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INSTRUCTIONS TO CANDIDATES

1. This examination paper consists of TWO (2) sections: Section A
and Section B. It contains a total of SEVEN (7) questions and
comprises FOUR (4) printed pages.

2. Answer ALL questions in Section A. Section A carries a total of
60 marks.

3. Answer no more than TWO (2) questions from Section B. Each
question in Section B carries 20 marks.

4. Candidates may use calculators. However, they should lay out
systematically the various steps in the calculations.
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SECTION A
Answer all the questions in this section. Section A carries a total of
60 marks.

Question 1 [16 marks]

For each of the following sequences, either find the limit or show that
the limit does not exist.

n! +2n° +1lnn
(2) + o .
n! + 5" 4+ 3n

(b) {wm (V3n+1- \/%}.

© {(Bﬁl)%}.

Solution. (a).

\/n!+2n5+lnn I 14 2n°/n! 4+ Inn/n!
= 1m =
nl+5"+3n  n-oc\l 1457/nl+3n/n!

lim
n—oo

(b).

n—+1
lim (vn+ 1) (vV3n+1—+v3n) = lim \/_
”—*00(\/_ )( ) n—=ooy/3n + 1+ v3n

1+1/yn 1
V3+1/n+v3  2V3

, 3n \*" 1 1 )
lim 3 1 = lim o — 5 = €3.
_ n—o0o 1
n (1 - 3_n) (e_§>

= lim
n—oo

n%0 . 50" - sinn

n!

Since
) TL5O . 50"
hm _— =

n—oo n' n—oo 2" n'

n* 100"

0-0=0,



lim n%0 . 50" - sinn 0

n—oo

n!

by the Squeeze theorem and so
n® . 50" -sinn

lim =
n—o0 n!

"
Question 2 [16 marks]

Determine the convergence or divergence of each of the following series.
Justify your answers.

. lnn+2n-—1
(&) D

33 +2n2+n+1°

n=1
) p——
= n(2+Inn)
o 2 77/2
6" (1— :
(c) ; ( n+ 1>
(e.9] /”Ln
d .
(@) ; 37 - n!
1 2n —1 1
Solution. (a). Let a,, = nnten and let b, = —. Then
3nd+2n2+n+1 n?

. ap . (Inn+2n—1)n? ) Inn 4 o1
lim — = lim — lim n_ o

2
3

o oo
Since an converges by the p-series, the series Zan converges by the

n=1 n=1
limit comparison test.

(b). Let f(z) — m

and monotone decreasing on [1, +00]. Since

/100 flz)dx = /100 mdx

LS
= — =Iny
2 Y

1
n(2+1nn)

Then f(z) is positive, continuous

o0
= +00
2

o0
diverges, the series Z diverges by the integral test.
n=1
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2 n
(c). Let a, = 6" (1 - > . Then

n+1

lim {/a; — lim6(1— : >

2 n+1
. " 6
= 11m6( "H) =6el=—<1
n—o00 _ 2 62
n+1

and so the series is convergent by the simplified root test.
n

(d). Let a, = ST Since
i Pt (n+ )"+ .3m . pl
n—0o0 (A, n—>oo3”+1 . (n + 1)' .
1+ 4" (n+1
:lim( n) ):E<1,
n—00 3-(n+1) 3
the series is convergent by the ratio test.

Question 3 [12 marks]

(a) Find the interval of convergence of the power series

o0

-1 n+1L'
Z( ) 2n2 +1lnn

n=1

(b) Does the series of functions

converge uniformly on the interval [0, 1]? Justify your answer.

Solution. (a). The radius of convergence

1 1

lim o - 2n% 4+ Inn
im
n—oo |ay,| n—oo2(n+1)2+1In(n + 1)

Consider the ending points: z = xo + R = +1.
When z = —1, the series

(e o] e}

1 1
; T o2+ Inn _22n2 +1Inn

n=1



1
_ . : . 3nZin _ L
is convergent by the limit comparison test because lim 2" = 5
n—oo —
2
n

o
1
and E — converges.
n2

n=1
When z = 1, the series

> 1
_1 n+1
Z< ) 2n? +1nn

n=1

is absolutely convergent because the series

> 1 > 1
_q\nt+1__ - — -
; (=1) 2n2 +1Inn ;2n2+lnn

converges from the above.
Hence the interval of convergence is [—1, +1].

(b).

[\

) n
n2x" sin nx’ < —
2n
for z € [0, 3]. Since
(n+1)? 2
. on+1 . (n + 1) 1
lim =—— = lim ——— =<1,
n—00 g_n n—oo 2N 2
o0 2 o0
. n . . 9 n .
the series E on converges and so the series of functions E n " sin nx
n=1 n=1

converges uniformly on [0, 3] by the Weierstrass M-test.  n
Question 4 [16 marks]
(a) Find the general solutions of the following differential equations.

i) (1+t3)y +ty=0.

(ii) gg—-g—%2tm1(%).

dt t
- 1 1
(b) Is the series ;(—1)” n7\z/%— absolutely convergent, con-

ditionally convergent or divergent? Justify your answer.
Solution. (a) (i).

d t d t
at 1+ Y 1+ ¢2




1
= ln]y|:—§ln(1+t2)+k
L C
T ire

(ii). Let v = % Then ¢y’ = tv' + v. From the equation,

CoS v 2dt
U — [
sin v t

t'+v=v+2tanv = /

= In|sinv| =2Inft|+k = sinv=Ct
= sin% =0t = y=tarcsin(Ct?).
Inn+1

(b). Conditional convergence. Let a, = . Then a, > 0
NLD
and | B
nn
lima, = lim — =0.

1 1

Let f(z) = nf/;_; for x > 1. Then
1Vr—(Inz+1)37= 2—-Inz—1
f'(e) = s

x 2x2
when Inz > 1 or z > e. Thus f(z) is eventually monotone decreasing

and so is the sequence {a,}. By the alternating series test, the series
o

Inn+1
Z(—l)” is convergent.
Vn

Consider the series

(S
n=1

n=1

o0

(—1)" Lnn + 1‘ Zan

1 1 1
nnt > —— and the series Z \/_ diverges by the p-series,

NIRRT

- 1 1
the series Z (=1)" nnt
n=1

Since

‘ diverges by the Comparison test.

vn

oo
Hence the series Z(—

n=1

Rnn +1

NG

is conditionally convergent. g

SECTION B
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Answer not more than TWO (2) questions from this section. Each
question wn this section carries 20 marks.

Question 5 [20 marks]

3,2 ~
n‘-lnz -sinne
(a) Evaluate lim dx. Justify your answer.
n—oo [, xn

(b) Consider the sequence {a,} defined recursively by

a; = \/g, pr1 =V3+a, for n>1.
Show that {a,} converges, and find its limit.

(c) Let {a,} be a bounded sequence of real numbers and let f be
a continuous function on (—oo, +00). Show that

7 (T a,) < T f(a)

[Hint: Recall from tutorial that there is a subsequence of {a,,}
convergent to lim a,.|
n—oo

Solution. (a). Since, for 2 <z < 3,

n?-Inzx-sinnz n?-lnzx
" - "
o n?-Inzx
lim =0,

n—00 xn

2 .
) n°-lnx-sinnx
lim =0
n—oo xn
2 .
. o n®-lnx-sinnx
= F(z)= lim = 0.

n—00 x"n

for 2 <z < 3. Now

n?-Inzx-sinnx n?-Inzx

T, = sup |Fy(z) — F(z)| = sup < sup
2<z<3 2<z<3 " 2<z<3 "
2, 1
Let f(z) = BT Then
:L:TL
1 n*(1 —nlnz)
/ 2 -n —n—1 _
Thus f’(z) exists and is nowhere zero on [2, 3] and so
2.1 2.1 ?In2
0<7T,< sup DT opax ” nx:max{f(2),f(3)}:n ne

2n

2<z<3 " 2<z<3 "



n?In 2

Since lim

n—oo

{nQ-lnx-sinnx

= 0, lim7, = 0 by the Squeeze theorem and so

} converges uniformly on [2,3]. Thus
:ETL

3

lim n2-lnx-sinnxd$: /3 lim nz-lnx-sinnxdx_/?’(]dx_o'
2 2

n—oo Jo x™ n—00 Al

(b).

1
1 \2
V10 :\/100—1—1:10(1—#-@)

n=1
= 2n — 3)!
=10|14 — L
(14 3+ S0
(2n — 3)! :
Let a, = BT Then a, > 0. We check that {a,} is monotone
n. . .
decreasing and lim a,, = 0. Since
Uny1 (2n — D! -n!-10%" (2n —1)

1

- )

4 @n_3)-(nt -2 1022 (n11)-2-100

{a,} is monotone decreasing. Now from

0<a,<
S an = 102n
and lim = 0, lima, = 0 by the Squeeze theorem. Note that
n—oo 1027 n—00
s = 3 x 107* and a3 = 6 x 107% with

1
10 - a5 = T 107° < 107°.

By the Alternating test estimation, we have
11 1 1
V10l =~ 101+ — — = x 100H =10+ — — —— = 10.049875
(14550 g * 107 30 7 8000

with error within 1076,
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(c). By Question 8 in Tutorial 3, there exists a subsequence {a,, }
of {a,} such that klim an, = lim a,. Thus

f(T a,) = f(lmay,) = lim f(a,)

because f is continuous. Since {f(an,)} is a subsequence of {f(a,)},
we have

klim flan,) < lim f(a,)
by Part (b) of Question 8 in Tutorial 3. Hence
f(lim a,) = f(khm An,) = klim fla,,) < lim f(ay,).
]

Question 6 [20 marks]

(a) Consider the function

n=1
Is f(z) continuous on (0, +00)? Justify your answer.
(b) Consider the sequence {a,} defined recursively by
a; = \/§, Qpy1 = V3+a,, for n>1.
Show that {a,} converges, and find its limit.

(c) Let {a,} be a convergent sequence of real numbers. Suppose

oo
a
that the series 5 — is conditionally convergent. Show that
n

n=1
(i) lim a, =0.
(ii) lim n”|a,| = +oo for any p > 0.
. re "
Solution. (a). Let f,(x) = o
nr __ —nx 1
falr) = == =0 = a=-
n n
fn(0) = lim f,(z) =0

Thus
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oo —1 oo
) e _ 1 )
for 0 < z < +o00. Since E — =e ! E — converges by the p-series,
n n
n=1 n=1

Z fn(z) converges uniformly and so f(z) is continuous.
n=1

(b). First we show that 0 < a,, < 3 by induction. When n = 1,
0<a =+v3<3. Suppose that 0 < a,, < 3. Then

0<vV3<Van+3=ap1 <V6<3.

Hence 0 < a,, < 3 for all n and {a,} is bounded.
Next we show that a, is monotone increasing. Clearly a; < as.
Suppose that a,,_1 < a, with n > 2. Then

Ap — Gp-1
Api1 — Ap = Vp +3 — \/Qp_1 + 3= > 0.
“ ! Vi + 3+ an 1 +3

Thus {a,} is monotone increasing and lim a,, exists. Let A = lim a,,.

n—oo n—oo
Then

A= lima,,; = limva,+3=,/lima,+3=vVA+3

n—oo

A2 = A+3 ;»A:%.

Since a,, > 0 for all n, A > 0. Hence

(¢) (i). Let A= lim a,. Suppose that A # 0.

Ny e
Case I. A > 0. Then g — is eventually positive. Since
n

n=1

= lima, # 0,400

n—oo

lim
n—oo

3 I>—‘|3 £

=1 = a,
and Z— diverges by the p-series, the series Z— diverges by the
n n

n=1 n=1

oo
a
limit comparison test. This contradicts to that E — converges.
n
n=1
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Case IT A < 0. Let b, = —a,. Then limb, = —A > 0. By Case I,

n—oo
o0

b “a b

E — diverges and so does 5 = — g —. This contradicts to that
n n n

= n=1 n=1

n=1
o
an
E — converges.
n
n=1
Hence one gets a contradiction in either Case I or Case II and so
lima, = A=0.

n—oo

(c) (ii). Suppose that there exists p > 0 such that lim n?|a,| <

n—oo

+00. Then {n”|a,|} is a bounded sequence and so there exists M > 0
such that n?|a,| < M for all n. Tt follows that

M

nltp’

Qn

<
n

o0 o0
M 1
Since the series E T = M E T is convergent by the p-series,
n n
n=1

n=1
the series

Qn

>I

(o ¢]
a
converges and so the series E — converges absolutely. This contradict
n

n=1
N .
to that the series g — is conditionally convergent and hence the
n
n=1

result. g

Question 7 [20 marks]

(a) Evaluate the limit

in(t?) — arctan(t
i sin(t®) — arctan(t*)
t—0 1 — cos(t?)

(b) Let Z fn(x) be the series of positive functions on an interval

n=1
I and let {G,,(2)} be a sequence of functions on I such that

sup |G, ()| < +o0
xel
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for each n > 1. Suppose that the series of functions Z fn(x)
n=1
and the sequence of functions {G,(z)} converge uniformly to
some function G(z) on I.
(i) Show that

sup |G(z)] < +o0
zel

(ii) Use (i) or otherwise, show that there exists a positive num-
ber M such that

Gr(2)] < M
forallz € I and all n > 1.

(ii) Using (ii) or otherwise, show that the series of functions

Z fn(x)Gp(x) converges uniformly on I.
n=1

Solution. (a). From the Taylor series
& 1 t2n_1

int=Y (=1

i ;( A G

arctant = 2:(—1)”Jrl

n=1

t2n—1
2n—1

[e'S)
t2n

cost = Z(—l)"m,

n=0
S (42) 2
lim sin(t*) — arctan(t?)
1—0 1 — cos(#3)

6 10 6 10
i <t2_g_!+%_!_...> _ (tz_%ju%_...)
= lim
=0 1= (=% +%5)
1,1 11
e Ca ) (o) 1
t—0 %tﬁ_%ﬂ?_i_... 3
(b) (i). Since {G,(z)} converges uniformly to G(z) on [I, there
exists IV such that

@A@—G@ﬂ<l
= |G(z)| = |G(2)=Gn(2)+Gn(2)] < |G(2)=Gn(2)[+]Grlz)| < [Gnlz)|+1
for n > N and z € I. Choose n = N + 1.

sup |G(z)] <sup |Gyii(z)| + 1 < +o0.
zel zel
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(ii). There exists N such that
Gol) — G(x)‘ <1

= |Gu(@)] = |G(2)=Gr(z)+Gr(2)| < |G(2)=Gn(z)|+|G(2)] < |G(z)|+1
forn > N and x € I. Let

M = max{sup |G, ()|, 1 + sup |G(x ‘ 1<j<N)
xzel

zel

Then |G, (z)] < M for n < N and
Gn(x)‘ <1+ ‘G(m)‘ <M

for n > N.

(b) (iii). By the assumption, the series Z fu(x) converges uni-
n=1
formly on I. Let M be given in (ii). Given any e > 0, there exists N
such that

\ka an )—ka <=

k=n+1
for x € I, n>Nandp>1 Whenn>Nandp>1,wehave

n+p n+p
‘ka )Gr(x ka )Gr(z ‘—’ > ful@)Gr(x ‘
k=n+1
n+p n+p n+p .
< Y IA@GE)| = Y A@IGH@I <M Y fula) < Moo=
k=n+1 k=n+1 k=n+1

and hence the series Z fr(2)Gr(x) converges uniformly on I because
n=1
the sequence of its partial sums converges uniformly by the Cauchy

Criteria. g



