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INSTRUCTIONS TO CANDIDATES

1. This test contains a total of SIX (6) Questions.
2. Answer ALL six questions. Show your steps.

3. The examination carries a total of 50 marks.

4. Candidates may use a help-sheet, up to A4 size (both sided).
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1. [15 marks] Determine the limit of the following sequences. Justify your answer.
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v/ (3n)!
2. [5 marks] Determine the limit of the sequence (3n) Justify your an-
n
swer.
Solution. Let a,, = (2;2!. Then
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3. [15 marks] Determine convergence or divergence of the following series. Justify
your answer.
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ETawe converges by limit comparison test.

Since Z b, converges, Z
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Let an = (—=1)"3%5. Since 7111_{20 7oaT = 1 nh—{EO an does not exist and the series
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The series diverges by ratio test.
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4. [5 marks] Determine the absolute convergence, conditional convergence or diver-
o0

gence of the series Z( —1)"

n—

Solution. Let b, = nj&g? Then b, > 0. Let f(x) = xﬁgfm Then

() = to(z+2nz)—nz-(1+2}) 1-Ia
= (r+2Inx)? ~ (r+2Inx)?
for x > e. Thus b, is eventually monotone decreasing. Since

Inn

oo Justify your answer.

Inn
lim b, = lim —1:0,
n—00 n—oo | 4 222
the series converges by the alternating series test.
Let a, = =. Then

. a, n+2lnn 1 1—1—21117”
lm —=——— - = —— 2 = ().
n—oo b, Inn n Inn

Since Z a, diverges by p-series, Z b, diverges by limit comparison test. Thus the

n=1

Inn
series " converges conditionally. O
Z n -+ 2 n+2nn Vers Y
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5. [5 marks] Let A be a non-empty bounded set of non-negative real numbers such
that sup A = 1. Consider the set

C’:{m : a,bGA}.
Find the value of sup C. Justify your answer.
solution. Given any a,b € A. Since 0 < a,b < 1,
Va+b+2<V1+1+2=2
Thus 2 is an upper bound of C'. Let M be any upper bound of C'. Then

va+b+2< M

for any a,b € A. In particular, for any a € A,

M? -2
Va+a+2<M=—=2a+2<M?>=a< )

M?—2
Thus

is an upper bound of A and so

2

1=supA< —2< M?—2=—4< M?

— M>20or M < -2
Since M >0, M > 2. Thus supC = 2.
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6. [5 marks] Let {a,} be a sequence of positive real numbers such that Z(—l)”—
Qn
n=1

o 3

a
is convergent. Is it true that the series E —7 is divergent? Justify your answer.
n

n=1

Solution. Since Z(—l)”i converges, the n-term (—1)"* tends to 0 and so

n=1 n

lim L lim

n—oo a,n n—oo

Let b, = % and let ¢, = +. Then

1 nt 3
lim & = lim - - % = lim <ﬁ) —0.

n—00 bn n—ocomn a3 n—00

o0 oo

. . . . 3 . . . .

Since ) ¢, diverges by p-series, the series ) "2 diverges by limit comparison test.
n=1 n=1



