INTRODUCTION TO ALGEBRAIC TOPOLOGY

TUTORIAL 1
JIE WU
Exercise 0.1. a) Show that each of the following is a metric for R":
- 0 if z=uy,
(e.9) = (3o =) = el ) = {05
d(l’, y) = Z |:EZ - yz|7 d(l’, y) = maXj<i<n |:E7, - y7,|
i=1

b) Show that d(z,y) does not define a metric on R.
c¢) Show that d(z,y) = min <<, |x; — y;| does not define a metric on R”.
d) Let d be a metric. Show that d’ defined by

, d(x,y)
d(z,y) = —————

(z,9) 1+d(z,y)
is also a metric.

Exercise 0.2. Show that if I/ is the family of open sets arising from a metric space
then

i) The empty set () and the whole set belong to U;

ii) The intersection of two members of U belongs to U,
iii) The union of any number of members of U belongs to U.

Exercise 0.3. Let U be a topology for X. Show that the intersection of a finite
number of members of I/ is in U. Show by examples that infinite intersection of open
sets in a topological space may not be open.

Exercise 0.4. Let X be a metric space with metric d. Let d' be the new metric defined
in Ezercise 0.1. Then (X,d) and (X,d") has the same topology. (Hint: Show that
the identity maps idx : (X,d) — (X, d') and idx: (X,d") — (X,d) are continuous by
either using € — 0-method or showing that the pre-image of open sets are open.)

Exercise 0.5. Prove each of the following statements.

a) fY is a subset of a topological space X with Y C F' C X and F is closed
then Y C F.
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U

\Y=X\Y.

=Y UQJY where Y =Y N (X \Y) (9Y is called the boundary of Y).
is closed if and only if Y C Y.

dY = () if and only if Y is both open and closed.

Fora<beR

Y
Y

d(a,b) = 0la,b] = {a,b}.

Exercise 0.6. Show that

1) the subspace (a,b) of R is homeomorphic to R. (Hint: Use functions like
xr — tan(m(cz + d)) for suitable ¢ and d.)

2) the subspaces (1,00),(0,1) of R are homeomorphic. (Hint: z — 1/z.)

3) S"\{(0,0,---,0,1)} is homeomorphic to R with the usual topology. (Hint:
Define ¢: S™\ {(0,0,---,0,1)} — R™ by

Xy X2 T

)

1.0, B — e
Cb( 1,42, 3 TL+1> (1_$n+171_$n+1 ’1_$n+1

and ¢: R* — S™\ {(0,0,---,0,1)} by

dj(l‘l’ e ’:En> (21’1, 21’2, e 72xm ||:E||2 - 1))
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Harder Problems are given below.

Problem 1. For each m,n > 0, show that S™*" is homeomorphic to S™ A S™.
Reference: C. R. F. Maunder, Algebraic Topology, Cambridge University Press,
1980, Page 208, Example 6.2.15.

Problem 2. Show that S™/(Z/2) = RP" and RP"/RP"! = S

Hint: You can do this problem by the following steps.

(1). Show that RP™ is Hausdorff. To prove this, let [; and Il be two elements in
RP™, that is two lines in R™*! passing the origin. Let ¢: R"™'\ {0} — RP" be
the quotient map and let x,y € R""" with ||z]| = |jy|| =1, z € l; and y € Is.
Let € be a positive number such that ¢ < min{||z + y||, ||z — y||}. (Such an €
exists because x and y are linearly independent vectors.) Consider the open
balls Bs(z) and Bejs(y). Show that ¢~ '(q(Be(z))) and ¢ ' (q(B.2(y))) are
disjoint open sets in R"*'\ {0}. By this, you get that ¢(B,2(x)) and ¢(B./2(y))
are disjoint open neighborhoods of x and y, respectively. (So RP"™ is Hausdorff
by the definition.)
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Let : S™ — RP"™ be the composite 5™ — R"\ {0} — RP", that is m(z) is
the line passing = and the origin. You find that 7(z) = 7(—=z). By using this,
show that 7 induces a well-defined function 7: S™/(Z/2) — RP™. Now you
check that: 1) 7 is a map (by the definition of quotient topology), 2)7 is onto
and 3) 7 is one-to-one. Now you show that 7 is a homeomorphism as follows.
Because S™ is compact, the quotient S™/(Z/2) is compact. Show the general
statement that any map from a compact space to a Hausdorff space is a closed
map [This is assertion 5 of Exercise 2.8.4. Say f: X — Y is such a map. Let
A be closed in the compact space X. Then A is compact (Theorem 2.8.3) and
so f(A) is compact in the Hausdorff space Y (Theorem 2.8.2). Thus f(A) is
closed (Theorem 2.8.5).] By this statement, 7 is a closed bijective continuous
function and so 7 is a homeomorphism.

. Let ST ={z = (z1, ,Tnp1) € R"||z]| =1 and @,,41 > 0}. Let 7: ST —

RP™ be the restriction of the map 7, that is, 7(x) is the line passing = and
the origin. Consider S"~' as a subspace of S by

S = o = (21 O) 2] = 1}

Show that 7~ '(RP™ ') = S™! as a subspace of S7. [Let x € S7. 7(x) €
RP"" means that this line lies in the subspace R™ = {(x1,---,2,,0)} C
R™*'] By pinching out S"~' and RP"~" from S7 and RP", respectively,
the map 7 induces a bijective (continuous) map 7': S7/S" ! — RP™/RP™ .
Because S /S™~! is compact and RP"/RP"~" is Hausdorff [Corollary 2.8.8],
7" is a homeomorphism. Now

S_T_/Sn_] o~ Dn/sn—] oY) Sn
and so this finishes the proof.



