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Question 1 (2).
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Question 1 (3).
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Question 1 (4).
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Question 1 (5).
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Question 1 (6). Since 0 ≤ 3 + (−1)n
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Question 1 (7).
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Question 1 (8).
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Question 1 (9). Observe that
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Question 1 (10).
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Question 1 (11).

lim
n→∞

n sin
3

n
= lim

n→∞
3 ·

sin 3
n

3
n

= lim
x→0

3 · sin x

x
= 3 · 1 = 3,

where x =
3

n
. �

Question 1 (12).
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Question 6 (13). lim
n→∞
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=⇒ lim
n→∞

an = e2.
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Question 2. Since S, T are bounded, there exist m1, m2, M1, M2 ∈ R such that

m1 ≤ x ≤ M1 for all x ∈ S, and m2 ≤ x ≤ M2 for all x ∈ T.

Then for all z ∈ S ∪ T , we have

z ∈ S or z ∈ T

=⇒ m1 ≤ z ≤ M1 or m2 ≤ z ≤ M2

=⇒ min{m1, m2} ≤ z ≤ max{M1, M2}.
Therefore, S∪T is bounded (above by M = max{M1, M2} and below by min{m1, m2}).
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Question 3 (i). Since {an} is bounded, there exists m, M ∈ R such that m ≤ an ≤ M
( and thus −m ≥ −bn ≥ −M) for all n.

|an|=
{

an if an ≥ 0,
−an if an < 0,

≤
{

M if an ≥ 0,
−m if an < 0

≤ max{−m, M}.

Therefore, {|an|} is bounded above (by max{−m, M}).
Clearly, |an| ≥ 0 for all n ≥ 1. {|an|} is bounded below (by m = 0).
Since {|an|} is bounded above and below, {|an|} is a bounded sequence.
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Question 3 (ii). Since {bn} is bounded, the sequence {|bn|} is bounded by (i) and so
there exists M ∈ R such that |bn| ≤ M for all n. Clearly, M ≥ 0, since each |bn| ≥ 0.
Without loss of generality, we may assume that M > 0, since if M is an upper bound
of {|bn|}, so is any number M ′ > M .

Given any ε > 0, since lim
n→∞
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for all n > N and so lim
n→∞
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Question 3 (iii). Example: cn =
1

n
, dn = n. �


