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1. Denote the set of rational numbers by Q. Consider the set

S = {x ∈ Q | 0 ≤ x < 1}.
Find supS and inf S. Justify your answers.
[Suggestion: In justifying that supS = 1, you may like to consider elements in S which are
of the form n

n+1 , n ∈ N.]
2. Let A and B be two non-empty bounded set of real numbers

i) Show that supA ∪B = max{supA, supB}.
ii) Is it true that supA ∩B = min{supA, supB}? Justify your answer.

3. Let A and B be two non-empty bounded set of real numbers.
(i) Define the set

C = {x ∈ R |x = a + b for some a ∈ A, b ∈ B}.
Show that

supC = sup A + supB.

(As an example, if A = {1, 2} and B = {3, 4}, then C = {1 + 3, 1 + 4, 2 + 3, 2 + 4} =
{4, 5, 6}.)

(ii) Define the set

D = {x ∈ R |x = a− b for some a ∈ A, b ∈ B}.
Construct an example to show that in general,

supD 6= sup A− supB.

4. Consider the sequence {an} defined recursively by

a1 = 2, an =
√

6 + an−1, n = 2, 3, 4, · · · .

i) Show that 2 ≤ an ≤ 3 for all n.
ii) Show that {an} is monotone increasing.
iii) Using parts i) and ii), show that {an} converges, and find its limit.

5. Consider the sequence {xn} defined recursively by

x1 =
3
4
, xn+1 = 2xn − x2

n, n = 1, 2, 3, · · · .

Show that {xn} converges, and find its limit. (Hint: You may like to guess an upper bound
for {xn} by computing the first few terms using your calculator.)
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