SUSPENSION SPLITTINGS AND HOPF INVARIANTS FOR
RETRACTS OF THE LOOPS ON CO-H-SPACES
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ABSTRACT. James constructed a functorial homotopy decomposition ZQX X ~
Voo, 2 X (™) for path-connected, pointed CW-complexes X. We generalize
this to a functorial decomposition of ¥ A where A is any functorial retract of a
looped co-H space. This is used to construct Hopf invariants in a more general
context. As well, when A = QY is the loops on a co-H space, we show that the
wedge summands of XQY further functorially decompose by using an action
of an appropriate symmetric group.

1. INTRODUCTION

It is a classical result of James [5] that if X is a path-connected, pointed CTW-
complex then there is a functorial homotopy equivalence QX ~ \/ff=1 »X ™),
where X is the n-fold smash product of X with itself. After localizing at a
prime p, Cohen, Selick and Wu [2] [TI] refined James’ decomposition by using the
modular representation theory of the symmetric group ¥, on n-letters to produce
functorial wedge decompositions of £.X ("),

The purpose of this paper is to extend James’ decomposition to XQY, where Y is
a co-H space, and to extend Cohen, Selick and Wu’s decompositions to the wedge
summands of ¥QY. The case when C is homotopy coassociative is known [12].
However, most interesting and useful co-H spaces are either not homotopy coas-
socative or not known to be, as this is a difficult property to check. The results in
this paper therefore apply to a much wider class of spaces.

It is natural to try to extend James’ result for XQXX to XQC for homological
reasons. Take homology with coefficients in a field k. Let V = H,(X). By the
Bott-Samelson Theorem, H,.(QXX) =2 T(V), where T(V) is the free tensor algebra
generated by V. As a module, T(V) & @22, V®" where V®" is the n-fold tensor
product of V with itself. Observe that V" =~ H,(X™). So there is a module
isomorphism H,(QLX) = @22 H,(X™). James’ splitting geometrically realizes
this homology decomposition after one suspension. The homological situation gen-
eralizes. Given a graded module M, let ¥~'M be its desuspension. When Y is a
co-H space it is well known that H,(QY) = T(S71H,(C)). Thus there is a module
decomposition H,(QC) = @22, %~ (=D H (C)®". In Theorem we show that
this module decomposition can be geometrically realized after one suspension. This
theorem is valid either integrally or p-locally.
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Theorem 1.1. Let Y be a simply-connected co-H space. Then there is a functorial

homotopy decomposition
o0

Qv ~ \/ [zay],
n=1

where, forn > 1, [EQY],, is a space with the property that
H.([2QY],) 2 s~V H, (v,

For example, let p be an odd prime and let S?? =% S3 represent the generator of
72, (S3) = Z/pZ, which is the least nonvanishing p-torsion homotopy group of S3.
Let Y be its homotopy cofiber. By [I], Y is a co-H space which is not homotopy
coassociative. Therefore the results of [I2] do not apply and so the decomposition
of XQY in Theorem is new (the second author apologizes for incorrectly stating
in [12] that such a decomposition was impossible). More generally, any retract Y
of a suspension XX is a co-H space, and so Theorem can be applied to Y.
Numerous examples of retracts of suspensions exist, often in the form of wedge
summands of homotopy decompositions. One example of wide interest is the p-
local decomposition XCP™ =~ \/f;ll Y;, where H,(Y;) consists of those elements in
H,(XCP"™) in degrees of the form 2i + 14 2j(p — 1) for some j > 0. Each space Y;
is a retract of XCP™ and so is a co-H space.

Localizing at a prime p, Theorem has a significant generalization. Take ho-
mology with mod-p coefficients, and assume Z/p is the ground ring for any algebraic
objects. Start with the fact that if Y is a co-H space then H,(QY) = T(V) where
V =% 1H,(Y). In [§] it was shown that any functorial coalgebra retract A(V) of
T(V) has a geometric realization. That is, there is a functorial retract A of QY
with the property that H,(A) = A(V). As well, the algebraic functor A can be
refined degree-wise to functors A,, capturing the degree n elements in A(V) for a
particular V. The first part of the following theorem states the generalized decom-
position result, while the second part states as a consequence that A, (V) can be
geometrically realized after one suspension.

Theorem 1.2. Let A(V) be any functorial coalgebra retract of T(V') and let A be
the geometric realization of A. Then for any p-local simply connected co-H space Y
of finite type and any p-local path-connected co-H-space Z, there is a functorial
homotopy decomposition

ZNAY) ~ \7 [Z NAY)]n

where, forn > 1, [Z N A(Y)] is a space with the property that
H([Z NAY)]n) = Ho(Z) ® An (ST HL(Y)).

In particular, for a p-local simply connected co-H-space Y there is a functorial
homotopy decomposition

SAY) ~ \/ A.(Y)
n=1
such that

ST (AL (Y) 2 Ap (BT HL(Y))
for each n > 1.
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Observe that Theorem [1.1] follows by taking A = QY and Z = S. Another
interesting consequence of Theorem is to show that the smash product of two
co-H spaces is a suspension.

Corollary 1.3. Let Z be any p-local path-connected co-H space of finite type and
let Y be any path-connected co-H -space of finite type. Then Z NY is the suspension
of a co-H space.

To motivate the next result, observe that the symmetric group ¥, on n letters
acts on X (™ by permuting the smash factors. This induces a corresponding action
of 3, on H, (X)®" given by permuting the tensor factors. Because we can add in
H,(X)®", the action of ¥,, can be extended to an action of the group ring Z/pZ[S,].
No such addition necessarily exists on the space level for X (™ but one does after
suspending. That is, there is an action of Z,)[X,] on XX (") which, in homology,

reduces to the suspension of the action of Z/pZ[%,] on H,(X)®". Idempotents in
Zy(p)[En] can be used to obtain decompositions of H.,(X)®" which can be geomet-
rically realized after suspending. In general, a collection of idempotents ey, ..., eg
is mutually orthogonal if e; +---+e, = 1 and e;e; = 0 whenever ¢ # j. Given such
a collection of idempotents, one obtains corresponding maps e;: ©X (™ — $X ()
with the property that, in homology, (e1), ..., (ex)« are mutually orthogonal idem-
potents and so there is a decomposition H, (XX ™) = @F_| M; where M; = Im(e;)..
On the space level, let T} be the telescope of the map e;: XX ™ — 2X ) and
consider the composite

f:2XM _Lnx™ vy ex™ v VT,

where the left map is given by the co-H structure and the right map is the wedge of
maps to the telescopes. Since H,(T;) = M;, f induces an isomorphism in homology
and so is a homotopy equivalence. Moreover, as the action of Z,[X,] on ¥.X (") is
natural, the decomposition of £X (™ is natural.

Thus to each collection of mutually orthogonal idempotents in Z,)[%,], there is
a corresponding natural wedge decomposition of XX (). Our next result generalizes
this to a natural wedge decomposition of the space [ZQY],, in Theorem

Theorem 1.4. Let Y be a simply-connected p-local co-H space. Let eq,..., e
be a collection of mutually orthogonal idempotents in Zy[X,]. Then there are
maps e;: [EQY ], — [EQY],, such that (€1),...,(ex)« are mutually orthogonal
idempotents, and there is a functorial homotopy decomposition

k
Y], ~\/ T
=1

where T; is the telescope of e;.

For example, the element ¢ = ¥,¢x, 0 € Z,)[Xx] has the property that tot = k!t.
So if k < p then k! is invertible and the element t = %t is an idempotent. The
idempotents ¢t and 1 — ¢ are mutually orthogonal, so if Y is a co-H space there is a
homotopy decomposition [XQY ], ~ T V Ty where T3 is the telescope of ¢ and Ty is
the telescope of 1 —t. The space T} has the property that H,(T}) is isomorphic to
the suspension of the submodule of length k symmetric tensors in (31 H, (Y))®*.
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Our second purpose in this paper is to define and study Hopf invariants for QY
when Y is a simply-connected p-local co-H space. Given the decomposition

Y) ~ (O/ A, (Y

n=1

of Theorem [I.2] we obtain Hopf invariants
A(Y) — Q(An(Y)).

For computational purpose in homology, it is useful to make a particular choice
of these Hopf invariants. To do this, we consider analogues of the combinatorial
James-Hopf invariants in [5] and restrict to the case when A(Y) = QY. For a
path-connected space X, let

H,: QXX — Qxx™
be the nt"-combinatorial James-Hopf invariant and let
H,: 208X — 2x™

be its adjoint. By [4], there is a map s: Y — QY which is a right homotopy
inverse of the evaluation map. Let H)Y be the composite

ay-say 2% L sovoy I sy)® sy,

where the right map is the one to the homotopy colimit. Define the n-th Hopf
invariant

HY:Qy — Q[2QY],
as the adjoint of HY .

On the algebraic side, if V is a graded Z/p-module then in [I0] an n*"-algebraic
James-Hopf invariant H,,: T(V) — T(V®™) was defined and shown to have the
property that the James-Hopf invariant QXX 2% QXX satisfies (Hp)w = Hy.
As the algebraic map exists for any tensor algebra, it can be applied to H,(2Y) &
T(X7'H,(Y)), and it is natural to ask whether (H)Y), = H,. The next theorem

shows that this is true, at least after taking the associated graded corresponding to
the augmentation ideal filtration on H,(2Y).

Theorem 1.5. Let Y be a simply-connected p-local co-H space. Then there is a
commutative diagram

T(EH(Y)) 2= T((2

TH.(Y
e

EVH,(QY) —> E°H, (Q[20QY],)

where Hy,: T(V) — T(V®™) is the nt"-algebraic James-Hopf map.
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2. PRELIMINARY FACTS ABOUT CO-H SPACES

This section briefly records some information about co-H spaces which will then
be assumed throughout. All statements hold either integrally or p-locally.

If Y is a co-H space, Ganea [4] showed that there is a map s: Y — XQY which
is a right homotopy inverse of the evaluation map o: XQY — Y.

In mod-p homology, there is an algebra isomorphism

(2.1) H,(QY) = T(S 7 H,(Y)).

The tensor algebra T(E*II}* (Y)) can be given the structure of a Hopf algebra by
declaring that the generators are primitive and then extending multiplicatively. It
is important to note that the isomorphism in may not be as Hopf algebras. In
general, this is true only if Y = ¥2X for some space X. However, filtering H, (QY)
by the augmentation ideal filtration, there is an isomorphism of Hopf algebras

E°H,(QY) 2 T(S ' H,(Y)).

Throughout much of the paper we will use this associated graded object as it
allows us to calculate as if Y were a double suspension. In particular, the map
Y 5 ¥QY has the property that

H,(Y) 25 E°H,(2QY) = SET(S ' H,(Y))
is the suspension of the inclusion of the generating set, and the evaluation map
¥QY -2 Y has the property that

E°H,(2QY) 2 SE'T(S'H,(Y)) 2> H.(Y)

is the suspension of the projection onto the generating set.

3. SUSPENSION SPLITTING THEOREMS

In this section we are going to prove Theorems and We begin with a
general splitting lemma.
A graded space means a space W with a homotopy decomposition

¢Wi><7Wn

n=1

For any graded space W, the homology PNI*(W) is filtered by
I'H (W) = ¢ (Ha(\ W)
n=t

for t > 1. A graded co-H space means a graded space W such that W is a co-H
space. As a retract of a co-H space is a co-H space, each summand W, is also a
co-H space. The following lemma gives a general criterion for decomposing retracts
of graded co-H spaces in term of the grading factors.

Lemma 3.1. Let W be a simply-connected p-local graded co-H space of finite type.
Let f: W — W be a self-map such that in mod-p homology:
1) f.: H. (W) — H,(W) preserves the filtration;
2) the induced bigraded map E°f.: E°H. (W) — E°H,(W) is an idempo-
tent.
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Let A(f) = hocolimy W be the homotopy colimit and let A, (f) = hocolim,, W,,
where g, is the composite

) ¢t f [
In: W' ——= V12, Wi w w \/k Wi —>=W,.

Then there is a homotopy decomposition

A=\ A
n=1

such that H, (An(f)) =2 Im(gn)«. This homotopy decomposition is natural if both ¢
and f are.

Proof. Let

oo o0
g=d¢ofoet: \/ Wy — \/ Wi
k=1 k=1
By definition of g there is a homotopy commutative diagram

w w

(3.1) iq& i«u

Vs, Wi —= /o2, W

We have A(f) = hocolimy W; let B = hocolim, \/ Wj,. Taking homotopy colimits
k=1
horizontally in (3.1]) shows that ¢ induces a homotopy equivalence
¢: A(f) = hocolim; W = B = hocolim, \/ Wi
k=1
Now consider how (3.1)) behaves in homology. By assumption, f. preserves the fil-
tration and so each submodule H. (Vie,, W) is invariant under g,. Thus if we filter
H. (Ve W) byH (Vre,, Wi) then Eof* EYH. (W) = H,(W,) — EYH, (W) =

H,(W,) equals E0g,. In particular, by assumption E°f, is an idempotent, so E%g,
is as well, and therefore so is each EY g« for n > 1. Now observe that the definition
of g, implies that (g,). = E%g. and so (gn)« is an idempotent. Therefore the
composite

comult

Wy, ——

induces an isomorphism in homology and so is a homotopy equivalence. Hence the
map to the colimit W,, — A, (f) admits a cross-section s, : A,(f) — W,, with
the property that

(s, Ho(An(f)) — H.(W,)) = Im(g,)..

— W, VW, —— A, (f) V hocolimja_,, W,

Consequently, H, (A, f) = Im(g,)., as asserted.
It remains to prove that A(f) ~ \/72; A,(f). Consider the composite
Vosn o0

0: \/A B EEN \/W —>hocohmg\/anB

n=1 n=1 n=1



SUSPENSION SPLITTINGS AND HOPF INVARIANTS 7

Let

H.(\/ 4.(f)) = P H.(A
be filtered by @5, H.(Ax(f)). Then

6.2 Ho(\/ Au(f)) — H.(B)

is filtration preserving and there is an isomorphism
E%,: E°H \/ A, (f)) — E°H,(B).

Since W is of finite type, the filtrations on H, <V
dimensional for each ¢. Thus

A, (f)) and I;'q(B) are finite

n=1

is isomorphism and so 6 is a homotopy equialence. Hence the composite

A(H) -5 B 25\ Au(h)

n=1

is a homotopy equivalence. ([

Let X be a path-connected space. Let H,(Q2XX) be filtered by the powers of
the augmentation ideal filtration. From the classical suspension splitting Theorem
of James [5], there is a homotopy equivalence

¢: TOXX — \/ nx™

n=1

This equivalence makes (23X a simply-connected graded co-H space. Observe
that the filtration

H,(205X) = \/ »X ™))

coincides with the suspension of the augmentation ideal filtration of H,(QXX).
Let W and W’ be graded spaces. Then W A W' is a graded space and there is
a homotopy equivalence

n—1

§7W’ :@!WAW’

Further, H,(W A W) is isomorphic to the tensor product H,(W) ® H,(W’) as
filtered modules. Also, if W is a graded co-H space, then W AW’ is a graded co-H
space.

WA W 2w Atw

n<8

Theorem 3.2. Let Z be a p-local path connected co-H space of finite type. Then
the following hold:
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(1) for any p-local path connected space X of finite type, there is a homotopy
decomposition

o0
ZANOSX ~ \/ ZAX™;
n=1
(2) for any p-local simply connected co-H space Y of finite type, there is a
homotopy decomposition

ZAQY ~ \[[ZAQY],

n=1

where, forn > 1, [Z ANQY], is a space with the property that
H,([Z ANQY],) = H,(Z) @ (S H,(Y))®"™.

Proof. (1) Since Z is a co-H space, there is a map s: Z — Y7 which is a right
homotopy inverse of the evaluation map o: ¥QZ — Z. Let f be the composite

£ 2072 AQEX Zhdesx, 7 o SAdenx, s 7 A Oy X,

We aim to apply Lemma Let W = ¥QZ A QXX and consider the self-map
w 4, W. The James equivalence QXX N \/f;):1 Y X induces a homotopy
equivalence p: W = Vo ZQZAX (") which gives W the structure of a simply-
connected graded co-H space. Since ¢, is filtration preserving, the induced filtration
on H, (W) coincides with tensoring the augmentation ideal filtration on H,(Q2XX)
with H,(XQZ). Thus f. is filtration-preserving. Since s is a right homotopy inverse
of o, the composite f o f is homotopic to f. Therefore f is an idempotent and so
ECf, is an idempotent. Hence the hypotheses of Lemma are satisfied. To state
the conclusion, observe that A(f) = hocolim; W = Z A QXX; the map g, is the
composite

oo 1 oo
SQZAX™ < \[ 2azAX® Lo w Tow =, \ 2z AX® 0z XM,
k=1 k=1

and as the image of f, is fI*(Z A QX X) the fact that f, preserves the filtration
induced by the augmentation ideal filtration on H, (QXX) implies that the image
of (gn)s is isomorphic to H,(Z A X(™). Thus A,(f) = hocolim,, ¥0QZ A X ™
has reduced homology isomorphic to H,(Z A X™). Moreover, the same filtration
reasoning implies that the composite Z A X (%) SMoSz A XM I 507 A X M)
has the property that Im(g, o(sA1)). = Im(g,).. Thus the composite Z A X (%) AT
YOQZAX™ — A,(f) induces an isomorphism in homology and so is a homotopy
equivalence. Consequently, the homotopy decomposition A(f) =~ \/7"; An(f) of
Lemma becomes, in this case, Z A QXX ~ \/07 | Z A xX®),

(2) Since Y is a co-H space, there is a map s: Y — XQY which is a right

homotopy inverse of the evaluation map o: QY — Y. Let f be the composite

7ronay 22 oy 2 onay.

Observe that f,: H,(QXQY) — H.(QZQY) preserves the augmentation ideal
filtration because f, = (2(s 0 0))s is an algebra map. Also, f is an idempotent
because s is a right homotopy inverse of o.
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Now consider the map

f: 2 a0y 2L 7z A axay.

We aim to apply Lemma to W =Z AQEQY and the self-map f. By part (1),
there is a homotopy equivalence

¢: W =2ZA2BQY — \/ ZA(QY)™.
n=1
This gives W the structure of a simply-connected graded co-H space. The induced
filtration on fNI*(W) coincides with tensoring the augmentation ideal filtration on
H,(Q¥QY) with H,(Z). Thus, since f, preserves the augmentation ideal filtra-
tion, f,. preserves the filtration on PNI*(W) Since f is an idempotent, so is f by
its definition, and therefore so is E°f.. Thus the hypotheses of Lemma are
satisfied. To state the conclusion, observe that hocolim 7 Q¥QY = QY and so
A(f) = hocolim; Z A QXQY = Z A QY. The map g, is the composite

o0 . 0
ZANQY)W — \/ Za@y)® o w w2\ Za@y)® - za Q).
k=1 k=1
Since there is a Hopf algebra isomorphism
Im(E°f,) = EH,(W) = H,(Z AQY) = H,(Z) ® E°T(S" H,(Y)),
the fact that f. preserves the augmentation ideal filtration implies that the image
of E°%(gy,)+ is isomorphic to H,(Z) @ (1 H.(Y))®". Thus A, (f) = hocolim,, Z A
(QY)(™) satisfies
H.(Au(f)) = Tm(ga). = H(Z) ® (S H.(Y)™".

Let [Z AQY],, = A, (f). Then the homotopy decomposition A(f) ~ \/7—, A,(f)
of Lemma [3.1| becomes, in this case, Z A QY ~ \/>",[Z A QY],. O

As a special case of Theorem [3.2] we obtain the following.
Proof of Theorem[1.1} Take Z = S" in Theorem O

Remark 3.3. By inspecting the proof, Theorem also holds for integral co-H
spaces.

Another application of Theorem [3.2)is to show that the smash of two co-H spaces
is a suspension.

Corollary 3.4. Let Z be any p-local path-connected co-H space of finite type and
let' Y be any path-connected co-H -space of finite type. Then Z \Y is the suspension
of a co-H space.

Proof. If Y is simply connected, then the assertion follows from the fact that the
composite
idz Ao

S[ZAQY]) = SZAQY ~ ZAXQY “420% z Ay

is a homotopy equivalence as it induces an isomorphism on homology.
Let Y be any path-connected co-H-space. By [3], m1(Y) is a free group and so
there is a map f: \/, S* — Y such that

form(\/ S") — m(Y)
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is an isomorphism. Let Y’ be the homotopy cofibre of the map f andlet j: Y — Y’
be the map to the cofibre. Since f induces an isomorphism on 7y and 71 (Y VY)
is isomorphic to the free group 71 (Y) * 71 (Y), fV f induces an isomorphism on 7
and there is a homotopy commutative diagram

f

\/aSl%Y

iu i#
Vs
Vo SHV (VoS —>Y VY.
Thus f induces a map Y’/ — Y’ VY of cofibres, giving Y’ the structure of a co-H
space. Also, since f induces an isomorphism on 71, it also induces an isomorphism
on the abelianizations on H;. Thus Y’ is simply-connected. Further, the dual
isomorphism on H' implies implies that there is a map p: Y — K(m(Y),1) =
V,, S* which is a left homotopy inverse of f. Thus the composite

¢:Y Loyvy ZL\/stvy!
[e3

is a homology isomorphism. Now smashing with Z gives a homology isomorphism

ZANY ~(ZANN\ SV (EZAY)=(\/22)V(ZAY).

Observe that each of Z AY, ¥Z, and Z A Y’ is simply-connected. Thus this
homology isomorphism is a homotopy equivalence. Since Y’ is a simply-connected
co-H space, the first part of the proof shows that Z A Y’ = X[Z A QY']; where
[Z AQY']; is a co-H space. Hence Z A'Y is homotopy equivalent to the suspension
of the co-H space (\/, Z2) V [Z AN QY];. O

Next, we use the construction of [¥Y],, to prove Theorem |1.4

Proof of Theorem We are given a simply-connected p-local co-H space Y
and a collection ey, ..., e, of mutually orthogonal idempotents in Z,[X,]. As de-
scribed in the Introduction, these idempotents give rise to maps e, : L(QY)(™ —
»(QY)(™ with the property that, in homology, (e1)«, . .., (ex). are mutually orthog-
onal idempotents, implying that there is a decomposition H, (2(QY)™) = oF_ M,
where M; = Im(e; ).

As in the proof of Theorem the space [ZQY],, is constructed as a retract
of $(QY)™ with the property that ECH,([£QY],) — E°H,(S(QY)™) —
EYH,([29Y],) is identified with the suspension of the inclusion and projection
(S7YH,(Y)®" — T(S71H,(Y))®" — (S71H,(Y))®". Consider the compos-
ites

& [2QY], — ()™ L ny)™ — [2QY],.
Since the idempotent (e;). is natural, the fact that the first and last maps in
the definition of ; are the suspensions of the inclusion and projection on E°H,
implies that (&;). is an idempotent. By similar reasoning, (€1)s,...,(€x). are a
mutually orthogonal set of idempotents. Thus there is a homotopy decomposition
[ZQY], ~ \/f:1 T; where T; = hocolimg, [£QY],,, as claimed.

Finally, the naturality of this decomposition follows from the naturality of the
retraction of [Y¥QY], off £(QY )™ and the naturality of the idempotents e;. O
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4. GENERALIZATION TO FUNCTORIAL RETRACTS OF LOOPED CO-H SPACES

This section generalizes the decomposition of XQY in Theorem to the p-local
decomposition of a functorial retract of ¥QY in Theorem To begin, we state
the relationship between functorial coalgebra decompositions of tensor algebras and
functorial decompositions of looped co-H spaces, proved in [§]. Let CoH be the
category of simply-connected p-local co-H spaces and co-H maps.

Theorem 4.1 (Geometric Realization Theorem). Let Y be any simply connected
co-H -space of finite type and let

T(V) = A(V)® B(V)

any functorial coalgebra decomposition for ungraded modules over Z/p. Then there
exist homotopy functors A and B from CoH to spaces such that

(1) there is a functorial decomposition
QY ~ A(Y) x B(Y);

(2) in mod p homology the decomposition

H.(QY) = H.(A(Y)) © H.(B(Y))

is with respect to the augmentation ideal filtration;
(3) in mod p homology

E°H,(A(Y)) = AS"'H.(Y)) and EY = (B(Y)) = B(S 'H,(Y)),

where A and B here are the canonical extensions of the ungraded functors
to graded modules. ([

One example of a functorial coalgebra decomposition of T(V) of particular
interest from [9] is T(V) = A™™(V) @ B™a(V), where A™®*(V) is the mini-
mal functorial coalgebra retract of T'(V). This has a geometric realization as
QY ~ AMn(Y) x BmaX(Y) where A™"(Y) is the minimal functorial homotopy
retract of QY.

Proof of Theorem By [9], any functorial coalgebra retract A of the tensor
algebra functor T is obtained as the image of an idempotent. That is, for any V,
there is a natural coalgebra map a: T(V) — T'(V) which is an idempotent and
whose image is A(V). By Theorem if Y is a simply-connected p-local co-H
space then A(SH,(Y)) is geometrically realized by a space A(Y). The proof of this
in [8] uses the fact that the coalgebra map « induces a natural map a: QY — QY
such that H,(QY) =% H,(QY) preserves the augmentation ideal filtration and
E%a, = a. The space A(Y) is then defined as hocolimg QY.

The assertions now follow from Lemma and Theorem by taking W =
Z N QY and defining the self-map f: W — W as the composite

T 1IA&

ZNAY) — ZANQY 28 ZAQY — ZNA(Y).
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5. HOPF INVARIANTS

In this section we prove Theorem As the construction and computation
of the James-Hopf invariants for QY rely on the known James-Hopf invariants for
QX X, we begin with some information for the known case.

Let

oo
H: 05X — a5/ x™)
n=1

be the combinatorial James-Hopf map, and let
H,: O3X — Q2 X ™

be the map obtained by pinching to the n**-wedge summand. Let

H: 2O0YX ~ SJ(X \/ »x

H,: 20XX — nX ™

be the adjoints of H and H,, respectively. The homotopy equivalence H gives a par-
ticular choice of a graded co-H space structure on Q3 X. This choice respects the
natural filtrations in homology. That is, let H,(QXX) be filtered by the products
of the augmentation ideal and let H.(\/7—, X (™) be filtered by

@ H.,( (t)

t>n

Then by [10, Proposition 3.7], the isomorphism

oo
H.: H(SQSX) — H.(\/ =x™)

n=1

preserves the filtration.

Now suppose Y is a simply-connected p-local co-H space of finite type with cross-
section s: Y — XQY. By Theorem (b) (with Z = S1), there is a homotopy
equivalence QY ~ \/>°  [¥QY7],. The proof of this depended on the existence
of a (filtration preserving) homotopy decomposition ZQ¥(QY) ~ \/°2, ¥(QY) ™),
The homotopy equivalence H gives a particular choice of such a decomposition
of ¥Q¥(QY), and therefore determines a particular choice of a decomposition of
3QY . Specifically, let g,, be the composite

¥Qo

s@Qy)™ - \/ n@y)* )17 sovoy 2% say
k=1

= voxay L \/ 2QY)® I, p(Qy)™

k=1

where ¢ is the inclusion and 7 is the pinch map. Then we can take [XQY], =
hocolim,, %(QY)™. Let

2(QY)™ — [2QY],
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be the map to the telescope. In the next proposition, we give an explicit homotopy
equivalence for QY. Define HY as the composite

oc o
HY EQY—>EQEQY—>\/ S(Qy)™ "1"\/EQY

n=1

Proposition 5.1. For any Y € CoH, the map LQY 2 Voo [EQY], is a homo-
topy equivalence.

Proof. Let H,.(2Y) be filtered by the products of the augmentation ideal. Let
H,.(QXQY) = T(H.(QY)) be filtered by

tH*(QEQY) = Z (ItlH* (QY))®’”1 R ® (ItsH*(QY))®TS

tirietsrs >t

and let H,(\/,—,(Q2Y)™)) be filtered by

1H(\ @)) = H(\/ @¥)).

By [10, Proposition 3.7], the map

H,: H,(SQ2QY) — H.(\/ n(Qy)™)
n=1
preserves the filtration. Since Qo, and Qs, are algebra maps they also preserve the

filtration and so each (g, )+ is filtration-preserving. Now, arguing as as in the proof
of Lemma

oo
E°HY: E°H.(%QY) — E°H.(\/ [5QY],
n=1

is an isomorphism and the result follows. [
Let -
H: Qv — (\/ [2Y],))
n=1

be the adjoint of HY. In Lemma we will show that when Y = X, H>X
coincides with the James-Hopf invariant H. Before doing this we need a preliminary
lemma which points out key properties of the self-map g,. Let j: X — QXX be
the suspension, and note that the standard co-H structure on XX corresponds
to Xj being a right homotopy inverse of the evaluation map o.

Lemma 5.2. The following hold:

(1) for any path-connected space X, there is a homotopy commutative diagram
XM ———=nx "
lzjm) lzjm)
2OEX)™ s nonx)®
and the composite
2x™ 2 s onx)™ 2 monx],

is a homotopy equivalence;
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(2) for any Y € CoH, with V =S H,(Y) and i the inclusion V. — T(V),
there is a commutative diagram

zyen syen

lm@“ ii]z@"

EOH, (5(05X) ™) 0L po g (03 x)™)

and the composite

E° B (tn)s

sver 220 g, s(esx)™) 2 o, (mesx),)

is an isomorphism.

Proof. First, let f be the composite

Qo Qs

f:E2QXQY — QY — £QXQY.

Observe that for any Y € CoH, the fact that ¥ — QY is a right homotopy
inverse of QY -2 Y implies that f o £Qs ~ 2.
For part (1), we have Y = ¥ X and s = ¥j. Consider the diagram

Voz, ZX 0

YOAYXX ——————YO¥X
ivoo Zj(m LEQZ]‘ LEQZ]‘ l\/;’olzﬂ")

Ve, saxx)™ L sovonx L yoronx - Voo, S(Qsx)™

Voz, 2x ™

The left and right squares homotopy commute by the naturality of H while the
middle square homotopy commutes by the first paragraph. Notice that the top row
is homotopic to the identity map. The diagram asserting that g, o Xj(™ ~ ;)
now follows by including the nt’-wedge summand into both terms on the left and
pinching onto the nt*-wedge summand of both terms on the right.

To say that g, o j(™ ~ ¥ means that ;" is invariant when composed

(n)
with ¢g”. Now take the telescope of g, and consider the composite X (%) Z

2(QLX)™ Lo, [EQ2X],. Since (35(™), is an injection, the invariance property
of ¥5(™ for g, implies that the composite (t,). o (3j(™), is an injection. On the
other hand, observe that for each n, the image of (g, )x is SH, (X™). Thus (t,). o
(25(™), is an injection from SH, (X ™) onto itself, and so it is an isomorphism.
Thus t, o Xj™ is a homotopy equivalence.

Part (2) is similar, using the facts from Section [2 that, on the level of the
associated graded, s, is the suspension of the inclusion V —— T(V) and o, is
the suspension of the projection T(V) — V. d

The homotopy equivalence | = t,, o £ in Lemma (1) lets us equivalently
replace [XQXX],, by XX™ and t,, by t/, = t,, 0 l~1.

Lemma 5.3. Let X be a path-connected space. Then H>X ~ H.
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Proof. Tt is equivalent to adjoint and prove that H>X ~ H. Consider the diagram

YOYXX

Vo, 2X

LEQZJ‘ l\/:’l s(Qxj) )

oo !
n=1tn%9n

DODOEX —> /2, B(QDX)™) VL [BODX],

The left square homotopy commutes by the naturality of H and the right square
homotopy commutes by Lemma (1) and the definition of ¢;,. The lower direction
around the diagram is the definition of H 2X while the upper direction around the
diagram is simply H, so H>X ~ H. O

For Y € CoH, define the n-th Hopf invariant
HY:Qy — Q[EQY],

as the adjoint of the composite

20y 5 \/ hocolim,, B(QY)™ " hocolim,, £(QY)™ = [£Y],

n=1

where 7 is the pinch map. We wish to determine the behavior of HY in homology.
When Y = XX, Lemma implies that H>Y ~ H,, and (H,). was described
in [I0] in terms of an algebraic James-Hopf map. In Theorem we will show this
description generalizes for any ¥ € CoH. To start, we begin by recalling some
material from [10].

Let k be the ground field. A coalgebra will refer to a graded cocommutative
coalgebra and a filtration of a module M will refer to a decreasing filtration with
I°M = M. A pointed filtered coalgebra D is a filtered module D with a filtered
comultiplication ¥: D — D ® D turning D into an augmented coalgebra with
a filtered unit and a filtered augmentation. Given a pointed filtered coalgebra D,
the algebraic James construction J(D) is defined as the coequalizer of the diagram
with morphisms

potooent (898 KOO @ ®C — COn

for 1 <4 <mn < oco. Observe that J(D) is the coadjoint of the forgetful functor
from filtered Hopf algebras to pointed filtered coalgebras, which has the universal
property that for any pointed filtered coalgebra map f: D — B with B a Hopf
algebra there is a unique Hopf algebra map Jf: J(D) — B such that Jf|p = f
For pointed filtered coalgebras D and D', let

DvD' =Dek+k®D' CD®D

be the coproduct of pointed coalgebras. Define the smash product D A D’ to be the
coalgebra cokernel of the inclusion DV D’ — D ® D’. The algebraic James-Hopf
map

H: J(D) — J( §7 D)

n=1
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is defined by exactly mimicking James’ definition of the combinatorial James-Hopf
invariant. Let H, be the composite

Hp: J(D) 25 J( (7 D) —s J(DM).

n=1

The key property of H is the following, proved in [I0, Prop 3.7].

Lemma 5.4. The algebraic James-Hopf map coincides with the geometric James-
Hopf map in homology. That is, there is an equality of maps

H. H: H,(QXX) = J(D) — H,(Q%( (7 XMy = J( {7 D).

d

There is a filtration on J(D) given by tensor length, Jo(D) =k C J;(D) =D C
Jo(D) C --- C J(D). As well, each J, (D) has a filtration induced by the one on D,
and the inclusion J,,(D) — J,41(D) is a morphism of pointed filtered coalgebras.
In [I0, Props 3.6,3.8] it is shown that the two filtrations are compatible, in the sense
that there are equalities

(1) E°J(D) = J(E°D);

(2) E%H =H: E'J(D) = J(E°D) — E°J(\/.;_, D"") = J(\/;_,(E°D)"™).
In practise, if X is a path-connected space, we let D = ﬁ*(X ) and filter D by
setting 1°D = k & H,(X), I'D = H,(X), and I'D = 0 for ¢t > 1, and apply (1)
and (2) in the context of H,(QXX) = J(D).

Now consider the case when Y € CoH. Let A = H.(QY) as a Hopf algebra
and let C =k ® Y 1H, (Y) as a graded module with the trivial comultiplication,
where the ground field is k = Z/p and Cy = k. Let A be filtered by the products of
the augmentation ideal and let C' be filtered by I°C = C, I'C = S~1H,(Y), and
I*C =0 for t > 1. Observe that

H.(Q2QY) = J(A)

because H,(QXQY) satisfies the universal property for the functor J on A. Before
describing (HY), in Theorem |1.5{ we need a preliminary lemma.
Since E°A is primitively generated by X1 H,(Y), we have

E°A=T(S'H,(Y)) = J(C).
Let ¢ be the map
¢ =(Qs)s: H(QY) = A — H,(QXQY) = J(A).

Then E°¢: E°A — E°J(A) = J(E°A) is a morphism of bigraded Hopf algebras
which induces a bigraded map

QE¢: QE°A — QE°J(A)
of modules of indecomposable elements. Since the composite
TE°A — IJ(E°A) = IE°J(A) — Q(E"J(A))
is an isomorphism of bigraded modules, we have

QEYJ(A)=IEA = IC.
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Thus E°¢: E°A — E°J(A) is the unique map of Hopf algebras induced by the
composite of inclusions

C L B°A — J(EYA) = J(J(O)).
Hence the uniqueness property of the functor J implies the following.

Lemma 5.5. The two maps E°¢, J(j): J(C) — J(J(C)) are equal. O

Proof of Theorem Observe that HY is homotopic to the composite

(oo}
av 2% axay L ox (\/ (QY<">)> 27 axQy)™ 25 onQy)™ 2 gxay],
n=1

where 7 is the pinch map. We examine the induced map in homology. As before,
let C =k®Y'H,(Y)and A = H,(Q2Y). By Lemmathe algebraic James-Hopf
map coincides with the geometric James-Hopf map in homology and so

H,=H: H,(Q2QY) = J(A) — Q% (@(QY ) =J (\/ AM) :

n=1

Consider the diagram

J(C) n T (Vo2 (O

n=1

"
m lJ(v;’fle")
0

(5.1) FOA —— = J(J(C)) M g (v (I(C)))
EOH*(QY) E°(H,0(0s).) EOH (QZ (\/ (QY)(")))

The upper left triangle commutes by Lemma the upper right quadrilateral
commutes by the naturality of H, and the lower rectangle commutes because by
definition ¢ = (Qs), while H, = H. Now project the right column in to the
nt-term and consider the diagram
(5.2)

J(C)™) J(C)™)

iJ(j“L) lJU

EYH,(Q%(QY)(™) EYH,(Q%(QY) (™)

EO(an)* EO(Qt)*

ECH, (Q[2QY],).

As all maps are algebra maps, the diagram will commute provided it does when re-
stricted to C*". Commutativity now follows from Lemmal[5.2|(2). Combining (5.1,
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its projection onto the nt"-term, and (5.2)) shows that there is a commutative dia-
gram

J((C)*m)

o |

E°HY,
EYH,(QY) —% EVH, (Q[2QY],,).

Since the top row is identical to T(X 1 H, (Y)) Tn, T((S~'H,(Y))®"), the theorem

is proved. (I
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