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Question 1. Let fk(x) =
(−1)kxk

1 + x2k
for 0 < x <

2

3
. Since

|fk(x)| =
∣∣∣∣(−1)kxk

1 + x2k

∣∣∣∣ ≤
(

2
3

)k

1
=

(
2

3

)k

for 0 < x <
2

3
and the series

∞∑
k=1

(
2

3

)k

converges by the geometric series, the series

of functions
∞∑

k=1

(−1)kxk

1 + x2k
converges uniformly on

(
0,

2

3

)
by the Weierstrass M -test.

Thus the function F (x) =
∞∑

n=1

(−1)kxk

1 + x2k
is continuous on the interval

(
0,

2

3

)
. �

Question 2 (i). Since
|(−1)kak sin kx| ≤ |ak|

for x ∈ (−∞, +∞) and
∞∑

k=1

|ak| is convergent, the series of functions
∞∑

k=1

ak sin kx

converges uniformly on (−∞, +∞) by the M -test. �

Question 2 (ii). By (i), the series of functions
∞∑

k=1

(−1)kak sin kx converges uniformly

on [0, 2π]. Since each ak sin kx is Riemann integrable, we have∫ 2π

0

∞∑
k=1

(−1)kak sin kxdx =
∞∑

k=1

∫ 2π

0

(−1)kak sin kxdx =
∞∑

k=1

0 = 0.

�

Question 3. Let fn(x) =
cosn x

n3
. Then

(1). Each f ′n(x) =
− cosn−1 x sin x

n2
is continuous on (−∞, +∞).

(2). The series of functions
∞∑

n=1

fn(x) absolutely converges on (−∞, +∞) by the

comparison test because

∣∣∣∣cosn x

n3

∣∣∣∣ ≤ 1

n3
and the series

∞∑
n=1

1

n3
is convergent by the

p-series. So it converges pointwise on (−∞, +∞).
1



2

(3). The series of functions
∞∑

n=1

f ′n(x) converges uniformly on (−∞, +∞) by the

Weierstrass M -test because

∣∣∣∣− cosn−1 x sin x

n2

∣∣∣∣ ≤ 1

n2
and the series

∞∑
n=1

1

n2
converges

by the p-series.

Thus the function f(x) =
∞∑

n=1

cosn x

n3
is differentiable (−∞, +∞).

�

Question 4 (i).

R =
1

lim sup n
√
|an|

=
1

lim sup
n

√(
1 +

3

n

)n2
=

1

lim
n→∞

(
1 +

3

n

)n =
1

e3
.

�

Question 4 (ii).

R =
1

lim
n→∞

|an+1|
|an|

=
1

lim
n→∞

| − 3|n+1 · n!

(n + 1)! · | − 3|n

=
1

lim
n→∞

3

n + 1

= +∞.

�

Question 4 (iii). Since an =

(
1

5

)n

if n is odd and

(
1

6

)n

if n is even, n
√
|an| =

1

5
if

n is odd and
1

6
if n is even. Thus

bn = sup
k≥n

n
√
|an| =

1

5

and so lim sup n
√
|an| = lim

n→∞
bn =

1

5
. It follows that

R =
1

lim sup n
√
|an|

= 5.

�

Question 4 (iv). Observe that
∞∑

n=1

(3x− 2)n

n2
=

∞∑
n=1

3n

n2
· (x− 2

3
)n.

Thus

R =
1

lim
n→∞

|an+1|
|an|

=
1

lim
n→∞

3n+1 · n2

(n + 1)2 · 3n

=
1

lim
n→∞

3(
1 + 1

n

)2

=
1

3
.
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