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11i). f'(z) = 2e*, f"(z) = 2%€*® and in general f*)(z) = 2%e¢?*. Thus

°°2k6

c NZH g w3 = e =3 Zk Y

k=0

2 ii). Since f(x) = cosx, we have
f'(x) = —sinz, f"(z)=—cosz, f"(z)=sinz, [fP(z)=f(z)=-cosz.

In general,
cosx if k=4l
(. _ ) —sinx if k=4l+1
Fi@) = —cosx Iif k=4l+2
sinz if k=41+3

and so
Lo k=4l
f(k)@)_ —%5 if k=41+1
3/ ) -1 if k=4l+2
Boif k=4l+3
Thus

>, fR(T) ™\
Cosxwkz:; k:!3 <$—§> )

where f®)(Z) is given above.

2. From
& (_1)n+1xn
In(1 = —_—
n(l+z) ; - ,
o (D (2e?)" S (=t
ln(1+2x)_; - _;Tx
for |z| < 1.

3. Let f(x) = cosz. Then

cosx if k=4l

—sinx if k=4l+1
—cosz if k=4l+2
sine if k=4l+3

£ () =

By the Taylor Formula, we have

=



where

G

R,(z) = mx

Observe that

PO s ¢ Lol

< = .
0<Ifu@)l = "0y (n+1)!
| |n+1
By the Standard Limits, lim (1) = 0. Thus lim |R,(x)| = 0 by the Squeeze
n—oo (N ! n—oo
Theorem and so lim R, (z) = 0. Hence
S L0 i SO i f0) Ry a) = f0)~0 = Sl
k=0 k=0

It follows that

IR <é>4’“ Sy :
_2(—1) (2n—1)!-4n—1_z(_1) (2n — 1) (4n — 1) - 541

i o 4n—2
where / Z Z / because the series of functions Z(—l)”“h con-

n=1
1

(2n—1)!- (4n — 1) 541"
Then a,, is positive, monotone decreasing and lim a, = 0. By applying the alternat-

1
verges uniformly on [0, 5] by Theorem 7.5. Let a, =

ing series estimation, from
1

nit = (2n 4+ 1)!- (4n + 3) - 54n+t3 <107,
we have n > 2. Thus
/0‘2 sin 2%dx ~ L v .1 0.002666362
0 3.5 31.7.57 375 3281250

with error < 1078.
5. i) Recall that

arctany:y—%+%—---,

ny=y— L+ _ ...
siny = —|—5! ;



2 4
cosyzl—%+%—-~
3 5 3 5
. arctany — siny <_y?+y?_"'>_<y_%+%_"'>
lim = lim
y—00 y3 cosy y—oo y3<1_g_7_|_i_‘:_...>
1,1 1 1),2
5. ii) Recall that
22
e’ —1+x+§+
1 1 1
; 2(p,=1/2% _ 1) — 2 S e =
2wl U—gw(lmﬁgw )—E&LUW =L
6. Let S, ( Z| fr(x)] and let T, ( Z fr(x SmceZ! fr(x)| converges

uniformly, the sequence of functions {5, ( )} converges unlformly For any € > 0,
there exists a natural number N such that

|Sn(z) — Sm(x)] < % forall €l andn>m>N

:>|\fm+1(x)|+|fm+2(x)|+---+|fn(x)||<% forall xe€l andn>m>N

= | fon1 (O] + [ a2 (@) + -+ | ful2)] < % forall z €l andn>m> N.
For x € I and n > m > N, we have
10 (@) = T ()] = | frns1 () gmr1 () + frns2 (@) gmsa (@) + -+ + ful2)gn(2)]

< |fm+1(x)gm+1(x)| + |fm+2(x)gm+2<$>| oot |fn<x>gn(x)|
< 1 (@) M+ [frpa ()| M + -+ + | fu(x) [ M

= M(|fuia @)+ frwra@)| -+ fule)) < M- 7 =

Thus the sequence of functions {T,(z)} converges uniformly and so the series of

functions Z fu(x)gn(z) converges uniformly.



