for [z] < 1, and so
(1561;)2:%1”95”:$+2m2+3x3+4334+... 2| < 1.

1
By letting z = 5 e have

—_

D= =2
2 (1-3)

ExXAMPLE 7.6. Consider the function

& " $2 xS
=y =1+ + gt
— nl 3!
The radius of convergence
1 1 1 1
"= i [l B him " im0 >

Thus for any z € (—o0, +00),

22 2
y—0+1+x+—+—+ =y
d d d
dgc Y
— |y| = *t4 zy:C’e , C==+e? constant.
Let x = 0.

C=0C=y(0)=14+0+0+4---=
Hence we obtain the formula

X n 2 3

xr __ € _
e _Z%E 1+x+—+§+

DEFINITION 7.7. A real-valued function f defined on an open interval I is said
to be infinitely differentiable on I if all (higher) derivatives f(™(x), n > 1,
exist. The set of infinitely differentiable functions on I is denoted by C*(I).

As a consequence, the functions f(x Z an(x — o)™ are infinitely differen-

n=0
tiable on (z¢g — R,xo + R) if R > 0.
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o0
COROLLARY 7.8 (Uniqueness Theorem). Suppose that Zan(a? — 20)" and
n=0

[M]8

bn(z — )" are two power series which converge for |x — xzo| < R with R > 0.

0
en

3
Il

3

Zanx—zo Zb x—x9)" for |z —xzo| <R

if and only zf ar = by for all k = 0, 1,2,3,--

PROOF. Suppose that a; = b for all k =0,1,2,3---. Then Z an(x—xo)" =

n=0
oo
S tnte
n=0 (oo}
Conversely, suppose that Z an(x — x0)" Z bp(z — z9)" = f(x) for |z —

n=0
f(”)(xo) .

(n)

20| < R. Then a, = fi(,%) and b, = Thus a, = b, for all n =
n. n.

0,1,2,3, - O

8. Taylor Series

8.1. History Remarks. The study of sequences and series of functions has
its origins in the study of power series representation of functions. The power series
of In(1 + x) was known to Nicolaus Mercator (1620-1687) by 1668, and the power
series of many other functions such as arctan x, arcsinz, and etc, were discovered
around 1670 by James Gregory (1625-1683). All these series were obtained without
any reference to calculus. The first discoveries of Issac Newton (1642-1727), dating
back to the early months of 1665, resulted from his ability to express functions in
terms of power series. His treatise on calculus, published in 1737, was appropriately
entitled A treatise of the methods of fluzions and infinite series. Among his many
accomplishments, Newton derived the power series expansion of (1 + x)™/™ using
algebraic techniques. This series and the geometric series were crucial in many of
his computations. Newton also displayed the power of his calculus by deriving the
power series expansion of In(1+ ) using term-by-term integration of the expansion
of 1/(1 4+ z). Colin Maclaurin (1698-1746) and Brooks Taylor (1685-1731) were
among the first mathematicians to use Newton’s calculus in determining the coef-
ficients in the power series expansion of a function. Both realized that if a function

o0

f(x) had a power series expansion Z an(x — xp)™, then the coeflicients a,, had to

n=0
n
be given by L )(xo).
n!
Why does one care? You probably like polynomials. Think of power series
s “generalized” polynomials. Since (almost) all functions you encounter have a
Taylor series, all functions can be thought of as “generalized” polynomials!

For instance, you will see that power series are easy to differentiate and inte-
grate. No more techniques of integration, if one is satisfied with writing an integral
as a power series!

In finding integrals and solving differential equations, one often faces the prob-
lem that the solutions can’t be “found”, just because they do not have a name, i.e.,
they cannot be written down by combining the familiar function names and the
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familiar mathematical notation. The error function and the functions describing
the motion of a “simple” pendulum are important examples. Power series open the
door to explore even functions like these!

8.2. Taylor Polynomials and Taylor Series.

DEFINITION 8.1. Let f(x) be a function defined on an open interval I, and let
xo € I and n > 1. Suppose that f(™) () exists for all x € I. The polynomial

— %) (xo)
TS o)) = 3 I o )
k=0
1s called the Taylor polynomial of order n of f at the point xo. If f is infinitely
differentiable on I, the power series

©  4(n) (4
1(fa0)(w) = 3 0 (e
n=0 ’

is called the Taylor series of f and xg.

For the special case xg = 0, the Taylor series of a function f is often referred
to as Maclaurin series. The first few Taylor polynomials are as follows:

TO(fv l'o)(x) = f(xo)a
Ti(f,w0)(x) = f(x0) + f'(x0)(x — 20),

T34, 20)(&) = Flao) + F'(ao)(@ — a0) + T @,
T5(f,z0)(z) = f(xo) + f/(xo)(z — z0) + fﬂ;fo) (x —x0)% + w(x —x0)>.

The Taylor polynomial T7(f, z¢) is the linear approximation of f at zg, that is
the tangent line passing through (z, f(x¢)) with slope f’(z).

In general, the Taylor polynomial T}, of f is a polynomial of degree less than
or equal to n that satisfies the conditions

T (f,20)(x0) = F™* (x0)
for 0 < k < n. Since f(™(2() might be zero, T}, could very well be a polynomial of

degree strictly less than n.

EXAMPLE 8.2. Find the Maclaurin series of e*.

SOLUTION. Let f(z) = e®. Then f(™(z) = ¢*. Thus f(0) = 1 and so the

Maclaurin series of e® is )

1+z+ % +e
(]
EXAMPLE 8.3. Find the Taylor series of f(z) =sinx at zg = 7.
SOLUTION.
flz)=sinz  f'(z)=cosz  f’(z)=—sinx  f"(z)=—cosx
fmy=0  fim=-1 f'(m)=0 f"(r)=1,
Ts(f,m)(x)=0—(x—m)+ 0+ %(m —)?
T(f,m)(w) = ~ (@14 5 (=)~ g (m-m) = > g T
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1
EXAMPLE 8.4. Find the Taylor series of f(z) = — at xo = 3.
x

PRrROOF.
1 1 1 1
x_3f(3fx)_3 1-3z2
g ol (=" n e (D" n

O

8.3. Taylor Theorem. In view of Theorem 7.4, we may ask the following
question:
Question: Given a infinitely differentiable function f(z), does the equality

(14) £() = T(f,20)(a Zf I2Le0) oyt

hold for |z — x| < R?
(Here R is the radius of the convergence of the Taylor series.)
It turns out that in general, the answer is NO. (See Example 8.5 for an example of
a function such that equation 14 does not hold.)

However, as we have seen, the above equality does hold for some elementary
functions such as e”,sinz, cosz, In(14x), (1+2)?, arctan z, and etc. We are going
to give certain hypothesis such that the above equality holds for some functions.

ExAMPLE 8.5 (Counter-example to the Question). Consider the function

e 2 x #£0,
fx) =
0 xz =0.

Then we will show that f(x) # its Taylor series at xzo = 0.

1
PROOF. First we compute f'(0). By substituting y = —
x

1
_ -7z _ 1
7/(0) = lim f@) = JO) lim < 0_ lim —— = lim T
z—0 x—0 z—0 x =0 poa? z—0 12037
= lim = hm x=0-0 (by L’Hospital’s rule) =0.
Yy—00 ey —0
For x # 0,
d
f(x) = ﬁ(efm%) — 9r 372,
Thus,
2037w # 0,
f'(@) =
0 z=0.
1
Next we compute f”(z). By substituting y = —,
x
/ _ ! 2 -3 —x% _
f"(O):limf() f(o)—hm T 0:2hm .

z—0 z—0 20 x =0 pde3z
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2
=21m L =0 (by L’Hospital’s rule).

y—oo eY

Again, for x # 0,

" _i -3 -5\ _/ p.—4 -6y, —
f ($)7dm(2x e 22) = (—6x " +4x " )e 2.
Similar calculations will lead to
F0) = f(0) = f"(0) = F2(0) = fPY(0) = =0.

Thus we have

®)(0 > 0
Zf o ZE =0+0z+0z>+---=0.
k=0 k=0
f(k) ) &
Clearly, at any = # 0, f(z) = e~ e # 0. Therefore, f(x #Z z* O

The remainder or error function between f(x) and T, (f, zo) is defined by

R (f,20)(@) = f(2) = Tu(f, m0)(2).
Clearly

O r(k)
fl) = lim T(f,20)(@) = lim Zf Vo —woyt = S L0 (e

if and only if
lim R, (f,zo)(z) =0.
n—oo

To emphasize this fact, we state it as a theorem

THEOREM 8.6. Suppose that f is an infinitely differentiable function on an
open interval I and xo € I. Then, for x € I,

0 £(n)
=2 ! n(le) (z —xo)"
n=0 .
if and only if nILH;O R, (f,xz0)(z) =0. O

The remainder R, (f, zo) has been studied much and there are various forms of
R, (f,x0). We only provide one result called Lagrange Form of the Remainder,
attributed by Joseph Lagrange (1736-1813). But this result sometimes also referred
to as Taylor’s theorem.

THEOREM 8.7 (Taylor Theorem). Let f be a function on an open interval I,
g € I andn € N. If f("'H)(t) exists for every t € I, then for any x € I, there
erists a & between xy and x such that

f(nJrl)(f) n+1
(15) Ry (f,z0)(x) = m(m — )"
Thus
ae () (g (n+1)
R L e

for some £ between = and xq.
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PRrROOF. Recall that

") (g
Rulfa0) = f(@) = 30 Tt (0 e

k=0
Fixed = € I, let M be defined by R,,(f,z¢) = M(x — 2¢)""!, that is,

n (R (g
fla)y=>" fi(o)(m —20)® + M(z — x0)" .

— k!
n+1
(Note. M depends on z.) Our goal is to show that M = {n _’_(f))' for some &
between xg and z.
We construct a function
2R (g .
o6) = £0) 3 T b gy — bt — g
k=0
() (g
= 10~ (e0) + 1)t )+ oo+ EV ) o= .

By taking derivatives, we have

g(x0) = ¢'(x0) = g"(x0) = --- = g™ (o) = 0.
and
(16) g () = FUI() = (n+ 1M

For convenience, let’s assume x > xg. By the choice of M, g(x) = 0. By applying
the mean value theorem to g on the interval [xg, z], there exists ¢1, g < ¢1 < z,
such that

0= g(x) — g(x0) = g'(c1)(x — o) = ¢'(c1) = 0.
Since ¢'(xg) = ¢'(¢1) = 0, by applying the mean value theorem to ¢’ on the interval
[0, c1], there exists o, xg < cg < ¢1, such that

0=g'(c1) = g'(x0) = g"(c2)(c1 — w0) = ¢"(ca) = 0.

Continuing this manner, we obtain points ci,ca, -« ,Cn, To < Cp < Cpo1 < -+ <
ca < ¢1 < z, such that ¢/(c1) = 0, ¢"(c2) = 0, ¢""(c3) = 0, ---, g™ (¢,) = 0.
By applying the mean value theorem once more to g™ on [0, ¢n], there exists &,
ro < & < ¢y, such that

0=g"(cn) = g (x0) = "V () (cn —z0) = g"H(E) =0
From Equation (16),
0=g" V(€)= FHD(€) = (n+ DM,

(n+1)
that is, M = m for some & between xg and = (because ¢ < £ < ¢, <z). O
ExAMPLE 8.8. Show that
) _ e (_1)n$2n+1 _ 56'3 1’5 1’7

n=0
PROOF. First the right hand side is the Maclaurin series of f(z) = sinx because

f(z) =sinz  f'(z)=cosz  f'(z)=—sinx  f"(z)=—cosx

fO)=0  f(O)=1  f10)=0  f"(0)=-1,
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Next we show that the remainder tends to 0. Since f(x) = sinz, the higher
derivatives f("+1)(z) is either =sinz or & cosz. Thus |f(**1(z)| < 1 for all z and
all n. By the Taylor Theorem,

FOE) | 2™
= n < .
| |n+1
Since lim m =0, we have lim |R,(f,0)(z)| =0, by the Squeeze Theorem,
n—oo (N n—oo
or lim R, (f,0)(x) =0 for all z. Hence
) B et (_1)nx2n+1 B .’IJ3 .’L'5 .’E7

n=0
O

8.4. Some Standard Power Series. Below is a list of Maclaurin series of
some elementary functions.

Z—'_l+x+—+§+ (2] < o0)
oo
. B (_1)nm2n+1 B $3 $5 $7
_ 0 (*1)”‘1}2”_ 72 74 76
0 n+1 5132 2133
n(1 = -t = -1 <1).
+ x) ; =z- o+ (-l<z<1)
1
1_x:n;)$”:1+x+x2+x3+~~ (Jz| < 1).
=Y (D" =1-z+a2” -2+ (2] <1).
n=0
0 2n+1 3 5
arctanng(—l)”§n+1:x—z+x5—-~- (-1<x<1)
<1+x>a:§(i)x"=l+(?)x+(Z)w2+(§)w3+~- (2] < 1),

where

(Z) :a'(a—l)-(a—k2!)~'(a—k+1)

for any real number a and integers £ > 1, and <g) =1

Remark. From these power series, we can obtain Maclaurin series of various more
complicated functions by using operations such as substitution, addition, subtrac-
tion, multiplication, division, integrals, derivatives and etc. For the Maclaurin
series of sina? can be obtained by replacing z by z? in the Maclaurin series of
sinz. By using multiplication, we can obtain the Maclaurin series of e” - sinz. By

Y By tak-

ing integral, we can obtain the Maclaurin series of non-elementary functions, for
xr

instance f(x) :/ sint? dt.
0

. o . . . sin
using long division, we can obtain the Maclaurin series of tanxz =
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As an application, we are going to compute number 7.
Computation of 7
Step 1. Find the Maclaurin series of arcsinz for |z| < 1.
For |z| < 1,

arcsinx:/OI \/ll_iﬂdt:/oz (1+(—t2))’% dt:/()zg(j)(_ﬂ)kdt

£ [ (e Eer (D Eor (D
Note that
(GG () () ()
(k> W k!

_ (_1)161.3..];'. Q(zk_ 1)

[

for £ > 1. Thus
(17)

. 0 ) 1-3..... (Qk_l) 001.3_“__(2]{:_1)
B & & 2k+1 _ 2k+1
k=1 k=1

for |z| < 1.
Step 2. Find a series expansion of il using % = arcsin 3
From Equation (17), we obtain the following formula.

T 1 =1-3----- (2k —1)
1 == .
(18) 6 2 k! (2k+ 1) 23k+1

Step 3. Estimate the remainder.

The remainder of the formula 18 can be estimated as follows.

1-3-----(2k—1) = 1
=1S—-8,| = -
| | k;ﬂ 2k k! (2k 4 1) - 22k+1 <k§r (2k + 1)22++1

WSy (2n 4 3)22k ~ (2n + 3)22n+3 4 42
1 1

T (@2n+3)2203 (1- 1) T 3(2n 1 3)22nH1
For instance, let n = 10, we have

(1-3- (2k—1)
7W6< +Zk' 2k + 1) 23k+1>

with error less than
1 1 1

3.23.221 ~ 23.220 24117248
If we choose n = 20, we have

(2k — 1)!
””6< Zk' 2k +1) 23k+1>

6 -

with error less than

6 ! _ L < 10713
3.43-241 7 43.240 T 47278999994368 ‘
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1
100340843028014221500612608

Remark. There are several other methods for computing 7. For instance, we can
also use

If n = 40, the error is less than <1072,

T panl—1— 4Ll 1.
—=arctanl =1—-4+—-—-+---
1 3757 :

but one needs a huge number of terms to get enough accuracy. (So this method
is no good for computational purpose!) Another method is to use the formula of
John Machin (1680-1751):

4 arct 1 ¢ 1 ™
arctan — — arctan — = —
5 239 4’

see our text book [1, Problem 7, p.813] for details. Machin used his method in
1706 to find 7 correct to 100 decimal places. In 1995 Jonathan and Peter Borwein
of Simon Fraster University and Yasumasa Kanada of the University of Tokyo
calculated the value of 7 to 4,294,967, 286 decimal places!

Another story on computing 7 is a Chinese mathematician and astronomer

355
Tsu Ch’ung Chi (430-501). He gave the rational approximation 13 to 7 which is
correct to 6 decimal places. He also proved that

3.1415926 < 7 < 3.1415927

a remarkable result (Note. He was a person lived 1500 years ago!), on which it
would be nice to have more details but Tsu Ch’ung Chi’s book, written with his son,
is lost. (His method is to cut off the circle by equal pieces to get his approximation
to m.) Tsu’s astronomical achievements include the making of a new calendar in 463
which never came into use. (According to the article of J O’Connor and E F Robert-
son in http://www-groups.dcs.st-and.ac.uk/ history /Mathematicians/Tsu.html.)

Remark. Those, who are interested in more applications of Taylor series, can
try to finish the applied project, Radiation from the Stars, in our text book [1,
pp-808-809).
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