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Since lim — = lim 0 = 0, we have lim 7,, = 0 by the Squeeze theorem and so {F, }

converges uniformly on [0, 1]. O

Question 1 (b). The limiting function F(z) = lim 2"(1 —2) = 0 for 0 < z < 1.

Observe
T, = sup |F,(z) — F(x)| = sup z"(1 —xz).

0<z<1 0<z<1
Let g(x) = 2™(1 — x). Then ¢'(z) = nz" (1 — z) — 2™ = 2" 'n — (n + 1)z]. From
1 and ¢'(z) < 0 for

g'(x) =0, we have z = 0 or .25 Since ¢'(z) > 0 for 0 <z < nn

n \" n
<z <1, su r) =maxig(z)|0 <x <1} = 11— and so
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Thus {F),} converges uniformly on [0, 1]. O
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Question 1 (c¢). The limiting function f(z) = lim =0for 1 <z < oo. Ob-

n—oo M

serve that
nlnx nlnx
Tn = sup |fn(:13) — f(l‘)’ = sup — = 0‘ = sup -
r>1 z>1 x z>1 €T
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Let g(z) = n nx. From
1 _ 21
g'(z) = (n Inz- IE—”)/ = nga?_" —n?lnx - " = nonme x:’ﬂnx =0,

we have 2 = en. Since g(x)>0for1 <z< en and g (z) <0 for z > e%, we have

T, = iglfg(x) = max{g(z)|z > 1} = W =

1
and so lim 7T, = — # 0. Thus {f,} does not converge uniformly on [1, +00). O
e
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Question 1 (d). The limiting function f(z) = lim ———— = 0 for x > 4. Ob-
n—oo xrn
serve that
nlnx - | cosnz| nlnzx nln4
0<T,=sup|fu(z) — f(z)] =sup ~ <sup——=g(4) = ——,
z>4 >4 T >4 T 4
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where g(z) = ——— is monotone decreasing on [4, +-00). Since lim ——— = lim 0 =
0, we have lim 7,, = 0 by the Squeeze theorem and so {f,} converges uniformly on
[4, 4+00). O
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Question 1 (e). The limiting function F'(z) = lim F,(z) = lim % = 1. Ob-
n—oo n—oo 1 €T
serve that
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T, = sup |F,(2) — F(z)| = 1| = sup ———
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Let g(l’) = m Since
J(x) = 2a(n® +2%) —2® - 22 _ 2xn? -0
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for x > 0, the function g(x) is monotone increasing and so
x? 2z
T, = = li = lim —— = lim — = 1.
supg(e) = lim g(x) = lim ~5=—75 = lim o

Thus lim 7,, = 1 # 0 and so {F,,(x)} does not converge uniformly on [0,4+00). O
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Question 2 (i). Since
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n2 + 2| = n2
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and the series — is convergent by the p-series, the series of functions
converges uniformly on (—oo, +00) by the Weierstrass M-test. 0
Question 2 (ii). Since
1 1 1
< < —
14+n322| = 14+22n3 — n?
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for x > 2 and the series Z — 1s convergent by the p-series, the series of functions
n
o | n=1
Z ———— converges uniformly on [2, +00) by the Weierstrass M-test. U
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Question 2 (iii). Let f,(x) = e

5~ for z € (0, +00). Then
n
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fl(x) = = (e_”"” — xne_m”) = e
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Thus f,(z) is monotone increasing for 0 < z < — and monotone decreasing for
n
1
x > —. It follows that
n
1 Le=ns el
W) S fl=) = - = 3
bl (5) =" =5
. R - N I .
for € (0,+00). Since the series Z = Z 3 is convergent by the p-series,
n=1 n=1
he series of functions S 2 iforml by the Wei
the series of functions Z 5 converges uniformly on (0, +00) by the Weierstrass
n=1
M-test. [l

Question 3. Since the series of functions Z gn(z) converges uniformly on I, by the

n=1
Cauchy Criterion, for any € > 0, there exists N such that

Z gr(x) = Z gr(x)| <e
k=n+1 k=n+1

for all z € I and m > n > N. Because gi(x) > |fi(z)| > 0, for all z € I and
n >m > N, we have

S R < Y 1A Y ) <«
k=n+1 k=m-+1 k=n+1
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Thus, by the Cauchy Criterion, the series of functions Z fn(z) converges uniformly.
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Question 4. Answer: NO. Suppose that the series Z(—l)”“— converges uniformly
n$

n=1

1
on (0,+00). By the Cauchy Criterion, for given € = 5 there exists N such that
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for all n,m > N and x € (0,4+00). In particular, let n = N +1 and m = N + 2,
N+2
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for all = € (0, +00). This contradicts to that
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