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Topological Spaces and Continuous Maps

e From Calculus, a function y = f(x) is continuous (in usual
sense) if and only if the pre-image f~'(U) of any open set
U is open.

¢ A topological space means a set X with a family of
subsets, so-called open sets, satisfying the property that
the total set X and the empty set ) are open, the
intersection of any two open sets is open, and an arbitrary
union of open sets is open.

¢ A function f from a topological space X to a topological
space Y is called continuous if the pre-image f~'(U) of
any open set U is still open.
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e The usual (and most interesting) topological spaces are
subspaces of Euclidean spaces R”, such as manifolds,
cell-complexes.

¢ |n algebraic topology, we also look at mapping spaces,
namely the space of all continuous maps from a space X
to a space Y.
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Homotopy

e Letf,g: X — Y are two (continuous) maps with
f(xo) = 9(xp)- Call f is homotopic to g (relative to xp),
denoted by f ~ g, if there exists f;(x): X — Y with
parameter 0 < t < 1 such that f;(x) is continuous on x
and t, fo = f, fy = g, and fi(xp) = f(x0) = 9(Xo)-

e Namely f can be continuously deformed to be g.

e A space X is called homotopy equivalent to Y, denoted
by X ~ Y, if there exist (continuous) maps f: X — Y and
g: Y — X such that g o f ~ identityy and f o g ~ identity ..
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Homotopy

Examples

The identity map of the n-dimensional disk D" is homotopic
to the constant map.

D" ~ point
But the identity map of D" \. {0} is not homotopic to the
constant map.

D"~ {0} % point.
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Classification Problem in Homotopy Theory

¢ Given two (topological) spaces X and Y, how can we know
whether X ~ Y or not?

¢ Algebraic topology studies the spaces using algebraic
methods (groups, modules...), and can use these algebraic
methods to partially answer this question.

e It also produces a lot of questions such as how to
determine homotopy groups.



Spaces Homotopy Classification Problem Homotopy Groups

Definition of Homotopy Groups

e The n-dimensional unit sphere

S" = {(X1, X2, - Xn11) € R™ |\/x12+x22+~-+x§+1 =1}

consists of unit vectors in R"*! with a choice of base-point
(-1,0,...,0).



Homotopy Groups

Definition of Homotopy Groups

e The n-dimensional unit sphere

Sn:{(X17X27°~'aXn+1)6Rn+1 |\/X12+X22—|—"-+X§+1 :1}

consists of unit vectors in R"*! with a choice of base-point
(-1,0,...,0).

o mp(X) :=[S", X], the set of the (pointed) homotopy classes
of (pointed) continuous maps from the n-sphere S" to X.
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Homotopy Groups

o Namely first fix a point xo € X and consider the set of all
continuous maps f: S” — X such that

f(—1,0,...,0) = xo.

e Then take the equivalence relation f ~ g.



mo(X)
o 80 ={-1,1}.
o f: 8% ={-1,1} - X with f(—1) = xg <= f(1) = x € X for
any x € X.

f~g: S — X & there is a path from f(1) to g(1).
mo(X) = the set of path-connected components of X.
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mo(X)

S0 ={-1,1}.

f: 8% ={-1,1} - X with f(—1) = xg <= f(1) = x € X for
any x € X.

f~g: S — X < there is a path from f(1) to g(1).

mo(X) = the set of path-connected components of X.
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Fundamental Group 71(X)

The loops A from xg to xg with A ~ )\ if X\ can be deformed
to )\ .

m1(X) is a group with product given by path composition,
which is not commutative in general.

For any 2-manifolds (surfaces) X and X', X ~ X' &

™y (X) = m(X)

For any closed 2-manifolds (surfaces) X and X', X = X' &
m(X) = m(X')
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[+ 191 = [g] + [f] in 7(X) for n > 2.
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Remarks

« Cech defined the higher homotopy groups, but abandoned
them they are abelian. (1930s)

e It was originally conjectured that the homotopy groups of
spheres are isomorphic to their homology groups. Then
Heinz Hopf invented the Hopf map.

e Fundamental Problem in Algebraic Topology: Determine
the homotopy groups.
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Examples

7n(S') = 0 for n# 1 and 1 (S") = Z.
For n> 0, 7»(S") = 0 for m < nand m,(S") = Z.
Curtis proved that 7;(S®) # 0 for all i > 5.

mm(S") for m > nis not yet well understood for general m
and n > 2, although many non-zero elements are known.
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Why are mapping spaces useful?

e Let QX be the space of all continuous loops from xj to
Xo-

° Wn(QX) = T'n1 (X)

e QX has a (continuous) multiplication with group-structure
up to deformation.
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EHP sequences

o EHP fibration: S” — QS™1 — QS2"*1 |ocalized at 2.
e There is a long exact sequence (localized at 2)

o= (8" = T(QS™) = 74 (ST

N 7I_m(982n—i-1) — 7Tm+1(82n+1) _ 71_m_1(8n) N

e EHP sequences were discovered by I. James in 1950s.
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e There is a long exact sequence
= 7Tm(81) — 7rm(982) = 7rm+1(82)

— Tm(Q8%) = mme1(S®) = Tm_1(ST) — -

e Use the fact that 7,(S') = 0 for m # 1 and 71 (S) = Z.



Homotopy Groups

Example

e There is a long exact sequence
= 7Tm(81) — 7rm(982) = 7rm+1(82)

— Tm(Q8%) = mme1(S®) = Tm_1(ST) — -

e Use the fact that 7,(S') = 0 for m # 1 and 71 (S) = Z.
o Tm(S?) = mm(S3) for m > 3.



Homotopy Groups

¢ Toda did computations on the homotopy groups of the
spheres using EHP sequences in 1960s. Toda’s table is
available in my web-site.



Homotopy Groups

¢ Toda did computations on the homotopy groups of the

spheres using EHP sequences in 1960s. Toda’s table is
available in my web-site.

o Later people have been to use Adams spectral sequences
for computing the homotopy groups (of the spheres).



Homotopy Groups

¢ Toda did computations on the homotopy groups of the
spheres using EHP sequences in 1960s. Toda’s table is
available in my web-site.

o Later people have been to use Adams spectral sequences
for computing the homotopy groups (of the spheres).

¢ People also have been to study a family of elements in the
homotopy groups.



Homotopy Groups

¢ Toda did computations on the homotopy groups of the
spheres using EHP sequences in 1960s. Toda’s table is
available in my web-site.

o Later people have been to use Adams spectral sequences
for computing the homotopy groups (of the spheres).

¢ People also have been to study a family of elements in the
homotopy groups.

e People have been to study properties of homotopy
groups. Cohen-Moore-Neisendorfer Theorem: for p > 2

" . (p — torsion component ofm(Sz”Jr1 )) =0.

p
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Combinatorial Descriptions of Homotopy Groups

e Let G(n) be the group generated by x1, xo, ..., X, with the
relations:

® (1) the pI’OdUCt XiXo++ Xp = 1 and
e (2) all iterated commutators
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Combinatorial Descriptions of Homotopy Groups

e Let G(n) be the group generated by x1, xo, ..., X, with the
relations:
e (1) the product xyx2---x, =1 and
¢ (2) all iterated commutators

[[x,jhx,-f ,...,xlf'] =1,
e = £1, if each x; occurs at least once in the bracket.

o mn(S?) = Z(G(n)), the center of G(n).
e J. Wu, Math. Proc. Camb. Phil. Soc., 130 (2001).
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Homotopy Groups of finite cell complexes

e |tis NOT straightforward to know the homotopy groups of
finite cell complexes by assuming the homotopy groups of
the spheres.

e Recently we are able to obtain the EHP sequences for
(p — 1)-cell complexes. (Generalize James’ EHP
sequences for spheres given 50 years ago.)

e There are a lot of problems related to homotopy groups.
Some problems are extremely difficult, while others are
pretty accessible for Ph.D. thesis.
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Advantage for studying Topology

e By studying algebraic topology or homotopy theory, you
will have a big room for your future. If you have good
results in homotopy theory, you may get highly recognized
in the world. On the other hand, there are many accessible
problems that you can just work on.

e There are a lot of applications of algebraic topology to
computer science, physics and others. Some companies
such as bank or computer companies actually like to hire
Ph.D’s in topology. Topology trains your global views on
the world.
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