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CHAPTER 1

Sequences of Real Numbers

1. Sequences
A sequence is an ordered list of numbers. For example,
1,2,3,4,5,6
The order of the sequence is important. For example,
2,1,4,3,6,5

is different from above sequence. An infinite sequence is a list which does not end.
For example,
1,1/2,1/3,1/4,1/5,- -
We are going to study infinite sequences. The Formal Definition of a (infinite)
Sequence is a function whose domain is the set of positive integers. We denote by
{a,} the sequence
A1,02,a3,  Qn, - " -

EXAMPLE 1.1. Here are some examples of infinite sequences.

11 1

1 R P
() 19y’ 0’
o, 1t "
’ 37327337 3¢’
(3) 1)_27?”_4,57

Can you find a formula for each of the above sequences?
Answer: (1). a, = 1/n. (2). a, =1/3". (3). (—=1)""n.
Historic Remarks:

While sequences of numbers appear on the earliest of artifacts from prehistory,
the study of sequences as abstract patterns of numbers was most likely conducted by
the Pythagoreans circa 400 B.C.E. The Pythaogoreans generated number sequences
by geometrical arrangements of pebbles, called figurate numbers. Although it was
a part of their belief that ” Everything is number”, it led to the birth of the branch
of mathematics that is today called number theory. Some examples of figurate
numbers include:

The Triangular Numbers formed by arranging pebbles in triangular patterns,
indicated by the following picture. (The formula is n(ntl) )

2

1 3 6 10

The Hexagonal numbers indicated by the following picture. (The formula is
n(2n —1).)
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1 6 15 28

Links to Other Areas of Science: The topics on sequences are used in many
areas of science. For example, much attention has been given to the sequences that
are the discrete versions of the logistic differential equation. The recursive equation
is simple enough, however the terms of the sequence may exhibit extremely complex
behavior. This equation is used as an introduction to dynamical systems and chaos
theory a hot area of mathematical research. The logistic difference equation is
given by
Pn+1 = kpn(]- - pn)7

where 0 < pg < 1 and k is a given constant. In ecology, this is a model for
population growth such as modelling insect populations, where mating and death
occur in a periodic fashion. For values of k between 3.6 and 4 the behavior becomes
chaotic.

2. Limits of Sequences
DEFINITION 2.1. The limit of {a,} is A, and is written as
lim a, = A,
n—oo

if for any € > 0, there is a natural number N such that for every n > N, we have
lan, — A| < e.
Roughly speaking, hm a, = A means that a, becomes arbitrarily close to A
n—

for all sufficiently large n. Graphlcally7 one has

0 A

or

Remark. 1. Some sequences do not satisfy the above. We call such sequences
divergent.

2. Sequences which satisfy the above definition, i.e. A exists and is finite, are called
convergent sequences.

EXAMPLE 2.2. Prove the following limits by using e — N definition

1
1) lim ~ =0.
n—oo N,
2
2) lim |/ —— =1.

n— o0 n2 =+ 1



2. LIMITS OF SEQUENCES

) 3 n
3) nh—{lgo (4) =0.

1
SOLUTION. (1). lim — =0.

n—oo M
Given any € > 0, we want to find N such that
1
——0|<e
n
forn > N, ie.,
1
n> -

€
for n > N. Choose N to be the smallest integer such that

N>L
€
(N is found now!) When n > N, then
1
n>N2>-—
€
or
1
— = 0‘ <.
n

1
Thus lim — = 0.

n—oo N

. n?
(2). Jim A/ o7 =1

Given any € > 0, we want to find N such that

n2
m*l <€

for n > N. Now

2 _\/n2 1
o =1 <e = ‘n—l cees [PTYRHL
n®+1 vn? 41 n?+1
n? —(n?+1) ‘ 1
< € <=

— <€
vn? 4+ 1(n+vn? +1) vn? 4+ 1(n+vn? +1)
1
= Vn?+1ln+vn2+1)>-
€
Observe that

V2 +1n+vVn2+1)>n
for n > 1. Choose N to be the smallest integer such that
1

N > —.
€

Then, for n > N,

V2 +1(n+vVn2+1)> VN2 +1(N++V/N2+1)> N >

)
o —1
‘ n?4+1

Thus N is found and hence the result.
3 n
3). i - =0.
®. jm (3)

a | =

or

< €.

n—oo
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Given any € > 0, we want to find N such that
3 n
(3) o<
In(e)

<i)n <e<= nlh (i) <In(e) <= n> In(3/4)

(Note. In(3/4) < 0!!) Choose N to be the smallest positive integer such that

for n > N. Observe that

N> e
~ In(3/4)
When n > N, then
In(e) 3\"
N> R ) - .
n> = Tn(3/4) or <4) O‘<e
The proof is finished. (]

Remark. In the above proofs, we have used the following basic property of
real numbers:
Archimedean Property: For any given real number x, there exists a natural
number N (depending on x) such that N > z.

THEOREM 2.3. If {a,} has a limit, then the limit is unique.
PROOF. Let A and B be limits of {a,}. Suppose that A # B. Choose € =
|A— B

2

Then € > 0 because A # B. By definition, there exists N1 and Ny such that
lan, — A| < € for n > Ny and |a, — B| < € for n > Na.

For n > max{Ny, Na}, we have

|A— Bl
2

A= Bl = [(A=a,)+ (a0 — B)| < |A - a| +|a, — B < 2¢ =2 —|4-B]|,

which is a contradiction. Thus A = B. O

THEOREM 2.4 (Squeeze or Sandwich Theorem). Given three sequences

{an}t, {bn}, {cn}
such that
i) apn<b,<ecp for every n and
(i) nILrI;O ap, =A= lim ¢,

then lim b, = A.

Remark. The above theorem is still applicable if the inequality
an <bp <y
is true eventually.
PrOOF. For any e¢ > 0, there exists Ny and Ny such that |c, — A < ¢ for
n > Ny and |a, — A| < € for n > Ny. Let N = max{Ny, No}. For n > N, we have
—€e<c¢,—A<e and —e<a,—A<ce

A—e<c, <A+e and A—e<a, < A+e
Thus

A—e<ap<b,<ec,<A+e or |b,—Al<e
By definition, we have lim b, = A and hence the result. O

n—00
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EXAMPLE 2.5. Find limits
1 .
1) lim oM

n—oo n
—1\"
2) (3” ) .
in+1

. 2
SOLUTION. (1). Since 0 < 44502 < 2 and lim = = lim 0 = 0, we have

n—oo N n— o0

4n+1 n— 00

(2). Since 0 < (3”_1>n < (%)n and lim (i) = lim 0 =0, we have

3. Sequences which tend to oo

DEFINITION 3.1. {a,} tends to +oco if for each number k, there is an N such
that

an >k foralln > N.
Remark. For such sequences, we write as a,, — +00 as n — oo or

lim a, = +oo.

n—oo

{a,} tends to —oo if for each number k, there is an N such that
ap <k foralln> N.

In this case, write lim a, = —oo.

n—oo
ExaMPLE 3.2. The following sequences tend to +oo

1) ap, =Vnn.
2) a, = (3/2)".

The sequences — Inn, —n? and etc then tend to —oo.
THEOREM 3.3 (Reciprocal Rule). Consider a sequence {a,}.

1
(i)  Ifa, >0 foralln and lim — =0, then lim a, = +o0.

n—oo a,n n—oo

1
(i)  If lim a, = oo, then lim — = 0.

n— o0 n— 00 an

PrROOF. We only prove (i). For each positive integer k, there exists N such
that

1 0<1
k

27

1
for n > N because lim — = 0. Then, for n > N, a,, > k because a,, > 0. This

n—00 Uy

finishes the proof. O
1
ExXAMPLE 3.4. Since lim \T = 0, we have lim v/n = co. Similarly, since
n—oo n n— oo
1
lim +/n = +0c0, we have lim — = 0.

n—oo n—oo \/’ﬁ
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4. Techniques For Computing Limits
THEOREM 4.1. Let f be a continuous function. Then
lim f(a,)= f(lim ay).
n—oo n—od

PROOF. Let A = lim a,. Given any € > 0, since f is continuous, there exists

n—oo

d > 0 such that |f(x) — f(A)| < e for |x — A| < 4. Since lim a, = A, there exists
N such that |a, — A| < ¢ for n > N. Thus

F(an) — F(A)] < e
for n > N and so lim f(a,) = f(4) = f( lim a,). The proof is finished. O

EXAMPLE 4.2.

. . nm . ™ . ™
lim sin = lim [ ———— ) =sin (7) =1.
THEOREM 4.3 (L’Hospital’s Rule). Suppose a,, = f(n), b, = g(n) for differen-
0 n
tiable functions f and g. If lim f(n) is of the form — or —, then lim )
i fl(n)
Ay
History Remark. Although the theorem is named after Marquis de I’'Hospital
(1661-1704), it should be called Bernoulli’s rule. The story is that in 1691, 'Hospital
asked Johann Bernoulli (1667-1748) to provide, for a fee, lectures on the new sub-
ject of calculus. L’Hospital subsequently incorporated these lectures into the first
calculus text, L’Analyse des infiniment petis (Analysis of infinitely small quanti-
ties), published in 1696. The initial version of what is now known as I’'Hospital’s
rule first appeared in this text.

8

EXAMPLE 4.4. Show that lim (1 n E) — e
n

ProoF. - .
lim In [(14——) } = lim nln(l—i—f)
n—oo n n— oo n
. In(1+2) ) 1Ji£ (%) . x
= lim ——* = lim ————— = lim =x
Thus lim <1+ E) =e”. O
n— oo n

THEOREM 4.5. If lim a, and lim b, exist, then

n—oo n—oo

(1). {an + bp} converges with lim (a, + b,) = lim a, + lim by;
(2). {an —bn} converges with ZIZn;:(an —b,) = ZIan a, — :Enz by;
(
(

).
3). {kan} converges with lim ka, =k lim a,, where k is a fized constant;
).

4). {anb,} converges with lim apb, = lim a, lim b,;
a a lim a,
(5). {b:} converges with nlin;oi = nl?r;o b provided b, # 0 and
n—oo
lim b,, # 0.
n—oo
PROOF. See Bartle-Sherbert [1, page 60-61]. O

EXAMPLE 4.6. Find the limit of

1 n?+3n+2 4 cos 1
n|\ —m——5 —— .
2 +4n + 2n? vn
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s o () o ()
= i [ (e ) oo ()]
=i [ (g7ass) v ()]

1+0+0 1
=In|——— =In|(~- 1=1-In2.
n(0+0+2>+cos0 n(2>—|— n

SOLUTION.

d

THEOREM 4.7 (Some Standard Limits). Some standard limits are given as
follows.

1
lim — = 0 for any fized p > 0.
n—oo N,
lim ¢" =0 for any fixed ¢ where |c| < 1.
n—oo

lim v =1 for any fixed ¢ > 0.
lim ¢/n=1.
5. lim — =0 for any fized p and ¢ > 1.
n—oo "
n
6. lim — =0 for any fixed c.

n—oo n!

Ll A

7. lim (1 + E) = e for any fized x.
n— oo n
P
8 lim B

n— oo nk

=0 for any fixed k > 0.

1
PrROOF. 1. lim — = 0 for any fixed p > 0.

n—oo N,

1 1\?
lim — = ( lim 7) =07 = 0.
p n—oo N

2. lim ¢" =0 for any fixed ¢ where |c| < 1.

n—oo

Case 1: When ¢ = 0, the statement is obvious.
Case 2: When ¢ > 0, we have

ln<lim c”) = lim Inc" = lim nlne = —oo0.

n—oo n—0o0 n—0o0

Thus, lim ¢" =0.

n—oo

Case 3: When ¢ < 0, we have —|c|” < ¢" < |¢|® for all n. By Case 2, we have
lim (—|¢|") = 0= lim |¢|". Hence by Squeeze theorem, we also have lim ¢" = 0.

n—o0o | n—00
3. lim ¢» =1 for any fixed ¢ > 0.
n—oo
im L
lim cn = cnhjrloo "= =1.
n—oo
4. lim ¥n=1.
n—oo
. . . Inn .
In ( lim (L/ﬁ) = lim In {/n = lim — = 0 (by L’Hospital’s rule).
n— oo n— oo n—oo n

Thus, lim {/n=¢€"=1.
5. lim — =0 for any fixed p and ¢ > 1.

n—oo C"
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Let k be a fixed positive integer such that p — k < 0. Then

PPt p(p — D
lim — = lim =
n—oo ¢ n—oo c"lnec c"(Inc)?

plp—1)---(p—k+1n** plp=1)---(p—k+1)

= 1li = li =0
oo c*(Inc)* oo cnk=P(Inc)k
by L’Hospital’s rule.
6. lim c—| = 0 for any fixed c.
n—oo n!
Cn C-C:+ - C .
Let @, = — = — . Now fix an integer M > c¢. Then for any
n! nn—1)-----1
n>M,
0 < C . C DR C < C
ap, = a —ap.
nn—1)---- (M+1)M n M

c
Note that a,; is a fixed number because M is fixed. Since lim 0=0= lim —ayy,

n— o0 n—oo N

by the Squeeze theorem, lim a, = 0.

n—oo

7. lim (1 + E) = e® for any fixed z. It was proved in Example 4.4.
n—oo n
Inn)?
8. lim ( nz) = 0 for any fixed k > 0.
n—oo n
Let m = Inn. Then n = ™. By (5),

(Inn)P mP mP
lim = lim — = lim —— =0
n—oo nk m—oo ekm m—o0 (ek’)m ’
where e¥ > 1 because k > 0. O

Strategy: One can find the limits of many sequences from those of the standard
sequences.

EXAMPLE 4.8. Find the limits
n 1 10 |
3 th +(6nn) +nl
n—00 nb —nl

1 3n
2) lim (1 — ) .
n—o0 2n+1

SOLUTION. (1).

. 8"+ (Inn)t0 4+ n! .8 /nl+ (Inn)/nl+1  04+0+1
lim = lim = =
n—00 nb —nl! n—oo nb/n! —1 0—-1

2).
_3n__
. N 1 2n+11] 2n+1
2n+1

3
1 2n+11] 2+1/n 3 1
1 = (e71)2 =
( + 2n + 1> (<) eve

—1.

1 3n
lim (1 — ) = lim
n—00 2n +1 n—00

= lim
n—oo
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5. The Least Upper Bounds and the Completeness Property of R

5.1. From Natural Numbers to Real Numbers. Starting with natural
numbers N = {1,2,3,---}, we obtain real numbers R by adding more and more
new numbers in the following steps:

Step 1. By adding 0 and negative numbers, we have integers Z = {0, 1, £2,+3,--- }.
Step 2. Then we have rational numbers

Q—{Iq)lp,qEZ,q;&O}.

Step 3. Then, by adding irrational numbers, we have all real numbers.

Below we give some examples of irrational numbers. Recall that a natural
number p > 1 is called prime if p is NOT divisible by any natural numbers other
than p and 1. For instance, 2, 3, 5, 7, 11, --- are primes. Every natural number
n > 1 admits a unique (prime) factorization

n=p1-pP2- Pk,
where each p; is prime. For instance, 20=2-2-5 and 66 =2-3-11.

EXAMPLE 5.1. If n is a natural number, and there is no natural number whose
square is n, then v/n is NOT a rational number. In particular, V2,/3,v5,V6 are
irrational numbers.

. . ) a
PROOF. Suppose that /7 is a rational number. We can write v/n as —, where

b
a,b € N and b # 0. Then
2
\/H:% — n:Z—Q == a2:b2n.

Any prime occurring in the (unique) factorization of a will occur an even number
of times in the factorization of a2; similarly for b and b2.

By a? = b?n, any prime that occurs in the factorization of n must occur an even
number of times, since all primes occurring in the factorization of b?n are exactly
those occurring in the factorization of a2.

Thus n can be written as

n= (pl b2 'pk)27

where, of course, the p;’s need not be distinct.
This, however, is a contradiction to the hypothesis, since n is expressed as the
square of a natural number. O

5.2. Bounded Sets.

DEFINITION 5.2. A set of real numbers S is bounded above if there exists a
finite real number M such that

< M Vo € S.
M is called an upper bound of S.

DEFINITION 5.3. A set of real numbers S is bounded below if there exists a
finite real number m such that

m<czx Vo € S.
m is called a lower bound of S.

DEFINITION 5.4. A set which is both bounded above and below is called a
bounded set.
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Remark.1. Upper bounds and lower bounds are not unique.
2. Some sets only have upper bounds but not lower bounds.
3. Some sets have only lower bounds but not upper bounds.
4. A set which is not bounded is called an unbounded set.

ExXAMPLE 5.5. Let
S ={r|r is a rational number with r < v/2}.
Then S is bounded above.

THEOREM 5.6. Fvery convergent sequence is bounded.

PRrROOF. Let {a,} be a sequence convergent to A. For ¢ = 1, there exists N
such that |a, — Al <lorA—-1<a, <A+1forn>N.
Choose M and m to be the largest and smallest number of the finite numbers

ai,as,...,an, A+1,A—1,

respectively.
When n < N, we have m < a,, < M because M (m) is the largest (smallest)
number of the above finite set. When n > N, we have

m<A-1<a,<A+1<M.

Thus, for all n, we have m < a, < M and so {a,} is bounded. The proof is
finished. g

COROLLARY 5.7 (Test for divergence). If {a,} is unbounded, then {a,} di-
verges.

Remark. 1. The converse may not be true, i.e., divergent sequence need not be
unbounded.

2. The inverse may not be true, i.e., a bounded sequence may not be convergent.
Example. The sequence {1,—1,1,—1,---} is bounded but NOT convergent.

5.3. Infimum and Supremum. Recall that any finite set of real numbers
has a greatest element (maximum) and a least element (minimum).

EXAMPLE 5.8. {—2.5, 3.1, —4.4, 4.5, 5}
However, this property does not necessarily hold for infinite sets.
EXAMPLE 5.9. {1,2,3,4,---,}.

DEFINITION 5.10. A real number M (# £00) is called the least upper bound
or supremum of a set F if

(S-i) M is an upper bound of E, i.e., x < M for every x € F, and
(S-ii)  if M’ < M, then M’ is not an upper bound of E (i.e., there is an
x € E such that M’ < x).

We write M =sup E.

Remark. (i) sup E is unique whenever it exists.

(ii) The main difference between sup F and max E is that sup £ need not be an
element of F, whereas max E must be an element of E if it does exist).

(iii) If E has a maximum, then sup £ = max F.

EXAMPLE 5.11. 1. Let E = {r € Q| 0 < r < v/2}. Then supE = /2 but
max E does not exist because v/2 is not a rational number, that is, sup E & E.
2. Let B = {1/2,2/3,3/4,4/5,5/6,---}. Then supE = 1 and max E does not
exist.

3. Let E ={1,1/2,1/3,1/4,1/5,--}. Then max E = 1 = sup E.
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DEFINITION 5.12. A real number m (# +o0) is called the greatest lower
bound or infimum of a set E if
(i) mis a lower bound of E, i.e., m < x for every z € F, and
(ii)  if m’ > m, then m’ is not a lower bound of E (i.e., there exists an
x € E such that x < m/).

We write m = inf F.

Remark. (i) inf E is unique whenever it exists.

(ii) The main difference between inf £ and min F is that inf £ need not be an
element of E/, whereas min E must be an element of F if it does exist.

(iii) If F has a minimum, then inf £ = min E.

EXAMPLE 5.13. 1. Let E = {1,1/2,1/3,1/4,--- ,}. Then inf E = 0 but min £
does not exist.
2. LetE:{r€Q|0§r§\/§}. Then min F = inf £ = 0.

5.4. The Completeness of R. A very basic but important property of the
set of real numbers is the following:

THEOREM 5.14 (Completeness Axiom of R). The following statement hold for
subsets of real numbers:

(i) If E is bounded above, then sup E exists.
(ii) If E is bounded below, then inf E exists.

Recall that a set E is bounded if and only if it is bounded above and bounded
below. Thus the Completeness Axiom leads to

COROLLARY 5.15. If F is bounded, then both sup E and inf E exist.
To see this, we will need an important property of rational numbers:

THEOREM 5.16 (Density Theorem of Q). For any two real numbers z, y € R
satisfying x < y, there exist a rational number r € Q such that

z<r<y.

1
PROOF. Since y > x, we have y — z > 0 and thus € R (and —— > 0).
—x y—x

Then by the Archimedean Property of R, there exist a natural number n € N
such that

1
n>—— — ny—nx>1 = ny>1+nx,
y—z
noting that y — x > 0. Then the smallest integer m satisfying m > nz must also
satisfy m < nz 4+ 1 < ny. Thus, we have

nr<<m<ny — ﬂc<%<y7
where r = m/n is rational. O
EXAMPLE 5.17. Let E= {2 € Q : 2% < 3}. ThensupE = /3.
PROOF. For any = € E, we have

22<3 = <3

upon taking positive square roots on both sides. Thus, E is bounded above (by /3.
Also, it is easy to see that E # () (for example, 0 € E). Thus by the Completeness
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Axiom of R, sup E exists in R. Since /3 is an upper bound for E, it follows from
that /3 > sup F.

Suppose /3 # sup E. Then we must have v/3 > sup E. But by the Density
Theorem for Q, there exists a rational number r» € QQ such that

supE <1 < V3.
Then r € Q and r2 < 3. Hence we have r € F and r < sup F, which contradicts to
that sup E < r. Hence we must have /3 = sup E. O

Remark. The above example shows that sup £ may be in R but NOT in Q, even
though F C Q. In other words, the Completeness Axiom does not hold for the set
of rational numbers Q.

We will also adopt the following convention:

DEFINITION 5.18. (i) If ) # E C R is not bounded above, then we write
sup F = +o00.
(i) If0 # E CR is not bounded below, then we write inf F = —oo.
6. Monotone Sequences
DEFINITION 6.1. {a,} is called monotone increasing (decreasing) if
an S (2) An+41

for every n, that is,
ap <ag<ag<ag < -

(a1 > a2 >ag>--).

EXAMPLE 6.2. (1). The sequence {1/n} is monotone decreasing.
(2). The sequence {1/2,2/3,3/4,4/5,5/6,---} is monotone increasing.

PROPOSITION 6.3. A monotone increasing (decreasing) sequence is bounded
below (above).

PRrROOF. Let {a,} be a monotone increasing sequence, that is,
a1 <ag<azg<co-.
Then a; is a lower bound for {a,} and hence the result. O

Basically only two types of monotone increasing can occur, as illustrated below:

Qn an

)
)

e’

|||||||||||||Ln

1234

IIIIIIIIILn

11
34

—
=

THEOREM 6.4 (Monotone Convergence Theorem). Let {a,} be a sequence.
(i) If {an} is monotone increasing and bounded above, then {a,} is
convergent and lim a, = supa,.
n—oo n

(ii) If {a,} is monotone decreasing and bounded below, then {a,} is

convergent and lim a, = inf a,.
n—oo n
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PROOF. (i). Suppose {a,} is monotone increasing and bounded above. Then

by the Completeness Axiom of R, sup a,, exists (finite). Now, given ¢ > 0, since

sup a,, — € < sup ay,, it follows that :up a, — € is not an upper bound of {a,}. In

O‘Zher words, tﬁere exists an integer .7\/' such that ay > supa, — €. Then for all
n > N, we have !

supa, — € < ay < a, <supa, <supa, +¢€ (since n > N).
n

n n
Equivalently, (a,, —supa,| < € for all n > N and so lim a, = supa, (exists).
n n—0o0 n
The proof of (ii) is similar. O

EXAMPLE 6.5. Let a, = L, that is,
n+1

{an} = {1/272/373/47}

Then a,, is monotone increasing and bounded above. Thus sup,, a, = lim a, = 1.

n—oo
COROLLARY 6.6. If {a,} is monotone increasing (decreasing), then either

(i) {an} is convergent or
(ii) lim a, = +oo(—00).
n—oo

PRrROOF. Suppose {a,} is monotone increasing, then either {a,} is bounded
above or not bounded above.
Case (a): If {a,} is bounded above, then by the Monotone Convergence Theorem,
{an} converges.
Case (b): If {a,} is not bounded above, then {a,} has no upper bounds. Thus
for any given k > 0, k is not an upper bound of {a,}. In other words, there exists
N such that

an > k.

Since {a,} is monotone increasing, it follows that for all n > N,

ap, > an > k.
Therefore, lim a, = +oo.
n—oo
The proof for the case when {a,} is monotone decreasing is similar. O

7. Subsequences
EXAMPLE 7.1. The following are the subsequences of {a,, } = {1,-1,1,—-1,1,-1,--- }.

{a'2n—1} = {1, 1, 17 .. }
{a2n} = {*1, 717 —1’ . }

In general, subsequences of {a,} are of the form {a,, }, ¥ = 1,2,3,..., with
nyE<ng<ng<<---.

Note. The rule is that we should choose a,, first and then a,, with ns > n; and
then a,, with n3 > ng, so far and so on (up to infinite). Thus n, is at least 1, ng
is at least 2, ng is at least 3, - --.
THEOREM 7.2. Suppose lim a, = A. Then every subsequence of {a,} also
n—od
converges to A, that is,

lim a,, = A.
k—oo
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PrROOF. For any given € > 0, since lim a,, = A, there exists N such that

n—0o0

la, — Al <€ forall n>N.
Then for all £ > N, we have ny > k > N. Hence
lan, — A] <e forall k> N.
Therefore, klgr()lo ap, = A. O

COROLLARY 7.3. Suppose that {a,} has two subsequences that converge
to different limits. Then {a,} is divergent. O

EXAMPLE 7.4. The sequence {1,—1,1,—1,---} is divergent because {ag,—1} =
{1,1,---} converges to 1 and {az,} ={-1,—1,---} converges to —1.

8. The Limit Superior and Inferior of a Sequence
Given a sequence {a,}, we can form another sequence {b,} given by

by, = sup ax = sup{an, Gni1,nia, -}
k>n

ExampLE 8.1. Let {a,} ={1,-1,1,—1,---}. Then
b, = supax = sup{%l,F1,+1,F1,---} =1.
k>n

PROPOSITION 8.2. For any sequence {a, }, the associated sequence {b,} = {supay}
is always monotone decreasing. =
PRrOOF. For each n,
by, = sup{an, Gni1, Gni2, -} = sup{ani1,@nio, -} = bpt1.
O

DEFINITION 8.3. The limit superior of {a,, }, denoted by lim sup a,, or limsup a,,
n—oo

or lim a, is defined to be lim b,, i.e.

n—oo n—oo

lim a, = lim b, = lim sup ay.

ExamPLE 8.4. 1. Let {a,} ={1,-1,1,-1,1,—-1,--- }.

lim a, = lim b, = lim 1 =1.

2. Let {an} = {1,2,3,---}. Then

bn = sup ag :§up{n7n+17}:_~_oo
k>n

and so lim a, = lim b, = +o0.
n—oo n—0o0

3. Let {an,} ={-1,—-2,-3,---}. Then
b, =supay =sup{-n,—n—1,---} =—n
k>n
and so lim a, = lim b, = —occ.

THEOREM 8.5. Given any sequence {a,}, either
(1). lim a, exists (finite), or
n—oo

(2). lim a, = +oo, or
(3). lim a, = —cc.
n—oo
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PROOF. If {a,} is not bounded above, then each b,, is +occ, and thus lim a,, =

n—oo

lim b,, = 4o0.
n—od

If {a, } is bounded above, then each b, is finite. Since {b,} is monotone decreas-
ing, by Corollary 1.6.6, {a,,} converges (to a finite limit), or lim b, = —occ. O

n—oo

Similarly, given any sequence {a,}, we can form another sequence {c,} given
by

¢ = inf ap = inf{an, ant1, anta, -}
k>n

DEFINITION 8.6. The limit inferior of {a, }, denoted by lim inf a,, or lim inf a,,

n—oo

or lim a, is defined to be lim ¢,, i.e.

n—oo n—oo

lim a, = lim ¢, = lim inf a.
n—00 n— oo n—oo k>n

ExaMmPLE 8.7. 1. Let {a,} ={1,-1,1,-1,1,—-1,--- }.
lim a, = lim ¢, = lim (inf{#+1,F1,+1,F1,---}) = lim —1=-1.

n—oo n—oo n—oo n—oo
2. Let {a,} = {1,2,3,---}. Then ¢, = 1§I>1f ar = inf{n,n+1,---} = n and so
>n
lim a, = lim ¢, = +o0.
n— 00 n—00

3. Let {an} ={-1,-2,-3,---}. Then ¢, = ér>1f ap = inf{-n,—n—-1,---} = -0

and so lim a, = lim ¢, = —oo.
n—oo n—oo

PROPOSITION 8.8. (i). As in Proposition 8.2, for any given sequence {a,},
the associated sequence {c,} = { Igf ar} is always monotone increasing.
>n

(ii). Asin Theorem 8.5, for any given {a,}, lim a, either exists (finite), or +oo,

n—oo

or —00).

Remark. We always have lim a, < lim a, because ¢, < b,,.
n— oo n—00

PROPOSITION 8.9. (i). If lim a, = B with B # —oo, then given € > 0, there
erists N such that

a, < B+e¢

for allm > N.

(ii). lim a, = C with C # 400, then given € > 0, there exists N such that
anp >C — €

for allm > N.

PRrROOF. (i). If B = 400, the assertion is obvious and so we assume that B is
finite. Since lim a, = B, given any € > 0, there exists N such that for all n > N,

n—oo

|b, —B|<e= b, <B+e

= sup{an,ani1, -} < B+e,

ie. ap,apy1, - < B+eforalln>N.
Proof of (ii) is similar. O
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Remark. Roughly speaking, Proposition 8.9 says that for any sequence {a, },

the a,,’s are eventually > lim a, and < lim a, (up to an arbitrarily small quantity
n—oo n—0o0
€).

° o
LII,IIIIIIIIIIIIIIII

L1y
1234
°

In terms of subsequences of {a,}, lim a, is the largest (subsequential)
n—oo

limit of the convergent subsequences of {a,, }, including those possible subsequences

tending to +00 or —oo. Similarly, lim a, is the smallest subsequential limit.
n—oo

LII,IIIIIIIIIIIIIIII

L1
1234
°

This is described in the following theorem.

THEOREM 8.10. Let {a,} be any sequence. Let B = lim a, and let C =

n—oo
lim a,.
n—oo

(i) Let {an,} be any subsequence of {a,} such that klim Gy, exists, +00,
L —> 00
or —oo. Then C' =lim,  __a, <limg_,o0 ap, < lim, 00 an, = B.
(ii) There exists a subsequence {a,, } of {a,} such that limy_ - a,, = B.

(iii) There exists a subsequence {a,,,} of {a,} such that limy_cc am, =
C.

PROOF. Let b, = sup{an,ani1, -} and let ¢, = inf{an, ant1, -+ }-
(i). Since ng > k, we have

i = inf{ag, aky1, - } < an, < bp =sup{ag, apy1, -}

and so

C = lim ¢ < lim ay, < lim b, = B.
k—oo k—oo k—oo

(ii). We consider three cases B = +00, —oo or finite.

Case I. B = —o0o. Since b,, = sup{an,an+1,ant2, -} > a, and lim b, = B =
n—oo
—o00, we have lim a, = —oo = B. In this case, we can choose {a,} itself as a

n—oo

subsequence with the desired property.
Case II. B = +oc0. In this case we are going to construct a subsequence {a,, } of
{a,} such that klim ap, = B = +00.
— 00
Since
by >2by > 2by,>--->B= lim b, = +o0,

n—oo
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we have
b1 =by =+ =+o0,
that is b, = +oo for all n. Since by = sup{ay, ag,- -} = +00, there exists n; such
that a,, > 1 because 1 is NOT an upper bound of {a1,as, - }. Since
bn1+1 = Sup{anlJrl? an1+27 a”ﬂ1+3 e } = +OO7

there exists a,, such that no > ny and a,, > 2 because 2 is NOT an upper bound
of {an,+1,@n,+2,0n,+3 -+ . Now, by induction, suppose that we have constructed
Gy s Ongy 5 On, Such that n; <mg < -+ < ny and

Gn, > S
for 1 < s < k. Since
bpy+1 = Sup{ank+1, App42,° " } = +00,

there exists ay,_ , such that ngy1 > ny and

Uy, > k+1
because k 4 1 is NOT an upper bound of {an, +1,an, +2, @ny+3 - - }. The induction
is finished and so we obtain a subsequence {an,, an,, -} with the property that
G, >k

for any k. Since klim k = 400, we have
—00

lim a,, =400 = B.
k—o0

Case III. B is finite. We are going to construct a subsequence {a,, } of {a,} such
that klim an, = B.
— 00

Since
by = supiay,az, -},
by — 1 is not an upper bound of {aj, as,---} and so there exists a,, such that
Gn, > by — 1.

Since

bny+1 = sup{an, +1, any 42, },
br,+1— % is not an upper bound of {a,,+1,@n,+2," - } and so there exists a,, such
that

ng >ny; and  ap, > bp, 41 — %

Now, by induction, suppose that we have constructed

anlaan27' o aank
such that
1
ng<ng<---<ng and an, > by, 41— —
s
for 1 <s<k.
Since
bry+1 = sup{an, 41, n,12, - },
bpyt1— ol is not an upper bound of {an, 11, @n, +2,- - -} and so there exists ay,
such that
1

Nk+1 > Ny and ankJrl > bnk+1 — m
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The induction is finished and so we obtain a subsequence {a,, an,, -} with

the property that
1
Qny, > bnk—1+1 - E

for any k.
Consider the inequality

bry 1+1 — % < ap, < by,
Since {b,} is convergent, we have
klirgo by, = klirrgo bny 1+1 = nILrI;O b, =B
and 1
Jim (by 1~ ) =B -0=B.
Thus, by the Squeeze theorem, we have

lim ap, = B = lim a,.

k—oo n—oo

(iii). The proof is similar to that of (ii). O

EXAMPLE 8.11. Find the limit inferior and limit superior of the following se-
quences

. 1-2(-1)"n
b { 3n+2 }’
ii) {(1 + (—1)”)sin"{},
i) {[1.5+ (—1)"]"}.
SOLUTION. (i). Note that
1-2-2k
T 3.2k+2
k-4 4 2

a2k

i aze = lim 6+2/k 6 3
142 (2k—1)
3-2k—-1)+2
1/k+2-(2-1/k 4 2
klimazk_lzlim /k+2:( /)*f:f

k—oo 3-(2—1/k)+2/k 6 3

ag2k—1 =

2
Thus the subsequential limits are :|:§ and so

— 2
lim anzg and @an:—g

n—oo n—oo

(ii). The sequence
{(1 +(—1)")sin %T}

2 4
- {0, 2sm£:2, 0, QSmf —0, 0, 2s,m%7r — 2,

8 10
0, Zsinf -0, 0, QsmTﬂ —9, }
The subsequential limits are —2, 0 and 2. Thus

lim a, =2 and lim a, = —2.
n—oo

(iii). {[1.54 (=1)"]"}.

n—oo
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Note that

age = 25%  lim ag = lim (2.5%)7 = 400
k—o0 k—o0
agk—1 = 0.52k71

1/k

N (2k—1)/k N 2—
Jiﬂwk—1=é£&[<2) :JLH;O[(N S0

The subsequential limits are 0 and +oo. Thus

lim a, =400 and lim a, = 0.

n—oo n—oo

O

The following important theorem was originally proved by Bernhard Bolzano
(1781-1848) and modified slightly by Karl Weierstrass (1815-1897). The Bolzano-
Weierstrass Theorem will be mentioned again in applied mathematics courses such
as MA 3236, Nonlinear Programming.

COROLLARY 8.12 (Bolzano-Weierstrass Theorem). Every bounded sequence
has a convergent subsequence.

PROOF. Let {a,} be a bounded sequence. Since {a,} is bounded,

—oo < inf{ay,az,---} =c¢; < lim a, < lim a, <b; =sup{a;,az,---} < +oo.
n—00 n—0o0

Thus lim a, is finite.
n—oo

By Part (ii) of Theorem 8.10, there exists a convergent subsequence {ay,, } of
{a,} such that
lim ap, = lim a,.
— 00 n—oo

O

THEOREM 8.13. lim a, = lim a, (finite, +00, —cc) if and only if lim a,

n—oo n—oo

exists (finite), +00, or —oo.

PROOF. Suppose that lim a, = lim a, = A. Let b, = sup{a,,ani1, -}

n—00 n—00
and let ¢, = inf{a,,an41, -+ }. Then

Cn = inf{anvan—i-h e } < (79 < bn = SuP{an’ Ap41,° " }
By the assumption, we have

lim ¢, = lim a, = lim a, = lim b,.

n— oo n—oo n— oo n—oo
By the Squeeze theorem, the sequence {a, } converges and

lim a, = lim a, = lim a,.
n—oo n— 00 n—oo

Conversely suppose that {a,} converges, tends to +o0o, or tends to —oo. Let
A = lim a, and let {a,,} be any subsequence of {a,}. By Theorem 7.2, we have
n—oo
klim an, = A. Thus the only subsequential limit of {a,} is A. By Theorem 8.10,
— 00
we have

lim a, = lim a, = A= lim a,.
n—o00 n—00 n— oo

Remark. This theorem means that

1) If lim a, = lim a,, then lim a, = lim a, = lim a,.

n—oo n—oo n—oo n—oo
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2) If lim a, exists, +00 or —co, then lim a, = lim a, = lim a,.
n— oo n—oo n—oo n—oo

PRrROPOSITION 8.14. Let a,, > 0 for all n. Prove that

lim /a, < lim n“.

n—oo n—oo an

PROOF. Let B= Tim "L If B = fo0, clearly

n—oo Ay

lim ¥a, < B = +o0.

n—oo
So we may assume that B < +o0.

Since a,, > 0, we have dnt1 > 0 and so B > 0. Thus B is a finite nonnegative

an
number. By Proposition 8.9, given any € > 0, there exists N such that
an+1
an

< B+e

for n > N. Fixed any n with n > N, we have

0<an+1, an+2’ an+3,"'<B—|—6
Gn | Gpi1 Gpao
and so, for any k > 1, we have
0 < Zntl Tnw2 Hngs | etk Gtk (B o)k
(07%% Ap+1  Ap42 Ap+k—1 (07%%

= antk < an(B+ e)k
= a;j_’; < a,’f”c (BJre)ﬁ for any k> 1.
Let k tends to co. We have
hm a"“ (BJre)"Jr’c = hm a"“ lim (B+e)"/’€+1 =a’ - (B4+¢)=B+e

k—o0

Thus

. L k ks
lim aj = lim a”*k < lim a”*k (B+¢€)m+F = lim a"*k (B+¢€)n+F = B+e.
m— 00 k—oco k—oo k—oo

In other words, o
lim a, < B+e¢
n—oo

for any € > 0 and so

lim /a, = lim ( lim \"/an> < lir%(B +¢€) =B,

n— o0 e—0 \n—oo
that is,
An+41
lim a, < lim .
n— oo n— oo a,,n
O
EXERCISE 8.1. Let a,, > 0 for all n. Prove that
. a .
lim < lim {/a,.
n—oo On n—00
By Proposition 8.14 and Exercise 8.1, we have
l'm < lim {/a, <lim /a, < lim Intl
n—oo On n—00 n—oo  Qp
anJrl

ProrosITION 8.15. Let a,, > 0 for all n. Suppose that the limit lim

n—oo (O
erists or +00. Then lim a, exists or 400, with

n—oo

. . Ap41
lim /a, = lim ntl

n—oo n—oo an




9. CAUCHY SEQUENCES 25

For instance,

. Vn! . oan! ) (n+1)! n"
lim — = lim — = - .
n—oo n n—oo \ n"  n—oo (n+1)"tl  pl

i 1 I 1 1

=lim —— = lim ——— = —.

e Tnk Drfnn ke (T4 1) e
9. Cauchy Sequences

DEFINITION 9.1. {a,} is called a Cauchy sequence if given any e¢ > 0, there
exists a natural number N such that for all m, n > N, we have

|an, — am| < €.

Remark.
Roughly speaking, a sequence is Cauchy if the width of its tail — 0 as n — oo.

Gn

L1
1234

ProrosiTION 9.2. Every Cauchy sequence is bounded.

Proor. Let {a,} be a Cauchy sequence. Choose € = 1. There exists N such
that |a, — an,| < 1 for n,m > N. In particular, |a, — ay41] < 1 or

aN+1—1<an<aN+1+1

for n > N. Let
M = max{aj,as, - ,an,an+1 + 1}

m = min{aj,as, - ,ay,an4+1 — 1}.
For n < N, we have m < a,, < M, and, for n > N, we have
m<anyr —1<ap <ang1+1< M.

Thus, for all n, we have m < a, < M and so {a,} is bounded. O
The following Criterion was formulated by Augustin-Louis Cauchy (1789-1857).

THEOREM 9.3 (Cauchy’s criterion). A sequence is a convergent sequence
if and only if it is a Cauchy sequence.

PROOF. =, i.e., every convergent sequence is Cauchy.
Given that {a,} is convergent, say nh_)rrgo a, = A. Then for any given ¢ > 0,
there exists N such that
_ A| < E
|ar, B
for all n > N. Now for any m,n > N,

an = ] = (@0 = A) = (am = A)| < |an = Al +|am — 4] < 5 + 5 = ¢

since both m,n > N. Therefore, {a,} is a Cauchy sequence.
+=, i.e., every Cauchy sequence is convergent.
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Given that {a,} is Cauchy. By Proposition 9.2, {a,} is bounded. By the
Bolzano-Weierstrass Theorem (Corollary 8.12), there exists a convergent subse-
quence {ay, } of {a,}. Let A = klirn ap,. Given any € > 0, since {a,} is Cauchy,

— 00

there exists N7 such that
\anfam|<§ for all n,m > Nj.
Since {ay, } converges to A, there exists K such that
m%—m<§ for all k> K.

Let N = max{K, N;}. Choose an n; such that k& > N, for instance, choose ny to
be ny+1. When n > N, by triangular inequality,

€ €
lan — Al = [(an — an, + (an, — A)| <an — an, |+ |an, — A < 5"" =€

2
because n > N > Ny, ng > k> N > Ny and k > N > K. Therefore {a,}
converges to A by the definition. O
1 1 1
EXAMPLE 9.4. Let s, =1+ 7 + 32 +--4 3 Show that {s,} is convergent.

PRrROOF. For each k > 1, we have

1 1 1 1
[Sntk — Sn| = 1_4_272_4_...4_?4_74_..._’_7

(n+1)? (n+k)?
1 1
|\ttt
S P
(n+1)2  (n+2)2 (n+k)?
1 1 1 1

= n(n+1) + (n+1)(n+2) + (n+2)(n+3) +.”+(n+k‘—1)(n—|—k)

_1_1+1_1++ 1_1_E_L<
“\n n+1 n+1 n+2 n+k—1 n+k) n n+k

1

n
1

Given any € > 0, choose N such that % < €, that is, N > —. When m >n > N,
€

from the above,

1 1
|sm—sn|<ﬁ<ﬁ<e.

Thus {s, } is a Cauchy sequence and hence {s,,} converges by the Cauchy Criterion.
O



CHAPTER 2

Series of Real Numbers

1. Series

The notion of series is closely related to the sum of numbers. In fact, whenever
one hears the word series, the first thing to come to mind is the sum of numbers.
This is the basic difference between series and sequences.

The expression

a1+a2—|—a3—|—---

(o)
written alternatively as Z ay, is called an infinite series.
k=1
ExampLE 1.1. (1). 1+2+34+4+4---.
(2). 1+1/2+1/3+1/4+---
(3). 14+1/224+1/32+1/4% +---.
4).14+0+14+04+140+---.
DEFINITION 1.2. Given a series Z ay, its n'* partial sum S, is given by
k=1

n
S7L:Zak:a1+a2+"'+an.

k=1
o0
The sequence {S,,} is called the sequence of partial sums of the series Z a.-
k=1
For instance,
Sl = aj
So = aq + as

S3 =a1 +as +as
Si=a1+ax+as+as

ExAMPLE 1.3. Consider the series 1 —1+1—-14+1—-1+1—-14---. The
Sgn_l =1 and Sgn =0.

DEFINITION 1.4. Consider the sequence of partial sums {S,} of the series
Zak. If this sequence converges to a number S, we say that the series Zak

k=1 k=1
converges to S and write

n—oo

Zak = lim S, = 6.
k=1

If {S,,} diverges, then we say Z a, diverges.
k=1

27
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EXAMPLE 1.5 (Geometric Series). Let a # 0. Consider the series

oo
Zar”:a+ar+ar2+ar3+~-.

n=0

Then the partial sum
1—r"

a
1—r

Swlza+ar+ar2—|—~-~—|—ar"’1:a(1+r+...+rn 1):
an r=1

as n — oQ.

When71<r<1,57,ﬁla

r
When r > 1, S, diverges because r" — 400 as n — oo.
When r =1, S,, = an diverges.

1—(-1)"
When r = —1, Snzia[ (=1)"]
When r < —1, §,, diverges because r"" — +o0.

Thus the geometric series Zar” converges if and only if —1 < r < 1,

n=0

diverges.

and,
a

oo
Zar": 1—r

n=0

for -1 <r<1.

o0 o0
Remark. If Z ar and Z by, converges, then one always has

k=1 k=1
O D(an+b) = ax+D b
k=1 k=1 k=1

o0 o0
(i) ank = cZak.
k=1 k=1

EXAMPLE 1.6.

2[6) () ]-2 () -2 6)

n=1 n=1
Y (Y,
14 \4 5 \5
—11-1- +12+ +1 1+1+12+ _1 1 —I—l !
4 4 \4 5 5 \5 4, L 5, 1
4 5
11117
I e P
4 5
THEOREM 1.7. If Zak converges, then klim ar = 0.

k=1
PROOF. Recall that partial sum Sy, = a1 + as + - - + ar. We have

Sk —Sp—1=(a1+as+---+ar—1+ar) — (a1 +as+ -+ ar—1) = a.



1. SERIES 29
oo

Since the series E ay, converges, the sequence {Si} converges. Let S = klim Sk.
—00
k=1

Then
klggo k= klggo(Sk = Sk-1) = kli{lgo Sk = klggo Sk-1=5=5=0.
g
COROLLARY 1.8 (Divergence Test). If nh_)ngo a, # 0 (or does not exist), then

(o)
Z a, diverges. [l

n=1

EXAMPLE 1.9. (1). The series Z(—l)" is divergent because the limit of the

n=1
n-th term (—1)" does not exist.
o=l .onl 1 1

(2). The series Z Rt divergent because nlirgo P i T +oo # 0.

n=1 lim 7'

n—oo n!

— 2n + 1 2n+ 1 241 2

(3). The series ; 3Z i 5 is divergent because nh—>H<>10 3Z i 5 = n1—>H;o 3 i 2;2 =3 +

0.

Remark. The divergence test is a “one-way” test, i.e., lim a,, = 0 does NOT
n—oo

oo
imply Z a, COnverges.

n=1

o0
THEOREM 1.10 (Cauchy Criterion). The series Z ap converges if and only
k=1
if given any € > 0, there exists N such that
m

>

k=n-+1

<€

forallm>n> N.

PROOF. The series Z ayp, converges if and only if the sequence of its partial

k=1
sums {S,} converges, (by definition), if and only if {S,} is Cauchy. The result
follows from

|Sm_Sn|:|(a1+a2+"'+an+an+l+"'+am)_(al+a2+"'+an)|

s+ ronl = | 3w,
k=n+1
O
ExaMPLE 1.11 (Harmonic Series). Show that the series Z — diverges.
n
n=1
PROOF. Note that
] 0 R S VRS SRS TR |
El |n+1 2n| n+1 n+2 2n
k=n-+1
Sl 1, 11
=2 2 on = o 2
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oo
1
Suppose that the series E — converges. By the Cauchy Criterion, given € = %
n

n=1
2n 1 1
There exists N such that Z T < 3 for all m > n > N. This contradicts to
k=n-+1
1
the above fact that |Sa, — Sp| > 3 where m is chosen to be 2n. O

Note. The divergence of the harmonic series appears to have been established
n

1
by Nicole Oresme (13237-1382) by showing that the sequence {Z k} is NOT
k=1
bounded. The name harmonic series originated from the Greeks. Pythagoras

studied the notes emitted by plucked strings of various lengths. If a string which
emits middle C when plucked is reduced to two-thirds of its length, it will emit the
note G (musicians call the interval from C to G a fifth). If the length of the string
is halved, it will emit top C, i.e., an octave higher. These notes are fundamental to
the Pythagorean theory of harmony, and the corresponding lengths

21
) ga 5
are said to be in harmonic progression. Note that their inverses form an arithmetic
progression given by

1

3
1, =, 2.
2
The harmonic series defined above has similar properties, as inverses of the terms
of the associated sequence

| =

1
177a
2

o @

again forms the arithmetic progression 1,2,3,---.
o0
THEOREM 1.12. Suppose that eventually ar > 0. Then Zak converges if
k=1
and only if {S,} is bounded above.

PROOF. We may assume that a; > 0 for all k. Since

Sn+1 - S, = Apy1 > 0,
oo
the sequence {5, } is monotone increasing. Thus Z ay, converges if and only if {5, }
k=1
converges, if and only if {S,} is bounded above (by the Monotone Convergence
Theorem). O

Note. Suppose that eventually a; > 0. This theorem means that the following.

1) If {S,} is bounded above, then Z ap, CONVerges.
k=1

2) If {S,,} is NOT bounded above, then Z a, diverges.
k=1

2. Tests for Positive Series
oo
A series Zak is called a (eventually) positive series if every term ay is
k=1
(eventually) positive.
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2.1. Comparison Test.

o0 oo
THEOREM 2.1 (Comparison Test). Consider two series Z ai and Z bg. Sup-

k=1 k=1
pose that eventually 0 < aj < by.

o0 oo
) Ifz by converges, then Z ay, converges.

k=1 k=1
(i) IfZa;€ diverges, then Z by diverges.
k=1 k=1

PROOF. Assertion (ii) follows immediately from (i). We may assume that 0 <
n n

ap < b for all k. Let A,, = ZUL;€7 and B,, = Zbk' Then A, < B, for all n.
k=1

o0 o0
Suppose that Z by, converges, that is, Z by is a (finite) number. Then
k=1 k=1

IN

Sibk

k=1

for all n and so A,, is bounded above. By Theorem 1.12, Z ay is convergent. [
k=1

2k —1
3k 42

(i) <)

and the geometric series Z ( > converges.

EXAMPLE 2.2. The series Z ( > converges because

Remark. 1. Suppose 0 < a,, < b,, and Z by, diverges. Then NO conclusion can

n=1

be drawn.
o0

2. Similarly, suppose 0 < a,, < b,, and Z an converges. Then NO conclusion can
be drawn.

EXAMPLE 2.3.

The series Z 3" diverges. Now Z ( ) converges and Z 2™ diverges.

n=1 n=1

o0 o0
COROLLARY 2.4 (Limit Comparison Test). Suppose that Zak and Z by are
k=1 k=1
(eventually) positive series.

(a). If hm — =L with 0 < L < o0, then Zak converges if and only if

Z b converges. (So Z ay, diverges if and only if Zbk diverges.)
k=1 k=1 k=1
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(b). If klim % =0, (that is, ap << bg), and Zbk converges, then Zak

Tk k=1 k=1
converges. h B
a o0 o0
(c). If klim b—k = 0, (that is, a << by), and Zak diverges, then Zbk
— 00 k
k=1 k=1
diverges.

Remark. If lim dn _ +00, interchange a,, and b,,, and then apply assertions (b)

n—00 Op
and (c).

oo oo
Proor. We may assume that Z ax and Z by, are positive series.

k=1 k=1
(a). Since
ai
lim — =L (#0,# c0),
k—o0 by,

{Zk} is bounded above, say, by M. Thus
k

0<ar <Mb

by 1 b
for all k. Similarly, since lim LA (#£0,# c0), {k} is bounded above, say,
k—oo ap L Qg
by M’. Thus
0 S bk S M’ak
for all k.
oo o0 oo
If Zak is convergent, then Z Ma, = M’ Z ay, is also convergent. By the
k=1 k=1 k=1
oo
comparison test, it follows that Z by, is also convergent because by, < M'ay.
If Zbk is convergent, then ZMbk = MZbk is also convergent. By the
k=1 k=1 k=1
oo
comparison test, it follows that Z ay, is also convergent because ay < Mby.
k=1

o0 o0 o0
Hence g ay, is convergent if and only if E by is convergent. Hence E ag is
k=1 k=1 k=1

e}
divergent if and only if Z by, is divergent.
k=1
Now we prove assertions (b) and (c).

lim 2F =

implies for every € > 0, there is an N such that

ak—o‘<e Vk > N.
br

We choose € = 1. Then the above inequality is
ap < b, VYk>N.

We get the result by applying the comparison test. U
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Standard series used in comparison and limit comparison tests.
1. The Geometric Series:

o0
g ar™ 1 =
n=1

2. The p-series: for a fixed p,
S1
n=1 ne

To be proved in the subsection on Integral Test.

converges if |r| < 1,

diverges if |r| > 1.

converges if p > 1,

diverges if p <1.

EXAMPLE 2.5. Determine the convergence or divergence:
o0
14 cosn
D D
n
n=1
2) i Inn+n3+8
nt —2n+3
n=1
SoLUTION. (1). It is convergent, by the comparison test, because

0< 1+cosn< 2

n2 = n?
o0
and the p-series zjl 3 is convergent.
n=
(2). It is divergent, by the limit comparison test, because
Inn+n3+8 Inn 1
SV R w— 4 — +14+ =
. nt—2n+3 . nlon+n*+8n ) n3 ns  0+1+0
lim ————"= = lim —— = lim = =
— 1— — + —
n n3  n?t
=1
and the harmonic series Z — diverges. 0
n
n=1
o0
EXAMPLE 2.6. Determine convergence or divergence of Z —— where k is
“~ (In n)k
a constant.
1 1
SOLUTION. Let b, = — and let a,, = —. Then
(Inn)k n
1
- I m)E
lim 2= i gy B
n—0o0 Op n— oo 1 n— oo n
(Inn)k

o0 o0
1
Since the harmonic series Z - is divergent, the series Z W is divergent for
n=2 n=2
any k. O
2.2. Integral Test. Let f(x) be a real-valued function on [a,4+00) such that
b
f(z) is Riemann integrable, that is, the integral / f(z) dz exists for every b > a.
a

The following theorem is useful.

THEOREM 2.7. Let f(x) be a real-valued function on [a,b].
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(a). If f(x) is continuous on [a, b, then f(x) is Riemann integrable on
[a, b].

(b). If f(z) is monotone on [a,b], then f(z) is Riemann integrable on
[a, b].

The improper integral is defined by
e’} b
/ flx)de = blim f(x) dz = area under f(x) over [a, o).

o
Here we say that / f(z) dx converges if the limit
a
b
blim flx)dzx
exists (finite), i.e., the area under f(x) over [a, 00) is finite.
We also say that f(z) dx diverges if the limit lim,_, f; f(x) dz does not

. a
exist.

THEOREM 2.8 (Integral Test). Let f(x) be an (eventually) positive mono-

tone decreasing function on [1,400). Suppose we have a series Zak such that
k=1

oo [ee)

ar = f(k), then the series Zak and the integral / f(x)dx either both
k=1 1

converge or both diverge.

PROOF. We may assume that f(z) is positive monotone decreasing on [1, 4+00).
Let a, = f(n) for all n.

From the graph, we see that

area of the rectangles < area under f(x) over [1,n], i.e.,
S k) < / f(z)dz < / f(x)da.
— 1 1

k=2

Thus, if/ f(z)dz < oo, then
1

i.e., for all n, Z ay, is bounded above by the finite number / f(x)dx.
k=2 1
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o0
Since we also have a; > 0, it follows from Theorem 1.12 that Z ay, converges,
k=2

e}
and thus Z ay, also converges.
k=1
Next we consider the following graph:

From the graph, it is easy to see that

area under the rectangles > area under f(x) over [1,n],

n—1

ie., Z fk) > / f(z) dx. Thus, if Zak < 00, then
k=1 1 k=1
%) n—1 n—1 n
oS az Y a=Y [z [ fa)d
k=1 k=1 k=1 !

ie., / f(z) dz is bounded above by the finite number Z aj < 00.
1

k=1
Letting n — oo, it follows that we have
00 [e's)
/ f(x)da:SZak<oo.
1 k=1
o0 o0
In conclusion, we have Z ay converges if and only if / f(z) dz converges, which
— 1
L k=t .
also means that Z ay diverges if and only if / f(z) dx diverges. O
1

k=1
EXAMPLE 2.9. Show that

oo
1
1) the series E — converges if and only if p > 1.
n

n=1
[eS)

1
2) the series ,;2 W converges if and only if k> 1.

1
PrOOF. (1). If p <0, then — does not tend to 0 and so, by divergence test,
n

oo

1
g — diverges.
npP

n=1
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1
Assume that p > 0. Let f(z) = — on [1,400). Then f(z) is positive monotone
x
decreasing. Now
+oo

1
p#1

e} oo 1
/ flz)dx = / x Pdx = P+
1 1
In(+c0) —Inl  p=1

A

1

o0 0 1
Thus / f(x)dz converges if and only if p > 1 and so Z — converges if and
1 n=1 n

only if p > 1.

=~ 1
(2). the series Z ——— converges if and only if £ > 1.
= n(lnn)

1
Let f(z) = 2(na)F on [2,+00). Then f(xz) is positive. We check that f(x) is
z(lnx
eventually monotone decreasing. From

f(x) = (mfl(lnx)fk)/ =2 %(Inz)"F - kz’l(lnz)”“*%

=2 %(Inz) " Y(nz + k),

we have f/(x) < 0 when Inaz > —k. Thus f(x) is monotone decreasing when
Inz > —k and so f(x) is eventually monotone decreasing.

Now
e b 1 y=Inx /O" 1
z)dr = dy =—— —d
fswie= [ L e
dy = —dx
x
1 4T
k#1
_ k1’ In2 7

In(+o00) —In(ln2) =400 k=1
o Nt 1
Thus / f(z) dx converges if and only if k& > 1 and so the series Z —
9 = n(lnn)

converges if and only if k£ > 1. O

2.3. Ratio Test.

o0
THEOREM 2.10 (Ratio Test). Consider the positive series Z an. Suppose

n=1

(1) lim 2L — .

n—0o0 (yn

(i) If0 <l <1, then Z a, converges.

n=1

(i) If 1 < £ < o0, then Z a, diverges.
n=1
(iii) If £ = 1, then the test is inconclusive.

PrOOF. We will prove (i) and (ii). Given any e > 0, it follows from (1) that
there exists N such that for all n > N,

Ap+1

a
—£‘<e or f—e< " pye

GQp Qp
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By repeating using the above inequalities, it follows that for all m > 0,

(L—e)™ < AN+2 ON+3 | ONtl+m _ ON+1tm (0+e)™
GN+1 AN+42 AN+m AN +1

(2) an+1(0 — €)™ <anti4m < an1(0+€)™.

e}
(i). If £ < 1, choose € > 0 such that £+ € < 1, then Z an+1(£+€)™ converges

m=1
(since it is a geometric series with common ratio satisfying |r| = ¢+¢ < 1). Together
oo
with the right-hand-side of (2), it follows from the comparison test that Z AN +14+m
m=1

o0

converges, and thus E a, converges.

n=1
(ii). If £ > 1, choose € > 0 such that £ —e > 1, then by the left-hand-side of (2), we
have, for all m > 0,

AN+14m = aN_H(E — E)m >anNg1 > 0.
(o]

In particular, lim a, # 0 or does not exist. By the divergence test, Z a, diverges.
n—oo

n=1
O
EXAMPLE 2.11. Determine convergence or divergence.
n Yy
1
n!)?

2n)!”

3
Il

2)

M8

1

3
I

SOLUTION. (1).
(n+1)!
n+1
lim 2L — i (ot 1)+t

n—oo QA n— oo n'

1! 1 1
— lim (n+1) —lm — =<1

n—oo ]_ n n—oo n
n!.m.@ﬂ_l) (1+1) €
n

nn

Thus the series converges.

(2).

[(n+ 1)1
CGng1 o (2n42)0 (n+1)? : (n+1)/n?
1 = lim ——— =1 =1
0o an, oo (n!)? oo (2n+2)(2n+1) oo (2n+2)(2n +1)/n?

(2n)!

. 1+2/n+1/n? 1+0+0 1
= lim = =-<1
n=oo (24-2/n)(2+1/n)  (2+0)-(2+0) 4

Thus the series converges.
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2.4. Root Test.

o0
THEOREM 2.12 (Root Test). Consider the series Z ay, with each
n=1

an >0, and let

3) (= Tm yan.

n—oo

(i) If0 < ¢ <1, then Z a, converges.

n=1

(o)

(if) If 1 < £ < oo, then Z a, diverges.
n=1

(iii) If £ =1, then the test is inconclusive.

PRrOOF. We will prove (i) and (ii).

(i). Suppose that £ < 1. Then for all given ¢ > 0, it follows from (3) and
Proposition 8.9 of chapter 1, that there exists an /N such that {/a, < £+ € for all
n > N. Now choose € > 0 s.t. £+ ¢ < 1. Then

(4) 0<a,<(+¢™ foraln>N.
o0
Since Z(ﬁ +¢)™ converges (as it is a geometric series with common ratio satisfying
n=1 -
|r| =€+ € < 1), it follows from (4) and the comparison test that Z @y, CONVErges.
n=1

(ii). We are going to prove (ii) by contradiction. Given that ¢ > 1. Suppose that
oo

E an converges. Then by Theorem 1.7, we have lim a, = 0. In particular, there
n—oo
n=1

exists N such that 0 < a, < 1 for all n > N. Hence /a, < 1 for alln > N,

and it follows that we must have ¢ < 1, which is a contradiction. Hence Zan

n=1

diverges. 0

oo
COROLLARY 2.13 (Simplified Root Test). Consider the series Z @y, with each
n=1

an > 0. Suppose that nh—>ngo Van = 4.

o0
(i) If0 < ¢ <1, then Z a, converges.

n=1

(i) If 1 < £ < oo, then Z a, diverges.
n=1

(iii)  If £ =1, then the test is inconclusive.

ProoF. We will prove (i) and (ii). Recall from Theorem 8.13 of chapter 1 that
if lim {/a, exists, then lim /a, = lim {/a,. Then the Corollary follows from

n—oo

Theorem 2.12. O

EXAMPLE 2.14. Determine convergence or divergence of the series

2
oo " 1 n
;2 (1—n) )
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SOLUTION.
1
n2 - n
lim {/ li 2" (1 1 " lim 2 (1 L 2<1
im a, = lim - = = lim -——) == .
n—oo n—oo n n—oo n €
Thus the series converges.
O
EXAMPLE 2.15. Determine convergence or divergence of the series
oo ) 2 TL2
Z(?)—l—smn)” 1—= .
n
n=1
PROOF.
1
_ - 2 "*1n
lim /a, = lim |(34sinn)" (1 - )
n— o0 n— o0 n
. AN — 2\" 4
= lim (3 +sinn) <1> < lim 4(1 > =5 <L
n—oo n n—00 n (&
Thus the series converges. O
3. Alternating Series
An alternating series is of the form
Z(—l)"“an =a;—ax+az—ag+---, or
n=1
(=1)"ap = —a1 +az —az +ag —---
n=1

with each a,, > 0.

ExamMmpPLE 3.1.
1-1+41—-14+1—-141-—-1+---
1 1+1 1+
2 3 4
-14+2-34+4—-5+6—"---

THEOREM 3.2 (The Alternating Series test). If {b,} is a sequence satisfying

(i) by >by>b3>--->0, and
(i) lim by =0,

then Z(—l)"“bn ( and Z(—l)"bn) converge.
n=1 n=1

Note. The test holds if {b,} is eventually positive and eventually mono-
tone decreasing with lim b, = 0.

n—oo

n
PROOF. We prove that the sequence of partial sums S, = > (—=1)*1p is
k=1
Cauchy.

For m > n, note that
‘Sm - Sn|
= ’(_1)"+2bn+1 + (_1)n+3bn+2 4+t (_1)m+1bm‘
— ’bn+l —bpy2+bpys —bppa+ -+ (_1)m_n_1bm|
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< bpt1 +bm
because
bug1 — bpyo +bpiz —bppa + -+ (=)™ "1,
= (bn-i-l - bn+2) + (bn+3 - bn+4) + by > —by
and

bn+1 - bn+2 + bn+3 - bn+4 +-+ (*1)min71bm
- bn+1 - (bn+2) - (bn+3) - (bn+4 - bn+5) + - S bn+1 + bma
where we use the property that {b,} is positive and monotone decreasing.

Given any e > 0, there exists N such that b, = |b, — 0] < §. Then for
m>n>N,

€ €
S — Spl < by, b < =+ ==c¢.
| |_ +1+ <2-l-2 €

Thus {S,,} is Cauchy and hence the result.

EXAMPLE 3.3. Show that convergence or divergence of the series

oo convergence p >0
n=1 divergence p < 0.

1
PRrROOF. If p < 0, then the n-th term (—1)”7 does not tend to 0. Thus the
n
series diverges in this case by the divergence test.
Assume that p > 0. Let a, = — Then a,, > 0, monotone decreasing and
n

lim a, = 0. Thus the alternating series converges in this case.
n—oo o 1
In conclusion, we have that the series E (—1)"—1) converges when p > 0 and
n

n=1

diverges when p < 0. (]

Now we are going to give a theorem providing an estimate on the sum of
o0

1
(certain) series. For instance, let S = Z(—l)"“—Q. By taking the partial sum,
n

n=1
we have )
S~§5 =1, Sm52:1—2—2:0.75,
1 1
S~S3=1—- =+ —= ~0.861,....

22 32
By using computer program, we are able to compute much more, say S1000000- A
mathematical problem is then what is the ‘error’ for estimating S by using the
partial sum S,,. In other words, how to estimate the remainder

Rn=|S—Sn|=|an+1—|—an+2—|—-~-|.

THEOREM 3.4 (Alternating Series Estimation). Let {b,} be a sequence satisfy-
mng
(i) by > by > b3 >--- >0, and
(i) lim b, = 0.

n—oo

Let

Sp=> (=D, and  S=> (-1)F 'y,
k=1 =1
Then the remainder R, = |S — Sy| < bpy1 for all n.
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PrOOF.
Rn = |(*1)n+2bn+1 + (*1)n+3bn+2 + .. ’
= |b’”«+1 - b’n+2 + bn+3 - bn+4 + .- | .
Since
bTL"rl - bn+2 + bn+3 — bn+4 =+ .-
=bpt+1 — (bn+2 — bnts) — (bnga — bpts) — (bute — bpgr) — -+
S bn+1
and
bn+1 - bn+2 + bn+3 — bn+4 =+ .-
= (bpt1 — bpy2) + (bpys — bpga) +-- >0,
we have R, < ap41- -

EXAMPLE 3.5. Estimate Z(fl)"“i4 with error within 0.001.
n

n=1

1
SOLUTION. From —— < 10_3, we have n+1 > 6 or n > 5. Thus

(n+1)* —
> 1 1 1 1 1
n+1 ~ o - = -
D R Al AT
with error within 0.001. O

4. Absolute and Conditional Convergence

oo (oo}
DEFINITION 4.1. A series Z a, 1is called absolutely convergent if Z lan|

n=1 n=1
converges.

THEOREM 4.2. Every absolutely convergent series is convergent.

o0 o0
PROOF. Suppose that Z a, converges absolutely, that is, Z |a,| converges

n=1 n=1

by the definition. Let T,, = Z lak|, Sn = Zak. Since {T},} converges, {T)} is
k=1 k=1

Cauchy. Thus, for any € > 0, there is a N such that |T,, — T,| < € for all n,m > N.

For any n,m > N, we may assume that m > n, say m = n + p (as one of them

should be greater than another). Then

ISn — S| = S0 — (Sn + aps1 + ango + -+ anip)| = |ans1 + anga + - + antpl

<lany1] + lango| +--- + ‘an+p| =Ty — T =T — Tin| < e

o0

Thus {S,} is a Cauchy sequence and so it converges. Thus the series Z an CON-
n=1

verges and hence the result. O

EXAMPLE 4.3. Determine convergence or divergence of the series

. 1
oo sinn + 3

“— n(lnn)? '
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SOLUTION. Since

—_

i +1 |sinn| + 1+1
simmn = smn = =
2 2

n(lnn)? = n(lnn)? Sn(lnn)2

[\

1 1
>~ 1+ B 3. 1 oo |sinn + 5
and ; W =3 nz::Q m converges by Example 2.9, the series ;::2 W
o sinn + —
converges. Thus the series Z:; n(Tn)QZ converges. O

Remark. If you are testing for absolute convergence, all the techniques for the
positive series are applicable.

Q: Is the converse of the Corollary true? Il.e., if a series is convergent, will it be
absolutely convergent?

A: No, it is not necessarily true.

= 1
EXAMPLE 4.4. The series E (=1)"— converges by Example 3.3, but it is NOT
n
n=1
absolutely convergent by the p-series.

o0
DEFINITION 4.5. A series Z an 1s said to be conditionally convergent if
n=1
oo oo
Z an converges but Z lan| diverges.

n=1 n=1

- 1
EXAMPLE 4.6. The series Z(—l)"— is conditionally convergent.

NG

REMARK 4.7. Every series is either absolutely convergent, condition-
ally convergent or divergent. O

n=1

EXAMPLE 4.8. The series

absolutely convergence p>1
> a1 .
E (-1) — = conditionally convergence 0<p<1
n
n=1
divergence p<O0

5. Rearrangement properties of a series - an informal treatment

Roughly speaking, a rearrangement of a given series is another series produced
from a given series by scrambling the order of the terms of the given series, but
using all the terms exactly once. Example: Consider the harmonic series

(LS SR I S S
237456 7" 8 '

An rearrangement of the harmonic series is obtained by interchanging the 1st and
2nd terms, the 3rd and 4th terms, and so on, resulting in the new series

LT P N
2 47376 "5 87 '
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It turns out that the sum of a rearrangement of a given series may be different from
(o)

the original series. In fact, for any given conditional convergent series E an

n=1
oo

and any given real number ¢ € R, it is known that one may rearrange Z Gy SO

n=1

o0 o0
that the new series Z by, will converge to ¢ (i.e., Z b, = ¢). On the other hand,

n=1 n=1

an absolutely convergent series has much nicer rearrangement properties. Given
(o] o0

an absolutely convergent series Z an, whose sum is denoted by S, i.e., Z an, =S.

n=1 n=1
oo
Then for any rearrangement Z b, of Z an, one always has Z b, = S. In other
n=1 n=1

words, rearranging an absolutely convergent series will not change the sum.
Reading Exercise: See Bartle-Sherbert[1, p.255] for details.

6. Remarks on the various tests for convergence/divergence of series

1. n-th term test for divergence:
- a test for divergence ONLY, and it works for series with positive and negative

terms, e.g. Z

2. Comparlson test/Limit Comparison test:

- when applying these tests, one usually compares the given series with a geo-
metric series or a p-series.
- generally works for series which look like the geometric series or the p-series,

X 24 (1) 2w
& Z% Zﬁ

n=1 n=1
o~ 2+ (-1)"
- when an oscillating factor/term appears, e.g. Z ——;—— try the Comparison
n=1

test rather than the Limit Comparison test.
3. Integral test

& Z lnn

4. Ratio test
- generally works for series which look like the geometric series, series with n!, and
ertain series defined recursively,

— (2n)!
o8 Zzn’ 2214”7-171!’

n=

1 1
Zan, where a; = 1, a,, = (5 + —)ap—1,n=2,3,---.
n

n=1
5. (Simplified) Root test:
- generally works for series where a,, involves a high power such as the n-th power,

o0 n oo 1 n2
n
6. Alternatlng Series test: - works for alternating series only,

e Z lnn
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o0

Remark. In general, Tests 2 - 5 works only for Z ap, where a,, > 0 (except Ratio
n=1

and Root Tests for general series).



CHAPTER 3

Sequences and Series of Functions

1. Pointwise Convergence

1.1. Sequences of Functions. Let I be a (nonempty) subset of R, e.g.
(=1,1),[0,1], etc. For each n € N, let F,, : I — R be a function. Then we
say {F,} forms a sequence of functions on I.

ExampLE 1.1. (1). F,(z) =2", 0 <z < 1. Then {F,} forms a sequence
of functions on (0,1).

Fi(z) ==, 0<z<I;
Fy(z) =22, 0<z<l;
F3(x) = a3, 0<z<l;
Y
|
|
|
|
|
|
—] !
0 1 v

€T n

(2). {(1 + 7> } forms a sequence of functions on (—oo,00). Write out some
n

terms:

Fi(w) =1+ Fye)=(1+ %)2 Fy(r) = (1+ g)g

If we fix the z, and let n — oo,
lim F,(z) = lim (1 + E) =e".
n— 00 n—oo n

So for each x, we can define

F(z) = lim F,(z).

n—oo




46 3. SEQUENCES AND SERIES OF FUNCTIONS

DEFINITION 1.2. A sequence {F},} is said to converge pointwise to a function
Fon I if
lim F,(z) = F(x) for each = € I,

i.e., for each « € I and given any € > 0, there exists an N (which depends on x and
€) such that

|Fy(z) — Fx)| < e vn > N.
The function F is called the limiting function of {F,}.

Graphically, this means
Yy

Sp-----

O
Remark. The limiting function is necessarily unique.

EXAMPLE 1.3. The sequence {z"} converges pointwise on I = (0,1) because
the limit F'(z) = lim 2" = 0 exists for any 0 < z < 1.

The sequence {z"} does NOT converge on [—1,1] because the limit lim z"

does not exist when x = —1 € [-1,1].

1.2. Series of Functions. A series of functions on a set I is of the form
o0
> @) = fi(@) + fala) £
n=1

where each f, is a function on 1.

EXAMPLE 1.4. Below are some examples.

o0
1. Zm”_1=1+x+x2+x3+~--
n=1

. sin kz sinx sin2x  sin3z
2. = + + 4+ 0<z<1.
kzlk—i—x 14z 2+=x 3+

As in chapter 2, we may form the partial sums
n
Su(@) =Y ful@) = fil@) + fal@) + -+ ful2).
k=1

Then {S,,} forms a sequence of functions on I.

o0
DEFINITION 1.5. The series Z fn is said to converge pointwise (to a func-

n=1

tion S) on I if {S,} converges pointwise (to S) on I, (i.e. lim S,(x) = S(z) for

n—oo
each z € I.)
oo

EXAMPLE 1.6. What is the pointwise limit of Zz"il, where x € (—1,1)%

n=1

o0
Does Z "~ converge pointwise on [—1,1)
n=1
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SoLUTION. Consider the partial sum

Sule) = D20t =Tkt = =
for -1 < x < 1. Thus
>0t = i $(0) = Jim 5 =
for € (—1,1). Since the series im"‘l diverges when z = —1, the series of
n=1
functions i 2"~ " does NOT converge pointwise on [—1,1). O
n=1

1.3. Some Questions on Pointwise Convergence. Suppose a sequence of
functions {F,} converges pointwise to a function F on the interval [a,b]. Also sup-

pose a series of functions Z fn(x) converges pointwise to a function S(z) on [a, b].

n=1
Among the questions we want to consider the following. Some of these questions

were incorrectly believed to be true by many mathematicians prior to nineteenth
century, including the famous Cauchy. Cauchy in his text Cours d’Analyse “proved”
a theorem to the effect that the limit of a convergent sequence of continuous func-
tions was again continuous. As we will see, this result is false!

Question (a). If each F), is continuous at p € [a, b], is F' necessarily continuous at
p? Recall that F' is continuous at p if and only if

lim (1) = F(p).

Since F'(z) = lim F,(z) for every x € [a,b], what we really asking is does

n—oo

lim ( lim Fn(t)) = lim <lim Fn(t)> ?
t—p \n—o0 n—oo \t—p

Question (a’). For series of funCtionb we can ask similar question. If each f, ()
is continuous at p, is S(z Z fn () necessarily continuous at p? Again what we

really asking is does
ESIACED WAL

Question (b). If each F, is differentiable on [a, b], is F' necessarily differentiable
on [a,b]? If so, does

@ lim F,(z) = lim iFn(gc) ?

dx n—oo n—oo dx

Question (b’). If each f, is differentiable on [a, b], is S(x Z fn(2) necessarily

differentiable on [a, b]? If so, does

d & = d
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Question (c). If each F), is Riemann integrable on [a, ], is F' necessarily Riemann
integrable on [a, b]? If so, does

b b
/ lim F,(z) de = lim F,(x) dz ?

a n—oo n— 00

Question (c’). If each f, is Riemann integrable on [a,b], is S(z an

necessarily Riemann integrable on [a, b]? If so, does

/an dw—z ) dx ?

n=1v9

Without additional hypothesis the answer to all of these questions is gener-
ally no. This additional hypothesis is so-called uniform convergence, introduced
by Weierstrass in 1850. For his many contributions to the subject area, Weierstrass
is often referred to as the father of modern analysis. The subsequent study on
the subject together with questions from geometry and physics also lead to a new
area called topology in the end of 19th century. Poincaré is often referred to
as the father of topology. Topology together with Riemann geometry provide the
mathematics foundation for Einstein’s relativity theory. You may learn some basic
knowledge of topology and modern geometry in 4000 and 5000 modules.

Below we only give counter-examples to Questions (a) and (¢). You may read
the text book [7] for more examples.

ExaMPLE 1.7 (Counter-example to Question (a)). Consider the functions
F.(z)=2z", z€][0,1].
For each fixed z € [0, 1), we have
lim F,(x) = hm 2" =0 (since |x| < 1).

At z =1, we have
lim lim F,(z) = lim F,(1) = lim 1" =1.

Thus {F,} converges pointwise to the function F' on the interval [0, 1] given by

0, forze€]0,1),
F(z) =
1, r=1.

Each F,, is continuous on the whole interval [0, 1], but F' is not continuous at « = 1.
And
lim lim F,(x) = limlF( xz)=0# lim hmF ().

r—1n—oo r— n—oo x—1

Y

U —

0 1 v
This simple example gives a counter example to Cauchy’s (false) statement
that the limit of continuous functions is continuous, namely the limit of continuous
functions need not be continuous.
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ExXAMPLE 1.8 (Counter-example to Question (c)). Consider the functions

an, 0<917<%7
Fo(#)=<¢ 2n—n’z, 1<az<?2
0, %§x<1.
Yy
I
|
|
|
|
|
0 1 v

For each fixed = € (0, 1], one sees that F,, () = 0 whenever n > %, and hence
lim F,(z) = lim 0=0.

Also, at = 0, we have

lim F,(0) = lim n*.0=0.

n—oo n—oo

Thus, {F,,} converges pointwise to the zero function F'(z) = 0 on the interval [0, 1].
For each n > 1, we have

1 1/n 2/n 1
/ F,(z)dx = / nx dx + / (2n —n’z) dx + / 0dx
0 0 1/n

2/n
B 2.2\ =
+ <2nx_na: )‘ +0
o 2

3

Thus we have
1

1
lim Fo(z)dx= lim 1=1#0= / F(z)dx, ie.
n—o0 0 n—oo 0

1 1
lim F,(x)dx # ( lim Fn(x)) dx.
0

Reason: At different x, F,(z) converges to F(z) at different pace (more specifi-

cally, in the definition of pointwise convergence, the choice of N depends on both
e and x).

2. Uniform Convergence

We define a slightly different concept of convergence.



50 3. SEQUENCES AND SERIES OF FUNCTIONS

2.1. Uniform Convergence of Sequences of Functions.

DEFINITION 2.1. {F,} is said to converge uniformly to a function F on a
set I if for every € > 0, there exists an N (which depends only on €) such that

|F(x) — F(x)] < e
for ALL x € I whenever n > N.

REMARK 2.2. If {F,} converges uniformly to F on I, then {F,} con-
verges pointwise to F' on I. Conversely, if {F,} converges pointwise to
F on I, then {F,} need not converge uniformly to F' on I.

The inequality in the definition can be expressed as
Fz)—e< Fp(r) < F(z)+e¢
for all z € I and n > N. The geometric interpretation is that for n > IV the graph
of y = F,,(x) lies in the band spanned by the curves y = F(x) —e and y = F(x) +¢,
that is, given any € > 0 the graph of y = F},(z) eventually lies in the band spanned
by the curves y = F(z) — e and y = F(x) + e

0

ExampPLE 2.3. The sequence of function F,, = ™ converges pointwise to 0 on
[0,1).

- x
But from the graph we can see that the graph of F;,, = 2™ DOES NOT even-
tually lie in the band spanned by y = —e and y = +e¢. The geometric reason also

tells us that {z™} does not converge uniformly on [0, 1).

2.2. Two Criteria for Uniform Convergence of {F,}. The following the-
orem is useful (computationally) in determining whether a sequence of functions
converges uniformly or not.

THEOREM 2.4 (T-test). Suppose {F,} is a sequence of functions converging
pointwise to a function F on a set I, and let

T, =sup |F,(x) — F(x)|.
zel

Then {F,} converges uniformly to F' on I if and only if lim T, = 0.
n—oo
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PRrROOF. First we prove the ‘only if’ part. Suppose that {F,} converges uni-
formly to F on I. Then for any given € > 0, there exists N such that

|F(x) — F(z)| <§ foralln > N and x € 1

= Tn:sup\Fn(aJ)fF(x)\§§<e for all n > N
zel

= |T,,—0|=1T, <e¢ foralln>N.
Hence we have lim T, = 0.

n—0o0

Next we prove the ‘if’ part. Suppose that lim 7, = 0. Then for any given
n—oo
€ > 0, there exists IV such that

T, — 0| =T, <e foralln>N

= sup|F,(z) — F(z)|<e foralln>N
zel

= |Fp(r) — F(z)] <e foralln> N and z € I.
Hence {F,} converges uniformly to F on I. This finishes the proof of the theorem.
O

THEOREM 2.5 (Cauchy’s Criterion). A sequence of functions {F,} con-
verges uniformly on a set I if and only if given any € > 0, there exists a
natural number N such that

(5) |F(z) — Fu(z)| <e for allz el and all m,n > N.

Remark: Here N does not depend on z.

PRrOOF. First we prove the ‘only if’ part. Suppose that {F,,} converges uni-
formly to the function F' on I. Then given any e > 0, there exists IV such that

|Ey(z) — Fz)| < % for all z € I and all n > N.

Then for all x € I and m,n > N,
|Fn(2) — Fin(2)| = [(Fn(x) — F(z)) — (Fn(2) — F(2))|

< |Fu(@) = F(@)] +|Fn(2) - F@)| < 5+ 5 = €.

This finishes the proof of the ‘only if’ part.

Next we prove the ‘if’ part. Suppose that equation 5 holds. Then for each fixed
point x € I, {F,(z)} is a Cauchy sequence of real numbers, and thus by Cauchy’s
criterion for sequences, the sequence of real numbers {F, (x)} converges. For each
x € I, we denote the limit by F(x) = nlirrgo F,(x). Then {F(z)}.er forms a function

on I, which we denote by F. Given any € > 0, by equation 5, there exists N such
that

|Fn(x) — Fip(x)] < % for all x € I and all m,n > N.
Then for each fixed x € I and n > N, we have
Fu(@) = F@)] = |Fa(a) = lim_F(@)

= lim |F,(z) — Fp(x)] < lim ; = % <e.

Thus {F,,} converges uniformly to F', and this finishes the proof of the ‘if’ part. O
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2.3. Examples.

.9
EXAMPLE 2.6. Show that F,(z) = s x, x € (—00,+00), converges uni-
n

formly.

PROOF. The limiting function F(z) is

F(z)= 1l =0
(z) = lim —
for all x € (—o0, +00). Since
L2
1
T,= sup |F,(z)—F(x)]=  sup il <= =0
2€(—00,+00) zE€(—o0,400) | T n

as n — 00, thus the sequence of functions {F,, (2} converges uniformly on (—oo, +00).
O

EXAMPLE 2.7. Determine whether the following sequences of functions converge
uniformly on the indicated interval.

(0) fula) = "0 e (1 4o0);
TL2 nr
(0) fule) = 5 € 2, o0).

SOLUTION. Let f(z) = lim f,(x) =0 for > 1.
n—oo
2

n“lnz
(a). T, = sup|fn(x) — 0] = sup ——— = sup f,(x). From
z>1 z>1 T z>1
/ o1 5 w1 n2—nPlnz
fri(x)=n o —n’lnz-x :TZO,

1 . . .

we have n? —n?Ilnz = 0 or z = e=. Observe that f,, () is monotone increasing for
1 . 1

1 <z < e and monotone decreasing for > en. Thus

2.1

n“-- n

n _ %_) 0

e

()

as n — oo and so {f,(z)} does NOT converge uniformly.

(b). Since ew < 2 for n > 2, the function fn(x) is monotone decreasing on

n?1n2
[2,+00) for n > 2 and so T}, = sup|fu(x) — f(2)| = fu(2) =
x>2

for n > 2.
21’L

Since lim T}, = 0, {f,} converges uniformly on [2, +o0). O

2 1 3
EXAMPLE 2.8. Show that F,(z) = o nTSImng converges uniformly on [2,+00).

xn
SOLUTION. F(z) = lim F,(z) =0 for z > 2. Observe

n—oo

?Inz|si 21n 2
T, = sup|Fy(x) — F(z)| = sup " 22lsinna]  n7In

r>2 r>2 ™ - n
for n > 2. Since lim T,, =0, {F),} converges uniformly. O
n—oo

Remark. Let {F,} be a sequence of functions on an interval I. To see whether
{F,} is uniformly convergent, we may try to do by the following steps.

(1). Determine the limiting function F(z) = lim F,(z).
n—oo
(2). Determine T;, = sup |F,(z) — F(x)|.
el
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(3). Check whether lim T, = 0.

n—oo
If T), is difficult to be determined, then we may try to estimate an upper bound of
T, ( a lower bound of T, if we guess that the sequence of functions might not be
uniformly convergent).

2.4. Uniform Convergence of Series of Functions.
o0

DEFINITION 2.9. an is said to converge uniformly (to S) on [ if the
n=1
sequence of its partial sums {S,,} converges uniformly (to S) on I.

oo
THEOREM 2.10 (T-test for Series of Functions). Suppose Z fn(x) is a series
n=1
of functions converging pointwise on a set I, and let

> frlx)

k=n-+1

T, = sup
zel

o0
Then Z fn(z) converges uniformly on I if and only if lim T, = 0.
n=1
PROOF. Let Sp(2) =Y fu(x) and S(x) =Y _ fr(z). Then
k=1 k=1

> fulx)

k=n+1
and so the T-test, Theorem 2.4, applies. O

[Sn(2) = S(z)| =

THEOREM 2.11 (Cauchy Criterion). A series of functions an con-

n=1
verges uniformly on a set I if and only if given any € > 0, there exists a

natural number N such that

> il

k=n-+1

<e forallzel and all m >n > N.

Remark: Here N does not depend on z.

PROOF. The proof follows by applying the Cauchy Criterion to the partial
sums S, (z) = Z fr(z). O
k=1

The following test is very useful in verifying that certain series of functions
converge uniformly to some functions on an interval.
o0
THEOREM 2.12 (Weierstrass M-test). Consider a series of functions Z fr
on a set I. Suppose that =
(i) |fe(z)]| < My forallzel, k=1,2,---, and
o0

(ii) ZMk converges.

k=1
0

Then ka converges uniformly (to some function) on I.
k=1
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Remark. Weierstrass M-test only states that if a series of functions satisfies
conditions (i) and (ii), it converges uniformly on I. If a series of functions does
not satisfy these two conditions, the test fails, namely, no conclusion that you
can claim from this test.

o0
PROOF. Since Z Mj, converges (by (ii)), by the Cauchy Criterion, given any

k=1
€ > 0, there exists N such that

S -

k=n+1
because My > 0. Then for all x € I, we have

Z M| <e forallm>n>N

k=n+1

m m m
Yo @< > @< ) My <e
k=n-+1 k=n-+1 k=n-+1
o0
Thus, by the Cauchy criterion, Z fx converges uniformly on I. O
k=1
2.5. Examples.
=\ cos" x
EXAMPLE 2.13. Show that Z 5 converges uniformly on (0,00).
4w
PROOF. Since
cos" x 1
n?+x| = n?

o0
1
for all € (0,00) and the series E — is convergent by the p-series, the series of
n
n=1

e n
cos" x
functions E Z converges uniformly by the Weierstrass M-test and hence the
n*+x
n=1
result. (]

EXAMPLE 2.14. Does the series of functions
o0
P
Zn " sin nx
n=1

converge uniformly on the interval [0, %] ? Justify your answer.

SOLUTION. Note that

]

‘n%” sinnx‘ < n
2n
for z € [0, 3. Since
(n+1)2
“ontl N2 1
lim —2" i m:,<17
n—00 n2 n— 00 n2 2
on

o 2
n
the series E on converges, by the ratio test, and so the series of functions

n=1

converges uniformly on [0, %] by the Weierstrass M-test. U
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e n
EXAMPLE 2.15. Show that the series Z(—l)"“m— converges uniformly on
n

n=1

[0,1].
Note. The M-test fails for this example because
1

n

f1n+1ﬁ
(-

sup
z€]0,1]

o0
1
and E — diverges. In this case, we use T-test or Cauchy Criterion.
n
n=1

n

PRroOF. Let a,(z) = m—. Then, for 0 < z < 1, we have
n

ay(z) > as(x) >--->0 and  lim a,(x) =0.

n—oo

e n
Thus the series E (—1)"“96— converges pointwise on [0,1] by the Alternating
n

n=1
Series Test. By the Alternating Series Estimation,

oo

k +1
T, = sup (fl)k“%— < sup e 1 .
0<a<1 |, S, k o<e<1M+1 n+1
xn
Since lim =0, the series (—1)""' ~— converges uniformly by the T-test. [
n—oon + 1 n

n

o0
EXAMPLE 2.16. Show that the series Z T does not converge uniformly on
n

n=1
[0,1).
PROOF. Observe that
> zk L
T, = sup |Sp(x) — S(z)|= sup = | = sup Z —.
0<z<1 0<z<1 k=n+1 0<z<1 R—)
anrl xn+2 ZL.n+1 1.n+2 x2n
= su —+ 4+ .- > su + + e+ —
0<x121<n+1 n 4+ 2 )_o<w21<n—|—1 n -+ 2 Qn)
L Lyt (beause & monotone increasing on (0, 1)
= .-+ 4+ — ( because — monotone increasing on (0,
n+1 n+2 2n k &
S 1 + 1 n 1 1 1
R — at—2 1 =
“2n  2n 2n 2n 2
Thus the sequence {7}, } does not tend to 0 and so the series of functions Z -
k=1
does NOT converge uniformly on [0,1) by the T-test. O

3. Uniform Convergence of {F,,} and Continuity

In this section we will prove that the limit of uniformly convergent sequence of
continuous functions is again continuous.

THEOREM 3.1. Let {F,,} be a sequence of continuous functions on an

interval I. Suppose that {F,} converges uniformly to a function F on I.
Then F' is continuous on I.
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Proor. Fix any point g € I. We are going to show that F' is continuous at
the point zg.
Given any € > 0, since {F, } converges uniformly to F on I, there exists N such
that
|Ey(z) — Fz)| < § for all z € I and all n > N.

Next we fix an n > N (say, n = [N] + 1). Since F,, is continuous at xg, there
exists & > 0 (here ¢ depends on xy and €) such that for all x satisfying |z — xg| < 6,
we have

€
|Fn(z) — Fr(xo)| < 3

Then for all x satisfying |z — o] < J, we have
|F(2) = F(xo)| = [F(2) = Fa(x) + Fu(2) = Fu(2o) + Fa(zo) — F(2o)|

< |F(2) = Fu(@)| + | Fa(@) = Faleo)] + [Fa(wo) = F(zo)| < 5 + 5 + 3 =

Thus F' is continuous at zy. Since z is arbitrary, it follows that F' is continuous
on I. This finishes the proof of the theorem. O

|
|
1
|
|
|
1
x

EXAMPLE 3.2. Find the pointwise limit F of the sequence

x2n

- 14 z2n’

Show using Theorem 3.1 that the convergence is not uniform.

F,(x) z € 10,1].

SoLuTION. If 0 <z < 1, we have

lim F(z) = I il 0
im F,(z)= lim ——— = —— =
n—oo n—oo 1 4 x2n 140

1
If x =1, then F,(1) = 3 Thus the limiting function F'(z) is

0 0<z<1
F(z) =

% r=1
Because each F,, (z) is continuous but F'(z) is not, the sequence of functions { F},(z)}
does not converge uniformly on [0, 1] by Theorem 3.1. O

It is possible that each F,, and F(z) = lim F,(z) are continuous on an interval
n—oo

I, but {F,,} does not converge uniformly to F(x).
For the case that I is not closed, an example can be given by I = [0,1),
F,(z) = 2™. (In this case F(z) = lim F,(x)=0forz €1.)

For the case that I is a closed interval, an example can be given as follows.

EXAMPLE 3.3. Let F,(z) = nwze ™™ . Show that
1) Each F,(x) is continuous on I = [0,1].
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2) {F.(xz)} converges pointwise to a continuous function on I.
3) {Fn(x)} does not converge uniformly on I.

PrOOF. Each F,,(x) is continuous because it is a well-defined elementary func-
tion on [0, 1].
Let F(z) = lim F,(x) on [0,1]. When z = 0, F,(0) = 0 for each n and

F(0) = lim 0= 0, when = # 0 (fixed),
TL"L‘2

. . - . nx . x i
F(z) = lim F,(z) = lim nze =lm —=1lm ———=1lm —5 =0
n— o0 n—oo n—oo ene n—oo e . 2 n—oo rent

Thus F(x) =0 is continuous on [0, 1].
Now T,, = sup |F,(z) — F(z)| = sup F,(z). From

0<z<1 0<z<1
Fl(x) = ne """ 4 npe " . (—2nz) = ne_mz(l —2n2?) =0,
1 _
we have z = £/ —. Since F,(0) = 0 and F,,(1) = ne™ ",
n
F(e) = mas, Fue) 0, n e b= [
su x) = max Z) = max — N —=e Vm =
O<$I;1 " 0<e<1 " en’ V2n 2e
Thus T, = 22 Since lim 7,, = +o0, the sequence {F,} does not converge
e n—oo
uniformly to F(z) on [0, 1]. O
o0
COROLLARY 3.4. Suppose that Z fr converges uniformly to a function
k=1

S on an interval I. Suppose that each f; is continuous on I. Then S is
also continuous on I.

ProOF. Consider the sequence of partial sums {S,,} on I, where we have S,, =
Z fx- Then {S,,} converges uniformly to S on I. If each f; is continuous on I,

k=1
then each S, is also continuous on I. Then by Theorem 3.1, S is also continuous

on I. O
o0
ExXAMPLE 3.5. Is Z et € (0,00), a continuous function?
n=1
SOLUTION. Let f,(r) = ———. We find an upper bound of f,(z). Observe
n enfE
that
_ 1
, T / e / e~NT _ pre—nT e " (’fl - :L’)
fu(@) = (nQem’) B ( n? ) - n? - n '

Thus f,(z) > 0for 0 < z < L and f,(z) < 0 for > 1. It follows that f,(z) is
monotone increasing on (0, 1] and monotone decreasing on [, +00). Hence

1
sup  fo(z) = max fu(z)=fn <1> S

0<z< o0 0<z<+00 n ny o end
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1 o0
Let M,, = — Then |f,(x)| < M, for x € (0,00). Since Z M,, converges by

n=1

o0
the p-series, the series of functions E —5 - converges uniformly by Weierstrass
n2e

n=1
M-test on (0, 00).
oo
x
According to Corollary 3.4, the function Z ——— is continuous on (0,00). O
n enac
n=1

oo oo
It is possible that each f, and an are continuous, but Z fn does not
n=1 n=1
converge uniformly.

ExaMPLE 3.6. Consider the geometric series

- 1
1—-=z
n=0
o0
for —1 < z < 1. In this case, each 2™ and Zx” are continuous on I = (—1,1).
n=0

o0
We show that Z x™ does not converge uniformly by T-test.

n=0
Since
T,= sup |z"T"+2" 4. .. ’ > sup |x"+1 42" 4
—1<a<1 0<z<1
= sup (:17”+1 + "2 4. ) > sup 2"t =1,
0<z<1 0<<1

o0

the sequence {7}, } does not tend to 0 and so the series Z z™ does not converge
n=0

uniformly on (—1,1) by the T-test. O

4. Uniform Convergence and Integration

Before we go on, we first recall some facts about Riemann integrals from
MA1102 Calculus I. Fact 1: If f(x) is continuous on a finite closed interval [a, b],

b
then f(z) is Riemann integrable on [a,b] (i.e., the Riemann integral / f(z)dx
a

exists in R.) Fact 2: One always has

[ ) < [(wia

This follows readily from the following geometric interpretation of the Riemann
integral:

b
/ h(x)dr = area between the graph of h(z) and the z-axis along [a,b].
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‘ y=F(x)

T

See Bartle [1], Chapter 7 for the above facts and more details on Riemann integrals.

THEOREM 4.1. Let {F,} be a sequence of continuous functions on a finite
interval [a,b]. Suppose that {F,} converges uniformly on [a,b]. Then

b

lim F,(x)dz = /ab ( lim Fn(x)> dzx.

n—oo a n—oo

PROOF. Let F(x) = lim F,(z). Since each F,(z) is continuous and F,(x)
converges uniformly on [a,b], the function F(x) is continuous on [a,b] and the
integral f: F(z) dx exists. By definition, given any e > 0, there exists N such that

€

|[Fo(z) — F(z)| < m

for all n > N and z € [a,b]. Thus
€

Fala) = 55 g <T@ < @) + 555

2(b—a)
for all z € [a,b] and n > N. It follows that, for n > N,

b Fol@) = 5o ) du < bF(x)d;v
[ (- gg) s |

and so
b c b b c
/ F,(x)dx — 3 < / F(z)dz < / F,(x)dz + B
or
b b
/ Fn(x)dzf/ Fz)dz| < - <e
Thus
b b b
lim F.(z)dz = / F(z) = / lim F,(z)dzx,
which is the assertion. o

EXAMPLE 4.2. Compute, justifying your answer,

. L sinnaz
lim 5 dz.
n—oo Jo N+ X

SOLUTION. Let F,,(z) = % Then the limiting function
n+zx
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for any given 0 < z < 1, by the Squeeze theorem, because

1 sin nx 1
n-n+z2 " n
and lim — = — lim — = 0. Since
n—oo N, n—oo N
sin nx 1
T, = sup |Fy(r)—F(z)|= sup |——|<—,
0<z<1 o<z<1|M+ T n

lim T,, = 0 by the Squeeze Theorem and so the sequence of functions {F,} con-

n—oo

verges uniformly to F(z). Thus

. 1 . 1
lim Sty dr = / lim Sy dr = / 0dx = 0.
0 0

n—oo [ n+ x2 n—oo N + 2

1

O

o0
COROLLARY 4.3. Suppose that ka converges uniformly on a finite
k=1
interval [a,b] such that each fy is continuous on [a,b]. Then

b o oo b
/ Z fu(x)dx = Z fr(z) dz.
@ k=1 k=179
PROOF. By definition, the sequence of partial sums S, = > fr converges

k=1
uniformly on [a,b]. Since each fi is continuous on [a,b], then each partial sum S,
is also continuous on [a, b]. Thus

oo

b
/ak

b b b n
frdr = / lim S,(z)dr = lim [ Sp(z)de= lim [ > fi(z)da
1

n—oo n—oo n—oo
a a

n b o b
Z fu(x)dx = Z fr(z) dx.

= lim
n—oo
k=17 k=17
O
By using this theorem, we have the following amazing formula.
EXAMPLE 4.4. Show that
=1 1 1 1
n2 = - = ...
. ;nan o tyst
: n—1 1 n 1 . .
PROOF. Since |:c | < 3 for 0 <z < 3 and the geometric series

o) 1 n—1 o) 1
Z - converges, the series Z "1 converges uniformly to on [0, %}
n=0 2 n=1 l—=

by the Weierstrass M-test. Thus we have

n|1/2 0

5o S < b > ¢ 1
/0 l—x:/o ;m ldfc;/o x 1dx:Z?0 :Zn-2”'

n=1 n=1

g , 1 1
— _In(1— ‘ — m(1—=)=-m(=)=m2

Since

[
|
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we obtain the formula
=1 1 1 1
12: —_— = —_— —_— e,
n Zn~2" 5 T2ty

n=1

O

REMARK 4.5. Example 4.4 gives a way to estimate the number In2 because
the remainder

R, = L ! + ! +
" k-2F  (n+1)2nt1 0 (n 4 2)2n+2

1 1 1
Sz T manzeE my iz

= ! 1yl 2y
~ (n+1)2ntl 2 22
1 1 1

T (120l 11T (nt1)2n

For instance,

mo~tp Lot ooy 1
NS Ty e T3 10 - 210

1
with error less than 11-210 — 11264°

5. Uniform Convergence and Differentiation

THEOREM 5.1. Let {F,,} be a sequence of functions on [a,b] such that
(i) each F! exists and is continuous on [a,b],
(ii) {F,} converges pointwise to a function F on [a,b], and
(iii) {F)} converges uniformly on [a,b].
Then F is differentiable on [a,b], and for all x € [a, b],

F'(z) = lim F/(x),

T \n—oo

iie. di ( lim Fn(x)) = lim (dan(x)>.

Remark. Here the differentiability and continuity at the endpoints a and b refer
to the one sided derivatives and limits respectively.

ProOOF. By (iii), {F.} converges uniformly to a function, denoted by g, on
[a, b], where
g(x) = lim F,(x)
n—oo
for all z € [a,b]. By (i), since each F), is continuous on [a,b], F), is also Riemann
integrable on [a, b], and by the fundamental theorem of calculus,

/ F!(t)dt = F,,(z) — F,(a) for all z € [a,b].
Letting n — oo, for all = € [a, b],

tim [ FA(®)dt = lm (Fu(w) ~ Fala)) = F(o) - Fla)

. x
F! uniform convergence on[a,z]C[a,b] /
a n—oo

lim FY () dt = / o(t) dt.
Thus
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and so
Fla) = = / o(t) dt = g(x)

by the fundamental theorem of calculus. In other words

d . . d
i (fm F20)) = i (7o)
and hence the result. O

REMARK 5.2. By inspecting the proof, Theorem 5.1 still holds when the closed
interval [a, b] is replaced by (a,b), (a,b] or [a,b).
COROLLARY 5.3. Let Z fr be a series of functions on [a,b] such that
k=1

(i) each f]. exists and continuous on [a,b),
oo

(i) Z frx converges pointwise on [a,b], and

k=1
oo

(iii) Z converges uniformly on [a,b].

k=1
Then
d [ — d
dr (Z fk(@) = Z %fk(x)
k=1 k=1
PROOF
d > check conditions (i)-(iii) . d i
- (Z fi(x) ) %nlggo ka Jim o= | i)
k=1 k=1
n oo d
= lim > fi(x) =) - filw)
k=1 k=1
g
Example. Let S(z) = i sin ki Let fi(z) = sin ki . Then
n - k=1 2 ' 2

(i) each fj exists and continuous on R.
o0

(ii) > fr converges pointwise on R because
k=1

fela)] < 5

oo
and ) 5 converges.
k=1
(i)

ka 7choskx

k=1
converges uniformly on R by the Weierstrass M-test because

k
s %

kcoskx
ok

o0
k
and kzl 3¢ converges.
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Thus

oo

S'(z) = Z kcoskx.

2k
k=1

6. Power Series

6.1. Power Series.

DEFINITION 6.1. A power series in z is of the form
oo
Zana:” =ag+ a1z + a4+ -
n=0

EXAMPLE 6.2. Below are some examples
o0

LY (n+ 12" =1+22+ 32> +42° + 52" + -
n=0
x™ x2 x3
2. =1 el
;n! Tttt

DEFINITION 6.3. A power series in x — xq is of the form

oo
Zan(ﬂﬁ —20)" = ao + ai(z — x0) + ag(x — x0)* + - - -
n=0

EXAMPLE 6.4. Here are some examples.

1. f:(;v—1)”:1+(x—1)+(x—1)2+-~-

n=0

2. Y e +2)" = (x+2) + 222 +2)? + 32z + 27+
n=1

o0
Warning. Don’t expand out the terms a,(x — xg)™ in the power series g an(x —
n=0
x0)"™ because, when you rearrange terms in an (infinite) series, you may get different
values. (For partial sums, you can expand out, if it is necessary, because there are

only finitely many terms.)
o0

Question: Given a power series E an(x — )", when does it converge and when

n=0
o0
does it diverge? In other words, what is the domain of the function Z an(x—z0)".
n=0
We are going to answer this question.
6.2. Radius of Convergence.
o0
DEFINITION 6.5. Given a power series Z an(z—x0)", the radius of conver-
n=0
gence R is defined by
B 1
Iim ]an|

n—oo
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If im {/|a,| = oo, we take R = 0, and if lim /|a,| = 0, we set R = oo. If
n—oo n—oo

lim M

ezists, R is also given by

1
lim LR—HI

n— 00 ‘anl

R:

Remark. Recall that

tim 25 <t ] < T e < T ]
a n—oo n TL|

— 00 |a

If lim [t exists, then lim {/|a,| exists with lim {/|a,| = lim |an+1|.
n—oo n—oo

EXAMPLE 6.6. What is the radius of convergence for the series

22 23 ozt 2 af

T
tstEptatatste T

SOLUTION. Since

1
Ay =
1
2R 1 n=2%k—1,
we have
1
Vlan| = 1

— 1
Thus lim {/|a,| = 3 and so the radius of convergence
n—oo

1 1
lim {/|ay| 3
(|
0 4 3"
EXAMPLE 6.7. Find the radius of convergence of the power series Z %
n
n=0
SOLUTION. Observe that
o (dz+3)" o= 4n 3\"
> —a > =o\rty)
n=1 n=1
Thus
1 1
R= =
i [l 4n . p?
B 1 1
T4 Ty
lim ———

N
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o0
THEOREM 6.8. Given any power series Z ap(z — z0)® with radius of con-
k=0
e}
vergence R, 0 < R < oo, then the series Z ap(z — x0)*
k=0
(i) converges absolutely for all x with |z — zo| < R, and
(ii) diverges for all x with | — x| > R.

Remark: At the (two) end points |z — z¢| = R, that is, z = 29 £ R, the power
series possibly converges and possibly diverges.
PROOF. By definition, the radius of convergence
1

Tim Jag|*
k—oo

Assertion (i) follows from the root test because, from

e

lim |ak(x—x0)k’ = Tim |ax|* - |z — g
k—oo k—o0

= |z — zo| - lim |ag|*
k—oo

1 1
= |z — =< R-= <1,
v =l 3 R

o0
the series Z |ak(z — xo)k’ converges.
k=0
Next we are going to prove (ii) by contradiction.
oo

Suppose that Z ar(x — z0)" converges at a point x with |2 — 29| > R. Then

k=0
by Theorem 1.7, we have

lim ay(z — x0)* = 0.

k—oo

Let € = 1. Then there exists IV such that
lag(x —20)¥ =0 <1 forall k> N

—  Japlz—20)¥|F <1 forallk>N

= |ak|%<7 forall k > N
0

1
=  suplag|®* <— foralln >N
> 0

n>k |z — o

- 1 1
= lim |ag|* <

— 00 |z — x|

1 1 1
—_ <= <

R~ |93 — ZEo‘ R
oo
which is a contradiction. Hence we must have Zak (z — x0)* diverges at each z

k=0
satisfying |z — xo| > R. O
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6.3. Interval of convergence. In view of Theorem 6.8, for a power series
oo oo

Z ay(z — z0)* with radius of convergence R, the set of points at which Z ag(x —
k=0 k=0

mo)k is convergent form an interval called the interval of convergence, which
must be either

(xo — R,x0 + R), (vo — R, w0 + R,
[zo — R,xz0 + R) or [xzo— R,z + R].

EXAMPLE 6.9. Find the interval of convergence of the power series.
G LN N (e LN n
(i) ZT (i) ZT (iii) Zn(x—?)
n=1 n=1 n=1

SoLUTION. (i). First we find the radius of convergence

1 1 1

— ana| n? . 1
lim —~ T

S — m -——-—-—

R:

Next we check the ending-points g + R = 2+ 1 = 1,3. When x = 1, the
o0 _1 n
series is Z ( 2)
n=1

n

, which is convergent by Example 3.3. When = = 3, the series

oo

1
is Z —, which is convergent by the p-series. Thus the interval of convergence is
n

n=1
[1, 3].
(oo}
. (x —2)"
(ii). ; —
The radius of convergence is
R 1 B 1 B 1 _1
o %l Ty -
lim ——
P I R VR

o0 71 n
Now we check the ending-points xop+ R = 1,3. When x = 1, the series is Z !,

n
n=1

o0
1
which is convergent by Example 3.3. When x = 3, the series is E —, which is
n
n=1
divergent by the p-series. Thus the interval of convergence is [1, 3).
oo

(iif). Y n(x—2)"
n=1
The radius of convergence is
1 1 1

T . m+1 T 1
lim M lim lim (1 + >
n

n—oo (025 n—oo n n—oo

oo
Now we check the ending-points 7o+ R = 1,3. When x = 1, the series is Z n(—1)",

n=1

oo

and when x = 3, the series is Zn Both of these series are divergent by the
n=1

divergence test. Thus the interval of convergence is (1, 3). (I
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Remarks on radius and interval of convergence of power series:

Keep in mind that interval of convergence is just the domain of the power
series, and radius of convergence is just distance from the center to the ending
points. (So it is just the half-length of the interval.)

For some power series, that is hard to be written in the standard form, we can
simply try to find the domain for getting interval or radius of convergence.

0o 2
1)
Example. Find the radius and interval of the power series Z u
n
n=0
SOLUTION. By applying the root test for general series, let
+00 |z —1] >1
—1)n? .

I= lim yay= tim {|CED g B2 g2
e e " nee n 0 |z — 1] < 1.

Thus the series converges (absolutely) when |z —1| < 1, and diverges when |z —1| >
1. Check the ending points |x — 1| = 1, that is, x = 0,2. When x = 0, the series is

o] (—1)”2 00 (_1)n 2 -
E AN § ~ 2 (wh —1)" = (—1)" by check dd d
n — (where (—1) (=1)™ by checking n odd or even), an

n=0 n=0

(oo}
1
it converges by the alternating series test. When x = 2, the series is Z — which
n
n=0
is divergent by the p-series.
Hence the interval of convergence is [0,2) and the radius of convergence is 1.
O

6.4. Uniform Convergence of Power Series.

THEOREM 6.10 (Uniform Convergence Theorem). Suppose that a power series

o0

Yoo g an(®—x0)" converges when x = ¢,d. Then the series of functions Z an(z—
n=0

x0)" converges uniformly on the closed interval [c, d].

Remark. The theorem says that if a power series converges at the ending points
of a closed interval [c,d], then it converges uniformly on [c,d]. This is a special
property of power series on uniform convergence.

PRrOOF. Case I. ¢ < xg < d.
o0

Step 1. we show that Zan(x — x0)" converges uniformly on [zg,d]. We may

n=0

T —x
assume that d > xg. Let t = 0

d*l‘o

Z an(x —x0)" = Z an(d — )" t".
n=0 n=0

We are going to show that this series converges uniformly on 0 < ¢ < 1, that is, zg <

. Then

o0 o

x < d. Write a,, for a,, R". By the assumption, the series Z ap = Z an(d—xo)"
n=0 n=0

converges. Let
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Then A,, — A,,_1 = (— Z ak>—<—2ak>:an.]5‘01r0§n<m,0§t§17

k=n-+1 k=n

m m

Z Ezktk = Z (Ak — Ak,1)tk
k=n+1 k=n+1

= [(Ant1 — A"+ (Apgo — A "2 4+ (A — Ao

= [— A"+ A (T =) e A (8T = )+ At

m—1
Apt™ — Apt™ 4 3" AR (tF — £

k=n-+1
m—1
<A™ 4 AT YT AR - 1),
k=n-+1
o0 o0
Since Z a,, converges, the remainders Z ar = —A, tendsto0andso lim A, =
n=0 k=n-+1 e

0. Given € > 0, there exists N such that |A,| < § for n > N. Now, form >n > N
and 0 <t <1,

m m—1
ST @tk < At + A+ DT AR R —t)
k=n+1 k=n+1

m—1
€ € €
< ™ 4 gl — k(1 —¢

2 "3 ’ k;l 2 ( )

:g(tm+tn+1+(1—t)(t”+1+tn+2—|—-~-+tm_1))

(™ + " (T T ) = (TP T ™)

N ™

— g Contl < e

By the Cauchy Criterion, the series of functions

oo oo
Z ant" = Z an(x — x0)"
n=0 n=0

converges uniformly on 0 <¢ <1, oron zg <z < 9+ R.
oo

Step 2. Similar to Step 1, Z an(x — x0)" converges uniformly on [c, zo].

n=0

o0
Step 3. From Steps 1 and 2, Z an(x — x0)" converges uniformly on the union
n=0
[C, d] = [Ca mO} U [Io,d].
oo
Case II. g < ¢ < d. From Step 1, Z an(z — zo)" converges uniformly on [zg, d]
n=0
and so it converges uniformly on subinterval [c, d].
oo
Case III. ¢ < d < xp. From Step 2 (which is similar to Step 1), Z an(x — 20)"
n=0
converges uniformly on [¢, zg] and so it converges uniformly on subinterval [¢,d]. O
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COROLLARY 6.11. Let Z an(z — x0)"™ be a power series such that it is con-
n=0
vergent when v = c,d. Then

d > 0 d
/ Z an(x — x0)" do = Z / an(x — x9)" dx.
¢ n=0 n=0"¢

[e.9]
PROOF. Since Z an(z — x9)" converges when x = ¢, d, it converges uniformly
n=0
on [c,d] and so

/Zanm—xo dx—Z/ an(z — x0)" d.

COROLLARY 6.12 (Abel Theorem). Let Z an(x — x0)" be a power series of
n=0
radius of convergence R>0.

f E a, R" converges, (i.e. the power series converges when x =

Zo + R), then

o}

lim an(z —20)" = lim  ap(z—z a R™.
m_’(m0+R)77lz:;) n( 0) ;x—%zu%—R)f 0 Z "

b). If Zan(—R)” converges, (i.e. the power series converges when r =

n=0
xo— R), then
o0 o0
lim an(Tx —20)" = lim an(x — a
z—»(mo—R)+nz:% n( 0) le:%m—»(mo—R) " 0 Z n

PROOF. (a). Since the power series

oo
Z an(x — )"
n=0

converges when x = g, g + R, it converges uniformly on [zg,z¢ + R] and so

lim an(x —20)" = lim an(z — apR".
(2o +R)~ nz:% (@ = =o) n;)w(mm* 0) Z
The proof of (b) is similar to that of (a). O
NI 1
EXAMPLE 6.13. From the geometric series Z " = for |z| < 1, we have
-z
n=0

= >y
n=0

by letting = —¢. For any « € (—1,1), we have

[e'e] x oo n+1

ln(l—l-x):/ozljrtdt:z:(_l)n/ tﬂdt:z(_l)nz+1-

n=0 0 n=0
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Since Z

n+1
converges when x = 1, we have

&0 1 n+1

—)r = 1 o= lim In(1 =In2.
nzzo( =l Y = i) <
In other words,
1 1 1
n2=1--+-—-
" 2 371"

1
EXAMPLE 6.14. From the geometric series Z " = for |z| < 1, we have
-z

n=0
1 _ i(_l)nt%z
1+¢2
n=0
by letting x = —t2. For any z € (—1,1), we have
* 1 - n * 2n - n x2n+1
arctan x :/0 e dt = Z(—l) /0 =" dt = Z(—l) Tl
n=0 n=0
2n+1
Since Z converges when z = £1, it converges uniformly on [—1,1]
n=0
and so
S x2n+1
arctanz = 7;)(—1) o T 1 for all |z| <1.
In particular,
s - 1 1 1 1
— =arctanl = 1" =l—-=-4+-—=+4---
g e 7;)( Vo1 375 77
EXAMPLE 6.15. From
oo 22n+1
_ n
arctanz = nzzo(—l) 1 for all |z| <1,
we have
o x2(2n+1) s x4n+2
tanz® = » ()" —- =) (-1)"
arctan nz::o( ) 1 ;::0( )2n+1
for |2| <1 and so
1 ) 0 1 x4n+2
t dr = 1" d
/0 arctan z° dz 7;)( ) /o o 1™

oo N 1
- 7;)(_1) (2n+1)(4n+3)°

7. Differentiation of Power Series

LEMMA 7.1. Let {a,} and {b,} be sequences such that a, > 0, lim b, exists
with lim b, # 0. Then

n—oo

lim a,b, = lim a, - lim b,.
n—oo n—oo n—oo



7. DIFFERENTIATION OF POWER SERIES 71

PROOF. Let B = lim b,.Given any € > 0, there exists N such that |b,—B| < €
for n > N, that is, e
B—-—e<b,<B+e for n > N.
Thus, since a,, > 0,
an(B —€) < apb, < an(B+¢€) for n>N
and so

(B—e¢) lim a, = lim a,(B—¢) < hm anb, < lim a,(B+e¢) = (B+e¢) lim a,.

n—oo n—oo

Now, by letting € tend to 0, we have

B- lim a, < lim apb, < B- lim a,.

n—oo n—oo n—oo
Thus
lim apb, = B- lim a, = lim a, - lim b,.
n—00 n— oo n—oo n— o0
O
o0
THEOREM 7.2. Suppose that Z an(x—x0)" has radius of convergence R >
n=0
0, and
o0
f(x):Zan(:rf:co)”, x — xp| < R.
n=0
Then
o0
(a). The power series Znan(x — x9)""! has radius of convergence R,
n=1
and
oo
(b). f'(z) = Znan(m —20)"" ! for |z — x| < R.
n=1

PRrROOF. (a). By Lemma 7.1,
lim |nay|* = hm lan |7 7w = Tim |ap|#- lim ¥/ Tm |ay,|7-1= lim |ag|* = —
n—o00 n—oo n—oo n—oo n—oo

Thus the power series

(o]
Znan x—x0)" Znan x—1x9)" = (x —x0) - Znan(xfxo)"71
n=1

o0

has radius of convergence R and so has E nan (z — o)
n=1

(b). For any p with 0 < p < R, the series of functions

oo
Z nap(x — )"
n=1

converges uniformly on |x — zo| < p by the Uniform Convergence Theorem because
the closed interval [zg — p, zo + p] C (zo — R, zo + R). Thus we can do derivatives
term-by-term and hence the result. O

n—1

Remark. The formula f'(x Z nap(r— )" ! need not hold at the end points

x = 20 = R in general even if the 1nterval of convergence of Y ° a,(x — xo)" is
[0 — R,x0 + R).
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ExXAMPLE 7.3. From Example 6.14,

0 2n+1

arctan x = Z(—l)”;: 1
n

for all |z| <1.

But

1 = n n
T2 (arctan x)’ = Z(—l) z?

n=0

only holds for |z| < 1 because when z = £1, the right hand side diverges (and the
1
left hand side = 5)

COROLLARY 7.4. Suppose that Z ag (x—xo)k has radius of convergence R > 0.

k=0
Let

flz) = Z ag(x — xo)]~C
k=0

on |x — xo| < R. Then f(z) has derivatives of all orders on
|z — zo| < R, and for each n,

(6) FOU @) = k(k = 1)(k—2) - (k—n+ Dag(z — x0)* "
k=n
In particular,
F®) (o)
(7) M = = for all k.

> fk) (g
(i.e. we have f(x) = Z fT('O)(x —x0)*.)

PROOF. The result is obtained by successively applying the previous theorem
to f, f', f”, and etc. Equation 7 follows by setting & = ¢ in Equation 6, that is,

F™(x) = nlay, + (n+D)n---2an41(z — x0)
+(m4+2)(n+ 1) 3ang2(z —x0)* + -

O
EXAMPLE 7.5. From the geometric series
1 oo
T:ZxTL:1+x+x2+x3+~-- |z < 1,
- n=0
we have
1 1 / o0
n—1 2 3
— 2—( — >—an =1+2x+32x" +4z” +---
(1—-2x) 1—2z —
for || < 1, and so
T o0
—x
n=1

1
By letting « = oL we have

=

iz%_ =2

n=1 - (1*2)2
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As an application, we give a proof of binomial series. Let a be any real number

The binomial number, a chooses n, is defined by
(a) _ala—1)(a—2)---(a—n+1)

n!

n

for positive integers n. For instance,

\_1 (3\_3zG-1Y_ 1
1 2’ 2 2! 8’

N[
—

We also use the convention that (g) =1 for any a.

THEOREM 7.6 (Binomial Series). Let a be any real constant. Then

1+2)*=14azx+ (a2_1)x2+~~

Jr
3 (-2 ()
n=0
for |z| < 1.

PRrOOF. First we are going to do derivatives term-by-term for the power series

Let -
fa)=1+Y" (Z)x”

Since
la| - Ja —1]---]a —n]

) la| - la—=1]---|a —n|-n!
= lim = h
n—><>o(n+1)!~|a|~|a71|~~|a7n+1\ n—oo n -+ 1

the power series f(z) =1+ Y (#)a™ converges on (—1,1) and so
n=1

=2 ()

for -1 <z < 1.
Next we are going to set up a differential equation that

(1+2)f'(2) = af(x).
= (14 z)?, this equation is observed

(Note. Since the goal is to show that f(x)
“landso (1+2)y =(1+2)"=y.)

from that, if y = (1 + 2)?, then y' = a(1 4 x)
. a—n—i—l)-nmn_1

RIS Y (4 T U

n=1
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BB () I ()

n=1

where
a—1 a—1
() (o)
(a—l)(a—2)---(a—1—n+l)+(a—1)(a—2)~-~(a—l—n—|—2)
n! (n—1)!
(a—1)(a—2)---(a—1—n-+2)

= " (a—1-n+1+n)

_afa—1)(a—nt1) _ (a)

n! n)’

Our last step is to solve the differential equation
(1 +2)f'(z) = af(2).
Let y = f(x). Then we obtain the differential equation

dy dy adzx
1 —_— = —_— =
(1+2) dx o y 1+

/dy /ad:c
— _— =
Y 1+

= Inlyl=aln|l+z|+ A=n|l+z]"+ A

= |y| = eyl — eA|1 + z|®
=y =C|1+ x|

where C' = +e4 is a constant. By putting = = 0,

= [a
C=(1+0)"=y(0) -l—nE:l (n)O
Thus y = |1 + z|* or
— (a
1 =1 "
(1+2) + (n>x

n=1

for |x| < 1 because 1+ x > 0 when |z| < 1. O

For instance,

i) 2 0w) 50 )

EXAMPLE 7.7. Evaluate /4.1 with error less than 0.001.
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SOLUTION.

Now

7N
i SIE
N—
N
—~
N|=
|
p—
S—
—
N
I
-
—
SN—
—
N~—"
e
+
[
N
—~
[
N|=
SN—
—
™
|
(SIS
I
—_
SN—

bopeeteodon e (1)

bet1 (k+1)! 40
i 3 (-g) - (k—3-1) (1)
k! 40
_1
_ 2
40(k+1) =

that is, bp > b3 > --- > 0, and klim br = 0 by the Squeeze Theorem because

— 00

L1200 (k=1) /1\* 1
0<b <2 B
=Tk k! (40) 2k - 40F
1
for k Z 2 and kli)ngo m =
By the alternating series estimation, from
1 1 k+1
. 2 — < 0.001,
(+20) ()
h k>1,b 2b L < 0.001, and
we have ecause = — . and so
= 1, 2 6400 )
N1
41~2+2(2)— =2025
vit=212(1)

with error less than 0.001. U

DEFINITION 7.8. A real-valued function f defined on an open interval I is said
to be infinitely differentiable on I if all (higher) derivatives f(™(x), n > 1,
exist. The set of infinitely differentiable functions on I is denoted by C*(I).

As a consequence, the functions f(x) = Z an(x — o)™ are infinitely differen-
n=0
tiable on (9 — R,x0 + R) if R > 0.

COROLLARY 7.9 (Uniqueness Theorem). Suppose that

i an(z — 29)" and i bp(z — 20)"
n=0 n=0
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are two power series which converge for |x — xo| < R with R > 0. Then

Zan(x—xo)":z:bn(x—xo)” for |z —x0| <R

n=0 n=0
if and only if

ay = by
forallk=0,1,2,3,--- .

PRrROOF. Suppose that ap = bg for all k =0,1,2,3---. Then Z an(x—xo)" =

n=0
n=0
Conversely, suppose that
D an(x—z0)" =D bula —w0)" = f(x)
n=0 n=0
(n) (n)
for |x — 29| < R. Then a, = fi(lffo) and b, = fi(xo) Thus a,, = b,, for all
n! n!

n=0,1,2,3,---. O

8. Taylor Series

8.1. History Remarks. The study of sequences and series of functions has
its origins in the study of power series representation of functions. The power series
of In(1 + x) was known to Nicolaus Mercator (1620-1687) by 1668, and the power
series of many other functions such as arctan z, arcsinz, and etc, were discovered
around 1670 by James Gregory (1625-1683). All these series were obtained without
any reference to calculus. The first discoveries of Issac Newton (1642-1727), dating
back to the early months of 1665, resulted from his ability to express functions in
terms of power series. His treatise on calculus, published in 1737, was appropriately
entitled A treatise of the methods of flurions and infinite series. Among his many
accomplishments, Newton derived the power series expansion of (1 + x)m/ ™ using
algebraic techniques. This series and the geometric series were crucial in many of
his computations. Newton also displayed the power of his calculus by deriving the
power series expansion of In(1+ ) using term-by-term integration of the expansion
of 1/(1 4+ z). Colin Maclaurin (1698-1746) and Brooks Taylor (1685-1731) were
among the first mathematicians to use Newton’s calculus in determining the coef-
ficients in the power series expansion of a function. Both realized that if a function

o0

f(x) had a power series expansion Z an(x — xp)™, then the coeflicients a,, had to
n=0
£ (20)

-

Why does ong' care? You probably like polynomials. Think of power series
as “generalized” polynomials. Since (almost) all functions you encounter have a
Taylor series, all functions can be thought of as “generalized” polynomials!

For instance, you will see that power series are easy to differentiate and inte-
grate. No more techniques of integration, if one is satisfied with writing an integral
as a power series!

In finding integrals and solving differential equations, one often faces the prob-
lem that the solutions can’t be “found”, just because they do not have a name, i.e.,
they cannot be written down by combining the familiar function names and the
familiar mathematical notation. The error function and the functions describing

be given by
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the motion of a “simple” pendulum are important examples. Power series open the
door to explore even functions like these!

8.2. Taylor Polynomials and Taylor Series.

DEFINITION 8.1. Let f(x) be a function defined on an open interval I, and let
xo € I and n > 1. Suppose that f(”)( ) exists for all x € I. The polynomial

f, 550 Z f(k) CL‘o

is called the Taylor polynomial of order n of f at the point xo. If f is infinitely
differentiable on I, the power series

T(f, z0)( Z f (x —x)"

is called the Taylor series of f and xg.

(z — z0)*

For the special case g = 0, the Taylor series of a function f is often referred
to as Maclaurin series.
The first few Taylor polynomials are as follows:

To(f,w0)(z) = f(wo),

Ti(f, o) (z) = f(z0) + f'(20)(z — o),

T 20)(2) = (20) + ' (ao)a — a0) + TP (a2
Ty, 20) () = Fleo) + 7' (wo)(w = o) + T (o g2 4 L0 (o

The Taylor polynomial Ty (f,z¢) is the linear approximation of f at x¢, that is
the tangent line passing through (z, f(x¢)) with slope f’(zq).

In general, the Taylor polynomial T}, of f is a polynomial of degree less than
or equal to n that satisfies the conditions

T (f,20)(x0) = FM (o)
for 0 < k < n. Since f(™(2() might be zero, T}, could very well be a polynomial of
degree strictly less than n.
EXAMPLE 8.2. Find the Maclaurin series of e®.

SOLUTION. Let f(x) = e”. Then f(")(z) = e¢”. Thus £ (0) = 1 and so the

Maclaurin series of e* 2

142+ ; +-
d

EXAMPLE 8.3. Find the Taylor series of f(x) =sinx at 9 = 7.

SOLUTION.

f(x)=sinz f'(z)=cosz
f'(x) = —sinz f’”( ) = —cosz
fm)=0  fl(m)=-1 f'(m)=0 f”’(ﬂ) =1,
Ts(f,m)(x) =0—(x —m) +0 (m - ).

T(f,m)(w) = ~(z — ) + ;os— )’ - gw )



78 3. SEQUENCES AND SERIES OF FUNCTIONS

Z 1)k+1 (ac — )2k
Pt Qk + 1!
O
1
EXAMPLE 8.4. Find the Taylor series of f(x) = - at xg = 3.
PROOF.
1 1 1 1 I (3-2\" 1 (-1
r 3-(3-2z) 3 1-3z2 3 ( 3x> :52(32 (z—=3)"
3 n=0 n=0
o (-1)"
> C g
n+1
n=0 3t
Thus the Taylor series of — at g = 3 is
(=D
Z (x —3)"
n+1
n=0 3t
O

8.3. Taylor Theorem. In view of Theorem 7.4, we may ask the following
question:
Question: Given a infinitely differentiable function f(z), does the equality

f(k «TO _ k
(8) F(z) = T(f,0)( Z : 7o)

hold for |z — x| < R?
(Here R is the radius of the convergence of the Taylor series.)
It turns out that in general, the answer is NO. (See Example 8.5 for an example of
a function such that equation 8 does not hold.)

However, as we have seen, the above equality does hold for some elementary
functions such as e?,sinz, cosz, In(1+z), (1+z)%, arctan x, and etc. We are going
to give certain hypothesis such that the above equality holds for some functions.

ExaMPLE 8.5 (Counter-example to the Question). Consider the function

e x #£0,
fla) =
0 z = 0.

Then we will show that f(z) # its Taylor series at xg = 0.

1
PROOF. First we compute f'(0). By substituting y = —
x

! . . .
FO=n "=~
= lim — = lim — T

= lim = -limx=0-0 (by L’'Hospital’s rule) =0.

Y—00 ey x—0

For x # 0,
f(z) = —(efw%) =20 3oz,
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Thus,
2737 g #0,

0 xz=0.

1
Next we compute f”(z). By substituting y = —,
x

!/ / _3 _ 1
7o) = fim 4 #) = SO) oy 2eTere® —0
FO=in o T T
=2 lim .
w—»Ox4eT2

=2 lim £ =0 (by L'Hospital’s rule).

Yy—oo €

Again, for x # 0,

k!

f(e) = di(%fgefﬁ) = (—62~% +dz%)e 7
x
Similar calculations will lead to
£(0) = £(0) = f"(0) = f®0) = fD ) =-.-=0.
Thus we have
oof(k)(o)k_oook_ . )
> KT *Zgw =040z +0z%+--- =0.
k=0 k=0
e M)
Clearly, at any @ # 0, f(x) = ¢~* # 0. Therefore, f(z) # 3 F O
k=0

The remainder or error function between f(x) and T, (f, zo) is defined by

R (f,20)(2) = f(2) = Tn(f; 20) (2).

Clearly
n k)
7 = Jim T = Jim P (0 gyt
< 4(k)
- Z ! k(!l‘o) (z —x0)"

if and only if
lim R, (f,zo)(z) = 0.
n—oo

To emphasize this fact, we state it as a theorem

THEOREM 8.6. Suppose that f is an infinitely differentiable function on an
open interval I and xog € I. Then, for x € I,

© £(n)(y
flay =30 LU0 (o e
n=0 :

if and only if
lim R, (f,xo)(z) =0.

n—oo

O

The remainder R, (f, zo) has been studied much and there are various forms of
R, (f,x0). We only provide one result called Lagrange Form of the Remainder,
attributed by Joseph Lagrange (1736-1813). But this result sometimes also referred
to as Taylor’s theorem.
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THEOREM 8.7 (Taylor Theorem). Let f be a function on an open interval
I, zg €I and n € N. If f("H)(t) exists for every t € I, then for any z € I,
there exists a ¢ between xy and x such that

_ S0

(9) R, (f,z0)(x) 1) (z — x0)" .
Thus .
Fla) = Flao) + Fzo)a - o) + L (o )
(n) (n+1)
+f n('xo) (l‘ B xo)n + f(n — 1()5') (l’ _ Io)n+17
for some £ between x and xg.
PROOF. Recall that
n (k)
Rulf.0) = fa) = 30 Lo o,

k!
k=

0
Fixed x € I, let M be defined by R, (f,xo) = M(x — x0)" ", that is,

") (g
10 = 3 T Moo
k=0

n+1
(Note. M depends on z.) Our goal is to show that M = {n+(1€))' for some &
between zy and x.
We construct a function
n (k) (g
o6) = £0) = 3 T 6 gy — bt — gy
k=0 ’
(n) (3
= 10~ (e0) + 1)t )+ oo+ EV ) < o= .

By taking derivatives, we have
9(wo) = ¢'(x0) = g"(w0) = -~ = g(n)(l‘o) =0.
and
(10) g () = fOV(E) = (n + 1)IM.
For convenience, let’s assume x > xg. By the choice of M, g(x) = 0. By applying

the mean value theorem to g on the interval [zg, z], there exists ¢1, zo < ¢1 < z,
such that

0=g(z) —g(z0) =g (c1)(x —2z0) = g'(c1) =0.
Since ¢'(zg) = ¢'(c1) = 0, by applying the mean value theorem to g’ on the interval
[0, 1], there exists ca, 29 < ¢ < ¢1, such that
0=g'(c1) —g'(x0) = g"(c2)(c1 —x0) = g"(c2) =0.

Continuing this manner, we obtain points c1,¢a, -+ ,¢p, Top < € < Cp1 < -+ <
co < ¢ < z, such that ¢g/(c;) = 0, g"(c2) = 0, g""(c3) = 0, ---, g™ (c,) = 0.
By applying the mean value theorem once more to ¢g(™ on [z, ¢,], there exists &,
xo < € < ¢y, such that

0=9"(ea) = g™ (20) = g () (en —w0) =gV =0.
From Equation (10),
0=g"(E) = fTI(E) — (n+ DIM,
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(n+1)
that is, M = f(_'_l()f') for some & between zg and z (because ¢ < £ < ¢, < z). O
n !
EXAMPLE 8.8. Show that, for |z| < oo,
) - e (_1)nx2n+l - x3 $C5 JL‘7
e =) o T wmta ow

PRrOOF. First the right hand side is the Maclaurin series of f(z) = sinx because
f(z) =sinz f'(z) =cosz
f'(x) =—sinz f"(x) = —cosz
fO)=0 f(0)=1 f"0)=0 [f"(0)=-1,
Next we show that the remainder tends to 0. Since f(x) = sinz, the higher
derivatives f("+1)(z) is either =sinz or & cosz. Thus |f("*(z)| < 1 for all z and

all n.
By the Taylor Theorem,

Ot (€) 1 Elas
R 0 =|—2""| < ——.
R0 @) = | | <
n+1
Since lim (|nx|+1)' =0, we have lim |R,(f,0)(z)| =0, by the Squeeze Theorem,
or '

lim R,(f,0)(z) =0
for all . Hence, for all z € R,

& (_1)nm2n+1 $3 ,135 .I‘7

Sin.ﬁ:z_%mzl'_g—i_a_ﬁ—k..

O

8.4. Some Standard Power Series. Below is a list of Maclaurin series of
some elementary functions.

[eS) " 5(,‘2 1‘3
=t ! !
R o
Sln:v—ngo 2n+ 1)
IS I5 JI7
:x—y-ﬁ-y—?‘*‘"' (2] < o0).
B e (—1)”56’2”
COSLE—TLZZO (271)'
.732 .734 I6
oo ( 1)"+1J}"
In(1 =
n(l+z) ,;1 -
2 3
:x_%+%_... (-l<z<1).
1 o0
=Y = lbe el b (el < 1),

n=0
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1 oo
g = LD = lmatat =g (el <1)
ot x2n+1
arctanx:nX:%(—l) 1
x> b
=r——=+—=——"- -1<z<1
TR (Flsw<l)
(1+a)" = i <a)x"
n
n=0
=1+ (Ne+ (D224 (2] <),
1 2
where
a\ a-(a—1)-(a—2)---(a—k+1)
k) k!
for any real number a and integers k£ > 1, and g =1

Remark. From these power series, we can obtain Maclaurin series of various more
complicated functions by using operations such as substitution, addition, subtrac-
tion, multiplication, division, integrals, derivatives and etc. For the Maclaurin
series of sin2? can be obtained by replacing by z? in the Maclaurin series of
sinz. By using multiplication, we can obtain the Maclaurin series of e” - sinz. By

ST By tak-

ing integral, we can obtain the Maclaurin series of non-elementary functions, for

using long division, we can obtain the Maclaurin series of tanx =

X
instance f(z) = sin t? dt.

Example. We can also use power series to define elementary functions. As an
example, we start with the exponential function. For any complex number z, let

- 232 _Oozn
e’ = +Z+?+—z:oﬁ,
n—

which is absolutely convergent for any z. You can check the formula

e n X _n x _n

P12 — § : (Zl + ZQ) — 7.2 = E 271 . E 272
| n! n! |-

n=0 s n=0 n=0

For any real number x,

e ()" s (DR SN (—1)Ra ! -
n=0 k=0 k=0

which is the Euler formula.
Computation of 7
As an application, we are going to compute number 7.
Step 1. Find the Maclaurin series of arcsinx for |z| < 1.
For |z| < 1,

arcsinx = /Ox \/%dt = /Ox (1+ (—t2))7% dt
) /Owki:o <_]§>(t2)kdt _ Ii/ow (—]})(Dktzkdt

1 2k+1 oo 1 2k+1
=S F( 2 = —E(T2) 2
k:O( )<k)2k:+1 T+ )<k:)2k:+1
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Note that
1 1
_% <_2) . <_2_1> (——k+1)
k k!
_1 _§ 2k —1
2 2 2
k!
pl-3- (2k —1)
- (_1) k. 92k
for k£ > 1.
Thus
. 00 1.3.....(2k_1)
. \ _ CyR(_1)k 2k+1
(11) arcsin x-l-;( )*(=1) 2’“-k!-(2k+1)$
(2k —1) opiq
—”“FZ 2k+1) v
for |z < 1.

1
Step 2. Find a series expansion of T using % = arcsin 2
From Equation (11), we obtain the following formula.

1:3: - (2k — 1)
<Kl (2k + 1) - 23541

(12)

N | =

il
6 —

Step 3. Estimate the remainder.
The remainder of the formula (12) can be estimated as follows.

o0

1:3c-c-- (2k — 1)
R, =[S —-5,]= Z 2k . k. (2k 4 1) - 22k+1

k=n-+1
> 1 > 1
< Z 2k+1 < Z 2k+1
et (2k +1)2 ) (2n + 3)2

83

1 1 1 1
= — |[14+-+—=4+--- ) = —
(2n + 3)22n+3 ( 4 42 ) (2n+3)227+3 (1 — 1) 3(2n + 3)22n+!

For instance, let n = 10, we have

(1 (2K — 1)
WM;( +Zk¢' 2k + 1) 23k+1>

with error less than
6 1 1 1
3.93.921 7 23.9220 T 24117248

If we choose n = 20, we have

(2k — 1)!
WgG( +Zkl 2k +1 23k+1>

with error less than

6 ! _ L < 10713
3.43-241 7 43.240 T 47278999994368 ‘
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If n = 40, the error is less than
1

100340843028014221500612608
Remark. There are several other methods for computing 7. For instance, we can
also use

<1072,

T arctanl=1- >4+ 14
4—arcan— st~ ,

but one needs a huge number of terms to get enough accuracy. (So this method
is no good for computational purpose!) Another method is to use the formula of
John Machin (1680-1751):

4arctan = — arct z
arctan ¢ — arctan o o = -,
see our text book [6, Problem 7, p.813] for details. Machin used his method in
1706 to find 7 correct to 100 decimal places. In 1995 Jonathan and Peter Borwein
of Simon Fraster University and Yasumasa Kanada of the University of Tokyo
calculated the value of 7 to 4,294,967, 286 decimal places!

Another story on computing 7 is a Chinese mathematician and astronomer

Tsu Ch’ung Chi (430-501). He gave the rational approximation :1% to 7 which is

correct to 6 decimal places. He also proved that
3.1415926 < m < 3.1415927

a remarkable result (Note. He was a person lived 1500 years ago!), on which
it would be nice to have more details but Tsu Ch’ung Chi’s book, written with
his son, is lost. (His method is to cut off the circle by equal pieces to get his
approximation to w.) Tsu’s astronomical achievements include the making of a
new calendar in 463 which never came into use. (According to the article of
J J O’Connor and E F Robertson in http://www-groups.dcs.st-and.ac.uk/ his-
tory /Mathematicians/Tsu.html.)

Remark. Those, who are interested in more applications of Taylor series, can
try to finish the applied project, Radiation from the Stars, in our text book [6,
pp.808-809].
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