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Abstract. In recent work of the first and third authors, functorial coalgebra decompositions of

tensor algebras were geometrically realized to give functorial homotopy decompositions of loop

suspensions. Later work by all three authors generalized this to functorial decompositions of
looped coassociative co-H spaces. In this paper we use different methods which allow for the

coassociative hypothesis to be removed.

1. Introduction

In studying any mathematical object it is useful to decompose it into irreducible components,
analyze the components, and assess how they assemble to give the original object. A natural
collection of topological spaces to study in this manner are H-spaces, as the multiplication provides
an operation which allows for decompositions (up to homotopy). In practise, this requires a delicate
interplay between algebra and topology. If X is an H-space, a decomposition X ' A × B will
usually be an equivalence of spaces rather than H-spaces. This is reflected in a corresponding
coalgebra decomposition H∗(X) ∼= H∗(A) ⊗ H∗(B). However, a coalgebra decomposition H∗(X)
need not correspond to a decomposition of X on the level of spaces. Nevertheless, in attempting
to decompose X, one first tries to find a coalgebra decomposition of H∗(X) and then geometrically
realize it. To decompose in homology it is advantageous to have a Kunneth isomorphism, so we take
homology with field coefficients. On the level of spaces, this corresponds to looking for localized
homotopy decompositions. So from now on we assume that all spaces and maps have been localized
at a prime p and take homology with mod-p coefficients.

Using homology decompositions to predict homotopy decompositions has been a fruitful approach.
The great success story was Cohen, Moore, and Neisendorfer’s [5, 6] determination of the odd
primary homotopy exponents of spheres by decomposing loop spaces related to the loops on mod-pr

Moore spaces. It has also proved useful in examining many other loop spaces [1, 4, 7, 9, 10, 12, 13, 14,
15, 19, 20, 21]. In all these cases the object was to decompose specific examples of loop spaces, often
into indecomposable summands. The question arose whether, instead of working on a case-by-case
basis, one could produce decompositions in a more general manner. This was achieved by the first
and third authors [17, 18], who used connections between topology and the modular representation
of the symmetric group to obtain functorial decompositions of loop suspensions. This approach
has the advantage of producing decompositions for all loop suspensions simultaneously, although
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for a given loop suspension it may be possible to refine the functorial decomposition by using non-
functorial information specific to the space. One such decomposition obtains the minimal functorial
homotopy retract of a loop suspension. All such decompositions are the geometric realizations of
functorial coalgebra decompositions of tensor algebras. The connection between tensor algebras and
loop suspensions is given by the Bott-Samelson theorem, which states that H∗(ΩΣX) ∼= T (H̄∗(X)).

More generally, a simply-connected co-H space Y also satisfies H∗(ΩY ) ∼= T (Σ−1H̄∗(Y )), so one
would guess that the functorial coalgebra decompositions of tensor algebras ought to translate into
functorial decompositions of looped co-H spaces. In [16] this was shown to be true for coassociative
co-H spaces based on the fact that the co-H structure map Y −→ ΣΩY is a co-H map, which
allowed one to geometrically construct certain maps of spaces that were idempotents. In this paper
we show that the coassociativity hypothesis can be removed, essentially by showing that it is enough
to have maps which induce idempotents in homology. The removal of the coassociative hypothesis
is significant. It is easy to produce examples of co-H spaces, as any retract of a suspension is a co-H
space. On the other hand, it is usually difficult to determine when a co-H space is coassociative.

Our first result states that any functorial coalgebra decomposition of a tensor algebra can be
geometrically realized as a functorial homotopy decomposition of looped co-H spaces. It general-
izes [17, 18] which geometrically realized functorial homotopy decompositions of loop suspensions.
Let V be a vector space over a field k and let T (V ) be the tensor algebra generated by V . Then
T (V ) becomes a Hopf algebra by letting the elements of V be primitive and extending the coalgebra
structure multiplicatively. Also, T (V ) has a grading by tensor length, and becomes bigraded in the
case where V is graded. Let CoH be the category of co-H spaces and co-H maps.

Theorem 1.1 (Geometric Realization Theorem). Let Y be any simply connected co-H-space of
finite type and let

T (V ) ∼= A(V )⊗B(V )
be any natural coalgebra decomposition for ungraded modules over Z/p. Then there exist homotopy
functors Ā and B̄ from CoH to spaces such that:

(1) there is a functorial decomposition

ΩY ' Ā(Y )× B̄(Y );

(2) in mod-p homology the decomposition

H∗(ΩY ) ∼= H∗(Ā(Y ))⊗H∗(B̄(Y ))

is with respect to the augmentation ideal filtration;
(3) in mod-p homology

E0H∗(Ā(Y )) = A(Σ−1H̄∗(Y )) and E0
∗(B̄(Y )) = B(Σ−1H̄∗(Y )),

where A and B are the canonical extensions of the functors A and B for graded modules.

One application of Theorem 1.1 is to obtain the minimal functorial homotopy retract of a looped
co-H space, generalizing the result for loop suspensions in [18]. To state this precisely we require
some notation. The algebraic functor Amin takes k-modules to k-coalgebras such that Amin(V ) is
the smallest natural coalgebra retract of T (V ). It inherits a (bi)grading from T (V ). Let Ln(V )
be the set of homogeneous Lie elements of tensor length n in the tensor algebra T (V ). Let V̄ be
the n-dimensional vector space with basis {x1, x2, · · · , xn}. Let Lie(n) be the submodule of V̄ ⊗n

generated by the n-fold commutators from left to right

[[xσ(1), xσ(2), · · · , xσ(n)]
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for σ in the symmetric group Sn. Let Sn act on Lie(n) by permuting the variables. Let Liemax(n)
be the maximal projective k(Sn)-submodule of Lie(n). For any k-module V , let

Lmax
n (V ) = V ⊗n ⊗k(Sn) Liemax(n).

Then Lmax
n (V ) is a functorial submodule of Ln(V ). Let Bmax(V ) be the sub Hopf algebra of

T (V ) generated by {Lmax
n (V )}∞n=2. By [17], there is a functorial coalgebra decomposition T (V ) ∼=

Amin(V )⊗Bmax(V ). Theorem 1.1 therefore immediately gives the following.

Theorem 1.2. There exist homotopy functors Āmin and B̄max from CoH to spaces such that for
any p-local simply connected co-H space Y of finite type the following hold:

(1) Āmin(Y ) is a functorial retract of ΩY and so there is a functorial decomposition

ΩY ' Āmin(Y )× B̄max(Y );

(2) in mod-p homology the decomposition

H∗(ΩY ) ∼= H∗(Āmin(Y ))⊗H∗(B̄max(Y ))

is with respect to the augmentation ideal filtration;
(3) in mod-p homology

E0H∗(Āmin(Y )) = Amin(Σ−1H̄∗(Y ))

E0H∗(B̄max(Y )) = Bmax(Σ−1H̄∗(Y )).
�

We give two examples to illustrate how Theorems 1.1 and 1.2 give new results. First, let S2p α1−→
S3 represent the generator of π2p(S3) = Z/pZ, which is the least nonvanishing p-torsion homotopy
group of S3. Let Y be its homotopy cofiber. By [2], Y is a p-local co-H space which is not
homotopy coassociative. Therefore the results of [16] do not apply and so the decompositions of ΩY
in Theorems 1.1 and 1.2 are new. Second, as mentioned, any retract Y of a suspension ΣX is a co-H
space, so Theorems 1.1 and 1.2 can be applied to Y without any need to check for coassociativity as
in [16]. An example of wide interest is the p-local decomposition ΣCPn '

∨p−1
i=1 Yi, where H∗(Yi)

consists of those elements in H∗(ΣCPn) in degrees of the form 2i + 1 + 2j(p − 1) for some j ≥ 0.
Each space Yi is a co-H space, but it is unclear whether it is homotopy coassociative, and it would
unpractical to check if this property holds using known methods.

The method for proving Theorem 1.1 is described briefly as follows. Let Y be any simply con-
nected co-H-space. Let σ : ΣΩY −→ Y be the evaluation map. The comultiplication Y −→ Y ∨ Y
induces a (unique up to homotopy) cross-section s : Y −→ ΣΩY . To obtain functorial decomposi-
tions of ΩY , take homotopy colimits of composites of the form

ΩY Ωs−→ ΩΣΩY
fΩY−→ ΩΣΩY Ωσ−→ ΩY

where the maps fΩY induce idempotents in homology that are known to exist from the functorial
the decompositions of loop suspensions in [18].

There are homological issues that need to be dealt with in doing all this. These stem from
the fact that the isomorphism H∗(ΩY ) ∼= T (Σ−1H̄∗(Y )) is an isomorphism of algebras in general,
not Hopf algebras. More precisely, the coalgebra structure on T (Σ−1H̄∗(Y )) is defined by letting
the generators in Σ−1H∗(Y ) be primitive. This is guaranteed to match the coalgebra structure
on H∗(ΩY ) only when Y is a double suspension. When Y is a single suspension, or more gener-
ally a coassociative co-H space, then [3] is able to give formulas that measure the deviation from
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H∗(ΩY ) ∼= T (Σ−1H̄∗(Y )) being a Hopf algebra isomorphism. If Y fails to be coassociative, then
the coalgebra structure on H∗(ΩY ) may be very complex. To get around this, we filter H∗(ΩY )
by the augmentation ideal filtration. The corresponding associated graded module E0(H∗(ΩY ))
is isomorphic as a Hopf algebra to T (Σ−1H̄∗(Y )). In particular, on the level of associated graded
modules, one has all the algebraic decompositions arising from the Poincaré-Birkhoff-Witt Theorem
and other associated natural representations.

A filtered approach was also taken in [18] in the case of loop suspensions. However, the arguments
there were directed solely towards obtaining the minimal functorial homotopy retract of a loop
suspension rather than obtaining arbitrary functorial retracts of loop suspensions as in Theorem 1.1.
So in this paper we begin in Section 2 with a recapitulation of the filtration ideas in [18], phrased
in general terms which will allow us to obtain functorial homotopy retracts of looped co-H spaces.
In Section 3 these will be used to prove Theorem 1.1.

2. Filtered Coalgebras and the Algebraic James Construction

2.1. Filtered Coalgebras. In this section, the ground ring is a field k. A coalgebra shall refer to
a pointed cocommutative graded coalgebra, and a filtration of a module M shall mean a decreasing
filtration

· · · ⊆ InM ⊆ In−1M ⊆ · · · ⊆ I0M = M.

For filtered modules M and N the product filtration on M ⊗N is defined by

It(M ⊗N) =
∑
a+b≥t

IaM ⊗ IbN.

Given a filtered module M , the tensor product M⊗n becomes a filtered module by means of the
product filtration. The ground ring k is filtered by I0k = k and I1k = 0. A pointed filtered coalgebra
C means a filtered module C with a filtered comultiplication ψ : C −→ C ⊗ C turning C into an
augmented coalgebra with a filtered unit η : k −→ C and filtered augmentation ε : C −→ k. Let C
and D be pointed filtered coalgebras. The wedge C ∨D is defined by the pushout C ←− k −→ D
in the category of cocommutative pointed coalgebras. The smash product C ∧ D is defined to be
the cokernel of C ∨D −→ C ⊗D. Let C be a filtered coalgebra. Define

E0C =
∞⊕
s=0

IsC/Is+1(C).

Let C be a pointed filtered coalgebra and let A be a filtered Hopf algebra. We write [C,A] for
the set of pointed filtered coalgebra morphisms from C to A. Let f, g : C −→ A be a morphism of
filtered coalgebras. Recall that the convolution product f ∗ g is given by the composite

C
ψ−→ C ⊗ C f⊗g−→ A⊗A µ−→ A.

Proposition 2.1. [18] The following statements hold:

1) The conjugation χ : A −→ A is a filtered map for any connected filtered Hopf algebra A.
2) For any connected filtered coalgebra C and connected filtered Hopf algebra A, the set [C,A]

is a group under the convolution multiplication.
3) If C is filtered coalgebra, then E0C is a bigraded coalgebra. Moreover if A is a filtered Hopf

algebra, then E0A is a bigraded Hopf algebra.
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4) There are natural isomorphisms of coalgebras

E0(C ∨D) ∼= E0C ∨ E0D,E0(C ⊗D) ∼= E0C ⊗ E0D,E0(C ∧D) ∼= E0C ∧ E0D

for any pointed filtered coalgebras C and D.
5) Let C be a pointed filtered coalgebra and let A be a filtered Hopf algebra. Then the function

E0 : [C,A] −→ [E0C,E0A], f −→ E0f

is a homomorphism of monoids (groups if A is connected). �

2.2. The Algebraic James Construction. The James construction J(C) of a pointed filtered
coalgebra C is defined as the coequalizer of the diagram with morphisms

di : C⊗n−1 = C ⊗ · · · ⊗ C⊗
(i)

k ⊗C ⊗ · · · ⊗ C −→ C⊗n

for 1 ≤ i ≤ n < ∞. The James construction J(C) is the filtered (cocommutative) Hopf algebra
which is the coadjoint of the forgetful functor from filtered (cocommutative) Hopf algebras to pointed
filtered (cocommutative) coalgebras. The James construction comes with a filtration by tensor
length

k = J0C ⊆ J1C = C ⊆ J2C ⊆ · · · ⊆ J(C)
with

J(C) =
⋃
n

Jn(C),

which we call the James filtration. However the filtration on C induces a filtration on Jn(C) for
each n, and the James filtration is a filtered filtration. That is, each inclusion Jn−1C ⊆ JnC is a
morphism of pointed filtered coalgebras. The resulting sequence

Jn−1C −→ JnC −→ C∧n

is a short exact sequence in the category of pointed filtered cocommutative coalgebras.

Proposition 2.2. [18, Proposition 3.6] Let C be a pointed filtered coalgebra. Then there is a natural
isomorphism of bigraded coalgebras

E0Jn(C) ∼= Jn(E0C)

for each 1 ≤ n ≤ ∞.

2.3. The Augmentation Ideal Filtration of J(C). Let C be a connected coalgebra. The aug-
mentation filtration of C is defined by

IC = Ker(ε : C −→ k)

and IsC = 0 for s ≥ 2. Clearly C is a filtered coalgebra under the augmentation filtration and
E0C is a bigraded coalgebra with trivial comultiplication. Since the filtration on J(C) is induced
by the product filtration, the filtration on J(C) is the same as the augmentation ideal filtration of
the Hopf algebra J(C). Thus

E0J(C) = J(E0C) ∼= T (IC)
is the tensor algebra primitively generated by E0

1,∗J(C) = IC.
The (product) filtration on C∧n is

IC∧n = I2C∧n = · · · = InC∧n = (IC)⊗n
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and IkC∧n = 0 for k > n. Thus in the bigraded coalgebra E0C∧n

E0
n,∗C

∧n = (IC)⊗n

is primitive and E0
j,∗C

∧n = 0 for j 6= 0, n.

2.4. Group Representations. In this subsection the ground field is of characteristic p or 0. Let C
be a connected filtered coalgebra. Then J(C) is a connected filtered Hopf algebra and so [C⊗n, J(C)]
is a group. For 1 ≤ i ≤ n, observe that the composite

φi : C⊗n
εC⊗i−1⊗idC⊗εC⊗n−i // C

is a filtered coalgebra map and so it induces a group homomorphism

φ∗i : [C, J(C)] −→ [C⊗n, J(C)].

Lemma 2.3. Let A be a connected coalgebra and let n be an integer such that n 6≡ 0 mod char(k).
Then the convolution power n : A −→ A is an isomorphism. Thus n−1 : A −→ A is well-defined.

Proof. Since n(x) = nx for x ∈ PA, the map n|PA : PA −→ PA is an isomorphism and so n : A→ A
is a monomorphism. If A is of finite type, then n : A −→ A is an isomorphism. The assertion follows
from the fact that [11, Proposition 4.13] any coalgebra A is a direct limit of its sub-Hopf algebras
of finite type. �

Let Z(p) be the ring of p-local integers. By Lemma 2.3, there is a unique group homomorphism

e : Z(p) −→ [C, J(C)]

such that e(1) : C −→ J(C) is the canonical inclusion. Let

F
Z(p)
n =

n∐
i=1

(Z(p))xi

be the free product, where (Z(p))xi
is a copy of Z(p) labeled by letters xi. Then there is a unique

group homomorphism
θn : FZ(p)

n −→ [C⊗n, J(C)]
such that

θn|(Z(p))xi
= φ∗i ◦ e : (Z(p))xi

= Z(p) −→ [C⊗n, J(C)].

Write xri for the element r ∈ (Z(p))xi
⊆ FZ(p)

n . For 1 ≤ i ≤ n, define a face di : F
Z(p)
n −→ F

Zp

n−1 as
the group homomorphism given by

dix
r
j =


xrj for j < i,
1 for j = i,

xrj−1 for j > i.

Proposition 2.4. Let C be a connected filtered coalgebra. Then there is a commutative diagram

F
Z(p)
n

θn //

di

��

[C⊗n, J(C)]

di=(di)∗

��
F

Z(p)
n−1

θn−1 // [C⊗n−1, J(C)]
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for 1 ≤ i ≤ n, where

di = idCi−1 ⊗ ηC ⊗ idC⊗n−i : C⊗n−1 = C ⊗ · · · ⊗ C⊗
(i)

k ⊗C ⊗ · · · ⊗ C −→ C⊗n.

Proof. The proof is immediate. �

These definitions can be reformulated in terms of spaces. Let X be a path-connected p-local
space. Then there is a unique group homomorphism

e : Z(p) −→ [X, J(X)]

such that e(1) : X −→ J(X) is the canonical inclusion. It follows that there is a unique group
homomorphism

θn : FZ(p)
n −→ [Xn, J(X)]

such that
θn|(Z(p))xi

= π∗i ◦ e : (Z(p))xi
= Z(p) −→ [Xn, J(X)],

where πi : Xn → X is the i-coordinate projection. The group homomorphisms from F
Z(p)
n to

[Xn, J(X)] and [C⊗n, J(C)] are both commonly denoted by θn since the the homology functor acts
as a natural transformation.

Note that for an arbitrary map f : Xn −→ J(X), f∗ : H∗(X)⊗n −→ J(H∗(X)) need not preserve
the filtration in general. Thus Im(θn) gives the homotopy classes of a special family of maps
Xn → J(X), which we define as

[Xn, J(X)]′ = {[f ] ∈ [Xn, J(X)] | f∗ : H∗(Xn) = H∗(X)⊗n −→ J(H∗(X)) preserves the filtration}.

Proposition 2.5. Let X be a path-connected p-local space. Then there is a commutative diagram

F
Z(p)
n

θn // [Xn, J(X)]′

H∗

��
F

Z(p)
n

θn // [H∗(X)⊗n, J(H∗(X))].

Proof. The proof is immediate. �

Let
HF

Z(p)
n = {w ∈ FZ(p)

n | d1w = d2w = · · · = dnw}
be the equalizer of the faces di for 1 ≤ i ≤ n. Note that

d1(HF
Z(p)
n ) ⊆ HF

Z(p)
n−1 .

Let pn = d1|
HF

Z(p)
n

: HF
Z(p)
n −→ HF

Z(p)
n−1 . According to [22, Proposition 1.2.1], each

pn : HF
Z(p)
n −→ HF

Z(p)
n−1

is an epimorphism. Let qn : C⊗n −→ Jn(C) be the quotient map and let in−1 : Jn−1(C) −→ Jn(C)
be the inclusion map.
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Proposition 2.6. There is a commutative diagram

F
Z(p)
n

θn // [C⊗n, J(C)]

HF
Z(p)
n

θn //
?�

OO

[Jn(C), J(C)]
?�

q∗n

OO

for each n. Moreover there is a commutative diagram

HF
Z(p)
n

θn //

pn

����

[Jn(C), J(C)]

i∗n
����

HF
Z(p)
n−1

θn−1 // [Jn−1(C), J(C)]

for each n.

Proof. The first diagram follows from the fact that Jn(C) is the coequalizer of the morphisms

di : C⊗n−1 = C ⊗ · · · ⊗ C⊗
(i)

k ⊗C ⊗ · · · ⊗ C −→ C⊗n

for 1 ≤ i ≤ n. The second diagram follows from the first together with Proposition 2.4 in the i = 1
case. �

Corollary 2.7. For any connected filtered coalgebra C, there is a representation

θC : HFZ(p) = lim←−pn

HF
Z(p)
n −→ [J(C), J(C)] = lim←−−

i∗n−1

[Jn(C), J(C)]

of the progroup HFZ(p) .

Let KZ(p)
n be the quotient group of FZ(p)

n subject to the following iterated commutator relations

(2.1) [[[xr1i1 , x
r2
i2

], xr3i3 ], . . . , xrt
it

] = 1

if ia = ib for some 1 ≤ a < b ≤ t.

Lemma 2.8. For each 1 ≤ i ≤ n, the composite

F
Z(p)
n

di−→ F
Z(p)
n−1 −→ K

Z(p)
n−1

factors through the quotient KZ(p)
n and so there is a (unique) homomorphism

di : K
Z(p)
n −→ K

Z(p)
n−1

such that the diagram

F
Z(p)
n

// //

di

��

K
Z(p)
n

di

��

F
Z(p)
n−1

// // K
Z(p)
n−1

commutes.

Proof. The proof is straightforward. �
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Lemma 2.9. Let C be a connected coalgebra filtered by

IC = Ker(ε : C −→ k)

and ItC = 0 for t > 1. Then there is a commutative diagram

F
Z(p)
n

θn //

����

[C⊗n, J(C)]

E0

��
K

Z(p)
n

θn // [E0C⊗n, E0J(C)]

Proof. By Propositions 2.1 and 2.2, for xri ∈ F
Z(p)
n , the map E0(θn(xri )) is the composite

E0C⊗n = (E0C)⊗n
proji−→ E0C

r−→ E0C ↪→ E0J(C) = J(E0C),

where r : E0C −→ E0C is the coalgebra map such that

r : E0
1,∗C = IC −→ E0

1,∗C = IC

is multiplication by r. (Note: E0
0,∗C = k, E0

1,∗C = IC and E0
t,∗C = 0 for t > 1.)

Let
w = [[[xr1i1 , x

r2
i2

], xr3i3 ], . . . , xrt
it

] ∈ FZ(p)
n

such that ia = ib for some 1 ≤ a < b ≤ t. Then E0(θn(w)) is the composite

E0C⊗n = (E0C)⊗n
πi1,i2,...,îb,...,it // (E0C)⊗t−1 // // (E0C)∧t−1

idCa−1∧ψ̄∧idCt−a−1 // (E0C)∧t
Ta+1,b // (E0C)∧t

r1∧···∧rt // (E0C)∧t
St // J(E0C),

where πi1,i2,...,îb,...,it is the coordinate projection map, ψ̄ is the reduced comultiplication, Ta+1,b is
the map switching positions a+1 and b and St is the algebraic Samelson map defined in [18]. Since
the reduced comultiplication

ψ̄ : C −→ C ∧ C
is the trivial map, E0(θn(w)) = 1 and hence the result. �

Using the face maps in Lemma 2.9, let

HK
Z(p)
n = {w ∈ KZ(p)

n | d1w = d2w = · · · = dnw}

be the equalizer of the faces di for 1 ≤ i ≤ n and let HKZ(p) = lim←−pn

HK
Z(p)
n , where pn = d1|

HK
Z(p)
n

.

Theorem 2.10. Let C be any connected coalgebra.

1) For any word w ∈ HFZ(p) , the coalgebra map

θC(w) : J(C) −→ J(C)

preserves the augmentation ideal filtration.
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2) Let J(C) be filtered by the augmentation ideal. Then there is a commutative diagram

HFZ(p)
θC

//

����

[J(C), J(C)]

E0

��
HKZ(p)

θ // [E0J(C), E0J(C)].

Proof. Let C be filtered by IC = Ker(ε : C −→ k) and ItC = 0 for t > 1. According to Subsec-
tion 2.3, the filtration on J(C) induced from C is the same as the augmentation ideal filtration.

(1). For any word w ∈ HFZ(p) , by Corollary 2.7,

θC(w) : J(C) −→ J(C)

is a filtered coalgebra map with respect to the filtration of J(C) induced from C. Thus θC(w) : J(C) −→
J(C) preserves the augmentation ideal filtration, which is the assertion.

(2). By Lemma 2.9, there is a commutative diagram

F
Z(p)
n

θn //

����

[C⊗n, J(C)]

E0

��
K

Z(p)
n

θn // [E0C⊗n, E0J(C)].

By taking equalizers, there is a commutative diagram

HF
Z(p)
n

θn //

����

[Jn(C), J(C)]

E0

��
HK

Z(p)
n

θn // [E0Jn(C), E0J(C)].

The assertion follows by taking inverse limits. �

Reformulating in terms of spaces again, let X be a path-connected p-local space. By [21, Lemma
2.9], for any Y , [Jn(X),ΩY ] is the equalizer of the maps

di∗ : [Xn,ΩY ] −→ [Xn−1,ΩY ]

for 1 ≤ i ≤ n, where di : Xn−1 −→ Xn with

di(z1, z2, . . . , zn−1) = (z1, . . . , zi−1, ∗, zi, . . . , zn−1).

Let

[Jn(X), J(X)]′ = {[f ] ∈ [Jn(X), J(X)] | f∗ : Jn(H∗(X)) −→ J(H∗(X)) preserves the filtration}.
Just as in Proposition 2.5, applying the homology functor gives:

Proposition 2.11. Let X be a path-connected p-local space. Then there is a commutative diagram

HF
Z(p)
n

θn // [Jn(X), J(X)]′

H∗

��
HF

Z(p)
n

θn // [Jn(H∗(X)), J(H∗(X))]
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Proof. The proof is immediate. �

Taking Y = ΩΣX, the analogue of Proposition 2.6 for spaces gives a commutative diagram

F
Z(p)
n

θn

��

HF
Z(p)
n

pn // //? _oo

θn

��

HF
Z(p)
n−1

θn−1

��
[Xn, J(X)] [Jn(X), J(X)] // //? _oo [Jn−1(X), J(X)].

Let

[J(X), J(X)]′ = {[f ] ∈ [J(X), J(X)] | f∗ : J(H∗(X)) −→ J(H∗(X)) preserves the filtration}.

Corollary 2.12. Let X be a path-connected p-local space and let

H∗(J(X)) = J(H∗(X))

be filtered by augmentation ideal. Then there is a commutative diagram

HFZ(p)

θ

��

HFZ(p) // //

θ

��

HKZ(p)

θ

��
[J(X), J(X)]′

H∗// [J(H∗(X)), J(H∗(X))] E0
// [E0J(H∗(X)), E0J(H∗(X))].

Proof. In the diagram immediately preceeding the Corollary, apply the homology functor, use Propo-
sition 2.11, and take inverse limits to obtain the commutativity of the left square in the asserted
diagram. The right square is an application of Theorem 2.10 (2). �

2.5. The Progroup HKZ(p) . Let MR be the category of projective R-modules. For each V in
MR, T (V ) is a Hopf algebra by saying V is primitive. Thus T is a functor fromMR to the category
of Hopf algebras. By forgetting the algebraic structure, T is a functor fromMR to the category of
connected coalgebras. Let coalgR(T, T ) denote the group of self coalgebra natural transformations
of T . The proof of the following theorem follows along the lines of [17, Sections 2-3].

Theorem 2.13. The progroup HKZ(p) has the following properties:
1) There is an isomorphism of progroups

Φ: HKZ(p)
∼=−→ coalgZ(p)(T, T ).

2) Let the ground field k be of characteristic 0 or p and let C be any connected coalgebra. Let
J(C) be filtered by the augmentation ideal. There is a commutative diagram of progroups

HKZ(p)
θ //

Φ∼=
��

[E0J(C), E0J(C)] [T (IC), T (IC)]

coalgZ(p)(T, T ) // coalgk(T, T ).

evaluation

OO

�

Combining Corollary 2.12 and Theorem 2.13 when k = Z/p gives the following.



12 PAUL SELICK, STEPHEN THERIAULT AND JIE WU†

Theorem 2.14. There is a commutative diagram

HFZ(p) // //

θ

��

HKZ/p
∼= // coalgZ(p)(T, T )

��
[J(X), J(X)]′

E0H∗(−;Z/p) // coalgZ/p(T, T )

�

Finally, we relate the idempotents in coalgR(T, T ) for various rings R. The proof of the following
was given in [18, Section 2].

Theorem 2.15. Let k be a field of characteristic p. The maps given by changing ground rings

φZ(p),Z/p : coalgZ(p)(T, T ) −→ coalgZ/p(T, T )

φZ/p,k : coalgZ/p(T, T ) −→ coalgk(T, T )
induce bijections between idempotent elements. �

3. Proof of Theorems 1.1 and 1.2

Let Y be any p-local simply-connected co-H space. So Y has a co-H structure map s : Y −→ Y ∨Y
which is a right homotopy inverse to the evaluation map σ : ΣΩY −→ Y . We require a lemma on
how Ωσ acts in homology.

Lemma 3.1. Let Y be a p-local simply-connected co-H space. Then there is a commutative diagram
of Hopf algebras

E0H∗(J(ΩY )) E0r // E0H∗(ΩY )

∼=
��

T (H̄∗(ΩY ))
T (q) // T (Σ−1H̄∗(Y ))

where q : H̄∗(ΩY ) −→ Q(H∗(ΩY )) = Σ−1H̄∗(Y ) is the canonical quotient.

Proof. Observe that E0H∗(J(ΩY )) is the tensor algebra primitively generated by E0
1,∗H∗(J(ΩY )) =

IH∗(ΩY ). Thus
E0Ωr : E0J(H∗(ΩY )) = T (IH∗(ΩY )) −→ E0H∗(ΩY )

is the (unique) morphism of Hopf algebras induced by the composite

IH∗(ΩY )
proj−→ Q(H∗(ΩY )) = E0

1,∗(H∗(ΩY )) ↪→ E0H∗(ΩY ).

The lemma now follows. �

Proof of Theorem 1.1: Let the ground field k = Z/p and fV : T (V ) −→ T (V ) be any functorial
coalgebra idempotent. By Theorems 2.14 and 2.15, there is a word wf ∈ HFZ(p) such that the image
of wf in HKZ(p) ∼= coalgZ(p)(T, T ) is an idempotent which reduces to [fV ] modulo p. Further, using
the representation

θ : HFZ(p) −→ [J(ΩY ), J(ΩY )]′,
there is a map θ(wf ) : J(ΩY ) −→ J(ΩY ) such that in mod-p homology

θ(wf )∗ : H∗(J(ΩY )) −→ H∗(J(ΩY ))
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is an idempotent which preserves the augmentation ideal filtration.
Define e(wf ) by the composite

(3.1) e(wf ) : ΩY Ωs−−→ J(ΩY )
θ(wf )−−→ J(ΩY ) Ωσ−−→ ΩY.

By Lemma 3.1, H∗(J(ΩY )) ∼= T (H∗(ΩY ))
(Ωr)∗−→ H∗(ΩY ) ∼= T (Σ−1H̄∗(Y )) is determined by pro-

jecting onto the generating set. The functoriality of fV therefore implies the right square in the
following diagram commutes

E0H∗(ΩY )
E0(Ωs)∗// T (H̄∗(ΩY ))

θ(wf )∗=[fV ] //

(Ωr)∗

��

T (H̄∗(ΩY ))

(Ωr)∗

��
E0H∗(ΩY ) T (Σ−1H̄∗(Y ))

[fΣ−1H̄∗(Y )] // T (Σ−1H̄∗(Y )).

The left square commutes because s◦r is homotopic to the identity map on Y . Note that the upper
direction around the diagram is e(wf )∗. The lower direction around the diagram is an idempotent
because [fΣ−1H̄∗(Y )] is. Thus e(wf )∗ is an idempotent. Hence there is a functorial decomposition

ΩY ' hocolime(wf )ΩY × hocolim1−e(wf )ΩY

with E0H∗(hocolime(wf )ΩY ) ∼= fΣ−1H̄∗(Y )(T (Σ−1H̄∗(Y ))). This proves the theorem. �

Proof of Theorem 1.2: In Theorem 1.1, choose the idempotents fV ∈ coalgZ/p(T, T ) corresponding
to the functors Amin and Bmax. �

References

[1] D. Anick, Homotopy exponents for spaces of category two, Lecture Notes in Mathematics 1370 (1986),

24-52.

[2] I. Berstein, A note on spaces with nonassociative comultiplication, Proc. Camb. Phil. Soc. 60 (1964), 353-354.
[3] I. Berstein, On cogroups in the category of graded algebras, Trans. Amer. Math. Soc. 115 (1965), 257-269.

[4] F. R. Cohen, Fibration and product decompositions in nonstable homotopy theory, Handbook of algebraic

topology, 1175–1208, North-Holland, Amsterdam, 1995.
[5] F. R. Cohen, J. C. Moore and J. A. Neisendorfer, Torsion in homotopy theory, Ann. Math. 109 (1979),

121-168.

[6] F. R. Cohen, J. C. Moore and J. A. Neisendorfer, The double suspension and exponents in the homotopy
groups of spheres, Ann. of Math. 110 (1979), 549–565.

[7] F. R. Cohen and P. S. Selick, Splittings of two function spaces, Quart. J. Math. Oxford Ser. (2) 41 (1990),145–

153.
[8] F. R. Cohen and J. Wu, A remark on the homotopy groups of ΣnRP 2, Contem. Math. 181 (1995), 65-81.

[9] B. Gray, On the homotopy type of the loops on a 2-cell complex., Homotopy methods in algebraic topology
(Boulder, CO, 1999), 77–98, Contemp. Math. 271, Amer. Math. Soc., Providence, RI, 2001
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