ON SYMMETRIC COMMUTATOR SUBGROUPS, BRAIDS,
LINKS AND HOMOTOPY GROUPS

J.Y.LI* AND J. WUt

ABSTRACT. In this paper, we investigate some applications of commutator
subgroups to homotopy groups and geometric groups. In particular, we show
that the intersection subgroups of some canonical subgroups in certain link
groups modulo their symmetric commutator subgroups are isomorphic to the
(higher) homotopy groups. This gives a connection between links and homo-
topy groups. Similar results hold for braid and surface groups.

1. INTRODUCTION

The purpose of this article is to investigate some applications of commutator
subgroups to homotopy groups and geometric groups.
Recall [16] p. 288-289] that a bracket arrangement of weight n in a group G is a
map (": G™ — G which is defined inductively as follows:
gt =idg, #*(a1,a2) = la1,as)
for any aq,as € G, where [a1,as] = al_laz_lalag. Suppose that the bracket arrange-
ments of weight k are defined for 1 < k < n with n > 3. A map g": G" — G is
called a bracket arrangement of weight n if ™ is the composite
k n—k 2
X
e Y e et A Ve B A
for some bracket arrangements B* and 8" * of weight k and n — k, respectively,
with 1 < k < n. For instance, if n = 3, there are two bracket arrangements given
by [[a1, az], as] and [aq, [az, a3]].
Let R; be a sequence of subgroups of G for 1 < j < n. The fat commutator
subgroup [[R1, Ra,...,Ry]] is defined to be the subgroup of G generated by all of
the commutators

(1.1) B (Girs-- - 9i)5
where
1) 1<i, <n
2) {i1,... it} ={1,...,n}, that is each integer in {1,2,--- ,n} appears as at
least one of the integers is;
3) g5 € Ry;
4) 8¢ runs over all of the bracket arrangements of weight ¢ (with ¢ > n).
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For convenience, let [[R;]] = Ry. The fat commutator subgroups have important
applications in homotopy theory [Il 3, 6 19)]. Let G = F,, be the free group of
rank n with a basis x1,...,2,. Let R; = ((z;)) be the normal closure of z; in F,

for 1 <i < n andlet R,y1 = ((x1---x,)) be the normal closure of the product
element z1x9 - x, in F,. According to [19, Theorem 1.7], the homotopy group
Tna1(S?) is isomorphic to the quotient group

(RiNRaN---NRuy1)/[[R1, Ra,- .., Rnti]
for each n.

To understand the fat commutator subgroup, we consider the symmetric com-
mutator subgroupﬂ [[R1, Ra2],...,Ryn]s defined by

[[Rla RQ]; cey RH]S = H [[R0(1)7 RO’(2)]? ceey Ro’(n)]a

oEY,
where [[R,(1), Ro2)], - - -, Ro(n] is the subgroup generated by the left iterated com-
mutators

[[[gla 92]793], s 7gn]
with g; € R,(;). For convenience, let [R1]s = R;1. From the definition, the symmet-
ric commutator subgroup is a subgroup of the fat commutator subgroup. Our first
result states that the fat commutator subgroup is in fact the same as the symmetric
commutator subgroup.

Theorem 1.1. Let R; be any normal subgroup of a group G with 1 < j <n. Then
[[Ri,Rs,...,R,]] = [[R1, Ra], ..., Rnls.
The symmetric commutator subgroup can be simplified as follows:

Theorem 1.2. Let R; be any normal subgroup of a group G with 1 < j <n. Then
[[Rl,RQ],...,Rn]S = H [[RlaRa(2)]a-~-7R0'(n)]7

oEY, 1
where X, 1 acts on {2,3,...,n}.

Our next step is to give a generalization of [19, Theorem 1.7]. This will give more
connections between homotopy groups and symmetric commutator subgroups.

Let (X, A) be a pair of spaces. An n-partition of X relative to A means a
sequence of subspaces (A, ..., A,) of X such that

(1). A=A;NnA;j foreach 1 <i<j<nand
(ﬂngh
An n—partitiorzli(Al, ..., Ap) of X relative to A is called cofibrant if the inclusion
Uai=U4
iel jeJ
is a cofibration for any I C J C {1,2,...,n}. Note that for a cofibrant partition,

each union A; = (J;c; A; is the homotopy colimit of the diagram given by the
inclusions Ay — Ap for 0 C I C 1" G I

1Symmetric commutator subgroup was named by Roman Mikhailov during the
communications.
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Theorem 1.3. Let (X, A) be a pair of spaces and let (Ay,...,Ay,) be a cofibrant
n-partition of X relative to A with n > 2. Suppose that
i) For any proper subset I = {i1,...,ix} € {1,2,...,n}, the union | J;c; As
is a path-connected K (r,1)-space.
ii) The inclusion A — A; induces an epimorphism of the corresponding fun-
damental groups for each 1 <1i < n.
Let R; be the kernel of m1(A) — w1 (4;) for 1 <i<mn. Then

(1). For any proper subset I = {iy,..., i} C {1,2,...,n},
Ril [AEEE ﬂRik = [[RilaRi2]7'~';Rik]S~

(2). For any 1 <k <n and any subset I = {i1,... i} € {1,2,...,n}, there is
an isomorphism of groups

k
m(X) = | ()| B - T[] B / [Rirs Rix)s s RiJs - [T R |

s=1 JjeJ jeJ
where J ={1,2,...,n} — I. In particular,
Wn(X) = (Rl N R2 n---N Rn)/[[Rl, RQ], ey Rn]g.

For the special case where n = 2, Theorem is the classical Brown-Loday The-
orem [3, Corollary 3.4] with a generalization recently given in [6]. But the connec-
tivity hypothesis on the subgroups in [6] seems difficult to check. Theorem [1.3|em-
phasizes the point that, for any space X that admits a cofibrant K (m, 1)-partition,
the higher homotopy groups of X measure the difference between the intersection
subgroups and the symmetric commutator subgroups for certain subgroups in the
fundamental groups of the partition spaces. Moreover Theorem admits many
applications. A direct consequence is to give an interesting connection between link
groups and higher homotopy groups.

Corollary 1.4. Let M be a path-connected 3-manifold and L be a proper m-link in
M with m > 2. Suppose that for any nonempty sub-link L' of L, the link complement
M~ |L'| is a K(m,1)-space. Let A1, As, ..., A, be any subsets of {1,2,...,m}, with
n > 2, such that

(i) A; # 0 for each 1 <i < n.
(11) AimA]‘ :wa’l‘i#j.
(i) Ui, A ={1,2,...,m}.
Let o be the j th meridian of the link L and let
Ry = ((aj | j € M)
be the normal closure of oj with j € A; in w1 (M ~ |L|). Then
(1). For any proper subset I = {iy,... i} C {1,2,...,n},
Ri,N---NR;, =|[[Ri,,Ris],---,Ri,]s-
(2). There is an isomorphism of groups

(Rl NRyN---N Rn)/[[RlvRQ]a .- ~7Rn]S = Wn(M)
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There are examples of links whose complements are K (w,1)-space s. For in-
stance, let M = S3 and let m: S — S? be the Hopf fibration. Let qi,..., ¢, be
m distinct points in S?. Let L = 77 ({q1,¢2,...,qm}). Then L is an m-link in S*
with the property that S® . |L/| is a K (m,1)-space for any non-empty sub-link L’
of L.

Consider the special case where n = m with A; = {i} in Corollary [1.4] Then R;
is the normal closure generated by the i th meridian in 71 (M N\ |L|). Any element
in the intersection subgroup R; N Ry N --- N R, can be represented by a 1-link
I. The union L U {l} gives an (n + 1)-link in M related to Brunnian links. Thus
Corollary gives a connection between higher homotopy groups and Brunnian
links.

For more applications of Theorem [I.3] we consider certain subgroups of surface
groups and braid groups whose intersection subgroups modulo symmetric commu-
tator subgroups are given by the homotopy groups. Our results on the braid groups
are described as follows.

Let M be a manifold. Recall that the m th ordered configuration space F'(M,m)
is defined by

F(M,m)={(z1,...,2m) € M™ | z; # z; for i # j}
with subspace topology. Recall that the Artin braid group B, is generated by
01,...,0n—1 with defining relations given by o,0; = oj;0; for |i — j| > 2 and
004103 = 0;410;0;+1 for each i. The pure braid group P, is defined to be the
kernel of the canonical quotient homomorphism from B, to the symmetric group
¥, with a set of generators given by
Ajj =010 0in070 0y 05
for 1 <i<j<n. Let
Ao = (Ajjr1dj ez Ajn) T (Arg - Ajory) ™
= (0j0j11 " On202_10n_g- - 0j) " (0j_ 1090701+ 0j_1) "

Then we have the following:
Theorem 1.5. Let Ay, Ao, ..., A, be any subsets of {1,2,...,m}, withn > 2, such
that

(i) A; # 0 for each 1 <i < n.

(11) AiﬂAj :(Dfm"i;éj.

(iil) Ui, A ={1,2,...,m}.
Let R; = ((Ao,j | § € Ai)) be the normal closure in the pure braid group P,,. Then

(1). For any proper subset I = {iy,...,ix} € {1,2,...,n},

Ril m tt m le - [[Ri17Ri2]7 o ,le]s
(2). There is an isomorphism of groups
(R1 N RQ N---N Rn)/[[Rh RQ], ey Rn]S = ﬂ'n(F(SZ, m))

For instance, for n = 2 with m > 3, (R1 N Ra)/[R1, R2] = m(F(S?,m)) = 0,
where 73 (F(S%,m)) = 0 for m > 3 is given in [8 p. 244]. For m > n > 3, from [7]
Theorem 1], we have m, (F(S%,m)) = m,(5?) and so

(Rl NRyN---N R")/[[RlaRZ]a . ~7Rn]S = Wn(F(‘Savm)) = ﬂ_n(SQ)'
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The braided descriptions of the homotopy groups ,(S5?) have been studied in [I}
2, [4, 5], [15], 20). Theorem is a new braided description of the homotopy groups.

The article is organized as follows. The proofs of Theorems|[I.1] and [L.2] are given
in section [2] In section [3] we provide the proof of Theorem In section [4] we
discuss some applications to the free groups and surface groups. The applications
to the braid groups and the proof of Theorem are given in section

2. THE PROOFS OF THEOREMS [I.1] AND

2.1. Some Lemmas. In this subsection, we give some useful lemmas on commu-
tator subgroups. The following lemma is elementary.

Lemma 2.1. Let G be a group and let A, B,C be normal subgroups of G. Then
[AB,C] = [4,C][B,C]. O

The following classical theorem can be found in [16, Theorem 5.2, p.290].
Theorem 2.2 (Hall’s Theorem). Let G be a group and let A, B,C be normal
subgroups of G. Then any one of the subgroups [A, [B, C]], [[A, B], C] and [[A, C], B]
is a subgroup of the product of the other two. [

Now let Ry, ..., R, be subgroups of GG. Recall that the symmetric commutator
subgroup [[R1, Ra], ..., Ru]s is defined by

[R1, Ro, ..., Rnls = H [[Ro(1)s Ro2))s - - > Ron)]-
oceX,

If each R; is a normal subgroup of G, then [[Ry(1), Rs(2)], ..., Ro(n)] is normal in
G and so is [[R1, Ra), ..., Rnls.
Lemma 2.3. Let Ry, ..., R, be normal subgroups of G. Let g; € R; for1 < j < n.
Then

6n(ga(1)a s ag(r(n)) € [[Rla R2]7 R Rn]S
for any o € X, and any bracket arrangement 8" of weight n.
Proof. The proof is given by double induction. The first induction is on n. Clearly

the assertion holds for n = 1. Suppose that the assertion holds for m with m < n.
Given an element 3" (g (1), -, 9o(n)) as in the lemma. Then

ﬁn(go'(l), s aga(n)) = [ﬁp(ga(l)a tee 790’(p))7 ﬁn_p(ga(p+1)7 L 790’(77,))]
for some bracket arrangements BP and /" P with 1 < p < n — 1. The second
induction is on ¢ = n — p. If ¢ = 1, we have
ﬂnil(ga(l)a cee ,ga(n—l)) € [[R0(1)7 RU(Z)]? s >Ro(n—1)]5
by the first induction and so

/Bn(go(l)v e 7ga(n)) [ﬂnil(ga(lb s vga(n—l))ago(n)]

€ [[[Rﬂ(l)’ RO’(Q)]’ AR RO’(nfl)]Sa Ra‘(n)]
with
[[Ro(1), Ro@)]s - - s Ro(n-1)]5s Ro(n)]

= |llres, . [Bor))s Bor@pls - -5 Bo(rn-1); Ro’(n)i|

by Lemma@
—— [lies, [MBo)) Bor@n) - - - Ro(r(n—1)]; Ro(n)]

< [[R1,Rz2],...,Ru]s.
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Now suppose that the assertion holds for ¢ = n —p < ¢. By the first induction, we
have
B (Go(1)s - 9o(p)) € [[Ro)s Bo@)], - - Row)ls

and

ﬁn_p(ga(p—i-l)a e 790‘(71)) S [[Rd(p+1)7 Ra'(p+2)]u ey Ra(n)]s'
Thus
B (9o(1)s-- - 9on) € [[Ro()s Ro@)s-- s Rom))s: [Ro@+1)s Ropr2))s - - s Rom)ls] -

By Lemma B™(9o(1)s - - -+ Jo(n)) lies in the product subgroup

T= I [[Becaps-- Rociop) [Roowenys- s Rotom]]

TEY,
pE Xn_p

where ¥,,_,, acts on {p +1,...,n}. By applying Hall’s Theorem, we have

[Bo(r))s-- s Bo(rop)s [[B a(p(p+1))» +s Ro(p(n)]]
= [[RU(T(U)?--., ”@))],[[[ ppH1))s - - - Ra(p(n—n)]vRa(p(n))H]
< [[Rotry)s - > Botron)s [Ro(oa1)s - - > Botpm—1)]] > Ro(p(n))

Ro(r1)), - Ra(r(p))L Ra(p(n)) ; [[Rg<p(p+1)), s Ro(pn—1))
Note that A = [[[[Ro(r(1)),-- > Rorp)]s [[Roop+1))s - > Bo(otn—1))]] » Ro(oiny ] 8
generated by the elements of the form
A ! / A !
H[L‘/a(ruw w2 9o o)) ooy -+ ,gg(p(n,l))]} ,ga@(n))}

with g} € R;. By the second induction on case that ¢ = 1, the above elements lie
n [[R1, Ra), ..., Rn]s and so

A< ([Ri,Rg],...,Ry]s.
Similarly, by the second induction hypothesis,
[[[[Ror1))s- s Rotron)s Ratotan ] s [Reo o1 > Botptn—1y)]]
is a subgroup of [[Ry, Rs], ..., Ry]s. It follows that
T S [[Rlv R2]7 ey RTL}S
and so
B"(o(1)s -+ 9o(n)) € [R1, Ra], ..., Ruls.
Both the first and second inductions are finished, hence the result. O

Lemma 2.4. Let G be a group and let Ry, ..., R, be normal subgroups of G. Let
(1,92, ...,4p) be a sequence of integers with 1 < iy < n. Suppose that

{il,ig,...,ip} = {1,2,...,’17,}.
Then
[[Ri,, Riy), -, Ri,] < [[R1, Ra, ..., Ryls.
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Proof. The proof is given by double induction. The first induction is on n. The
assertion clearly holds for n = 1. Suppose that the assertion holds for n — 1 with
n > 1. From the hypothesis that {i1,4s,...,i,} = {1,2,...,n}, we have p > n.
When p = n, (i1,...,4,) is a permutation of (1,...,n) and so

[[Riy, Riy]s- -  Ri,)] <[[R1,Rza],...,Rn]s-
Suppose that

HthRjz]a ey qu] < [[RlvRQL ceey Rn]s
for any sequence (j1,. .., Jjq) withg < pand {j1,...,j,} = {1,...,n}. Let (i1,...,4p)
be a sequence with {i1,...,3,} ={1,...,n}.

If ip € {i1,...,ip—1}, then {i1,...,ip—1} ={1,...,n} and so

[[Rileiz}? ceey Ripfl] S [[Rla R2]7 ceey Rn]s
by the second induction hypothesis. It follows that

[[RilyRiz]a ey Rip] S [[Rla RQ]a sy Rn]S

If i, & {i1,...,ip—1} , we may assume that i, = n. Then

{ir, ... ip—1}t={1,...,n—1}
and so
[Ri,, Ri,],... Ri, ] <[[R1,Ro], ..., Rn_1]s
by the first induction hypothesis. From Lemma we have
[[Riy, R, ..., Ri,)] < [[R1,Ral, ..., Ryls.
The inductions are finished, hence the result holds. ([l

Lemma 2.5. Let G be a group and let Ry,..., R, be normal subgroups of G
with n > 2. Let (i1,...,1p) and (j1,...,7Jq) be sequences of integers such that

{in, .. i UG, dg = {1,2,...,n}. Then
[[[RinRiz]’ o '7Rip}7 [[ijRjz]’ . '7qu” < HRlvR?]v s 7Rn]5"

Proof. The proof is given by double induction on n and ¢ with n > 2 and ¢ > 1.
First we prove the assertion holds for n = 2. If {41,...,i,} = {1,2} or {j1,...,7¢} =
{1,2}, we have

[[Ri,, Ri,], ..., Ri,] <[[R1,Ra]s or [[R),, Rj,],...,R;,] <[[R1, Ra]s

by Lemma [2.4] and so

[[Ri,, Ri ), -5 Ri | [[Riy s Rioo -, Ry J] < [[Ra, Rals.
Otherwise, i1 = --- =14, and j; = - -+ = jg, since {i1,...,i,} U{j1,...,Jq} = {1,2},
we may assume that i; =--- =i, =1,j; =--- = j, = 2, then

[[Ri,,Ri,], ..., Ri,] < Ry and [[R;,,Rj,],...,R;,] < Ry
and so

[[Riy, Rio], -, Ri, L [[R)y, Rjo ], - R, ]| < [[Ry, Rols.

Suppose the assertion holds for n — 1, that is
[[[Rirs Riy), -, Ri, | [[Rjy, Ry, - - - Ry, ] < [[R1, Ral, ..., Ru1]s.

when {i1,...,0,}U{j1,...,J¢} ={1,2,...,n—1}. We will use the second induction
on ¢ to prove the assertion holds for n.
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When ¢ = 1, the assertion follows by Lemma [2.4] Suppose that the assertion
holds for ¢ — 1. By the Hall Theorem, [[[R;,, Ri,],..., R; ], [Rj,, Rj,], ..., R;,]] is
a subgroup of the product

[[[[Rlu S Rlp]v [[RjN T qu—l]]7 Rj } ’ HHRZU LR Rip]a qu}v HRju' .- 7qu—1]]'
By the second induction we have
[[[[Ri17' - ’Rip]’ qu]v [[Rju Tt qu—l” < HR17 RQ]) T Rn]s'
If {i1,...,ip U{j1,-- -y dg—1} = {1,2,...,n}, by the second induction
[[Riys- - R, )[Ry, Ry, ]l < [[R1, Ral, ..., Ryls
and hence
[[[[R217 ) R’ip]? HRJU AR R ]]7 qu} < HRla RZ]) R Rn]S
If {i1,..., 00 U{j1,-- -, Jg—1} # {1,2,...,n}, we may assume that
{ila---;Z'p}U{jlw--;jqfl}: {1,2,...,7’1,—1}
and j, = n. By the first induction,
Ry, R, ) [[Ryys -, Ry, )] < [[R1, Ral, ..., Rn1]s.

Jq—1

Then
[[[[Rh Yo Rip]v [[leﬂ ceey qu—l]]? qu} < HRla RQ]a cey Rn]s
It follows that [[[Rzl s Ri2]7 ‘e ,Rip], [[le,Rsz ey qu” < [[Rl, RQ], ceay Rn]g
The double induction is finished, hence the result. ([

2.2. Proof of Theorem [1.1] Clearly [[R1, Rz],...,Ru]s < [[R1,Ra,...,Ry]]. We
prove by induction on n that

[[R1, Ra,...,Ry]] <[[R1,R2],-..,Ru]s.

The assertion holds for n = 1.

Hypothesis 2.1. Suppose that
[[R17 R27 ceey RSH < [[Rla R2]a cey RS]S

for any normal subgroups Ry, ..., Rs of G with 1 < s < n.

Let Ry,..., R, be any normal subgroups of G. By definition, [[R1, Ra, ..., R,]]
is generated by all commutators

ﬁt(gilv s 7git)

of weight ¢t such that {i1,42,...,4,} = {1,2,...,n} with g; € R;. To prove that
each generator 3'(g;,,...,9:,) € [[R1, Ral, ..., Ru]s, we start the second induction
on the weight ¢ of 8¢ with ¢ > n. If ¢ = n, then (i1,...,4,) is a permutation of

(1,...,n) and so the assertion holds by Lemma Now assume that the following
hypothesis holds:

Hypothesis 2.2. Letn < k <t and let

B5(Giys- -2 90,)
be any bracket arrangement of weight k such that where
1) 1<is<n;

2) {iny.o ik} = {1, n);
3) g;- S Rj,'
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Then ﬁk(g;pag:k) € [[R17R2}7~'~7R7JS'

Let 5%(gi,,---,9i,) be any bracket arrangement of weight ¢ with {i1,...,4;} =
{1,...,n} and g; € R; for 1 < j < n. From the definition of bracket arrangement,
we have

ﬁt(giu s 791'1) = [ﬁp(gilv ce 7gip>7/6t_p(gip+l7' .- 7git)]

for some bracket arrangements 37 and 3'~P of weight p and t — p, respectively, with
1<p<n-—1. Let

A:{il,...,ip} andB:{ip+1,...,it}.

Then both A and B are the subsets of {1,...,n} with AUB = {1,...,n}.
Suppose that the cardinality |A| = n or |B| = n. We may assume that |A| = n.

By Hypothesis [2.2]
BP(giys---»9i,) € [[R1, Ra, ..., Ryls.
Since [[R1, Rs], ..., Ry]s is a normal subgroup of G, we have
B'(girs - 9i) = [B7(Girs -+ 93, B (Gipias - - 90)] € [[B1, Ral, .., Ruls.

This proves the result in this case.

Suppose that |A] <nand |[B| <n. Let A={ly,...,l,} with1 <l <lp<--- <
lo <nand1<a<mn,andlet B ={ky,...,kp} with 1 <ky < ks <--- < kp and
1 < b < n. Observe that

ﬂp(gila s 7gip) € [[leRlza cey Rla]]'
By Hypothesis 2.1}
([Riy, Ry, o R = [[Ry, Riy)s o Ry
Thus
ﬁp(gila ce. 7gip) € [[Rl17Rl2]7 s 7Rla]5'
Similarly
Bt_p(giern v agit) S [[Rkusz]v e 7Rk:b]5~
It follows that the element 3'(g;,,...,g:,) lies in the commutator subgroup
[[[RllﬂRlQ]a e 7Rl,1]$'7 [[Rkl 9 Rk2]7 L) Rkb]s] .
From Lemma we have
H[Rlau) , Rla<2)], RN Rla(a)]’ [[RkT(U?RkT(z)L .. ’RkT(b)H < HRl, RQ], RN Rn]S

forall o € ¥, and 7 € % because {l1,...,l,}U{k1,..., ks} = AUB ={1,2,...,n}.
It follows from Lemma 2.1 that

H[leRb]v .. 7Rla]5’7 [[Rk17Rk)2]7 ceey Rkb]S] < [[Rl,RgL .. ,Rn}s.

Thus
B (giys---»9i,) € [[R1, Ral, ..., Ruls.

The inductions are finished, hence Theorem [1.1
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2.3. Proof of Theorem Clearly
H HRlﬂRU(Q)L"',RJ(n)] HRl;RQ],~~~,Rn]S~
0€EX 1
We prove by induction on n that
[[Rla RQ]? . S < H Rla 0'(2) () Ra’(n)]
oEYn 1
The assertion holds for n = 1.
Suppose that
HRlvRQ]v"'vRS]S S H [[RlvRO'(Q)]7"‘7RO'(S)]
cEX 1

for any normal subgroups Rj,...,Rs of G with 1 < s < n.
Let Ry,..., R, be any normal subgroups of G. By definition,

[R1,Ral....,Buls = [] [[Brr), Rr))s - - Rrgy)-
TED,
It suffices to prove that for any 7 € 3,
[Br1), Rr@))s - s Brm)] < H [R1, Ro2))s - - s Ro(n)]-
0€EYn 1
The assertion holds for 7(1) = 1. Suppose that the assertion holds for 7(k—1) =1
with 1 <k —1 < n. When 7(k) = 1, consider the subgroup
(l[Brays - s Bee-2)), Bre—n)], Bals Rrirr), - -+ Bey-
Following from the Hall Theorem,
[[[[Rrqys -5 Brr—2))s Brge—)), Ba], Re gy - o, By

S [[[[[RT(1)7 R k 2)] Rl]vRT ]7RT(k+1 7RT(TL)H
MR k=1, R1] [[R (1) Br(r— ]]7Rr(k+1)7~-~ Ry (m)]-

By the second induction

HH[RT(D’ ] RT(’£*2)]7 Rl]? RT(/C*I)]’ RT(k:+1)a RN RT(n)]]

< I[I [[Ri,Ro2)]s- -5 Roml
o€X, 1

From Lemma [2.5 and the first induction, we have

HRT(k—l)v Rl]v [[RT(1)7 ) RT(k—2)H < [[Rla Rl1] le s lefJS
< H [[Rla Ra(ll } .. ,Ro(lk,l)]v

oEX L1

where {1,7(1),...,7(k—=1)} = {1, l1,la,..., lk—1} with 1 <y <lp < -+ < lp_1.
By Lemma [2.1]

[[Rrk—1), B1l; [Rrr)s - - s Bre—2) ]} Rr(rs1)s - -+ > By

= 12_[ [[[Rl’Rg(ll)]""’RU(lkfl)]’RT(k-i-l)?'"’RT(n)]
o€k 1
< H HR17 RU(Q)L vy Ra’(n)]

0EY 1
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because for each o € ¥j_1, the sequence (o(ly),...,0(lk-1),7(k +1),...,7(n)) is
a permutation of (7(1),...,7(k—1),7(k+1),...,7(n)) which is a permutation of
(2,...,n). It follows that

[[[[[RT(1)7 e ,R‘r(k-2)}, Rr(k—l)]7 R1]7 R‘r(k+1)7 e 7R‘r(n)]

< 1_.[ HRl?RU(?)]""aRU(n)]
oEX 1

and so

([R1,Ro],..., Ruls <[] [[R1.Ro)s- s Rogw)-

ocEX 1

This finishes the proof.

3. PROOF OF THEOREM [L.3|

3.1. Ellis-Mikhailov Theorem. In this subsection, we review some terminology
and the main result in [6]. Let G be a group. An m-tuple of normal subgroups
(Ry,...,Ry) of G is called connected if either

(1). m<2or
(2). m > 3 with the property that: for all subsets I,J C {1,---,m} with
1> 2,1 > 1
(3.1) (ﬂRl).HRjﬂ R;- [ R
i€l jed il jed

Let G be a group with normal subgroups Ri,...,R,. Let X(G;Ry,...,Ry)
be the homotopy colimit of the cubical diagram obtained from classifying spaces
B(G/11;e; Ri) with the maps

B@G/[[ R:) — B@G/ ] Re)

i€l el

induced by the canonical quotient homomorphism G/ [[,; Ri — G/ [, ¢ Rir for
I C I, where I ranges over all proper subsets I C {1,...,n}.

In the following theorem and the rest of the article, the notation ( -+ G ---)
means to remove letter a.
Theorem 3.1. [0 Theorem 1] Let G be a group with normal subgroups R1, ..., Ry
withn > 2. Let X = X(G; Ry,...,Ry,). Suppose that the (n — 1)-tuple

(Ry,...,Riy...,Ry)
is connected for each 1 < i <n. Then

RiNn---NR,
ny ing—gNier R, Njes Ry]

1%

7 (X)

.....

HIUJ:{l
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3.2. Proof of Theorem [1.3] Theorem [I.3]is part of the following statement.

Theorem 3.2. Let (X, A) be a pair of spaces and let (Ay,...,Ay,) be a cofibrant
n-partition of X relative to A with n > 2. Suppose that
i) For any proper subset I = {i1,...,ix} € {1,2,...,n}, the union | J,c; A;
is a path-connected K (m,1)-space.
il) The inclusion A — A; induces an epimorphism of the corresponding fun-
damental groups for each 1 <1i < n.

Let R; be the kernel of m(A) — m1(4;) for 1 <i<n. Then
(1). For any proper subset I = {iy,...,ix} S {1,2,...,n},
Ril N---N R,Lk = [[Ri17Ri2]7 e ,Rik]s-
(2). The (n—1)-tuple (Ry,...,Ri,..., Ry,) is connected for each 1 <i < n.
(3). There is an isomorphism of groups
7T',L(X) = (Rl n R2 n---N Rn)/[[Rl, RQ], ey Rn]g.

(4). Forl <k<mn, I ={i1,....0} C{1,2,...,n} and J = {1,2,...,n} \ I,
there is an isomorphism

k
m(X) = | (R, - [[ R / ([Ri,, Rir), .- RiJs) - [ R

s=1 jedJ jedJ

Proof. We prove assertions (1)-(3) by induction on n. If n = 2, assertions (1)
and (2) hold obviously and assertion (3) follows from the classical Brown-Loday
Theorem [3].

Suppose that assertions (1)-(3) hold for all cofibrant m-partitions (Bj, ..., Bn)
of any space Y relative to B satisfying conditions (i) and (ii) with m < n.

Let (X, A) be a pair of spaces and let (41, ..., A4,) be a cofibrant n-partition of
X relative to A with n > 2.

(1). Let I = {i1,...,ix} S {1,2,...,n} be a proper subset. If k¥ = 1, then
R;, = [Ri,|s by definition. We may assume that 2 < k < n. Let By = A;_ for
s=1,...,kandlet Y = ByU---UBj. Then (Bj,...,By) is a cofibrant k-partition
of Y relative to A satisfying conditions (i) and (ii). Notice that

Ker(mi(A) — m1(Bs)) = Ker(m1(A) — m(4;,)) = Ri..
By induction hypothesis, there is an isomorphism
m(Y) = (Ri, N Ry, N---NR;,)/[[Riys Ris),- ., Ri]s-
From condition (i), Y = A4;, U---U A, is a K(m,1)-space (as k < n) and so
m(Y) =0 (as k > 2). Thus
R, NR;,N---NR;, =[Ri,Ri,],...,Ri,]s,

which is assertion (1).

(2). We show that the (n—1)-tuple (Ry,..., R,—1) is connected. Let m =n—1.
If m = 2, then (Ry, R2) is connected by definition. Assume that m > 3. Let
I,J CA{l,---,m} with |I| > 2 and |J| > 1. We have to show the connectivity

condition that
(”Ri>'HRf:ﬂ R TR

iel jeJ i€l jeJ
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Clearly

(ﬂR,) Iz <O & T]5

iel jeJ iel jeJ

Now we show the other direction. Let I = {i1,...,9x} with 2 < k < n. Let
B:UjEJAj and let B, = BUA;_ fors=1,2,... k. Let

Y =

k
s=

B, = U AU Aj.
1 el jeJ
Then (Bj, ..., By) is a cofibrant k-partition of Y relative to B. Clearly condition
(i) holds. Let G = m1(A). Then mi(B) = G/]];c; R; and

m(Bs) = G/(Ri, - [[ Ry)-
jedJ
Thus condition (ii) holds. Let
N, = Ker(m(B) — m(Bs))
= Ker(G/(Ilje, Bj) = G/(Ri, - [1;cs B)))

= (Ri, - Hje] Rj)/Hje.] R;
R, [(Ri, N ]Les R))-

From induction hypothesis, we have

Wk(Y) = (Nl ﬁNQﬂ---ﬁNk)/HNl,NQ],...,Nk]S.

Since Y = Uie[,jeJAi UA; with I,J C {1,2,...,n— 1}, the space Y is a K(m,1)-
space from condition (i). Thus 7, (Y) = 0 and so

(32) NlﬂNgﬂ---ﬂNk:[[Nl,Ng],...,Nk}S

with Ny = R;, /(Ri, N[[;e; R;j) in G/]];c; R;. Consider the quotient homomor-
phism

jeJ
Then
Ny =R, /(Ri, 0 [[ R)) = &(Rs,)
jeJ
and so
¢ ([Rir, Ri], - Riyls) = [[0(Ri)), d(Riy)], - .., d(Ri,)]s

[[N17N2]7~" 7Nk]S
N1y N NyN---N Ng by equation (3.2)).

From the fact that

ol (R TIR ) ) <N

iel jeJ s=1
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together with equation (3.2]), we have

Nier (B Thies Bi) < 07 0 ([[Rips Rl Ri]s))

o
[[Ri,, Ri,], - .. u]S ]EJlf
< (ﬂs 1 sz) 'HjeJ Rj
= mvel R; ) HjEJ R;.
This proves that (Ry,...,R,—1) is connected. Similarly, each (Ry,..., Ri,..., R,)
is connected for 1 < ¢ < n and hence assertion (2).
(3). From assertion (2), each (Ry,...,R;,...,Ry) is connected for 1 < i < n.

Since (Ay,...,Ay) is a cofibrant partition of X relative to A, X is the homotopy
colimit of the diagram given by the inclusions

AgAleJAhU“-Uqu gAhUAizU---UAip
with {j1,...,7¢} € {i1,...,ip} €{1,2,...,n}. From Van Kampen’s theorem

<.

7T1(A1‘1U"~U —7T1 /1_‘[]%1s

Thus X = X (m1(A); Ry, Re, ..., R,). From Theorem [3.]] . we have
Rin---NR,
T (X) & .
Iios=t1,...ny1n0=0Nier Ri, Njes 1]
It suffices to show that

11 (Ri. () Bi| = [[R1, Ral...., Ru]s.

IuJ={1,...,n},INnJ=0 |i€l jeJ

Recall that
[R1, Ra, ..., Rn]s = H [Ro(1)s Ro2))s - -+ Ron)]-

oeEX,
For each o0 € ¥y, let I = {o(1),...,0(n—1)},J = {o(n)}, then
[[Ra'(l)v Ra(2)]7 R Ra’(n)} = [[[Ra(l)v RU(Q)]? R Ro(n—l)]7 Ro(n)]
< [ﬂie[ R, ﬂjeJ Rj]

and so

[[RlaRZ]a“'an]SS H ﬂR%ﬂR]

TuJ={1,...,n},INJ=0 |i€l JjeJ

Conversely let I = {i1,...,i,} and J = {j1,...,4q} with 1 < p,¢ < n —1,
TuJ=A11,... n} and I NJ = (). By assertion (1),

() Ri = [[Ri,, Ri,), .., Ri )]s and (| R; =[[Rj,, Rj,],-.., Rj,]s.
el jedJ
Thus
[ﬂieIRi7ﬂjeJ RJ} = U[RilvRiz]ﬂ"'vRip]S7[[ijRjz]v""qu]S]
< [[Ri, Ra], ..., Ryls
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by Theorem [I.1] because
H[RinRiz]? ceey Rip]S’ [[ijRjz]v B qu]S} < [[Rh R27 tey Rn”

This finishes the proof of assertion (3).
Assertion (4) follows from assertion (3) by constructing a new partition as follows:
let B=J,.;Ajandlet B, =BUA,, fors=1,2,...,k. Then

:Lk) U 4Aiuva;.

iel,jed

jeJ

and (Bi,...,By) is a cofibrant k-partition of X relative to B. Condition (i) and
(ii) hold similar as in the proof of assertion (2). Let

Ny, = Ker(m(B) — m(Bs))
Ri, [(Ri, N ]]e; Bj)-

From assertion (3), we have

k
X) (ﬂ NS> /I[N, No],..., Nis.

To finish the proof, it suffices to show that
(Mszy V) /N3, Nal, ., Nids

= (Mo (Ri. - Tljes B)/([Rirs Ris), - RiJs - Tlje s By)-

Let ¢: G — G/]] jeq Rj be the quotient homomorphism. Then it is straightfor-
ward to check that

(3.3)

¢71(N5) = Ris’HjeJRja

(ML N = AR T B,

¢_1(HN17N2}7"')N1€]S) = HRH’R ] . Rik]S'HjEJRj'
Thus equation (3.3]) holds, hence assertion (4).
The proof is finished. U

4. APPLICATIONS TO THE FREE GROUPS AND SURFACE GROUPS

4.1. Subgroups of the Surface Groups. Let X = S be a path-connected com-
pact 2-manifold with or without boundary. Let @; be a set of finite points in SN0,
1 < i < n, such that

(1). Q; # 0 for each 1 <14 <n and

(2). QiNQ; =0 for i # j.
Let A = S~ (U, Qi) be the punctured surface and let A; = AU Q;. Then
(Ay,...,A,) is a cofibrant n—partitionﬁ of S relative to A. For any subset

{i1, .. yin} € {1,2,...,n},

20ne needs to do some modifications such that the cofibrant hypothesis holds: By replacing
each punctured point by a small open disk in S, the resulting punctured surfaces become compact
2-manifolds and so the cofibrant hypothesis for the partition (A, ..., Ay) holds.
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the space
k

U4.

s=1
is a K (m, 1)-space because it is a surface punctured by at least one point. Observe
that each homomorphism

m1(A) — m1(A;)
is an epimorphism. Let R; be the kernel of the epimorphism m (A) — m1(A4;). By
Theorem we have
(41) ﬂ'n(S) = (Rl n RQ N---N Rn)/[[Rl, Rz], ey Rn]S

We give a group theoretic interpretation of this isomorphism.

Case 1. X = 52, Let Q = J;, Q; with

Q:{q1aQQ7"'7Qm}

with a choice of order that ¢; < g; for i < j. For each ¢ € @, let ¢, be a generator in
m1(A) represented by a small circle around the point ¢ with a choice of orientation
such that 71 (A4) admits the presentation

7r1(A):<cq qg€q chj :1>.

j=1
Then R; = ({cq | ¢ € Q;)). From equation (4.1)), we have the following result.

Theorem 4.1. Let G = (z1,2Z2,...,Tm | T122- Xy = 1) be the free group of
rank m — 1 with m > 2. Let n > 2 and let P; be any subset of {x1,z2,...,Tm},
1 <i<mn, such that

(i) P;#0 for each 1 <i<mn;

(i) ,NP; =0 fori#j and

(i) Ui, P ={z1,22,...,2m}.
Let R; = ({(P;)) be the normal closure of P; in G. Then there is an isomorphism of
groups

(Rl n R2 NN Rn)/[[Rl,RQ], .. ~7Rn]S = 7Tn(S2).

If n = m with P; = {;}, then there is an isomorphism of groups

((fo1)) N (@2)) N0 () /[[((@1)), ((@2))], -, ()]s 22 T (S7),

which is [19, Theorem 1.7]. One interesting point of Theorem [4.1]is that the factor
group
(Rl NRyN---N Rn)/[[Rh RQ]v B Rn]S

only depends on the length of the partition (Pi,...,P,) of {z1,...,%,}, which
does not seem obvious from the group theoretic point of view.

Case 2. X = RP% Let Q = J;_, Q; with
Q = {q13q27 cee 7qm}
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Then 71 (A) admits a presentation

m1(A) = <a1,cq

m
2
cQ =H>
=1

with B; = ((¢; | ¢ € Q;)). Note that m,(RP?) = 7,(S?) for n > 2. From
equation (4.1]), we have the following result.
Theorem 4.2. Let G = (a1, 71,%2,...,%Tm | a3 = 129+ Tp) with m > 2. Let
n > 2 and let P; be any subset of {x1,xa,...,2m}, 1 <i<mn, such that
(i) P;# 0 for each 1 <1i < n;
(i) ,NP; =0 fori#j and
(iil) Ul P = {z1,22,...,2m}.
Let R; = ((F;)) be the normal closure of P; in G. Then there is an isomorphism of
groups
(Rl N RQ n---N Rn)/[[Rl, Rg], ey Rn]S = Wn(SQ).
(]

Remark. In the above theorem, G = 71 (RP%2\ Q,,) is a free group of rank m with
the presentation given in the form as in the statement. Thus the subgroups R; are
different from those given in Theorem [{.1]

Case 3. X # S? or RP2. Let Q = |J_, Q; with
Q = {QIaCI% v 7Qm}

If X is an oriented surface of genus g with ¢ boundary components, then m(A)
admits a presentation

g t m
7T1(A) = <a1,b1,...,ag,bg,dh...,dt,cq qc Q H[a“bl] = de -chi>
j=1 i=1

i=1

with R; = ((¢q | ¢ € Q;)). If X is a non-oriented surface of genus h with ¢ boundary
components, then 71 (A) admits a presentation

h t m
m(A) = <a1,...7ah7d1,...,dt7cq qEQ I—Iaz2 = de‘Hqu>
i=1 j=1 i=1

with R, = ((¢q | ¢ € @:)). Note that 7, (X) = 0 for n > 2. From equation (4.1)),
we have the following result.

Theorem 4.3. Let G be one of the following surface groups:
(a') <a17b17 e ,ag7bg7y17 ey Yty Ty ey Ty | Hf:l[a’i?bi] = H;:l yj . H?ll JJ‘Z>
with g >0 ort > 0.
(b) <a17‘",ahvylv"‘vytaxlv" y LTm ‘ Hz 1 7] H;Zlyjnzll'1> with h > 1
ort>0.
Let P; be any subset of {x1,22,...,2m}, 1 <i<mn, such that
(i) P; # 0 for each 1 <1i < n;
(i) ,NP; =0 fori#j and
(iil) Ui, P = {z1,22,...,2m}.
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Let R; = ((P;)) be the normal closure of P; in G. Then
RiNRoN---NRy=[[Ry,Ra,....Ruls.
]

4.2. Homotopy Groups of Higher Dimensional Spheres and Free Prod-
ucts of Surface Groups. It is a natural question whether one can get simi-
lar group theoretical descriptions of the (general) homotopy groups of higher-
dimensional spheres. We give some remarks that the homotopy groups of certain
2-dimensional complexes contains the homotopy groups of all of higher-dimensional
spheres as summands. From this, we can answer the above question in some sense.

Let X and Y be path-connected spaces. According to [10], there is a homotopy
decomposition

(4.2) QX VY) ~ QX x QY x Q5(QX AQY).

Now let X = S? and let Y be any surface. Equation (4.2)) implies the following
homotopy decomposition

(4.3) Q(S2VY) ~ Q5% x QY x Q(BQS?AQY).

From the classical James Theorem [I1], there is homotopy decomposition

YONZ ~ \/ VLN
k=1

where Z"\* is the k-fold self smash product of Z. Note that the k-fold self smash
product of S is S*. There is a homotopy decomposition

Y052 = $ORS! ~ \/zsk \75’“.

By substituting this decomposition into formula (4.3| 7 there is a homotopy decom-
position

QS2VY) 052 x QY x Q (Vi2, Sk A QY)

Q5% x QY x ([T, US* AQY)) x other factors.

If Y is a surface with Y # S2, RP? and D?, then QY is homotopy equivalent to
a discrete space of a countably infinite set. Then S* AY is a wedge of countably
infinite copies of S*. Thus given any k > 2, m,(S*) is a summand of 7,(S? VYY)
for each ¢ with infinite multiplicity. If Y = S? or RP2, then we can repeat the
above decomposition formula and obtain the fact that, given any k > 2, 7,(S*) is
a summand of 7,(S? VY for each ¢ (with infinite multiplicity).

Hence it suffices to consider m,(S? VY) for any surface Y # D?. By the same
arguments in the previous subsection, we can get partitions of the space S? VY by
removing points from S? and Y. This gives the following result.

R

Theorem 4.4. Let G1 = (x11,%12, -, T1m | T11%12 - T1m = 1) and let G5 be one
of the following surface groups:

ﬁzls

g t
(a) <a17b17"'7agabg7yla'"7yt;x217-'~7x2m| H[au } H
i=1 j=1
h t m
(b) <a17" yAhs Y1y oo 5 Yty T215 - - -, T2m | H CL 1_.[ H >

i=1 j=1
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Let Pj; be any subset of {x;1,%j2,...,Tjm}, j=1,2 and 1 <i < n, such that
(i) Pj; #0 for each 1 <i <n;
(11) Pji N ij = @ fOT‘ ) 75 k and
(i) Uiz Pri = {21, 22, -, 2jm}-
Let R; = ({P1;, P3;)) be the normal closure of Pi; U Pa; in the free product G =
G1 x Go. Then there is an isomorphism of groups

ﬂ-n(S2 \/Y) = (Rl mRQ (AR mR”)/HRlaRQ]a"'aRn]Sa

where Y is a surface such that the fundamental group of Y punctured by m points
is the group G. (]

5. APPLICATIONS TO BRAID GROUPS AND THE PROOF OF THEOREM

5.1. Applications to the Braid Groups. Recall that a braid of n strands is
called Brunnian if deleting any one of the strands produces a trivial braid of (n—1)-
strands. Let Brun, denote the Brunnian subgroup of the nth pure Artin braid
group P,. (Note. An n-strand Brunnian braid is always a pure braid for n > 3
according to [I, Proposition 4.2.2].) The group Brun, has been characterized by
Levinson [I3], 14] for n < 4. A classical question proposed by Makanin [I7] in 1980
is to determine a set of generators for Brun,. This question has been answered
by Johnson [I2] and Stanford [I8]. An answer using fat commutators was given
in [I, Theorem 8.6.1]. As an application, we gave a generalization of Levinson’s
result [T4, Theorem 2].
Recall that the braid group B, is generated by o1, ...,0,_1 with defining rela-

tions given by

(1). oi05 = ojo; for |i — j| > 2;

(2). 0044105 = 0i410:0i41.
Following Levinson’s notation in [14], let

_ 2 -1 -1
ti = 00441 Opn_20,_ 10, 9 0;

for 1 < i < n — 1. Intuitively ¢; is the braid that links strand ¢ and strand n in
front of all other strands. Let R; = ((¢;)) be the normal closure of ¢; in P,,. (Note.
Levinson uses the notation 6;.)

Theorem 5.1. For each n > 2, Brun,, = [[R1, Ra], ..., Rn—1]s.

When n = 4, we have Brun4 = [[Rl,R2]7R3]S = HRl,RQ]7R3] . HR17R3]7R2],
which is exactly Levinson’s theorem [I4] Theorem 2|. Let M be any manifold.
Recall that the coordinate projection

F(M,n) — F(M,k) (z1,...,2n) — (Ziy,...,2;,) for given 43 < -+ < iy
is a fibration by Fadell-Neuwirth’s Theorem [9]. The coordinate projection
di: F(R?,n) — F(RZn—1), (21,.--,20) = (215325, Zn)
induces a group homomorphism
djs: Py =1 (F(R*n)) — P,_y = m (F(R?* n—1))

which is given by removing the jth strand.
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Proof of Theorem[5.1] The basepoint (q1, g, ..., q,) of F(R? n) is chosen in the
way that the points ¢; € R' C R? with the order ¢; < ¢ < -+ < q,. Let
Qn={q1,..-,qn}and let Qn;={q1,...,di,...,qn}. Foreach 1 <i <n—1, there
is a commutative diagram of fibrations

d,
R2\ Qn_1 i» F(R?,n) — > F(R* n—1)

9i d; d;

i dnf
R\ Qn_1; — F(R?,n—1) 25 F(R?,n—2).

By taking fundamental groups and using the fact that F(R?,m) is a K(, 1)-space,
there is a commutative diagram of short exact sequences of groups

* dn*

T (R* N Qn_1) S| P, = 1 (F(R?,n)) P, 1 =m(F(R*n—1))
2 ) h”L* _ 2 (dn—l)* _ 2

7T1(R \Qn_lﬂ)gpn_l—ﬂ'l(F(R ,n—l)) > n_g—ﬂ'l(F(R ,7’?,—2)).

Let

R; = Ker(gi*: 71'1(]R2 AN anl) — 7T1(R2 AN anl,i))
Since h;, is a monomorphism,
f«l: R — Ker(dys: P, — Py_1) NKer(dis: Py, — Py_1)

is an isomorphism. Observe that R} is the normal closure of the elements in
71(R? N Q,_1) represented by the small circles around the point ¢;. By using the
terminology of braids, the small circles around the point ¢; is represented by t;t.
Thus

Ker(dp«: Py, — Pp—1) NKer(d;: P, — Py—1) < R;.
On the other hand, since d,.(t;) = dix(t;) = 1, we have

Ri S Ker(dn*: Pn — Pnfl) n Ker(di*: Pn — Pnfl)

and so

(5.1) Ker(dy«: P, — Pp—1) NKer(d;x: P, — P,—1) = R;

with the property that
n—1

is an isomorphism. If w € () Ry, then w € Im(f,) and f_!'(w) € R! for each
i=1

1 <4< n—1. Thus the monomorphism f, induces an isomorphism

n—1 n—1
fe: ﬂ R, — ﬂ R;.
i=1 i=1
By applying Theorem [4.3] to the punctured disks, we have
RimRéﬂ"'ﬁR%—lz[[ /1’R/2L~~'a ;z—l]S'
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It follows that
RiNRyaN---NR,_1 = [[Rl,RQL . ,Rnfl]s.
From equality (5.1]), we have

n—1 n—1 n
() RBi = () Kex(dn.) N Ker(d;.) = () Ker(dj.: Py — P,_1) = Bruny,
i=1 i=1 j=1
hence the result. O

5.2. Proof of Theorem The key point to proving Theorem[L.5]is to construct
a K (m,1)-partition for the configuration space F(S?,n). Before giving the proof,
we need some lemmas. Let q1, g2, ... be strictly increasing real numbers that lie in
the open interval (—1,1) C R* C R? C S2. The base point of the configuration
spaces F'(R?,m) C F(S%,m) is chosen to be (q1,...,qmn) for each m > 1.

Lemma 5.2. Let 1 <i<m and let
Bi ={(21,-..,2m) € F(S*,m) | 2, # 00 for p # i}.
Let f: F(R?,m) — B; be the inclusion. Then the homomorphism
fe: P =1 (F(R?* m)) — m(B;)
is an epimorphism with Ker(f.) = ((Ao,:))T™, the normal closure of Ag; in Py,

Proof. The assertion holds trivially for m = 1. We may assume that m > 2.
Consider the Fadell-Neuwirth fibration

di: F(S%,m) — F(S%,m —1) (21,--,2n) = (2155 21y ooy Zm)-

Then B; = d; ' (F(R?,m—1)) by the construction of B;. Consider the commutative
diagram of the fibrations

R? N\ Qi — F(R%,m) — F(R?* m —1)

fl f

S?\ Qi — B — F(R* m —1),

where Qi = {q1,---¢i-1,i+1, - - -, gm }. Thus there is a commutative diagram of
short exact sequence of groups

7T1(R2 ~ Qm,i) > Wl(F(RQ,m)) — 7T1(F(R2,m— 1))

fls [

7T1(82 AN Qm,i) — 7T1(Bi) — Wl(F(RQ,m — 1))
Since fl.: 1 (R? N\ Qi) — 71 (S? N\ Quni) is an epimorphism, the middle map
fo: T (F(R%,m)) — m1(By)

is an epimorphism with Ker(f.) = Ker(f|.). Note that Ker(f|.) is the normal
closure of the element [w;] in 7 (R? \ @), where the loop w; is given by the
following left picture:
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In the above picture, the braid Ao ; is obtained from the loop w; by drawing it as
a braid. Thus [w;] = Ap,; and so

Ker(f.) = Ker(fl.) = {(40.)) ™ 1m0 (B N Qui) < ({A0.)) .

On the other hand, since Ker(f,) is normal in P,, with Ay, € Ker(f.), we have
({(Ag i)y < Ker(f.). It follows that

Ker(f.) = ((Ao.)™,
hence the result holds. (]
Lemma 5.3. Let I = {iy,ia,...,ix} be a subset of {1,2,...,m}. Let
Br={(21,---,2m) € F(S*,m) | 2, # o0 forp & I}
and let f: F(R?,m) — By be the inclusion. Then the homomorphism
fo: T (F(R%,m)) — 71(By)
is an epimorphism whose kernel Ker(f.) = ((Ao,; | i € I))Fm.
Proof. Note that

k
Bp:UBU
s=1
By Lemma P, = m(F(R?,m)) — m(B;,) is an epimorphism whose kernel is
given by ((Ag;, )P for each 1 < s < k. From Van Kampen’s Theorem,
fe: P = m1(F(R?,m)) — 71 (By)
is an epimorphism with

k

Ker(f.) = [[((40.1.)) = ((Aos,

s=1

hence the result. ]
Proof of Theorem[1.5, Let A = F(R?,m) be the subspace of F(S?* m). Let
Ai = {(217227"'72m) € F(Szvm) | Zp 7é o8} fOI‘p ¢Ai},

where the A; are as defined in the statement of the Theorem. Since A; NA; = () for
1 # j, we have

1<s<k)Pm,

AiﬂAj :F(R2,m):A
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for i # j. From the assumption that | J;_, A; = {1,2,...,m}, we have

Thus (A4, As, ..., A,) is a cofibrant n-partition E| of the space F'(S?,m) relative to
F(R%,m). For a subset I = {iy,ia,...,ix} € {1,2,...,n}, let

k
A= 4,
s=1

with Ag = A. We now check that Ay is a K(m,1)-space for I C {1,2,...,n}. Let

k
J="{j1, 42, gy ={1,2,...,m} ~ (UA)
s=1

with j; < ja < ... < js. Since I #{1,2,...,n}, J is not empty. Let (z1,...,2m) €
F(5%,m). Observe that (z1,...,2y,) € Ay if and only if z;, # oo for 1 < s < t.
Consider the Fadell-Neuwirth fibration [9]

dr: F(S*,m) — F(S%t).
There is a pull-back diagram

AI — F(S27m)
dI|A1 pull d]

F(R2,t) — F(S2,1)
with a fibration
F(S* N Qu,m—t) — Aj — F(R%1),
where Q; is a set of ¢ distinct points in S2. Since t > 1,
F(S*\Qi,m—1t) 2 F(R*\ Q_1,m —t)

is a K (m,1)-space. Together with the fact that the base space F(R?,t) is a K(m,1)-
space, the total space A is a K(m, 1)-space for any I C {1,2,...,n}.
By Lemma the inclusion f: A = F(R?,m) — A; induces an epimorphism

fe: P =m1(A) — m1(A)
whose kernel
R; = Ker(f.) = ((Ao | j € Aq))T.
The assertion follows from Theorem O
Acknowledgements. The authors would like to thank the referee for pointing out some

errors in the original manuscript. The authors also would like to thank Fred Cohen for
his help on the writing of this article.

3Similar to footnote?, one needs to do some modifications such that the cofibrant hypoth-
esis holds: Take a triangulation on F(S? m) and deform linearly A and each A; into certain
subcomplexes with necessary subdivisions for having a cofibrant n-partition of F(S2,m).
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