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Problem # | Your Grades

1

(10 points)
2

(10 points)
3

(10 points)
4

(10 points)
5

(10 points)
6

(10 points)
7

(10 points)
8

(10 points)
9

(10 points)
10

(10 points)
total
(100 points)
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Determine the limit of the following sequences:
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Solution.
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Determine convergence or divergence of the following series:

3n?+5n—2
5.
Z n+nt+1"

3 5n — 2 1
Proof. Let a, = n—l——n and let b, = —. Then
2n+n*+1 n?
2
-2
lim 2 — lim M.Tﬂ

n—oo b, n—oo 2n+nt+1
~ lim 34+5/n—2 _3

o0

Since Z — 1s convergent by the p-series, the series is convergent by the limit com-
n

. n=1
parison test.

. (H%)"
6. Zz—n

n=1
1+ )"
Solution. Let a,, = ( 22 ) . Then
+5)"
lim a, = lim ( 22") = 76 <1

Thus the series is convergent by the root test.
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Determine the absolute convergence, conditional convergence or divergence of the
following series:

> Inn
7. —1)
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Inn Inn

Solution. Let a,, = N Then a, > 0. Let f(z) = N Then
L(/x+1) - oz Inz —2— %
fl(x) == BE <0

Ve+1P 2/a(a+ 12"

when Inx > 4 or > ¢*. Thus {a,} is (eventually) monotone decreasing. Moreover

mro
limanzl\/ﬁ1 :I:O

The series is convergent by the alternating series test. Now
o oo

)3 =3 A
n=1

1 b, 1 1+ o=
Let b, = —. Since lim — = lim Vit = lim v
\/ﬁ n—o0 Oy, n—oo v/nlnn n—oo Inn

lnn

(1

= 0, that is b, << ay,

lnn

Vvn+1
n=1 n=1
by the limit comparison test for the case a, << b, and hence the original series is

conditionally convergent. 0

n+1

oo oo
and Z b, is divergent by the p-series, the series Z is divergent

3. i —1)"* cosn

“—n((Inn)*—1)
—1 n+1 1 1
Solution. Observe that (=D cosn = a,. Let b, = ——.
n((Inn)?+1) n((Inn)? —1) n(lnn)?
Inn)? 1
Then lim In — Jim n(n—n) = lim — = 1. By the example in the
n—oo by, n—oon ((Inn)? —1) n—oo | — T2

lecture notes, Z b,, is convergent and so is Z a, by the limit comparison test. Now,
n=3 n=3
(—=1)""cosn

( (Inn)2+1)
original series is absolutely Convergent 0

by is convergent and hence the
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9. Let {a,} be a bounded sequence of real numbers. Show that

— - 3

lim o (lim an> )

n —
n—oo n—oo

Solution. Let b, = sup{an, ani1,...} and let B, = sup{a},a’,,,...}. First we show
that B, = 2.

For each k£ > n, we have a;, < b, and so ai < bi for £k > n. Thus b":’L is an upper
bound of {a?,a? ,,...} and so B, <b3.

Conversely a3 < B, for k > n and so a,, < /B, for k > n. Thus /B, is an upper
bound of {an, ay,.1,...} and so b, < /B, or b3 < B,,.

Hence B, = b3 for all n and

lim o = lim B, = lim 0} = <1im bn>3 - (m an>3.

n—oo n—oo n—oo n—oo n—:o0
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10. Let Z a, be a series and let {b,} be a bounded sequence. Suppose that Z an

n=1 n=1
e, 9]

is absolutely convergent. Show that the series Z a,b, is also absolutely convergent.

n=1
Solution. Since {b,} is bounded, the exists M such that |b,| < M for all n. Thus
|anbn| = |an||bn| < |an|M

for all n. By the assumption, Z |a,| is convergent. So is Z lan,|M = MZ |an|.

n=1 n=1 n=1
oo

By the comparison test, the series Z |a,by| is convergent and hence the result. [

n=1



