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Question 1 (a). The limiting function F'(z) anl_)lgoﬁ = nl—{go - i—; =1
n? z? 1
0<T,= sup |F,(x)—F(z)|]= sup | ————1|= sup —— < —.
< T = sup [Fule) = Flo)] = sup |5 1= sup <

1
Since lim — = lim 0 = 0, we have lim 7}, = 0 by the Squeeze theorem and so {F},}

converges uniformly on [0, 1]. O

Question 1 (b). The limiting function F(x) = lim 2"(1 —x) = 0 for 0 < 2 < 1.

Observe e
T, = sup |F,(z)— F(x)| = sup z"(1 —z).
0<a<1 0<a<1

Let g(z) = 2™(1 — x). Then ¢'(x) = nz" (1 — ) — 2" = 2" '[n — (n + 1)z]. From
g'(z) =0, we have z = 0 or —~. Since ¢'(x) > 0 for 0 <z < n 7 and ¢'(x) <0 for

n+1"

n
n \" n
<z<l1, su r)=max{g(z)|0 <x <1} = 1— and so
e st s glo) —max{e@0 <o < 1) = () (1o )
" 1 1 1
lim T, = lim [ — 1— ") = lim . —2.0=0.
Thus {F),} converges uniformly on [0, 1]. O

1
Question 1 (c¢). The limiting function f(z) = lim DT for 1 <z < oo. Ob-

n—oo "

serve that
nlnx ninzx
T = sup (@) — £(2)] = sup |22 — o’ = up P
x>1 x>1 € z>1 X
1
Let g(x) = DT From
1 —n?l
g'(z) = (nlnz- x*")/ = n;x’” —n*lnz-2 "= % =0,

we have z = en. Since g(xr) >0for1 <z < er and g'(z) <0 for z > e%, we have

T, =supg(x) = max{g(z)lx > 1} = — =

G

1



1
and so lim 7, = — # 0. Thus {f,} does not converge uniformly on [1, +00). O

n—oo e

nlnx cosnx

Question 1 (d). The limiting function f(z) = lim ———— = 0 for x > 4. Ob-
n—oo xn
serve that
nlnz - | cosnzl nlnzx nln4
0 <T,=sup|fu(z) — f(z)] =sup ~ <sup——=g(4) = ——ri,
x>4 >4 x >4 T 4
nlnx ) ) . nln4 )
where g(z) = is monotone decreasing on [4, +00). Since lim = lim 0 =
xn n—00 n—00
0, we have lim 7,, = 0 by the Squeeze theorem and so {f,} converges uniformly on
4, +00). O
2
Question 1 (e). The limiting function F'(z) = lim F,(z) = lim % = 1. Ob-
n—oo n—oo M, x
serve that
2 22
T, = sup | F,(x) — F(z)| = 1| = sup ———
i,glg [Fn() (@)l ig% n? + x2 ‘ ig% n? + x?
7 ,
Let g(z) = a2 Since
J(z) = 2z(n? + %) —2®- 20 2an? -0
(n? + 22)? (n? 4+ 22)2 —
for x > 0, the function g(x) is monotone increasing and so
2 27
T, = = li = lim —— = lim — = 1.
Wpole) = Jm o) = g o =y

Thus lim 7, =1 # 0 and so {F,(z)} does not converge uniformly on [0, +o0). O

n—oo

Question 2. (i) Let e = 1. Since {F,,} converges uniformly to F' on I, there exists
N > 0 such that

|F(z) — F(z)<1 VYn> N and Vz € [.

Fix n =N + 1. Then
|FN+1(I)—F(ZE)|<1 Va € 1.

Also it is given that
|FN+1($>| SMN+1 Vo e 1.
Hence, for all x € I,
|F(2)] = |(F(2) = Fna(2)) + Fya(2)]
< |(F(z) = Fya(2))] + [Fyaa (@)
S ]_ + MN+1.
We may take M =14 Mpy,;.
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(ii) By (i), there exists M > 0 such that |F(z)| < M for all x € I. Given any € > 0,
since {F,} converges uniformly to F" on I, there exists N € N such taht
|F.(x) — F(z)| < % Ve el and n > N.

Then for all z € I and n > N,
|Fa(x)F(x) = F(2)F(2)] = |[Fa(z) — F(2)] - |[F(2)]

€

< —--M=e
i €
Hence {F,,F'} converges uniformly (to (F)?) on I.
O
Question 3 (i). Since
cosnx 1
n?+x?| ~ n?
=1 =\ cosnz
and the series — is convergent by the p-series, the series of functions
; ~ gent by the p-series, ; g R
converges uniformly on (—oo, +00) by the Weierstrass M-test. 0

Question 3 (ii). Since

1 1 1
L+n322| = 142203 = n3
= 1
for x > 2 and the series Z — 1s convergent by the p-series, the series of functions
n=1 n
=~ 1
Z ————— converges uniformly on [2, +00) by the Weierstrass M-test. O
- 1+nz

—X

Question 3 (iii). Let f,(x) = e

5~ for z € (0, +00). Then
n

falx) = = (7" — ane™") = (1_2#.

) ) ) 1 )
Thus f,(z) is monotone increasing for 0 < x < — and monotone decreasing for

S

T > l It follows that
n




o0 o0 1

for z € (0,4+00). Since the series 6—3 =t Z — is convergent by the p-series,
n=1 n n=1 n
. e ™ . .
the series of functions Z >— converges uniformly on (0, +00) by the Weierstrass
n
n=1
M-test. 0
: : n+e* o .
Question 4 (i). Let F,(z) = iy Then the limiting function
n-+zx
x 14+ er
F(z) = lim F,(z) = lim " = Jim — 2% =1
n—00 n—oo N + I n—>ool+%
and
n+ e*
0<T,= sup |F,(x)— F(x)| = su —
< T, = s [Fle) — Flo)| = s |25 1
|e“""—9(;2|< e“+122 _e+1
= sup ———— < su
oga}g)l n?+az? = 0921 n?>4+x2 = n?
1
Since lim % = lim 0 = 0, lim 7,, = 0 by the Squeeze Theorem. Thus {F,}
n—oo Mn n— oo n—0o0

converges uniformly to F'(x) and so

1 T 1 1
T R / lim F,(z)dz = / ldz = 1.
0 0

n—oo [ n—l—;{,’z n— oo

x?+1

) sinnz. Then

(-0

for 1 < x < 2. Since lim (g) = lim 0 = 0, the limiting function F(z) = 0 for

Question 4 (ii). Let F,(z) = (

2 1 n
O§|Fn(x)|:‘($; > sin nx

n—oo n—od

1<z<2and

0< T = sup |Fu(a) = F(a)| = sup |F()] < (?)

1<2<2 1<<2 8
5 n
Since lim (— =0, lim 7,, = 0 by the Squeeze Theorem and so {F},} converges

uniformly to F'(x). Thus

2 /02 L 1\" 2 2
lim <x ;_ ) sinnxdr = / lim F,(z)dr = / 0dz = 0.
1 1 1

n—oo n—o0



