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INSTRUCTIONS TO CANDIDATES

(1) 1. This examination paper consists of TWO (2) sections: Section
A and Section B. It contains a total of SEVEN (7) questions and
comprises FOUR (4) printed pages.

(2) 2. Answer ALL questions in Section A. Section A carries a total
of 60 marks.

(3) 3. Answer no more than TWO (2) questions from Section B. Each
question in Section B carries 20 marks.

(4) 4. Candidates may use calculators. However, they should lay
out systematically the various steps in the calculations.
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SECTION A
Answer all the questions in this section. Section A carries a total of
60 marks.

Question 1 [16 marks]

For each of the following sequences, either find the limit or show that
the limit does not exist.
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Question 2 [16 marks]

Determine the absolute convergence, conditional convergence or diver-
gence of each of the following series. Justify your answers.
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Solution. (a). Divergence. Since

and the harmonic series Z — is divergent, the series is divergent by
n

the limit comparison test.
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(b). Conditional convergence. Let a, = ——=——. Then the

2yn+1

positive sequence {a,} is monotone decreasing and lim a, = 0. By

n—oo

the alternating series test, the series Z(—l) is convergent.
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Since a,, > and Z 5 \/_ Z 1s divergent by the p-series,
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so the series in the statement is conditionally convergent.
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is divergent by the comparison test and
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(c). Absolute convergence. Observe
2n? —n

2 = 2 1
o Since Z 2= 2 Z 3 is convergent by the p-series, the series
n=1
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is convergent by the comparison test and the series
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and by the ratio test. g

Question 3 [12 marks]
Find the interval of convergence of the following power series.
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Solution. (a). Let a,, = (—1)”+1m. From
lim lans1] (n? —Inn)

N—00 |an| T 5o (TL + ]_)2 — ln(n + 1) o
the radius of f convergence R =1. When z = +£1 the ending points, since
(£1)" =
the series Z ”“—>

1
= ——— is convergent by the
S| = 2w gent by
limit comparison test with the p-series Z , the series Z 1)t

—Inn

lnn

converges absolutely at the end pomts a: = +1 and so the mterval of
convergence is [—1, 1].
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the radius of converges R = % We check the ending points ¢ = ¢+ R =

0o _1)
0,1. When x = 0, the series Z u is convergent by the alternating
n=1

vn
1

o0
series test. When = = 1, the series Z T is divergent by the p-series.
n
n=1

Thus the interval of convergence is [0,1). g

Question 4 [16 marks]

(a) Find the general solutions of the following differential equations.
0 v —2y=y.
(ii))  y"+ 5y + 6y = 0.
1 — cos(t
(b) Evaluate the limit: lim cos(t’)

1—0 tsin(¢3) — 4

d 1
Solution. (a) (i). From d_y = (2* + 1)y, we have —dy = (2* + 1)dx and
z Y

1
SO /—dy = /(:z:2 + 1)dx. It follows that
)

1
In|y| = gx?’ t2+C or y=Ceite,

(a) (ii). From 72 4+ 5r + 6 = 0, we have r = —2 or —3. It follows
that y(t) = Cre " + Che ™",
(b). By the Taylor series, we have

x> 2P 2?2zt
sinx:x—§+y—~~ cosle—a—i—z—u-
and so
t9 t15 th t20
sint” =1t 3!+5! cost 1 2!+4!
Thus
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=0 tsin(t3) — ¢4 -0 ¢(43 — % t;_f — )=t
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SECTION B



6

Answer not more than TWO (2) questions from this section. Each
question wn this section carries 20 marks.

Question 5 [20 marks]

|

1
(a) Evaluate lim (
0 4

n—oo

) sinnzdz. Justify your an-
swer.
(b) Find the first three terms (up to and including the quadratic

term) for the Taylor series for the function f(x) = Jz ex-
panded around x = 8.

(c) Use an appropriate series to find a decimal approximation to
v/8.1 that is accurate to within 107*. Justify your answer.

2 1 n
Solution. (a). Let F,(z) = (%) sinnz. For 0 <z <1, we
have
2 " 3\"
|F,(z)] = % | sinnaz| < <Z> .
3 n
Since lim 1) = 0, F(z) = lim F,(x) =0 for 0 < x < 1 by the

Squeeze Theorem. Observe that

2 1 n 3 n
T, = sup |F,.(x) — F(x)| = sup et | sinnx| < (—) .
0<a<1 0<a<1 4 4
. . 3\" .
Since lim (1 = 0, we have lim 7, = 0 by the Squeeze Theorem.

Thus the sequence {F,,(x)} converges uniformly to F(z) and so

1 /.2 n 1 2 n
1 1
lim (w) sin nxdr = / lim (ﬂ> sin nxdx = 0.
0 0

n—00 4 n—00 4
/ I _» " 12 s .
(b). Observe that f'(z) = 37 and f"(x) = —33% We obtain
1 1 2 1 2 s 2
8) =85 =2 f/(8) = -8 3 = — and f'(8) = -8 F = ——* _ —

, 1" T — x —8)?
3/5:2+@(x—8)+f2—(!8)(x—8)2+“':2+ 128_( 2888> i



(c). Observe that

1 1
1\3 1\3
\3/8.1=<8+E) :2<1+—) .

Observe that

80" n! - 80"
no12:5-8---(3n—4)
= (_1) ' | n n
n!- 3" - 80
1 2:5-8---(3n—14
Let ag =1, alzﬁand a, = n!~3”-(8zn ) for n > 2. Then
ny1  2:5-8---(3n—4)B3n—1)-n!-80"  3n-1 <1
ap,  (n+1)!-37t1.80n+1.2.5.8...(3n —4)  (n+1)240
2 1
d i t d ing. N = = d
and so 2{ag} is monlo one ecrezla,smg OW G2 = 55 55 = 5ag2 &0
asg = 6 210" 6. 0.4 107° < 5 107%. By the alternating series test
estimation, we have
V8.1~ 2(1 + = = ) =2 ! !
T 240 24027 7 120 240-120

where the error is within 107¢. g

Question 6 [20 marks]
(a) Solve the following initial value problem:
V' ty =t y(0)=0 y'(0)=2.
(b) Consider the sequence {a,} given by
a = \/5, Qpr1 = V2 +a,, forn>1.

Show that {a,} converges, and find its limit.



- 1
(¢) Does the series of functions Z(—l)’”rl — converge uniformly
nZB
n=1
on the interval (0, +00)? Justify your answer.

Solution. (a). From r? 4+ 2r + 1 = 0, we have r; = ro = —1 and so the
general solution for the homogenous equation 3" + 23" +y = 0 is

yn(t) = Cite " + Coe ™.
Let y,(t) = (Ao + Ait)e ", Then
y;(t) = A1€72t — 2(A0 -+ Alt)eﬁt = (Al — 2A0)€72t — 2A1t672t,

y;,(t) = —2A1€_2t+4(A0+A1t)€_2t—2A1€_2t = (4A0—4A1)€_2t+4A1t6_2t.

From y" + 2y 4+ y = te~?', we have
(4A0—4A1>6_2t+4A1t6_2t+(2A1—4A0)€_2t—4A1t€_2t+A0€_2t+A1t6_2t

and so

44, —4A,+ A = 1.

Thus A; =1 and Ay = 24; = 2. Tt follows that y, = 2¢7?" + te~* and
so the general solution is

{ 4A) — 4A; + 24, — 440+ Ay =0

y=Cite" + Coe ! 4+ 272 + te ™.
Now 3/ (t) = Cre™t — Cite ™ — Che™ — 4e7 2 + e — 2te™?!. We have

0+Cy34+24+0=0
Ci—-0—-Cy—4+1-0=2

and so Cy = —2 and C} = 3. Answer: y = 3te ™t —2e~t + 2e72 te 2,
(b). First we show that V2 < a, < 2 by induction on n. This
statement hold for n = 1. Suppose that V2 < a, 1 <2 withn > 2.

Then
V2<\24a,1=a,<V2+2=2.

The induction is finished and hence v/2 < a,, < 2.
Now we show that {a,} is monotone increasing by induction on n.
Clearly a; < ay. Suppose that a,_; < a,. Then

Qp — Qp—1
V2+an+V2+ a1

an+1_an:\/2+an_\/2+an71:

— t6_2t
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The induction is finished and so {a,} is bounded and monotone de-
creasing. Thus the limit of {a,} exists. Let A = lim a,. Then we

n—oo

have

A—hm apyq = lim v2+a,=,/24+ lima, =v2+ A

n—oo n—oo

and so A2 =24+ A or A= —1 or 2. Since a, > /2 for each n, we have
A>+/2and so A = 2.

1
(c). Answer: NO. Let S,(z) = Z( 1)k+1k Suppose that the

k=1

series Z ”“—x converges uniformly on (0,400). Then the se-

quence {Sn(a:)} converges uniformly on (0, +00) and so there exists N
such that

1
|Sn () — Si(x)] < B
for all n,m > N and z € (0,400). In particular,
o = [Swa(e) — Swaa(e)| < 5
- @@ - x) — T —
for all = € (0, 400). This contradicts to that
1 1
- >z
(N+2)r = 2
hen 0 <z < In?2
e TR

Question 7 [20 marks]

(a) Let {a,} be a bounded sequence of real numbers. Show that
limsup v/ |a,| = , [limsup |a,|.

(b) Let a > 1 be any positive number greater than 1. Show that the

Inn
series Z —— converges uniformly over the interval [a, 4+00).

= 1
(c) Use (b) or otherwise, show that the function ((x Z s is
—1
differentiable on (1, 400).
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Solution. (a). Let b, = sup |ay| and B,, = sup v/ |ax|. Since \/|ax| < B,
>n

k>n k
for k > n, we have |a| < B2 for k > n and so b, < B2 or /b, < B,.
It follows that

[limsup |a,| =,/ lim b, = lim /b, < lim B, = limsup+/|a,|.
n—o00 n—00 n—00 n—00 n— 00

Conversely, since |ax| < b, for k > n, we have \/|ax| < /b, for k >n
and so B, < v/b,. It follows that

limsup v/|a,| = lim B, < lim /b, =,/ lim b, = _ /limsup |a,|

and hence the result. |
(b). Choose p such that a > p > 1. Let M, = n—? Then the

n
00

series g M, is convergent because
n=1

Inn
. a .
lim - = lim
n—oo — n—oo N&—P
n

Inn

=0,
. Inn 1 .. =1

that is, — << — by the Standard limits and the series E — con-
n® np — np

verges. Since

Inn . Inn
—‘ < M, for x > a, the series Z— converges
uniformly on [a, +00) by the M-test.

(c). Let xy be any point in (1, 4+00). There exist numbers a and b
such that 1 < a < g < b. Since

/
—1
(1) the derivative (—) — — 7 exists and is continuous on la, b].
n* n*
= 1
2) th i = — b|.
(2) the series () ngl — converges on [a, b]
. =~ —Inn )
(3) by (b) the series E converges uniformly on [a, b,
nfE
n=1

the function ((z) is differentiable on [a, b]. In particular, {(x) is differ-
entiable at xg. Because zg is any given point in (1, 400), the function
((z) is differentiable on (1, +00).

]



