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Question 1 (i). {an} = {1, 0, 1, 0, 1, 0, · · · }. Thus,

lim
k→∞

a2k = lim
k→∞

0 = 0, lim
k→∞

a2k−1 = lim
k→∞

1 = 1.

Thus, {an} has two subsequences which converge to two different limits. Then {an}
diverges. �

Question 1(ii). {an} = {1, 1, 1, · · · }. Thus, lim
n→∞

an = lim
n→∞

1 = 1(converges).

�

Question 1(iii). {an} diverges (to +∞). Apply the reciprocal rule. �

Question 2. Given any ε > 0, since lim
k→∞

a2k−1 = lim
k→∞

a2k = A, there exists K1, K2 ∈ N
such that

(1) |a2k−1 − A| < ε ∀k > K1, and

(2) |a2k − A| < ε ∀k > K2.

Choose N = max(2K1 − 1, 2K2). Then for all n > N ,
Case (a): n is odd. In this case, n = 2k − 1. Then n > N =⇒ 2k − 1 > 2k1 − 1 =⇒
k > K1. Hence we have |an − A| = |a2k−1 − A| < ε by (1).
Case (b): n is even. In this case, n = 2k. Then n > N =⇒ 2k > 2k2 =⇒ k > K2.
Thus we have |an − A| = |a2k − A| < ε by (2).
Hence we have |an − A| < ε for all n > N . Therefore, lim

n→∞
an = A.

�

Question 3 (a). Since {an} = {4 + cos
nπ

2
} = {4, 3, 4, 5, 4, 3, 4, 5, 4, 3, 4, 5, · · · }, we

have

bn = sup{an, an+1, an+2, · · · } = 5 and cn = inf{an, an+1, an+2, · · · } = 3

for all n and so lim
n→∞

4 + cos
nπ

2
= lim

n→∞
bn = 5 and lim

n→∞
4 + cos

nπ

2
= lim

n→∞
cn = 3. �

Question 3 (b). Observe that

0 ≤ 1 + (−1)n

n
≤ 2

n
.

Since lim
n→∞

2

n
= lim

n→∞
0 = 0, we have lim

n→∞

1 + (−1)n

n
= 0 and so

lim
n→∞

1 + (−1)n

n
= lim

n→∞

1 + (−1)n

n
= lim

n→∞

1 + (−1)n

n
= 0.

�
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Question 4(i). Let en = inf
k≥n

(ak +bk), cn = inf
k≥n

ak, dn = inf
k≥n

bk. Then for any fixed

n and any k ≥ n, we have

ak + bk ≥ dn + en (since ak ≥ dn, bk ≥ en)

=⇒ dn + en is a lower bound of {an + bn, an+1 + bn+1, · · · }
=⇒ dn + en ≤ inf

k≥n
(ak + bk) = cn.

Thus, lim inf
n→∞

(an + bn) = lim
n→∞

cn ≥ lim
n→∞

dn + lim
n→∞

en = lim inf
n→∞

an + lim inf
n→∞

bn. �

Question 4(ii). {an} = {0, 1, 0, 1, 0, 1, · · · }, {bn} = {1, 0, 1, 0, 1, 0, 1, 0, · · · }.
Then {an + bn} = {1, 1, 1, · · · }. Now, lim inf an = lim inf bn = 0. Thus,

lim inf(an + bn) = 1 > 0 = 0 + 0 = lim inf an + lim inf bn = 0.

�

Question 5. Since {an} is Cauchy sequences, it follows from Cauchy’s criterion that
{an} is convergent. By the product rule and the addition rule, it follows that that
{a2

n + an} = {an · an + an} is also convergent. By Cauchy’s criterion again, it follows
that {a2

n + an} is also a Cauchy sequence. �


