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CHAPTER 1

Sequences

1. Sequences
A sequence is an ordered list of numbers. For example,
1,2,3,4,5,6
The order of the sequence is important. For example,
2,1,4,3,6,5

is different from above sequence. An infinite sequence is a list which does not end.
For example,

1,1/2,1/3,1/4,1/5, - --
We are going to study infinite sequences. We denote by {a,} the sequence

A1,02,a3, " ,Ap, "

EXAMPLE 1.1. Here are some examples of infinite sequences.

11 1
1), 1.=.=..... =
() 72’3’ 7n7
@ 17171 1

T 3732733 30
(3). 1,-2,3,—-4,5,

Can you find a formula for each of the above sequences?
Answer: (1). a, = 1/n. (2). a, = 1/3". (3). (=1)""'n.

2. Limits of Sequences

DEFINITION 2.1. The limit of {a,} is A, and is written as

lim a, = A,

n—oo

if for any € > 0, there is a natural number N such that for every n > N, we have
la, — Al <.

Remark. 1. Some sequences do not satisfy the above. We call such sequences
divergent.

2. Sequences which satisfy the above definition, i.e. A exists and is finite, are called
convergent sequences.

EXAMPLE 2.2. Prove the following limits by using € — N definition

1
1) lim — =0.

n—oo N
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n2

2) li =1.
)nl—{lc}o n?+1

3 n
3) i -] =0
)i ()

(1). Given any € > 0, we want to find N such that

1 1
——O’<ef0rn>N,i.e.,n>—
n €

1
for n > N. Choose N to be the smallest integer such that N > —. (N is found now!)
€

< €. Thus lim l =0.

n—oo M,

1
~——0
n

1
When n > N, thenn > N > — or
€

2

(2). Given any € > 0, we want to find IV such that — 1| <eforn>N.

n?+1
Now
= BN ES
‘ 21 <€<:>’\/r ll<e& m €
n? — (n?+1) 1
NS W>‘ Rt D)

S Vvn2P+1ln+vn2+1) > -

Choose N to be the smallest integer such that N > % Then, for n > N,

1
vn2+1(n+vn2+1)>VN2+1(N+VN2+1)>N > -
€

2
or 2n— — 1| < e. Thus N is found and hence the result.
n*+1

3 n
(3). Given any € > 0, we want to find N such that ‘(Z) — O‘ < eforn > N.
Observe that

3 n<e<:>nln 3 <lIn(e) & n > In(e)

1 1 In(3/4)
(Note. In(3/4) < 0!!) Choose N to be the smallest positive integer such that
. When n > N, then

In(e)
In(3/4)

n>N>

< €. The proof is finished.

THEOREM 2.3. If {a,} has a limit, then the limit is unique.
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PROOF. Let A and B be limits of {a,}. Suppose that A # B. Choose ¢ =

A-B
|—|. Then € > 0 because A # B. By definition, there exists N; and Ny such

that |a, — A| < € for n > Ny and |a, — B| < € for n > Ny. For n > max{Ny, N}, we
have

|A—B|=|(A—an) + (a, — B)| < |A—a,| + |a, — B| <2e=2
which is a contradiction. Thus A = B. O

THEOREM 2.4 (Squeeze or Sandwich Theorem). Given 3 sequences

{an}, {bu}, {cn}

such that

(i) an<b,<cp for every n and

(i)  lim a, = A = lim ¢,,
then lim b, = A.

PROOF. For any € > 0, there exists N; and Nj such that |¢, — A| < e for n > N,
and |a, — A| < e for n > Ny. Let N = max{N;, No}. For n > N, we have
—e<c,—A<e and —e<a,—A<ce

A—e<c,<A4+e€e and A—e<a, < A+e

Thus
A—e<a, <b,<c,<A+4+¢€e or |b,—A <e
By definition, we have lim b, = A and hence the result. O

n—oo

Remark. The above theorem is still applicable if the inequality

an < by < cp
is true “eventually”.
EXAMPLE 2.5. Find limits
. 1+sinn
1) im ———.
n—oo n
3n—1\"
9) (2 .
dn+1
(1). Since
0< 1+ sinn < g
n n
2
and lim — = lim 0 = 0, we have
n—oo M n—oo
lim 14sinn 0
n—oo n

(2). Since

3n—1\" 3\"
0< <!~
(=) <(3)
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and lim <Z§L> = lim 0 = 0, we have

—1\"
lim (2" — 0.
n—oo \ 4n + 1
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3. Sequences which tend to oo

DEFINITION 3.1. {a,} tends to +oo if for each positive number k, there is an N
such that
a, >k foralln > N.

Remark. For such sequences, we write as a,, — 400 as n — 00 or

lim a, = +o0.

n—oo

ExAMPLE 3.2. The following sequences tend to +oo
1) a, = VInn.
2) a, = (3/2)".

The sequences — Inn, —n? and etc then tend to —oo.
THEOREM 3.3 (Reciprocal Rule). Consider a sequence {a,}.

1
(i) Ifa, >0 foralln and lim — =0, then

n—oo an
lim a, = +oo.

n—o0

1
(i)  If lim a, = £oo, then lim — = 0.

n—oo n—00
PROOF. We only prove (i). For each positive integer k, there exists NV such that

1 O<1
an, k

1
for n > N because lim — = 0. Then, for n > N, a,, > k because a,, > 0. This

n—00 Oy,

finishes the proof. OJ
ExXAMPLE 3.4. Since lim T = 0, we have lim v/n = oo. Similarly, since
lim /n = +o00, we have lim — = 0.

n—00 n—o0 \/_
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10
4. Techniques For Computing Limits

THEOREM 4.1. Let f be a continuous function. Then
lim f(a,) = f(lim a,).

IDEA OF PROOF. By the definition of continuity, when x — zo, f(x) — f(zo).

Now lim a, = A means that a, — A when n — oo. Thus f(a,) — f(A) when

n—oo

n — oo, that is,
lim f(an) = f(A) = f( lim an)'
O
EXAMPLE 4.2.
. . nm . T . ™
lim sin = lim = sin (—) =1.
fn)

THEOREM 4.3 (L’Hopital’s Rule). Suppose a,, = f(n), b, = g(n). If lim )
n—0o0 g n

of the form X or 9, then
00 0

!
T ACO f/(n)'
EXAMPLE 4.4. Show that lim (1 + f) =e"
n—oo n
. T\™ .
lim In [(1—1—— ] = lim nln <1+—>
n—oo n n—oo n
In (1 + ﬁ) _ 1Ji£ : (_%) . T
= lim ——— = lim ————— = lim =z
. TN\
Thus lim (1 + —) =",
n—o0 n
THEOREM 4.5. If lim a, and lim b, exist, then

(1). lim (a, +b,) = lim a, + lim b,,

(2). lim ka,k lim a,,

n—oo

(3). lim a,b, = lim a, lim b,,
a lim a,

(4). lim = ="*—_ provided b, #0 and lim, .o b, # 0.

n—oo by, lim b,
PROOF. omitted.

243 2 1
EXAMPLE 4.6. Find the limit of In el +cos| — ).
2 +4n + 2n? N4

I | n?+3n + 2 n 1
m n({—m——. COS | —=
n1—>oo 2 +4n + 2n? \/ﬁ
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. (n? 4+ 3n+2)/n? 1
— lim |1 —
nl—{lc}o{n<(2+4n+2n2)/n2 s\ U

-t [ (22 <o ()]

1+04+0 1
n<0+0+2>+00s0 n(2)+ n

THEOREM 4.7 (Some Standard Limits). Some standard limits are given as follows.

1
lim — = 0 for any fixed p > 0.
n—oo N,
lim ¢" =0 for any fized ¢ where |c| < 1.

n—oo

1
2
3. limen =1 for any fixed ¢ > 0.
4

lim /n = 1.

n—00
p

5. lim = =0 for any fixed p and ¢ > 1.
n—oo CN

lim C—' = 0 for any fized c.

n—oo 1!
7. lim (1+ z)” =¢e” for any fized x.
n—00 n
Inn)?
8. lim (Inn) =0 for any fized k > 0.

n—o0 nk

PROOF. Assertion 7 was proved in Example 4.4.

hmi:<hm l)p:op:o.

n—oo NP n—oo N
2. Case 1: When ¢ = 0, the statement is obvious.
Case 2: When ¢ > 0, we have

ln<lim c”) = lim Inc¢" = lim nlnc = —0.

n—oo n—oo n—oo

Thus, lim ¢" = 0.

n—oo

Case 3: When ¢ < 0, we have —|c|" < ¢" < |¢|* for all n. By Case 2, we have
lim (—|c|”) = 0 = lim |¢|". Hence by Squeeze theorem, we also have lim ¢" = 0.

n—oo n—oo

) 1 ; 1
3. lim cn = Mo n =0 =1,

n—oo

1
In ( lim ﬁ) — lim In /n = lim —2 = 0 (by L’Hopital’s rule).

n—oo n—oo n—oo n
Thus, lim {/n =¢° = 1.
5. Let k be a fixed positive integer such that p — k < 0. Then

onP et p(p — Dt
lim — = lim =lim—————— =
n—oo (" n—oo c"Inc (Inc)?
1) (p— p—k —1)---(p—
g KDk D e =)=kt D)
n—o0 c(Inc)k n—o0 cnk=r(In c)k

by L’Hopital’s rule.
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6. Let a, = - . Now fix an integer M > c. Then for any n > M,

C-C-----C <C
= a —Aap.
n(n—l)-----(M+1)M n M

Note that aps is a fixed number because M is fixed. Since lim 0 = 0 = lim EaM,

n—oo n—oo M,
by the Squeeze theorem, lim a, = 0.
8. Let m = Inn. Then n = e™. By (5),
Inn)? P P
i Sy ™ ™ g,
n—oo nF m—oo ekm m—oo (ek>
where e > 1 because k > 0. 0

Strategy: One can find the limits of many sequences from those of the standard
sequences.

EXAMPLE 4.8. Find the limits
8™+ (1 10 !
1) lim +(;m) .
n—o0 nbé — n!

1 3n
2) lim (1— ) .
n—oo 2n + 1
(1).

fim 8"+ (Inn)" +nl _ fim 8"/nl+ (Inn)®/nl+1 04+0+1 _ 1
n—oo né —n! n—00 né/n!—1 0—1

2).

3n

1 3n 1 2n+1 | 2n+1
lim [ 1— = lim 1+
n—00 2n+1 n—00 2n+1

3
1 2n+1| 2+1/n 3 1
1 = (e 2 = —
( + 2n + 1) ] (<) eve

= lim

n—oo
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5. Bounded Sets and Sequences

DEFINITION 5.1. A set of real numbers S is bounded above if there exists a finite

real number M such that
< M Vr e S.

M is called an upper bound of S.

DEFINITION 5.2. A set of real numbers S is bounded below if there exists a finite
real number m such that
m<zx Vx € 8S.

m is called a lower bound of S.

DEFINITION 5.3. A set which is both bounded above and below is called a bounded
set.

Remark.

1. Upper bounds and lower bounds are not unique.

2. Some sets only have upper bounds but not lower bounds.
3. Some sets have only lower bounds but not upper bounds.
4. A set which is not bounded is called an unbounded set.

EXAMPLE 5.4. Let S = {r | v is a rational number with r < +/2}. Then S is
bounded above.

THEOREM b5.5. Every convergent sequence is bounded.

PROOF. Let {a,} be a sequence convergent to A. For e = 1, there exists N such
that |a, — Al <lorA—1<a, < A+ 1 forn > N. Choose M and m to be the
largest and smallest number of the finite numbers

al,ag,...,aN,A—l—l,A— 1,
respectively. When n < N, we have m < a,, < M because M (m) is the largest
(smallest) number of the above finite set. When n > N, we have
m<A-1<a,<A+1<M.

Thus, for all n, we have m < a, < M and so {a,} is bounded. The proof is
finished. O

COROLLARY 5.6 (Test for divergence). If {a,} is unbounded, then {a,} diverges.

Remark.

1. The converse may not be true, i.e., divergent sequence need not be unbounded.
2. The inverse may not be true, i.e., a bounded sequence may not be convergent.
Example. The sequence {1,—1,1,—1,---} is bounded but NOT convergent.



14 1. SEQUENCES

6. Infimum, Supremum

Recall that any finite set of real numbers has a greatest element (maximum) and
a least element (minimum).

EXAMPLE 6.1. {—2.5, 3.1, —4.4, 4.5, 5}
However, this property does not necessarily hold for infinite sets.
EXAMPLE 6.2. {1,2,3,4,--- ,}.

DEFINITION 6.3. A real number M (# £o0) is called the least upper bound or
supremum of a set F if

(i) M is an upper bound of E, i.e., x < M for every x € F, and
(ii) if M’ < M, then M’ is not an upper bound of E (i.e., there is an x €
E such that M’ < z).

We write M = sup E.

Remark.

(i) sup E is unique whenever it exists.

(i) The main difference between sup £ and max F is that sup £ may not be an
element of F, whereas max F must be an element of F if it does exist).

(iii) If F has a maximum, then sup £ = max FE.

EXAMPLE 6.4. 1. Let E={r € Q| 0 <r < +/2}. Then sup E = v/2 but max £
does not exist because v/2 is not a rational number, that is, sup E ¢ E.
2. Let £ ={1/2,2/3,3/4,4/5,5/6,---}. Then sup F = 1 and max F does not exist.
3. Let £ ={1,1/2,1/3,1/4,1/5,---}. Then max F =1 =sup E.

DEFINITION 6.5. A real number m (# +00) is called the greatest lower bound or
infimum of a set F if

(i) m is a lower bound of E, i.e., m < x for every x € E, and
(ii) if m’ > m, then m’ is not a lower bound of F (i.e., there exists an
x € E such that x < m’).

We write m = inf F.

Remark.

(i) inf £ is unique whenever it exists.

(ii)) The main difference between inf £ and min E is that inf £ may not be an
element of F, whereas min ' must be an element of E' if it does exist.

(iii) If £ has a minimum, then inf £ = min E.

EXAMPLE 6.6. 1. Let £ = {1,1/2,1/3,1/4,---,}. Then inf F = 0 but min £
does not exist.
2. Let E={reQ|0<7r<+?2}. Then min £ = inf £ = 0.

An important property of the set of real numbers is the following

THEOREM 6.7 (Completeness Axiom of R). The following statement hold for
subsets of real numbers:

(i) If E is bounded above, then sup E exists.
(ii) If E is bounded below, then inf E exists.
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Recall that a set E is bounded if and only if it is bounded above and bounded
below. Thus the Completeness Axiom leads to

COROLLARY 6.8. If E is bounded, then both sup E' and inf E exist.

7. Monotone Sequences

DEFINITION 7.1. {a,} is called monotone increasing (decreasing) if
an S (2) An+1
for every n, that is,
ap < ay < ag<ag <
(a1 >ag >az>---).

EXAMPLE 7.2. 1. The sequence {1/n} is monotone decreasing.
2. The sequence {1/2,2/3,3/4,4/5,5/6,-- -} is monotone increasing.

PROPOSITION 7.3. A monotone increasing (decreasing) sequence is bounded below
(above).

PROOF. Let {a,} be a monotone increasing sequence, that is,
ap <ax <az<---
Then a; is a lower bound for {a,} and hence the result. O

THEOREM 7.4 (Monotone Convergence Theorem). Let {a,} be a sequence.

(i) If {a,} is monotone increasing and bounded above, then {a,} is convergent
and
lim a, = sup a,.

(i) If {a,} is monotone decreasing and bounded below, then {a,} is convergent
and
lim a, = inf a,.
PROOF. (i). Suppose {a,} is monotone increasing and bounded above. Then
by the Completeness Axiom of R, supa, exists (finite). Now, given ¢ > 0, since

sup a,, — € < sup a,, it follows that sup a,, — € is not an upper bound of {a,}. In other

n n n
words, there exists an integer N such that ay > supa, — €. Then for all n > N, we
n

have

supa, — € < ay < a, <supa, <supa, +¢€ (since n > N).
n n n

Equivalently, ‘an — sup an‘ < efor alln > N and so lim a, = supa, (exists).

The proof of (ii) is similar. O
EXAMPLE 7.5. Let a, = % that is, {a,} = {1/2,2/3,3/4,--}. Then a, is
n
monotone increasing and bounded above. Thus

sup a,, = lim a, = 1.

n n—oo
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COROLLARY 7.6. If {a,} is monotone increasing (decreasing), then either

(i) {an} is convergent or
(ii) lim a, = +oo(—00).

PROOF. Suppose {a,} is monotone increasing, then either {a, } is bounded above
or not bounded above.
Case (a): If {a,} is bounded above, then by the Monotone Convergence Theorem,
{a,} converges.
Case (b): If {a,} is not bounded above, then {a,} has no upper bounds. Thus for
any given k > 0, k is not an upper bound of {a,}. In other words, there exists N
such that

an > k.

Since {a,} is monotone increasing, it follows that for all n > N,
a, > any > k.
Therefore, lim a,, = 4o00.

n—oo

The proof for the case when {a,} is monotone decreasing is similar. 0J

8. Subsequences

ExAMPLE 8.1. Find the following subsequences of {a,, } = {1,—-1,1,-1,1,—1,--- }.
{a2n—1} = {17 17 17 U }
{agn} ={-1,—-1,—-1,--- }.

In general, subsequences of {a,} are of the form {a,, }, £ =1,2,3, ..., with
ny<ng <ng<<---.

Note. The rule is that we should choose a,, first and then a,, with ny > n; and
then a,, with ng > ns, so far and so on (up to infinite). Thus n, is at least 1, ns is
at least 2, ng3 is at least 3, ---.

THEOREM 8.2. Suppose lim a, = A. Then every subsequence of {a,} also con-

verges to A, ie

lim a,, = A.
k—o00

PROOF. For any given € > 0, since lim a, = A, there exists N such that

la, — Al < e forall n> N.
Then for all £ > N, we have

Hence
lan,, — Al <e forall k> N.

Therefore, klim ap, = A. O
THEOREM 8.3. Suppose that {a,} has two subsequences that converge to different
limits. Then {a,} is divergent.

EXAMPLE 8.4. The sequence {1,—1,1,—1,---} is divergent because {ag, 1} =
{1,1,---} converges to 1 and {as,} = {—1,—1,---} converges to —1.
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9. The limsup and liminf of a sequence

Reference: W. Wade, An introduction to analysis, Prentice Hall, 1995.
Given a sequence {a,}, we can form another sequence {b,} given by

bn = sSupar = Sup{ana Qp41, p42, " " * }
k>n

ExampLE 9.1. Let {a,} ={1,-1,1,—1,---}. Then
b, = supa, = sup{£l,F1,+1,F1,---} = 1.

k>n

PROPOSITION 9.2. For any sequence {a,}, the associated sequence {b,} = {supay}
k>n

15 always monotone decreasing.
ProoOF. For each n,

bn = Sup{ana An1y, An42, " " } > Sup{an+1) Ap42, } = bn—&—l‘
0

DEFINITION 9.3. The limit superior of {a,}, denoted by lim sup a,, or lim sup a,

n—oo

or lim a, is defined to be lim b,, i.e.

n—oo n—oo

lim a, = lim b, = lim sup a.

ExampLE 94. 1. Let {a,} ={1,-1,1,—1,1,—1,--- }.

lim a, = lim b, = lim 1= 1.

2. Let {a,} = {1,2,3,---}. Then

b, =supay =sup{n,n+1,---} =400
k>n

and so lim a, = lim b, = +00.

3. Let {a,} ={-1,—2,-3,---}. Then
b, =supay =sup{—-n,—n—1,---} =—n
k>n
and so lim a, = lim b, = —o0.

PROPOSITION 9.5. Given any {a,}, limsupa, always exists (either finite, +00
or —00).

PRrooF. If {a,} is not bounded above, then each b, is +00, and thus

lim a, = lim b, = +0.

n—oo n—oo

If {a,} is bounded above, then each b, is finite. Since {b,} is monotone decreasing,
by Corollary 1.7.3, {a, } converges (to a finite limit), or lim,_, b, = —o0. O

Similarly, given any sequence {a,}, we can form another sequence {c,} given by

Cp = 11I>1f ap = 1nf{an7 Ap1, pg2; }
>n
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DEFINITION 9.6. The limit inferior of {a,}, denoted by liminf a,, or liminf a, or

. . . . n—0oo
lim a, is defined to be lim ¢,, i.e.

n—oo n—o0

lim a,, = lim ¢, = lim inf a.
N—00 n—00 n—oo k>n

ExampLE 9.7. 1. Let {a,} ={1,-1,1,—1,1,—1,--- }.
lim a, = lim ¢, = lim (inf{£1,F1,+1,F1,---) = lim —1 = —1.

2. Let {a,} ={1,2,3,---}. Then

cn:g?fzak:mf{n,n—kl,---}:n

and so lim a, = lim ¢, = +o0.

n—00 n—0oo

3. Let {a,} ={-1,-2,-3,---}. Then

¢, = inf ap =inf{-n,—n—1,---} = -0
k>n

and so lim a, = lim ¢, = —oc.
n—00 n—oo
PROPOSITION 9.8. (i). As in Proposition 9.2, for any given sequence {ay}, the
associated sequence {c,} = { ]gf ar} is always monotone increasing.
>n

(i1). As in Proposition 9.5, for any given {a,}, liminf a,, always exists (either finite,
+00 or —00).

Remark. We always have lim a, < lim a,, because ¢, < b,.

n—oo n—oo

PROPOSITION 9.9. (i). If lim a, = B with B # —oo, then given ¢ > 0, there

exists N such that a, < B + € for alln > N.
(i7). lim a, = C with C # +o0o, then given € > 0, there exists N such that a, >

n—oo

C —¢€ foralln > N.

PROOF. (i). If B = +oo, the assertion is obvious and so we assume that B is
finite. Since lim a,, = B, given any € > 0, there exists N such that for all n > N,

n—oo

b, — Bl <e = b,<B+e = sup{a,, ani1, -} < B+e,
ie. ap,a,+1,--- < B+eforall n> N. Proof of (ii) is similar. O

Remark. Roughly speaking, Proposition 9.9 says that for any sequence {a,}, the
ay,’s are eventually not much smaller than lim a, and not much bigger than lim a,,.

n—oo

PROPOSITION 9.10. If lim a, = lim a, = A (finite), then {a,} converges and
lim a, = A. o

n—oo

PROOF. Let b, = sup{an, ani1,---} and let ¢, = inf{a,, a,41, - }. Then

Cn = inf{arm (RN P } <a, < bn = Sup{an, A1, }
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By the assumption, we have

lim ¢, = lim a, = lim a, = lim b,.

n—oo n—oo n—oo n—oo
By the Squeeze theorem, the sequence {a,} converges and

lim a,, = lim a, = lim a,.

n—00 N—00 n—00

PROPOSITION 9.11. If {a,} converges, then lim a, = lim a, = lim a,.

n—o00o n—oo n—oo

€
PrROOF. Let A = lim a,. For any € > 0, there exists NV such that |a, — A| < = or

n—oo 2

A—§<an<A+§ for n > N. For each (fixed) n > N, let k =n,n+1L,n+2, -,
we have
A— % < inf{an, i1, Gy} = ¢ < by =sup{an, Gpyr, -} < A+§.
It follows that . ¢
|bn—A|§§<e \cn—A|§§<e
for all n > N. By the ¢ — N definition,

lim a, = lim b, = A= lim ¢, = lim a,

n—oo n—oo n—oo n—oo

and hence the result. O

10. Cauchy Sequences

DEFINITION 10.1. {a,} is called a Cauchy sequence if given any € > 0, there exists
a natural number N such that for all m, n > N, we have

|y, — am| < e.

Remark. Roughly speaking, a sequence is Cauchy if the width of its tail — 0 as
n — oo.

ProproSITION 10.2. Fvery Cauchy sequence is bounded.

PRrOOF. Let {a,} be a Cauchy sequence. Choose ¢ = 1. There exists IV such that
la, — ap| < 1 for n,m > N. In particular, |a, —ayy1| < 1 or
ani1— 1 <a, <any1+1
for n > N. Let
M = max{ay,as,--- ,ay,ans1 + 1}
m = min{ay, ag, - ,an,any1 — 1}.
For n < N, we have m < a,, < M, and, for n > N, we have
m<any —1<a, <any1 +1< M.
Thus, for all n, we have m < a,, < M and so {a,} is bounded. O

THEOREM 10.3 (Cauchy’s criterion). A sequence is a convergent sequence if and
only if it is a Cauchy sequence.
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PROOF. =, i.e., every convergent sequence is Cauchy.
Given that {a,} is convergent, say lim a, = A. Then for any given ¢ > 0, there
n—oo

exists N such that
€
|6Ln — A| < 5

for all n > N. Now for any m,n > N,
€

2

a0 = @l = [(@n = A) = (an = A)| < lan = A +|am — A| < 5+ 5 =€

since both m,n > N. Therefore, {a,} is a Cauchy sequence.
<, i.e., every Cauchy sequence is convergent. Given that {a,} is Cauchy. By
Proposition 10.2, {a,} is bounded. As in section 1.9, we let

b, = sup ay = sup{an, ani1,- -}
k>n
Cp = ,ig,ﬁak = inf{a,, ani1, - }.
Then {b,} and {c,} are also bounded (check!). Hence both lim a, = lim b, and

n—oo n—oo
lim a, = lim ¢, exist. Write

n—00 n—oo

lim a, = lim b, =B and lim a, = lime, = C.

n—~oo n—~o0 n—o00

Given any € > 0, since {a,} is a Cauchy sequence, there exists N such that
€

lan — @ < 3
for all m,n > N. It follows that
an—§<am<an+§
for all m,n > N. In particular, letting m =n,n+1,n+ 2,--- , etc., we have
€ . €
Ap — 5 < Hlf{an; Ant1, Gng2 " } =cp < bn = SUP{am Any1, Ont2, " } <a,+ §

for n > N. Thus

2
_e<0§bn—cn§(an+§>_<an_§>:_€<€

for n > N. By definition, we have lim (b, — ¢,) = 0 and so

B—-C = lim b, — lim ¢, = lim (b, — ¢,) =0

In other words, we have lim a, = lim a,. Then by Proposition 9.10, {a, } converges,

n—oo n—o0

and lim a, = B = C. This finishes the proof. O

n—0o0



CHAPTER 2

Series

1. Series

The expression
CL1+(12+6L3+"'

o0
written alternatively as Z ay is called an infinite series.
k=1

ExampLE 1.1. (1). 1+2+3+4+4---.
(2). 14+1/2+1/3+1/4+---
(3). 1+1/224+1/32 +1/4%>+---.
(4. 140+14+0+140+---.

e e}
DEFINITION 1.2. Given a series E ay, its n'* partial sum S, is given by
k=1
n

Sn:Zak:a1+a2+~--+an.

k=1
The sequence {S,} is called the sequence of partial sums of the series Z Q.
k=1

EXAMPLE 1.3. Consider the series 1—1+1—1+1—1+1—1+---. The Sy,_1 =1
and Sy, = 0.

[e.9]

DEFINITION 1.4. Consider the sequence of partial sums {5, } of the series Z .

k=1
00

If this sequence converges to a number S, we say that the series Z ay converges to
k=1

S and write

a, = lim S, = S.

n—oo

WE

B
Il

1

If {S,} diverges, then we say Z a, diverges.
k=1
EXAMPLE 1.5 (Geometric Series). Let a # 0. Consider the series
Zar":a+ar+ar2+a7‘3+-'- .
n=0

21
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Then the partial sum

1—7r" 21
a r
Sp=a+ar+a®+---+a" P =a(l+r+--+r"") = L=
aln+1) r=1

When -1 <r<1, S, — 1a
—r
When r > 1, 5, diverges because " — 400 as n — o0.
When r =1, S,, = a(n + 1) diverges.
1— (=1
When r = —1, Sn:—a[ (=1)"]

When r < —1, 5, diverges because r" — +o00.

as n — OoQ.

diverges.

oo
Thus the geometric series Z ar™ converges if and only if —1 < r < 1, and,

n=0

o0 a
g ar" =
1—r

n=0

for -1 <r < 1.

Remark. If Z ar and Z b, converges, then one always has

k=1 k=1
(i) Z(ak—l—bk) :Z“k+zbk'
k=1 k= k=1
(ii) ank = cZak.
k=1 k=1

EXAMPLE 1.6.

THEOREM 1.7. If Z ayp converges, then klim ap = 0.
k=1 >
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COROLLARY 1.8 (Divergence Test). If lim a, # 0 (or does not exist), then Z an

n=1
diverges.

ExAMPLE 1.9. (1). The series Z(—l)” is divergent because the limit of the n-th
n=1

term (—1)" does not exist.

= nl
(2). The series E — is divergent because
n
n=1

n! 1
Me = e g ter!
lim —
n—oo N

2n+1
is divergent because
3n+ 2 Vers

(3). The series Z
n=1

. 2n+1 . 2+1/n
im = lim
n—oo 3N + 2 n—>003—{—2/n

2
—Z 0.
57

Remark. The divergence test is a “one-way” test, i.e., lim a, = 0 does NOT imply

Z a, converges.
n=1
EXAMPLE 1.10 (Harmonic Series) Z L 1+ = + ! + ! +
' =k 2 3 4 '
li = li 1—OB h h OOld‘
kirroloak = kirgo% = 0. But we show that ; T verges.

Now S,, = i %
k=1

S —1+1+ 1+1 + 1+1+1+1 et L + L + +1
T3 g 5 6 7 8 on—1 41 ' 9n-1 49 on

1 1 1 1 1
>14+2492. 244248 — 4 ..o
> +2+ 4+ 8+ 16+ on

1
+n 5

e

Thus, the subsequence {Ssn } is unbounded. So {S,,} is also unbounded. Hence, Z
k=1

is divergent

2. Tests for Positive Series

Goal: Given a series, we want to be able to test if it converges or not.
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2.1. Positive Series.

(o]
DEFINITION 2.1. A series Zak is called a positive series if every term ay is

k=1
positive.

We first develop tests for positive series.

[o.¢]
PROPOSITION 2.2. For a positive series Z a, the sequence of partial sums {S,}
. . . k:1
is monotone increasing.
Proor. This is so since S,11 — S, = a,q1 > 0 for each n. O

COROLLARY 2.3. (i) If {S.} is bounded for a positive series, then the series
converges.

(i) If {Sn} is not bounded from above, then the series diverges.

2.2. Comparison Test.

o0

oo
THEOREM 2.4 (Comparison Test). Consider 2 positive series Z ar and Z bi..
k=1

k=1
Suppose that eventually 0 < aj < by.

(i) [fz b, converges, then Z aj CONverges.

k=1 k=1
(ii) [fZak diverges, then Z by diverges.
k=1 k=1

n

PROOF. Assertion (ii) follows immediately from (i). Let A,, = Z ag, and B, =

k=1
Zbk. Then A, < B, for all n. Suppose that Zbk converges, that is, Zbk is a
k=1 k=1 k=1
(finite) number. Then
A, < B <> by
k=1
for all n and so A, is bounded above. By Corollary 2.3, Z ay is convergent. OJ

k=1

=L 2k —1\"
EXAMPLE 2.5. (1). The series Z (3k n 2) converges because
k=1

2% — 1\ 2\ ¥
< | Z
3k+2) —\3

00 k
2
and the geometric series E (g) converges.
k=1
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= 1
(2). The series Z T diverges because
k=1

>

Sl
N
S

1
and the harmonic series Z z diverges.
k=1

Remark. 1. Suppose 0 < a,, < b, and Z b, diverges. Then NO conclusion can be

n=1
drawn. .
2. Similarly, suppose 0 < a,, < b,, and Z a, converges. Then NO conclusion can be
n=1
drawn.

EXAMPLE 2.6.

COROLLARY 2.7 (Limit Comparison Test). IfZak and Zbk are (eventually)
k=1 k=1
positive, and

hmb——L(#O # 00),

k—oo O

then either both series converge or both series diverge.

PROOF. Let A, = Zak, B, = Zbk. Since

lim a— L (#0,# o0),

{%} is bounded above, say, by M. Thus
k

0<ak<Mbk

by, b
for all k. Similarly, since lim — = (7é 0,# ), {—k} is bounded above, say, by

k—oo ay, ag

M. Thus 0 <b, < May,for all k.

If Zak is convergent, then ZM’ a, = M’ Zak is also convergent. By the
k=1 k=1 k=1
oo

comparison test, it follows that Z by, is also convergent because b, < M'ay,.
k=1
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If Zbk is convergent, then ZM b, = M Zbk is also convergent. By the

o0

comparison test, it follows that Z ay is also convergent because ap < Mby. Hence

k=1
00

o0 o0
Z ay is convergent if and only if Zbk is convergent. Hence Zak is divergent if

k=1 k=1 k=1

and only if Z by is divergent.
k=1

Standard series used in comparison and limit comparison tests.

1. The Geometric Series:

oo
E ar"t =

n=1 diverges if |r| > 1.

converges if |r] <1,

2. The p-series: for a fixed p,

> converges if p > 1,
= diverges if p < 1.

To be proved in the section on Integral Test.

EXAMPLE 2.8. Determine the convergence or divergence:

[e.9]

1+ cosn
DY
n=1 n
= n®+Inn+8
2 i amas
— nt—=2n+3
(1). It is convergent, by the comparison test, because
1
0< +cosn < 3
=72 =2
1
and the p-series Z e is convergent.

n=1
(2). It is divergent, by the limit comparison test, because

s T 14040

n®+1Inn+8 Inn 1
. i _9n+13 _ nt+nlin4sn 1
lim ——5—— = lim = lim
L 1 nooo  mA—2n+3 n—oo 2 3
- l-—+
n n n

o0
and the harmonic series E — diverges.
n

n=1

1-040
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COROLLARY 2.9. [ Limit Comparison Test for ‘a, << b,”] Suppose Zak and
k=1
a

Z bi are eventually positive, and klirn — =0.
— 00 k
k=1

(i) Ifz b, converges, then Zan converges.

k=1 k=1

(i) If Z ay diverges, then Z b, diverges.
k=1 k=1

a
PROOF. lim b_k = 0 implies for every € > 0, there is an N such that

k—o0 O

%—O‘<e Vk > N.
b

We choose € = 1. Then the above inequality is
ap < b, Vk>N.

We get the result by applying the comparison test. 0

Remark. If lim dn _ ~+00, interchange a,, and b,,, and then apply Corollary 2.9.

—
TLOOn

[e.e]

ExXAMPLE 2.10. Determine convergence or divergence of E —<1 T where k 1is
nn
n=2

1
a constant.Let b,, = and let a,, = —. Then
n

1
(Inn)k

1
(Inn)k

o0 o0
Since the harmonic series E — is divergent, the series E is divergent for
n
n=2

n=2

any k.
2.3. Integral Test.

THEOREM 2.11 (Integral Test). Let f: [1,00) — R be a positive, continuous and

oo
monotone decreasing function. Suppose we have a series Z ar such that a = f(k),
k=1

then the series Z ay and the mtegml/ f(z)dz either both converge or both diverge.
k=1 1

Review on improper integrals
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Let f(z) : [1,00) — [0,00) be a continuous function. Then one defines the improper

integral

/oo f(z)dx = lim nf(:v) dx = area under f(z) over [1, c0).
1

n—oo 1

Here we say that / f(z)dx converges if the limit lim f(z) dx exists (finite),
1 el
i.e., the area under f(z) over [1,00) is finite.
We also say that / f(z) dz diverges if the limit lim f(z) dx does not exist.

1
The improper integrals can be defined similarly for integrals over other intervals
such as [0, 00), (—o0,0].

PROOF OF THE INTEGRAL TEST. Let f(z) be a positive, continuous, monotone
decreasing function such that a,, = f(n) for all n.

From the graph, we see that

area of the rectangles < area under f(x) over [1,n], i.e.,

éf(k) §/1nf(33)d$§/100f(a:)da:.

Thus, if/ f(z)dx < oo, then
1

Zak:Zf(k:) g/loof(:c)d1:<oo,

i.e., for all n, Z ar is bounded above by the finite number / f(z)dz. Since we
1

k=2

also have a, > 0, it follows from Corollary 2.3 that Z ay converges, and thus Z ag

k=2 k=1
also converges. Next we consider the following graph:



2. TESTS FOR POSITIVE SERIES 29

From the graph, it is easy to see that

—_

area under the rectangles > area under f(z) over [1,n], i.e., » f(k) > / f(z)dx.
. 1

T

[e.e]
Thus, if Zak < 00, then

k=1
oo n—1 n—1 n
00>y ap =Y ar=>_ f(k) Z/ f(z) dz,
k=1 k=1 k=1 1

ie., / f(z) dx is bounded above by the finite number Z ar < 00. Letting n — oo,
1

k=1
it follows that we have

/Oof(x)dx < iak < 00.
1 k=1

In conclusion, we have Z ay converges if and only if / f(x) dx converges, which
k=1 1

also means that Z ay, diverges if and only if / f(z) dz diverges. O
k=1 1
EXAMPLE 2.12. Show that

= 1
1) the series E — converges iof and only of p > 1.
n
n=1

1
(Inn)k

2) the series converges if and only if k> 1.

SMg

I
)

n

1 =1
(1). If p <0, then — does not tend to 0 and so, by divergence test, Z — diverges.
nr n=1 ne

' —
Assume that p > 0. Let f(z) = — on [1,400). Then f(x) is continuous, positive
T

and monotone decreasing. Now

o0 oo X
/ flz)dx = / g Pdp =4 “PTI1
1 1

In(+o0) —Inl p=1

00 0 1
Thus / f(z) dx converges if and only if p > 1 and so E — converges if and only
1 n=1 n

if p>1.
(2). Let f(x) = m

that f(z) is eventually monotone deceasing. From

on [2,400). Then f(z) is continuous, positive. We check

f(z) = (27" (In x)_k), = 2 %(lnz) F—kz'(In x)_k_lé =~ 2(Inz) " Inz+k),
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we have f'(z) < 0whenInz > —k. Thus f(z) is monotone decreasing when Inx > —k
and so f(z) is eventually monotone decreasing. Now

]_ —k o
2 2 2(lnz) J —ldx m2 Y
y=7 In(+o00) —In(ln2) k=1
e’} o0 1
Thus / f(z) dx converges if and only if £ > 1 and so the series Z ﬂ con-
9 “~ n(lnn
verges if and only if £ > 1.
2.4. Ratio Test.
THEOREM 2.13 (Ratio Test). Consider the positive series Zan. Suppose
n=1

(1) lim 27—,

n—oo  (y

(i) If0 <l <1, then Zan converges.

n=1

(i) If 1 < £ < o0, then Zan diverges.
n=1

(ili) If € =1, then the test is inconclusive.

Proor. We will prove (i) and (ii). Given any € > 0, it follows from (1) that there
exists NV such that for all n > N,

Ap+1
Qn,

an

<e or L—e< </l +e

By repeating using the above inequalities, it follows that for all m > 0,

(2) aN44(€——e)m < aN+4+m/<IaN44(€%—e)m.

(i). If £ < 1, choose € > 0 such that £+ ¢ < 1, then Z an+1(¢ + €)™ converges

m=1
(since it is a geometric series with common ratio satisfying |r| = {4+ ¢ < 1). Together
o0
with the right-hand-side of (2), it follows from the comparison test that Z AN114m
m=1

o)

converges, and thus E a, converges.

n=1
(ii). If £ > 1, choose € > 0 such that ¢ — e > 1, then by the left-hand-side of (2), we
have, for all m > 0,

AN+14+m Z CLN+1(£ - E)m > AN+1 > 0.

(o]
In particular, lim a, # 0 or does not exist. By the divergence test, Z a, diverges.
n—oo

n=1

O
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EXAMPLE 2.14. Determine convergence or divergence.

= nl
1 —
)2
n=1
— (n!)?
2) > .
“— (2n)!
(1)
(n+1)!
” n+l ! 1 1
lim @ g PEDT (n+1) L |
n—oo Qy, n—00 n! n—00 (n—l— 1)"‘ n—00 1 e
— nl-——-(n+1) 1+ -
n nn" n
Thus the series converges.
(2).
[(n+ 1)1?
n ! 1)2
limaH:limM:hm (n+1)
(2n)!
1)?/n? 1+2 1/n? 1+0+0 1
g PV T2/t b 14040 1

n—oo (2n 4 2)(2n+1)/n?  n—oo (2+2/n)(24+1/n)  (24+0)-(2+0) 4
Thus the series converges.

2.5. Root Test.

THEOREM 2.15. Consider the series Z a, with each
n=1

a, >0, and let

(3) (= lim {/a,.
(i) If0 < (¢ < 1, then Z a, converges.

n=1

(i) If 1 < £ < o0, then Zan diverges.
n=1
(iii) If € =1, then the test is inconclusive.
Proor. We will prove (i) and (ii).
(i) Suppose that £ < 1. Then for all given € > 0, it follows from (3) and Proposi-
tion 9.9 of chapter 1, that there exists an NV such that {/a, < £+ € for all n > N.
Now choose € > 0 s.t. {4+ e < 1. Then

(4) 0<a,<(l+e" foraln>N.

o0
Since Z(ﬁ + €)™ converges (as it is a geometric series with common ratio satisfying

n=1

|r| =€+ € < 1), it follows from (4) and the comparison test that Z a, converges.

n=1
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(ii). We are going to prove (ii) by contradiction. Given that ¢ > 1. Suppose that

o0

Z a, converges. Then by the divergence test, we have lim a, = 0. In particular,

n—oo

n=1
there exists N such that 0 < a,, < 1 for all n > N. Hence /a, < 1 for alln > N,

and it follows that we must have ¢ < 1, which is a contradiction. Hence Zan

n=1

diverges. O

COROLLARY 2.16 (Simplified Root Test). Consider the series Zan with each
n=1

a, > 0. Suppose that lim Va, = (.

(i) If0 < <1, then Zan converges.

n=1

(i) If 1 < ¢ < o0, then Zan diverges.
n=1
(iii)  If € =1, then the test is inconclusive.
Proor. We will prove (i) and (ii). Recall from Proposition 9.11 of chapter 1
that if lim {/a, exists, then lim a, = lim /a,. Then the Corollary follows from

n—oo

Theorem 2.15. U

EXAMPLE 2.17. Determine convergence or divergence of the series

2
\" I\" 2
lim {/a, = li 2" 1—— =lim2(l1—-——-| =-<1.
i /an =l [ (1-3) ] pm2(1-0) =]
Thus the series converges.

EXAMPLE 2.18. Determine convergence or divergence of the series

i(?’ + sinn)" <1 - %)nQ :

(34 sinn)" (1 - %)n]

— 2\"  — 2\" 4
zlim(?)—l—sinn)(l——) Slimll(l——) =— <L
n

S|

lim {/a, = lim

n—oo n—oo

n—00 n n—00 e?

Thus the series converges.
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3. Series with both +ve and -ve terms

ExAMPLE 3.1. Consider the following series.
1. 244—-6—8+10+12—14—-16+---

= (—=1)7H 1 1 1
9. Zgzl__+___+...

— n 2 3 4
= (=1)" 11 1
D D A R A A

DEFINITION 3.2. An alternating series is of the form

e}

Z(—l)”“an =a;—ay+az—ag+---, or
n=1
Z(—l)”an =—ataz—az+ag—---
n=1

with each a,, > 0.

ExXAMPLE 3.3.
1-1+1—-1+1—-14+1—-1+4---
] 1 1 1
“3T3Ta”
—14+2-34+4—-54+6—---

THEOREM 3.4 (The Alternating Series test). Let Z(—l)"“an (or Z(—l)"an)
n=1 n=1
be an alternating series. Suppose that

(i) a, > 0 for all n,
(i) a, is monotone decreasing  (i.e., ap > any1 for alln), and
(iii) lim a, = 0.

Then Z(—l)”“an (resp. Z(—l)”an) is convergent.
n=1 n=1

PROOF. We look at the partial sums {S,,} of the series Z(—l)”“an. Now,

n=1
Son = a1 — Az +az — ag + -+ Aap_1 — Aoy
<a;—ay+az—ag+ -+ ayp_1 — G2p + A2pg1 — G2tz = Songo.
Thus {S5,} is monotone increasing. Also,
Sop =a1 —az+az —as+as — ag- -+ Gop_1 — a2y < Q.

Thus {S5,} is bounded above by a;. Then by Monotone Convergence theorem,
{San} is convergent, and write lim S,, = S. For any € > 0, there exists N; and

Ny such that |Ss, — S| < % for n > Ny and |a, — 0| < % for n > N,. Choose
N = max{2N; + 1, No}. We show that |S,, — S| < e for all n > N.
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Case 1. n = 2k with n > N. Then
displaystylek > % > Ni. Then [Sy, — S| < § < € by the construction of Nj.

Case II. n = 2k +1 withn > N. Then k > —— > Nyandn=2k+1> N > N,.

Thus
|Sor — S| < % and  |agki1| < %
Now
10— S = 1Saks1 = S| = [Son + sy = S| < 5ok = S|+ lagma < 5 +5 =€
Thus |S, — S| < € for all n > N and so nll_{go S, = S (convergent), and thus
i(—l)"ﬂan is convergent. 3
n=1

EXAMPLE 3.5. Show that convergence or divergence of the series

00 1 convergence p >0
S -
n=1 ne divergence p < 0.

1
ProOOF. If p <0, then the n-th term (—1)”—p does not tend to 0. Thus the series
n

diverges in this case by the divergence test.
Assume that p > 0. Let a, = — Then a, > 0, monotone decreasing and
n

lim a, = 0. Thus the alternating series converges in this case.
n—oo
1

In conclusion, we have that the series Z(—l)"—p converges when p > 0 and
n

[e.o]

n=1

diverges when p < 0. U
4. Absolute and Conditional Convergence

THEOREM 4.1. ]fz la,| converges, then Zan converges.
n=1 n=1
PRrOOF. Let T,, = Z lag|, Sn = Zak. Since {7} converges, {T,,} is Cauchy.
k=1 k=1
Thus, for any € > 0, there is a N such that |T,, — T,,,| < € for all n,m > N. For any
n,m > N, we may assume that m > n, say m = n + p (as one of them should be
greater than another). Then

|Sn - Sm’ = |Sn - (Sn + Qpi1 + Qg+ ""aner)’ = |an+1 + Qpio + 00+ an+p|

< |Gn+1| + |Gn+2| +--+ |&n+p’ = Tm — Tn = ’Tn — Tm‘ < €.
o0
Thus {5, } is a Cauchy sequence and so it converges. Thus the series Z a, converges

n=1
and hence the result. O
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EXAMPLE 4.2. Determine convergence or divergence of the series

i sinn
= n(lnn)?’

Since
sinn 1
n(Inn)?| =~ n(lnn)?
and i L converges by Example 2.12, the series i ﬂ converges. Thus
— n(lnn)? BE5 By ple s “— |n(lnn)? 8es:

o0 .
) sinn
the series E ——— converges.
n

£~ n(lnn)

DEFINITION 4.3. We say that the series Z ay is absolutely convergent if Z ||

n=1 n=1
converges.

Remark. If you are testing for absolute convergence, all the techniques for the
positive series are applicable.

COROLLARY 4.4. Every absolutely convergent series is convergent.

PROOF. Z a, absolutely convergent implies Z |a,,| converges. By Theorem 4.1,

n=1 n=1

oo
E a, converges. ]

n=1

Q: Is the converse of the Corollary true? l.e., if a series is convergent, will it be
absolutely convergent?
A: No, it is not necessarily true.

& 1
EXAMPLE 4.5. The series 5 (—1)"= converges by Example 3.5, but it is NOT
n
n=1
absolutely convergent by the p-series.

o0 oo
DEFINITION 4.6. Z a, is said to be conditionally convergent if Z a, converges

n=1 n=1

but Z |a,| diverges.

n=1

G 1
EXAMPLE 4.7. The series Z(—l)”— is conditionally convergent.

vn

THEOREM 4.8. Fvery series is either absolutely convergent, conditionally conver-
gent or divergent. 0

n=1
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EXAMPLE 4.9. The series

absolutely convergence p>1
- 1
E (—1)”—p = < conditionally convergence 0 <p <1
n
n=1
divergence p<0

5. Remarks on the various tests for convergence/divergence of series

1. n-th term test for divergence:
- a test for divergence ONLY, and it works for series with positive and negative
oo

terms, e.g. Z(—

n=1
2. Comparison test/Limit Comparison test:
- when applying these tests, one usually compares the given series with a geometric
series or a p-series.
- generally works for series which look like the geometric series or the p-series,

224 (1) K2

n=1

2+ (1"

o0
- when an oscillating factor/term appears, e.g. Z , try the Comparison

n=1
test rather than the Limit Comparison test.

3. Integral test

& Z lnn

4. Ratlo test
- generally works for series which look like the geometric series, series with n!, and
certain series deﬁned recursively,

oo 3 Z
& 3 4n n"

= 11
Zan, where a1 =1, a, = (= + —)ap_1, n=2,3, -+
vt 2 n

5. (Simplified) Root test:
- generally Works for series Where a, involves a high power such as the n-th power,

e.g. Zgn’ ZQ”(l——)

6. Alternatlng Series test: - works for alternating series only,
ln n
g, Z

Remark. In general, Tests 2 - 5 works only for Z ay, where a,, > 0.

n=1
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6. Estimation of Series
o oo
Let Zan be a series of numbers. Suppose that Zan is convergent. We are
n=1 n=1

oo
going to estimate the infinite sum S = Z Q.

n=1

= 1
Example. Let § = E — . By taking the partial sum, we have
n
n=1

1 1 1
S~ 5 =1, 5%52:14—?:1.25, S%ngl+§+3—2%1.361,....

By using computer programs, we are able to compute much more, say Sigooooo. A
mathematical problem is then what is the ‘error’ for estimating .S by using the partial
sum S,,. In other words, how to estimate the remainder

R, =S = Sl = |ant1 + any2 + -+ -|.

Theorem [Integral Test Estimation]. Let f : [1,00) — R be a positive, contin-
[ee]

uous and monotone decreasing function. Suppose we have a series E ap such that

k=1
ar, = f(k), then the remainder

R, =lapi1+apo+ | < / f(x)dx.

Proof. From the graph,

we see that

area of the rectangles < area under f(z) over [n,o00), that is,

— 1 1 1
Example 1. Z = ~ 1+ 2 +...+ T2 with the error
n=1

<1 1
Ry < —dr = — =0.1.
10_/10 27710

To get the estimation with error less than or equal to 0.01, we may need to add up
the first 100 terms.
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[e.9]

1
Example 2. FEstimate g —; with error < 0.001.
n
n=1
3

> 1 1 10
From / —4d:6 < 10’3, we have gn’B’ <1072 or n® > e or n > 7. Thus
n T

3

I 1 1 1 1 1 1
Sttt st et
n=1
with error < 0.001.
Theorem [Alternating Series Estimation]. Let Z(—l)”“an (or Z(—l)"an)
n=1 n=1
be an alternating series. Suppose that
(i) a, > 0 for all n,

(i) a, is monotone decreasing (i.e., ay, > ani1 for allm), and

(iii) lir% a, = 0.
Then the remainder

Rn - Z <_1)k+1ak < Qp41
k=n+1
(7"68]7. R, = Z (_1)kak < anJrl)'
k=n+1
Proof.
Ry = [(=1)"2ap1 + (=1)"Papy0 + - - |
= |n+1 — Anyo + Qpgs — Apya+ -+ |.
Since
Qp+1 = Apt2 T Apg3 — Qpyg + 0
= 1 — (Ant2 — Ant3) — (@npa — Anis) = (Anas — Qnar) — - < g

and

Apg1 — Qng2 + Any3 — Qpyg + - = (Qpg1 — Gng2) + (Gngs — Gpga) + -+ >0,

we have R, < ay,41.

o0

1
Example 3. Estimate Z(—l)"+1—4 with error within 0.001.
n

n=1

1
From ———— < 1073, we have n +1 > 6 or n > 5. Thus
(n+1)4

1 1 1 1 1
D e T

n=1

with error within 0.001.



CHAPTER 3

Series of Functions

1. Sequence of Functions

Let I be an interval in R, e.g. (—1,1),[0, 1], etc. For each n € N, let F,,: [ — R
be a function. Then we say {F,} forms a sequence of functions on I.

ExampLE 1.1. 1. F,(z) = 2", 0 <z < 1. Then {F,} forms a sequence of
functions on (0,1).

2. {(1 + E) } forms a sequence of functions on (—oo, o).
n

Write out some terms:
2 3
Fz)=1+z Fz)= (1 n —) Fy(z) = (1 n f)
If we fix the z, and let n — oo,

lim F,(z) = lim (1 + %)n e”.

n—oo n—oo

So for each x, we can define
F(z) = lim F,(x).

n—oo

DEFINITION 1.2. A sequence {F,} is said to converge pointwise to a function F
on [ if

lim F,(x) = F(x) for each z € I,

i.e., for each x € I and given any € > 0, there exists an N (which depends on = and
€) such that
|F.(x) — F(z)]<e  Vn>N.

DEFINITION 1.3. {F,} is said to converge pointwise on I if {F,} converge point-
wise to some function F'.

Remark. The function F' is called the limiting function of {F,} and is necessarily
unique.

EXAMPLE 1.4. Does the sequence {x"} where 0 < x < 1 have a limiting function?

F(z) = lim 2" =0

n—oo

for 0 <z < 1.

Remarks on pointwise convergence. Suppose a sequence of functions {F, } con-
verges pointwise to a function F on the interval [a, b]. We want to know whether the
limiting function F' inherits the properties of {F,}. For example, we may ask the
following questions:

39
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Question 1: Suppose each F,, is a continuous function on [a,b]. Is it true that F is
necessarily continuous on [a, b]?
Question 2: Is it true that

b b
lim Fo(x)dx = / F(zx)dz?,

i.e. whether

n—oo a n—oo

b b
lim F,(x)dx :/ (hm Fn(x)> dx?
Answers: NO to both questions.

EXAMPLE 1.5 (Counter-example to Question 1). Consider the functions
F.(z)=2", 2€]0,1].
For each fixed z € [0, 1), we have

lim F,(z) = lim 2" =0 (since |z| < 1).

At z =1, we have
lim F,(1) = lim 1" = 1.

Thus {F),} converges pointwise to the function F' on the interval [0, 1] given by
0, forze0,1),
F(z) =
1, r =1

Each F,, is continuous on the whole interval [0, 1], but F' is not continuous at = = 1.

EXAMPLE 1.6 (Counter-example to Question 2). Consider the functions

nz, 0<z<4i,
F.(z) =<¢ 2n—n’z, %g r < %,
0, 2<r<l.

n

For each fixed z € (0, 1], one sees that F,,(z) = 0 whenever n > 2, and hence
lim F,(z) = lim 0 = 0.

Also, at x = 0, we have
lim F,(0) = lim n*-0=0.

n—oo
Thus, {F,} converges pointwise to the zero function F(x) = 0 on the interval [0, 1].
For each n > 1, we have

1 1/n 2/n 1
/ F.(x)dr = / n*r dx + / (2n — n’z) dx + / 0dx
0 0 1/n 2/n

2.2+ ( n2x2)
+ | 2nx —
0 2

n-xr
1 1

n

+0

1

n

2
2



2. UNIFORM CONVERGENCE 41

Thus we have

1 1
lim F,(z)dx = lim 1_17&0_/ F(z)dz, ie.

n—oo 0 n—oo

lim x)dx # / hm F.( ) dz.

n—oo n—oo

Reason: At different x, F,,(x) converges to F'(x) at different pace (more specifically,
in the definition of pointwise convergence, the choice of N depends on both € and z).

2. Uniform Convergence
We define a slightly different concept of convergence.

DEFINITION 2.1. {F, } is said to converge uniformly to a function F' on an interval
I if for every € > 0, there exists an N (which depends only on €) such that

|F.(x) — F(x)| <e

for ALL z € I whenever n > N.

DEFINITION 2.2. {F,} is said to converge uniformly on I if {F,} converges uni-
formly to some F' on I.

THEOREM 2.3. If{F,} converges uniformly to F' on I, then {F,} converges point-
wise to F on I.

Remark. The limiting function F'is unique.
Two Criteria for Uniform Convergence of {F),}.

The following theorem is useful (computationally) in determining whether a sequence
of functions converges uniformly or not.

THEOREM 2.4. Suppose {F,} is a sequence of functions converging pointwise to
a function F' on an interval I, and let

T,, = sup |F,(z) — F(x)].

zel

Then {F,} converges uniformly to F on I if and only if lir% T, =0.

PROOF. First we prove the ‘only if’ part. Suppose that {F,} converges uniformly
to F' on I. Then for any given e > 0, there exists N such that

|F.(z) — F(x)| <§ forallm > N and z € 1

= Tnzsup|Fn(x)—F(x)|§§<e foralln > N
rel

= |T,,—0|=1T,<e foralln>N.
Hence we have 71111)% T, =0.
Next we prove the ‘if” part. Suppose that TlLlir(l) T, = 0. Then for any given € > 0,
there exists N such that

T, —0|=T,<e foralln>N
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= sup|F,(z) — F(z)| <e foralln>N
zel

= |F.(z) — F(z)|<e forallmn> N and z € I.
Hence {F),} converges uniformly to F on I. This finishes the proof of the theorem. [

THEOREM 2.5 (Cauchy’s Criterion). A sequence of functions {F,} converges uni-

formly on an interval I if and only if given any € > 0, there exists a natural number
N such that

(5) |Fo(z) — Fo(z)| <€ forallz €l and all m,n > N.
Remark: Here N does not depend on zx.

PROOF. First we prove the ‘only if’ part. Suppose that {F,} converges uniformly
to the function F on I. Then given any € > 0, there exists NV such that

|Fy(2) — F(z)| < % for all z € I and all n > N.
Then for all x € I and m,n > N,
[Fo(2) = Fo(2)] = [(Fu(z) — F(2)) — (Fn(z) — F(2))]
< |Fu(@) = F(@)] + [Ful@) = F@)| < 5 + 3

2
This finishes the proof of the ‘only if’ part.

Next we prove the ‘if” part. Suppose that equation 5 holds. Then for each fixed
point z € I, {F,(z)} is a Cauchy sequence of real numbers, and thus by Cauchy’s
criterion for sequences, the sequence of real numbers {F,(z)} converges. For each
x € I, we denote the limit by F(z) = 7}11210 F,(x). Then {F(x)}.er forms a function

on I, which we denote by F. Given any € > 0, by equation 5, there exists N such
that

— €.

|Fy(2) — F(2)] < % for all z € I and all m,n > N.
Then for each fixed x € I and n > N, we have
Fule) = F(a)| = [Fu(x) — lim Fy ()]

= lim |F,(z) — Fin(z)] < lim % = g <€

Thus {F,} converges uniformly to F', and this finishes the proof of the ‘if” part. O

.2
EXAMPLE 2.6. Show that F,(x) = o x, x € (—00,400), converges uniformly.
n

PROOF. The limiting function F(z) is
2

F(z) = lim 2 =0
n—0o0 n
for all z € (—o0, +00). Since
2 1
T,= sup |F,(z)—F(x)|= sup M <= =0
z€(—00,+00) € (—00,400) n n

as n — 00, thus the sequence of functions {F,(z} converges uniformly on (—oo, +00).
0
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EXAMPLE 2.7. Determine whether the following sequences of functions converge
uniformly on the indicated interval.

(@) falx) = "7 e (1 400);
(0) flw) = ", 2 € [2, o).

SOLUTION. Let f(z) = lim f,(z) =0 for z > 1.

2]
(a). T, = sup|fu(z) — 0] = sup nnT = sup fn(z). From
r>1 z>1
1 2_p3
fl(x) = nQE T —nflng - = % =0,

2

1 . . .
we have n* —n®Inz = 0 or z = en. Observe that f,(x) is monotone increasing for

1 . 1
1 < x < en and monotone decreasing for x > en. Thus

n2. 1
n

ﬂ=g§h@=h@U=(§w=gﬁ0

en

as n — oo and so {f,(z)} does NOT converge uniformly.
(b). Since en < 2 for n > 2, the function f,(z) is monotone decreasing on

2In2
[2,4+00) for n > 2 and so T,, = sup |f.(z) — f(x)] = fu(2) = n 2: for n > 2. Since
r>2
lim 7, = 0, {f,} converges uniformly on [2,400). O
1
EXAMPLE 2.8. Show that F,(z) = w converges uniformly on |2, +00).

:L-n

SOLUTION. F(x) = lim F,(z) =0 for z > 2. Observe

n—oo

n?In x| sin nz| < n?ln 2
S

T, = sup |F,(z) — F(z)| = sup

>2 >2 "

for n > 2. Since lim 7T, = 0, {F,} converges uniformly. O]

Remark. Let {F),} be a sequence of functions on an interval I. To see whether {F),}
is uniformly convergent, we may try to do by the following steps.

(1). Determine the limiting function F(z) = lim F,(x).
(2). Determine T,, = sup|F (x) — F(x)|.
(3). Check whether hm T, = 0.

If T,, is difficult to be determined, then we may try to estimate an upper bound of

T, ( a lower bound of 7,, if we guess that the sequence of functions might not be
uniformly convergent).
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3. Importance of Uniform Convergence of {F,}

We address the 2 questions raised in section 1 of this chapter in the context of
uniform convergence.

Suppose a sequence of continuous functions {F,,} converges uniformly to a func-
tion F.
1. Will F beb continuous? ,
2. Is lim / F,(z)dx = / F(z)dx?

The answer to both quegtions is YES.
Question 1 will be answered by the following theorem, while Question 2 will be
answered later (by Theorem 4.2).

THEOREM 3.1. Let {F,} be a sequence of continuous functions on an interval I.
Suppose that {F,} converges uniformly to a function F' on I. Then F is continuous
on I.

ProoOF. Fix any point zy € I. We are going to show that F' is continuous at the
point xy. Given any € > 0, since {F,,} converges uniformly to F' on I, there exists N
such that .

|F(z) — F(2)] < 3 for all z € I and all n > N.

Next we fix an n > N (say, n = [N]| 4+ 1). Since F}, is continuous at x¢, there exists
d > 0 (here § depends on z( and €) such that for all x satisfying |x — 2| < J, we have

[Fu(2) = Fu(o)] < 5.

Then for all = satisfying |z — x¢| < &, we have
|F(x) = F(wo)| = [F(x) = Fulz) + Fulx) = Fulwo) + Fulwo) — F(z0)]
< [F(2) = Fu(@)| + |Fulz) = Fa(wo)| + [Fa(0) — F(0)|

€ € €
<s;+5;+5=¢€

3 3 3
Thus F' is continuous at xy. Since xq is arbitrary, it follows that F' is continuous on /.
This finishes the proof of the theorem. O
EXAMPLE 3.2. Find the pointwise limit F of the sequence
x?n
F,(r) = ———, € [0, 1].
()= 2E]

Show using Theorem 3.1 that the convergence is not uniform.

SOLUTION. If 0 <z < 1, we have

0.

2n 0
lim F,(x) = lim i = =
n=oo nSoo 1422 140

1
If x =1, then F,(1) = 3 Thus the limiting function F(x) is

0 0<zr«1
F(z) =
r=1

D=
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Because each F),(x) is continuous but F'(x) is not, the sequence of functions {F,,(x)}
does not converge uniformly on [0, 1] by Theorem 3.1. 0

4. Uniform Convergence and Riemann Integration

Before we go on, we first recall some facts about Riemann integrals (Reference:
Chapter 6, p.150-160 of [1]).
Review of Riemann Integration
Let f be a bounded function on a finite interval [a,b]. A partition P of [a,b] is a
set of points {zg, x1,- - ,x,} such that

Aa=Tg < T <Xy <---<x, =0
For such a partition P and i = 1,2, ---n, we denote

Mi(f) = sup f(x)

J)E[Z‘i_l,l‘i}

mi(f)= inf f(a).

T€[wi_1,24)

The upper (Riemann) sum of f with respect to the partition P is defined to be
U(P, f) =Y M(f)Ax;.
i=1

Here Ax; = x; — x;—;. Similarly the lower (Riemann) sum of f with respect to P is
defined to be

L(P, f):= Zmi(f)Axi.

Then f is said to be Riemann integrable on [a,b] if and only if

inf U(P, f) = sup L(P, f),
P P

where the infimum and supremum are taken over all partitions P of [a,b]. When f is
Riemann integrable, the common value of the above equality is called the Riemann

b
integral of f over |a,b], and it is denoted by / f(z)dx.

THEOREM 4.1. A function f is Riemann integrable on a finite interval [a,b] if
and only if given any € > 0, there exists a partition P of [a,b] such that

UP, f)— L(P, f) <e.

Remark. Any continuous function on a finite interval [a, b] is Riemann integrable.
— End of Review —

THEOREM 4.2. Let {F,} be a sequence of Riemann integrable (bounded) functions
on a finite interval [a,b]. Suppose that {F,} converges uniformly to a function F on
[a,b]. Then F is Riemann integrable on [a,b], and

b b b b
lim [ F,(x)de :/ F(x)dr d.e. lim [ F,(x)de = / ( lim Fn(:l:)> dx.

n—oo n—oo n—oo
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PROOF. First we show that F(z) is a bounded function. Since {F,} converges
uniformly to F' on [a,b], for € = 1, there exists N such that
|F(z) — F(z)] < 1
for all n > N and all x € [a,b]. In particular,
|Fnii(x) — F(z)| <1 or Fyyi(x)—1< F(z) < Fyyi(x)+1

for all x € [a, b]. By the assumption, each F,, is bounded function and so there exists
numbers m and M such that

m S FN+1(5L‘) S M
for all x € [a,b]. Now, for all = € [a, b], we have
m—1§FN+1(:1:)—1<F(33)<FN+1(.:1:)—|—1§M+1

and so F'(z) is bounded.

Next we show that F' is Riemann integrable on [a, b] using the criterion in The-
orem 4.1. Given any € > 0, since {F,} converges uniformly to F' on [a,b], there
exists NV such that

(6) |Fo(z) — Fx)] <

3(b—a)

Fix an n > N (say, n = [N] + 1). Since F, is Riemann integrable on [a, ], it follows
from Theorem 4.1 that there exists a partition P of [a, b] such that

U(P,F,) — L(P,F,) < %

for all € [a,b] and all n > N.

Fix such a partition P, and write
MZ(F> = sup F(Q:)’ Mz(Fn) = sup Fn(‘r)7

TE€[Ti—1,4] €T 1,2

mi(F) = inf F(x), mi(F,) = inf F,(z).

w€[wi1,mi] r€[Ti-1,7i]
From Equation 6, we have, for i =1,2,--- ,n,

€

M;(F) — M;(F,)| < )

MAF) = M(F)| < 3
€

i(F) —mi(Fn)| <
mF) = mi(F)] € 375

Then

U(P,F)— L(P,F) =Y M;(F)Az; - Z m(F)Az; = Z (My(F) — my(F))Ax;

=1
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=U(P, F,) — L(P, F,) + Z | M;i(F) — M;(F,)|Az; + Z [mi(F,) — mi(F)|Ax;

€ - € €
¢ At Aa,
<3+;3(b—a) . +Z3(b—a) !

i=1
€ 2e € 2€
3+3(b—a)§ n=gtgg gy (bra =«
Using the criterion in Theorem 4.1, it follows that F' is Riemann integrable on |a, b].
Now we are going to prove the equation in the theorem. For any given € > 0,
since {F,,} converges uniformly to F' on [a, b], there exists N such that

|F.(z) — F(x)] < for all x € [a,b] and all n > N.

2(b—a)

/abFn(x) dz — /abF(@ dz

S/a |Fn<w>—F(x)!dxs/a 2<b€_a)dx§2(b€_a>~(b—a):§<e.

b b
Thus we have lim [ F,(z)dx = / F(z)dz, and this finishes the proof of the

n—oo

Then

/ (Fu(z) — F(2)) dz

theorem. ‘ O

ExaMPLE 4.3. Compute, justifying your answer,

Usinnzx

lim x.
n—oo Jg n—l—:c2
sin nx
SOLUTION. Let F,(z) = el Then the limiting function
n+x
sin nx

F(z) = lim F,(z) = lim

n—oo n—oo 1, + J;2

for any given 0 < x < 1, by the Squeeze theorem, because

1 sin nx 1
< <
n_n+x2 " n

1
and lim — = — lim — = 0. Since
n—oo M n—oo 1
sin nx 1
T, = sup |F,(x)— F(z)|= su <—-——0
033521’ (z) (@)l 0921 n + 2 n

as n — 00, the sequence of functions {F,} converges uniformly to F(x) and so, by
Theorem 4.2,

1 . 1 : 1
lim [ 2 g :/ lim S gy :/ 0dz = 0.
0

n—oo Jo n + 2 o n—oo n 4 a2
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5. Series of Functions

A series of functions on an interval I is of the form

an(x) = filz) + falz)+ -+,

where each f,, is a function on I.

ExAMPLE 5.1. Below are some examples.

1. Zx"71:1+x+x2+x3+'--
n=1

. sinkz sin sin2x  sin 3z
k+x 1+z 24z 3+x

k=1

As in chapter 2, we may form the partial sums
Sn(x) = felz) = fi(x) + fala) + - + fu(2).
k=1
Then {S,} forms a sequence of functions on I.

o)
DEFINITION 5.2. The series Z fn is said to converge pointwise (to a function S)
n=1

on I if {S,,} converges pointwise (to S) on I, (i.e. lim S,(x) = S(x) for each z € I.)

ExXAMPLE 5.3. What is the pointwise limit of Zx"’l, where x € (—1,1)7

n=1

SOLUTION. Consider the partial sum

—~ 1—a"
Sn — 271:1 n—1 _
(z) Zlcc tr+ta —
for —1 < x < 1. Thus
= 1—a" 1
for x € (—1,1). O

DEFINITION 5.4. Z fn is said to converge uniformly (to S)on I if {S,,} converges
n=1

uniformly (to S) on I.

o0

EXAMPLE 5.5. Does Zx"‘l converge uniformly on [0, %] ¢

n=1
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1

— X

SOLUTION. Let S(z) = Z:p”_l. Then S(z) = . for v € (—1,1) by the

n=1
above example. Now

1—a2 1 g
T, = sup |Su(x) — S(x)| = sup [~ — — sup |—
0<e<} o<t =2 I—a]  qper|l—u
1 n
n 2 1\"!
= su S
0<x£%]’ T 1 2
2
N \" 1 1 ‘ ' 1\ !
because z" < 3 and 1 —z > §f0r0§$§ 7 Since lim 3 = 0,

lim 7}, = 0 by the Squeeze theorem and so the sequence of functions {5, } converges

uniformly to S(z) on [0, 1]. Thus the series of functions Z 2"~ converges uniformly

n=1
on [0, 1].

O

The following test is very useful in verifying that certain series of functions con-
verge uniformly to some functions on an interval.

oo

THEOREM 5.6 (Weierstrass M-test). Consider a series of functions Z fr on an

k=1
interval 1. Suppose that

(1) [fe(x)] < My forallz €I, k=1,2,---, and

(ii) ZMk converges.

k=1

Then Z frx converges uniformly (to some function) on I.
k=1

ProOOF. For n =1,2,---, let S,(x) = ka(x), x € I. Since ZMk converges
k=1 k=1

(by (ii)), the sequence of partial sums {s,, = Z M.} converges, and is thus a Cauchy

k=1
sequence of real numbers by the Cauchy Criterion. Thus, given any ¢ > 0, there
exists N such that

|$n — sm| <€ forallm>m >N

i]ZMk—ZMk\<e foralln >m > N

k=1 k=1

= Z M, <e foralln>m> N.
k=m+1
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Then for all x € I, we have

1Su(@) = Swl@) = | Y- fle) = D ful@)| = | D2 fula)
k=1 k=1 k=m+1
<3 @l Y Mi<e
k=m+1 k=m+1
Thus by the Cauchy criterion for functions, {S,} converges uniformly (to some func-
tion) on I, i.e. Z fr converges uniformly (to that function) on /. O
k=1

=, cos"
EXAMPLE 5.7. Show that Z 5 converges uniformly on (0, c0).
=1

n‘+x

PROOF. Since

cos" x 1
n?>+zx| ~ n?
1
for all z € (0,00) and the series Z — s convergent by the p-series, the series of
n
n=1

n2

=\ cos" &
functions g n converges uniformly by the Weierstrass M-test and hence the
x
n=1
result. O

EXAMPLE 5.8. Show that the series Z T does not converge uniformly on [0, 1).
n

n=1

PRrROOF. Observe that

() k 0 k
T, = sup [S,() - S@] = swp | S = sup 3T
0<a<1 0<a<1 | S~ k O<e<l, 1 k
We have
00 $k 2+ iL‘k
Ths = sup Z —— 2> sup Z o
O<x<1 k=2541 0<z<1 k=2541 k
225+ 22°+2 22t
— s ot
IS T R T 251
> i 22
2 e (G g o
v (l+z+a?+-+a¥1) > !
= Su xr x xr a
0<r§1 2S+1 T2
because
' 2541 ) s 1 1 1 s 1
lim S (Lhzta® + o 2™ ) = g (L L ) = ooy 2=
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Thus the subsequence {75} does not tend to 0 and so the sequence {7} does not
k

tend to 0. It follows that the series of functions Z % does NOT converge uniformly

k=1
on [0, 1).

OJ

6. Importance of Uniform Convergence for Series of Functions

COROLLARY 6.1. Suppose that Z fr converges uniformly to a function S on an
k=1
interval I. Suppose that each fi. is continuous on I. Then S is also continuous on 1.

PRroOOF. Consider the sequence of partial sums {S,} on I, where we have S,, =
Z fr- Then {S,,} converges uniformly to S on /. If each f; is continuous on I, then

k=1
each 9, is also continuous on /. Then by Theorem 3.1, S is also continuous on I. [

€ (0,00), a continuous function?

SOLUTION. Let f,(z) = . We find an upper bound of f,(z). Observe that

n26nz

)= (=E) = (e ,_e_m—nxe_"”_eim %_I>
- (57 -2 )

n2ene n? n? n

We obtain that f(z) > 0 for 0 < z < X and f}(z) < 0 for z > L. It follows that

fn(z) is monotone increasing on (0, 1] and monotone decreasing on [% 00). Thus
o) fa) =g (L) =2 =
su r) = max x) = ~ | = -
0<z<E)Loo ! 0<z<too” " "\n n2evn en®

1 o0
Let M, = —. Then |f,(z)| < M, for z € (0,00). Since ZM” converges by

3
n
€ n=1
>z
the p-series, the series of functions E 5 —— converges uniformly by Weierstrass M-
n2e
n=1

T . .
5 18 continuous on

test on (0,00). According to Corollary 6.1, the function Z
n=1

(0, 00). O

COROLLARY 6.3. Suppose that Z fr converges uniformly to a function S on an
k=1
interval [a,b]. Suppose that each f, is a Riemann integrable (bounded) function on
[a,b]. Then S is also Riemann integrable on |a,b], and

/GS(x)dsc:kz;/a fre(x)dz, e ka dx—Z/ fr(z

@ k=1
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PROOF. Consider the sequence of partial sums {S,,} on [a, b], where S,, = Z T
k=1
Then {S,} converges uniformly to S on [a,b]. If each fi is Riemann integrable on
[a,b], then each S, is also Riemann integrable on [a,b]. Then by Theorem 4.2, S is
also Riemann integrable on [a, b], and

/b S(x)dr = lim bSn(:c) dr = lim bifk(x) dx

n—oo a n—oo a k:l
n b 00 b

:7111_{1;02/ fr(x)de = Z/ fr(z)dx.
k=179 k=179

By using this theorem, we have the following amazing formula.

EXAMPLE 6.4. Show that

oo

1 11 1
n2 — _ -
. Zn-2” AN

n=1

PROOF. According to Example 5.5, the series Zx”_l converges uniformly to

n=1
1
T o0 [0, ]. Thus we have
31 3 >
n—1
= " dx
L=
0o 1 [e%) n|1/2 o)
2 n—1 T 1
= " dr = — = .
Since

S| } 1 1
/2 =—In(l—2)"=—n <1——) =—In (—) =1In2,
0 1—= 0 2 2

we obtain the formula
=1 1 1 1
In2 = -
& Zn-Q" 5T T3 s

n=1

OJ

Remark. Example 6.4 gives a way to estimate the number In 2 because the remainder

> 1 1 1
R, = =
D e RS 1 e

1 1 1
< o« o
D271 (02 (k2

1 1 1 1 1
_ 14—+ — 4. | = . = .
(n+1)2n+1( Tatet ) (nr 12 1-1  (n+1)2n
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For instance,
1
In2 ~ — -
s R N TR B R T T
1 1

with error less than 11310 = T1264°

THEOREM 6.5. Let {F,} be a sequence of functions on [a,b] such that

(1) each F) ezists and is continuous on [a,b],
(ii) {F} converges pointwise to a function F on [a,b], and
(iii) {F)} converges uniformly on |a,b).
Then F' is differentiable on [a,b], and for all x € |a,b],

F'(z) = lim F)(z), z'.e.di( lim F,(z)) = lim (iFn(m))

n—o00 €T " n—oo n—oo “dx

Remark. Here the differentiability and continuity at the endpoints a and b refer to
the one sided derivatives and limits respectively.

PROOF. By (iii), there exists a function g such that {F]} converges uniformly
to g on [a,b]. In particular, lim F)(z) = g(z) for all = € [a,b]. By (i), since each F),

is continuous on [a, b], F), is also Riemann integrable on [a, b], and by the fundamental
theorem of calculus,

/ F!(t)dt = F,(x) — Fy,(a) for all z € [a,].
Letting n — oo, we have, for all = € [a, b],

) tin [ F(0de= lim (F) - Fy(0) = F@) - Fla)

On the other hand, since {F]} converges uniformly to g on [a,b], it follows from
Theorem 4.2 that

lim [ F(t)dt —/ (lim F)(t))dt —/ g(t) dt.
Together with equation 7, it follows that
F(z) — F(a) = / g(t)dt for all z € [a,b].

By (i) and Theorem 3.1, ¢ is continuous on [a, b]. Then by the fundamental theorem
of calculus, we have
— / t)dt = g(x).

Together with equation 7, it follows that F' is also differentiable on |[a, b], and for all
x € [a,bl,

The proof is finished. O
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REMARK 6.6. By inspecting the proof, Theorem 6.5 still holds when the closed
interval [a, b] is replaced by (a,b), (a,b] or [a,b).

COROLLARY 6.7. Let ka be a series of functions on [a,b] such that
k=1
(i) each f exists and is continuous on [a,b],

(ii) Z fr converges pointwise to a function S on [a,b], and
k=1

(iii) Z f1. converges uniformly on [a, b].
k=1
Then S is differentiable on |a,b], and for all x € [a, b],

/ [e9) , . d 9] B [es) d
S@) =Y filw), e (D Al@)) = Y0 fule).
k=1 k=1 k=1
PrOOF. Consider the sequence of partial sums (of functions) {S,} on [a, b], where

Su =Y _ fi for each n. Then by (i),
k=1
lim S, (x) = S(x) forall x € [a,b].

The conditions (i), (ii), (iii) of the corollary imply that the sequence of functions
{S,} satisfies the corresponding conditions (i), (ii), (iii) of Theorem 6.5. Thus by
Theorem 6.5, the function S is differentiable on [a, b], and for all z € [a, b],

S(w) = Jim S,(@). e (3 )
= lim (ifk(@)l = Jifgozn:fé(w) = f: %fk(f)-
k=1 k=1 k=1

OJ

REMARK 6.8. According to Remark 6.6, Corollary 6.7 still holds when the closed
interval [a, b] is replaced by (a,b), (a,b] or [a,b).

7. Power Series

DEFINITION 7.1. A power series in x is of the form

o0
E ant" = ag + a1 + asx® + - - -

n=0
EXAMPLE 7.2. Below are some examples
LY (n+1)a" =1+22+32" +42° + 52" + - -
n=0
= " 2 a2
2. Zm:1+x+§+§+---

n=0
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DEFINITION 7.3. A power series in x — x is of the form
o
Zan(az —20)" = ag + a1 (z — x0) + az(x — 30)* + - -
n=0

EXAMPLE 7.4. Here are some examples.

[e.9]

LY (@=1)"=1+(@—1)+@—-1)7+-.
2. in2(m+2)”:(x—|—2)+22(:L‘+2)2+32(:L‘—|—2)3+----

oo
Warning. Don’t expand out the terms a, (x—xy)" in the power series Z an(x—x0)"

n=0
because, when you rearrange terms in an (infinite) series, you may get different values.

(For partial sums, you can expand out, if it is necessary, because there are only finitely
many terms.)

o0
Question: Given a power series E an(x — x9)", when does it converge and when

n=0
does it diverge?
oo
THEOREM 7.5. Given any power series Zak(x — x0)F, there is an associated
k=0
number R, 0 < R < oo, called the radius of convergence, with the following properties:
o0
(i) The series of real numbers Z ar(x—1x0)* converges absolutely at each point
k=0

x satisfying |x — xo| < R.
o0

(ii) Zak(:v — 20)¥ diverges at each x satisfying |x — zo| > R.
k=0
(iii) The series of functions Z ar(x — 20)* converges uniformly on the interval

k=0
|z — xo| < p for any p satisfying 0 < p < R.

Moreover, R is given by

(8) R—— !

~ limsup |ag|*

(R = 0 if limsup |ag|t = oo; and R = oo if limsup|ag|t = 0.) In addition, if
|k
1

exists, then R is also given by
k—o00 |ak’

9) R=
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1
PROOF. Let R = —  be as given in Equation 8. First we are going

lim sup |ay|*
to prove (i). For each point x satisfying |x — x¢| < R, we consider the series of
o0

(non-negative) real numbers Z lax(z — 10)*|. We have
k=0
1

1
limsup (|ay(z—20)*|)* = limsup (|ak]%|:c—:c0]) = |x —xo|-lim sup \ak|% < R-E = 1.

o0 o0
Thus by the root test, Z lax(z — x0)*| converges, i.e. Zak(x — 20)" converges

k=0 k=0
absolutely.

Next we are going to prove (ii) by contradiction. Suppose that Zak(:ﬁ — )k
k=0
converges at a point x satisfying |x — x| > R. Then by Theorem 1.7, we have
klim ar(r — x0)" = 0.

Letting ¢ = 1. Then there exists /N such that

lag(z —20)F — 0] <1 forallk >N = |ak(x—x0)k|%<1 for all k > N

1 1
= |ak|% <—— forallk >N = sup|ak|%§— foralln > N
[z — 0| n>k |z — 0|
= i s —— o Lo 1 1
imsup |a — —<— <=
Pk e — x| R~ |Jx—x R’

oo
which is a contradiction. Hence we must have Zak(x — x0)" diverges at each
k=0
satisfying |z — xo| > R.
Now we are going to prove (iii). Let p be a number such that 0 < p < R. First,
we have, for each k and all z satisfying |z — zo| < p,

(10) (@ — @0)*| < Jax| - p".

(e.9]
Now we apply the root test to the series Z |lag| - p*. We have
k=0
1

1 1 1
limsup (|a| - p*)* = limsup [(!ak])’“ -p] = p-limsup |ax|* < R - i 1.

Thus by the root test, Z lag| - p" converges. Together with equation 10, it follows
k=0

from the Weierstrass M-test that the series of functions Zak(x — 20)" converges
k=0
uniformly on [zq — p, o + p).
Finally the proof of the Theorem under the condition ( 9) in place of ( 8) is similar
(with the root test replaced by the ratio test in various places), and it will be left to
the student as an exercise. O
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EXAMPLE 7.6. What is the radius of convergence for the series
1+x+x2+x3+x4+x5+x6+
3 42 33 4% 3 46

SOLUTION. Since

e n =2k
a, =
32]1_1 n=2k—1,
we have
% n =2k
o] =
- n=2k—1.

— 1
Thus lim {/|a,| = 3 and so the radius of convergence
1

R= ————=
lim +/|a,|

n—0o0

= 3.

Wl =

COROLLARY 7.7. Given any Z ar(x — 20)* with radius of convergence R,

k=0
00

(i) the series of real numbers Z ar(x—1x0)* converges at each point x satisfying

k=0
|z — x0| < R.
o0

(ii) Zak(:v — 20)" diverges at each x satisfying |x — x| > R.
k=0

PRrROOF. (i) follows from Theorem 7.5(i) and the fact that an absolutely conver-

gent series is necessarily convergent. (ii) follows from Theorem 7.5(ii). O
= (dz +3)"
EXAMPLE 7.8. Find the radius of convergence of the power series g @
n
n=0

SOLUTION. Observe that

N (dz 43" A" 3\"
) R e R LRy I
n=1 n=1
Thus
1 1 1 1
R_ pu— pu— pu—
n+1 3
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8. Interval of convergence.

[e.e]
In view of Corollary 7.7, for a power series Zak(x — x0)" with radius of con-
k=0
o0
vergence R, the set of points at which Z ar(z — 0)* is convergent form an interval
k=0

called the interval of convergence, which must be either
(.CL‘O—R,Z'O—FR), (Q?o—R,xo—i‘R],
[to — R,20+ R) or [zo— R,xz0+ R].

EXAMPLE 8.1. Find the interval of convergence of the power series.
= (-2 K@)t .
(i) ZT (ii) ZT (iii) Zn(x—Q)
n=1 n=1 n=1

SOLUTION. (i). First we find the radius of convergence

1 B 1 B 1 _1
. ana| n? 1 -
lim lim —— Iim ———
oo fag] e (1) oo (T4 1)

Next we check the ending-points xo £+ R =2+ 1 =1,3. When x = 1, the series
(D"
Dy

n=1

which is convergent by the p-series. Thus the interval of convergence is [1, 3].
(ii). The radius of convergence is

I 1 B 1

o anga] lim — Y 1
Pntll lim ——

R P (R ) By sy

R:

=1
, which is convergent by Example 3.5. When = = 3, the series is E =
n
n=1

bl

00 _1)
Now we check the ending-points zo = R = 1,3. When x = 1, the series is Z (=1)
n=1

n
1
which is convergent by Example 3.5. When x = 3, the series is E —, which is
n
n=1

divergent by the p-series. Thus the interval of convergence is [1, 3).
(iii). The radius of convergence is

1 1 1

- I~ 1
i 2l g 2P g (1+-)
n—o00 |an| n—00 (n) n—0o0 n

Now we check the ending-points xqg4+ R = 1,3. When x = 1, the series is Z n(—=1)",

n=1

and when x = 3, the series is Zn Both of these series are divergent by the
n=1
divergence test. Thus the interval of convergence is (1, 3). O]
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oo

THEOREM 8.2. Suppose that Zak(x — 20)* has radius of convergence R > 0
k=0
with pointwise limiting function f(x) on |x — xo| < R (i.e. f(x Zak T — x0)"

on |x — xo| < R), then f(x) has derivatives of all orders on
|z — x| < R, and

(k)
(11) ap = / k‘(‘%) for all k.
‘ — P (o) k
(i.e. we have f(z) = o (x —x9)".)
k=0
PROOF. First we are going to show that the series Z kap(x — 20)*~! also has
k=1

radius of convergence R. To see this, we first observe easily that |kay| > |ag| for
k > 1, and thus

(12) limsup|kak]% > limsup]akﬁ.

For any € > 0, since lim kk = 1, it follows that there exists N such that

k—o0

ki — 1| <14¢ foralk>N= ki<l+e forallk>N

= |k:ak|% < |ak|%(1 +¢) forallk >N = limsup |k:ak|% < lim sup |ak|%(1 + €).
Letting € — 0, it follows that

lim sup |kak|% < lim sup |ak|%.
Together with equation 12, it follows that

lim sup |kak|% = lim sup |ak|% =1/R.

Taking reciprocals, it follows that Z kay(z — 20)*!  also has radius of conver-
k=1
gence R.

Next we are going to apply Corollary 6.7 (with fi(z) = ap(z — 20)*) on any
interval |z — x9| < p for any p < R. Obviously, each  fi(z) = kap(z — x)**
exists and is continuous on |z — 9| < p. Thus condition (i) of Corollary 6.7 is
satlsﬁed Condition (ii) of Corollary 6.7 follows from Theorem 7. 5( ). Since the radius

of Zkak x — 10)*! is R, by Theorem 7.5 (iii) (applied to Zkak x — 3o)F ), it
k=1 k=1

follows that Z kay(z — 20)*™! converges uniformly on |z — 20| < p, i.e. condition
k=1
(iii) of Corollary 6.7 is also satisfied.
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Thus by Corollary 6.7, f(z) is differentiable on |x—x¢| < p, and for all z satisfying
|x — xo| < p, one has

(13) Z —ak x — 1)k = Z kay(z — xo)F .
k=1
In particular, by evaluatmg at © = xg, one has

f(z0) = ay.
For any number z satisfying |z — x¢| < R, we can choose a number p < R such that

|r — 29| < p, and thus f(z) is differentiable at x. Hence f(z) is differentiable and

equation 13 holds everywhere on |z — 2| < R.
[e.e]

Repeating the above argument (with f(z Z ap(x — 20)* replaced by f'(z) =
k=0

Z kap(x — 20)* " on |z — 24| < R), it follows that f'(z) is differentiable on

|x_— xo| < R, and

"(ao) = Y k(k — D)ag(x — z)* =2-1-a.

T=x0

Repeating the above argument again and again, it follows that f(z) is has derivatives
of all order on |z — x| < R, and f*(x) = k!-ay, for all k, which leads to equation 11.
This finishes the proof of the Theorem. 0

9. Taylor Series

DEFINITION 9.1. For any function f(z) which has derivatives of all orders at a
point x = x(, we may construct the power series

> f(k) Zo L
Zf ( )(l‘—.’ﬂo),

which is called the Taylor series of f at x = xg.

EXAMPLE 9.2. Find the Taylor series of e* at xqg = 0.

SOLUTION. Let f(z) = e*. Then f™(z) = e¢*. Thus f™(0) = 1 and so the

Taylor series of e* is

) 2

T
> '—1—|—x+—+
—~nl 2!

In view of Theorem 8.2, we may ask the following question:
Question: Does the equality

0 (g .
(1) f) =3 T 0 g

k=0

hold for |z — x¢| < R?
(Here R is the radius of the convergence of the Taylor series.)
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It turns out that in general, the answer is NO. (See Example 9.4 for an example of a
function such that equation 14 does not hold.

However, the above equality does hold for some elementary functions such as
e*,sinz, cosz, In(1 + x).

DEFINITION 9.3. Functions for which equation 14 hold are called analytic func-
tions.

ExaMPLE 9.4. Consider the function

e*z% x # 0,
flz) =
0 x=0.

Then we will show that f(x) # its Taylor series at xy = 0.

PROOF. First we show that for any n € Z™,

1
(15) lim — = 0.
z—0 xrez?
To see this, we substitute y = ?12 to get
. . 1 n
lim — = lim — T

=0 pnepyz =0 12npL27

= < lim y_) -limz" =0-0 (by L’Hopital’s rule) = 0.

y—-+oo €Y z—0

Next we compute f(0).

Cf@) = f0) . em—0_
/ _ JWw)=Ju) _ e=-V_ _
f(0) = lim =2 =l = = lim - = 0 (by (15)),
For = # 0,
f(x) = d%:(e_a}?) — 93¢ a2
Thus,
2r73¢ 2 1 #£0,
f'(x) =
0 r=0
Next we compute f”(z).
/ gt 9 _3 _9%2 . 1
7(0) = tim L =IOy 207 220 oy 0 by (15).
z—0 z—0 z—0 T z—0 rhesz

Again, for x # 0,

f”(x) = di(Ql’_ge_xl?) = (—637_4 + 4118_6)6_9%2,
x
Similar calculations will lead to

£(0) = f1(0) = f'(0) = f&(0) = fP(0) =--- =0.
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Thus we have

- f(k)(o) k N 0 k 2
kz i :kZH”" =0+0z+022+---=0.
=0 =0

1 > fk)
Clearly, at any x # 0, f(z) = e 2 # 0. Therefore, f(x) # Z / kfo)xk O
k=0 '

Some standard analytic functions and their Taylor series.

Some well known analytic functions and their Taylor series at = 0 are given as
follows:

. =" 2 a8
e :;H:1+x+§+§+--- (|x| < o0)
. B o (_1)nx2n+1_ x3 1'5 1’7
B > ( 1)nx2n B [EQ 113'4 $6
cosm—nzow—l—a-kz—g—l—--- (Jx] < 00).
o0 (_1)n+1$n 1’2 1.3
In(1 = — = —+ = — - <1).
n(+x);1 - Tt (Jo| < 1)
1 - n 2 3
. =y 2"=14zc+a"+a2"+--- (|z] < 1).
-
=0
1 oo
1+x:nzz()(—l)”xnzl—x+x2—x3+--- (lz| < 1).
0 2n+1 3 5
arctanx:;(—l)”;n_i_l:x—%—f-%—--- (-1 <z<1)
= [« ! a a
1 a n:1 2 3 oo <]_
(1+x) ;(”)x +(1>x+(2)x +(3)x + (|lz| < 1),
where
a a-(a—1)-(a—2)-(a—k+1)
k k!
for any real number o and integers £ > 1, and g =1

Remark. We may use Theorem 8.2 and the standard Taylor series to find the
Taylor series of certain analytic functions.

ExamMpPLE 9.5. Compute the Taylor series for

5 where |x| < 1 using the
T

Taylor series for on the same domain.
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SOLUTION. Since

" for |z| < 1, we have

f:

for |z| < 1. Thus the Taylor series of

ISZ n 2n ]

Let n be a positive integer. The notation n!! means

2:4-6---n n =2k even
nll =
1-3-5---n n=2k—1 odd

EXAMPLE 9.6. Find the Taylor series for arcsinx where |z| < 1 and show that

(2k — 1)
(16) EE: k- (2K 4 1) - 23551

SOLUTION. For |x| <1,

T 1
arcsin r = ——dt = 1 + ( t2 3 dt = / ( 2) (—t?)*dt
/ V1 —t? / k

_Z/ (_%> 1)kt — Z(_l)k<—k%) g2kt x+§: <_%> 2k+11

Note that o k=1
N (_%) : (_%_1) (_%_k+1> ) (%) , (_g) <_2k2—1>
<k>_ 8 : Kl

for K > 1. Thus

- 2k — 1)!! 2k: -1
arcsinz = x + Z(—l)k(—l)k ( ) o =g 4 Z o g2

2 k1. (2k+ 1) (2k+1)
and so
' 1 & (2k — 1) 1 & (2k — 1!
—:arcsm—z§+Z2k'k!_(2k+1)_2%+1ZQ Z (2k + 1) - 28k41°

k=1

Remark. The remainder of the formula 16 can be estimated as follows.

B RS (2k — )N G 1
- |S Sn| - k;l 2k . 1. (Qk; + 1) . 92k+1 < k;q (2k‘ + 1)22k+1
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< f: ! = ! 14— ! + L +
LS (20 + 3)2%k0 ~ (2n + 3)22n+3 4 42
1 1

T @2n+3)223 (1- 1) 3(2n + 3)22H
For instance, let n = 10, we have

(2k — 1)
”%6( +Zk' 2k +1 23k+1>

with error less than
1 1 1

6 - :
3-23-221  23.220 24117248
If we choose n = 20, we have

(2k — 1)
WN6( Zk' (2k + 1 23k+1>

with error less than

1 1 1
6 - = = <1071
3-43-241  43.2%  47278999994368
1
If n = 40, the error is less than < 107%.

100340843028014221500612608
10. Taylor Formula and its Applications

THEOREM 10.1. If f and its first (n + 1) derivatives f', f", ---, f®* are con-
tinuous on [xo, x| or [z, x¢], then

n ) (g .
=37 ,j! da— a0 + By(a)

where R, ( / fOD () (@ — t)"dt.
— () k
PROOF. We may assume that zo < z. Let ¢(t) = f(x) — X (x —1)" be
k=0 '
a function on t for o <t < x. Then
: —~ f*() ~ [P -
)=S0 S B0 i )
k=0 ' k=1 '
— f*0() RS AU( -
-1 -1
2 (= 1) +k:1 (k_l),(flf )
(n+1) t
[ (w4t ] n‘<>(x_t>n]

7 " (n)
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S il PR

Thus g(x) — g(zo) = / t)dt = / f(nﬂ) —t)"dt = —R,(z) and so

®) (24
o) -3 )<x—xo>k=g<xo> = Ru(o)
k=0 ’

because g(z) = 0. O]

LEMMA 10.2. Let f and g be continuous on |a,b]. Suppose that g does not change
sign in [a,b]. Then there is a point £ € (a,b) such that

f@g)de = 7€) [ ga)de.
/ /

PROOF. We may assume that g(z) > 0 for = € [a,b]. Since f is continuous on
[a,b], f has maximum and minimum on [a,b]. Let M = max{f(z)|la < x < b} and
m = min{f(z)|la <z <b}. Then m < f(z) < M for a < 2z < b and so

/ dx—/mg dx</f dng/a o(x)dz

If / g(x)dz = 0, then / f(z)g(x)dz = 0 and the assertion holds in this case.

b
Otherwise / g(x)dx > 0 and so

b
. / fb<w>g<as>da: .
/GQ(J})dI

By the intermediate-value theorem, there is a point £ between a and b such that

. A st
/a g(x)dx

THEOREM 10.3 (Taylor Formula.). If f has derivatives of all orders in an open
interval I containing xq, then for each positive integer n and for each x in I,

"(r (n) T
/ é!O) / n(' 0) (x — x20)" 4+ Ry(x),

O

f(x):f($0)+f/(xo)(x—xo)—|— (;{;—xo)2+...+

where the remainder

(n+1
f (5))(ZL’—$0)”+1.

(@) = 50
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PROOF. Since g(t) = (x — t)" does not change the sign on [z, z], by the above

lemma, we have
(n+1) z

n! .

B n+1)<£> (x . )n—i—l B f(n+1)<£>
Y n+ 1 _(n+1)!($_x0

)n—i—l.

o0
Note. The Taylor series Z / k('ﬁo) (z — 20)* converges to f(x), that is,
k=0 ’

> (k)
= ! k('l'o) (& — )",
k=0 ’

if and only if the Taylor remainder R,(z) — 0 as n — oo. The function in Ex-
ample 9.4 is not analytic because the Taylor remainder does not tends to 0 for any
x #0.

Taylor Estimation. If f has derivatives of all orders in an open interval I containing
xo, then for each positive integer n and for each x in I,

Fla) # Tl = Fao) + £ ) —20) + L5 o ) -

with error

H[lax]{f(”“(t))}

te|xo,r n

Ral@)] < =2yl = ol
o _k

EXAMPLE 10.4. Show that e* = Z % for x € (—o0, +00).
k=0

SOLUTION. Let f(r) = e® and 79 = 0. Then f®*)(z) = ¢® and so f®(0) = 1 for
all £ > 0. Since the Taylor remainder
forDg) max{e®, 1} - 2"
|Ra(2)] = | F7——=3r2™" i
(n+1)! (n+ 1)!
as n — oo for any given x. Thus e” equals to its Taylor series for any given x, that
is,

+1

— 0

<

—ak =1 i
];_ = +x+2,+

Applications
Binomial Series. Let m be any constant. Recall that the binomial series states

that
-1 -1 -2
(1 x)m 1+ ma m(rr;' )x2 m(m 3)'(m )x3
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13 (D)2 (1)

for |z] < 1.

ExAMPLE 10.5.

\/1+—x=(1+x)§:i(i)xk=1+1x+wx2+---

=0

m:(l_lﬁ);:z(z) (_I3)k:1_%x3+(§) (_ﬁ)lﬁ_’_”'

Evaluating Integrals.

1
ExaMPLE 10.6. FEvaluate the integral / sin x?dx with an error of less than to
0
0.001.

3 5
SOLUTION. From sinx = x — % + % — -+, we have
6 10 o0 4k—2
ma? =22 T N
sing” = 2° — + = + —kz:;( 1) C]
and so
1 1
/ sin z2dx = / z2dr — / —dx +/ —dm + -
0 0
00 1, 4k—2
1
— -1 k+1 x—d _ -1 k+1
>_(=1) / 2% — 1" Z( N T T
k=1 0 k=1
1
is an alternating series. Let a,, = @n = Di{An —1)° From
1 1

Apy1 =

<
2n+1)(dn+3) = 1000’
we have (2n + 1)!(4n + 3) > 1000 or n > 3. Thus

1
1 1 |
. 2 ~ -
/081”de1!-3 317 511

with error less that 0.001. O

ExAaMPLE 10.7. For |z| < 1, we have the Taylor series

. N k 2k
arctanx:/o 1+t2dt=/0 kz_o(_l)t dt
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N .’L'2k+1

— Z(—l)'“/: 2R dt = Z(—l)’“% —

for |z| < 1. This formula also holds for the ending points x = +1 (We omit the proof
of this!), that is,

o L a2
arctanx-%(—l) T
for |x| <1 and so
T = (—1)F 1 1
i S
4 ZQk—i—l 3+5

k=0
Evaluating Limits.

EXAMPLE 10.8.
sin(z?) — arctan(z?)

lim
x—0 1’6
N N N ST A

. 3! 5! 3 5
= lim
z—0 136
9 1+1 1 1 4 1+1_1
e\ T3 T3 T s )t T 37376

EXAMPLE 10.9. Let f(z) = V/1+22. Find f19(0).

SOLUTION. From

F190)
10!

1 1 /1 1 1 1 985600
(10) () = 10!- — 1098762 (=—1)(2—2).(2-3).(2_-4)=
flO(O)—IO!(g)—1098763(3 1) <3 2) (3 3) (3 4>_ T

O

1
for |x| < 1, we have = < g) by comparing the coefficients of 2° and so




CHAPTER 4

Ordinary Differential Equations (ODE)

1. Classification of Differential Equations

A differential equation (DE) is an equation involving an unknown function and
its derivatives.
2 dy

d
ExXAMPLE 1.1. 4d—t'g+%+2y = 0is a DE with y being the function (or dependent

variable) and ¢ being the independent variable.

Remark. The word ‘ordinary’ in the heading of this chapter means that the
differential equation involves only ‘ordinary’ derivatives of the function (rather than
partial derivatives of the function). If you had taken MA1104, then you should know
that the derivatives of a function in two or more variables, say f(x,y), are known as
partial derivatives. In this course, we deal with functions of one variable only, thus
the word ‘ordinary’ carries no special meaning to us.

Classifying DE by its order

The order of a differential equation (DE) is the order of its highest derivative.

ExXAMPLE 1.2. Determine the order of the following.

d? d
1. z;d—t?j v d—i’ toy=0isa  2nd  order DE.
2. d_? —2ty=tisa 1st order DE

d
3. (d—i)?’ —2ty* =0isa Ist order ODE.

Linear or non-linear DE

The total power of a term in a DE is the sum of all the powers of y and its
derivatives in that term.
A linear DE is a DE where the total power of each term is at most 1.

ExaMPLE 1.3. Discuss following differential equations.

Py dy

1 A ) o
gz b t=0
dy

9 oty =
ar Y
dy

3 2 oty =t
v y

69
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Homogeneous or non-homogeneous DE
A homogeneous DE is a DE where the total power of each non-zero term is the
same.

ExXAMPLE 1.4. Discuss the following equations

d*y dy
1 4= 242 9
gz b t=0
dy
9 oty =
a2
dy 2
3. o =0
o y

We may combine the classifications:

ExaMPLE 1.5. Classify the following equations

d?y | dy
1. 4—+—+2y=0
a a T
is a homogeneous/non-homogeneous, linear/non-linear, order ODE.
dy
2. — =2ty=t
T

dy 3
3. — — 2ty =t

2. General solutions of homogeneous linear first order ODE

This is the easiest DE to solve:
dy
17 — t)y = 0.
(17) 7 +9(t)y

Separation of variables.

The method is to “separate the variables”, y and t. Equation 17 can be rearranged

as
dy B

Y
Upon integrating both sides, we get

d

gy - —/g(t)dtln|y| - —/g(t)dt+ k)
|yl = e exp ( - /g(t)dt)-

The solution is then

(18) u(t) = Cexp (- / (1)),

—g(t)dt.
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where C'is an arbitrary constant. The above solution is said to be the general solution
of the DE, equation 17, since every solution of equation 1 must be of this form.

d
EXAMPLE 2.1. Find the general solution of d—i{ — 2ty = 0.

SOLUTION. Since g(t) = —2t,

y(t) = Ce_ /<_2t> “ = e,

3. General solutions of non-homogeneous linear first order ODE

The DE to be considered is:
dy
(19) o T9Wy = f(t).
There are essentially 2 methods to solve this:

Method 1: Multiply equation 19 by an Integrating Factor, pu(t), where

(20) utt) = cap ( [ atoy).

We get ;
u(t) 5! + n(0)g(t)y = p(O ().
Using equation 20, it is easy to check that
= (00w) = w0 + ult)geyy
so we get p
() = n £
(21) = uly = [uswc.

Remark. This method is not generally applicable to higher order linear DE.

d
EXAMPLE 3.1. Find the general solution of d_?i — 2ty =1t.

SorLuTIiON. We have

() = 6/g(t) di e/ ~2tdt i

and
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Method 2: For a linear DE, say, equation 19, the general solution can be written as

(22) y(t) = yn(t) + yp(t),

where y;, is the general solution of the corresponding homogeneous DE
dy
—= ty=0
o 9y =0,

while y, is any one solution (called a particular solution) of equation 19.
d
EXAMPLE 3.2. Find the general solution of d—i{ — 2ty =t.

Proor. Clearly y, = —% is a particular solution. By Example 2.1, y, = Cet’
and so

2
yit) =yn+y, = Cel” —

DO | —

4. Some non-linear first order ODEs

We remark that the method of separation of variables can also be used to solve
certain non-homogeneous non-linear first order ODE of the form

dy dy Yy
2 — t = 2 — f(2).
(23) o T fWey) =0, or —=[()
For the first equation, we have
0 ==/
24 —— = —f(t)dt —dy=— [ f(t)dt+C.
(24 9(y) ) 9(y) ©
For the second equation, let v = %, then y = vt and v’ = vt + v. Thus we have
d dt
@) wrv=fe) > wefe) v s [t [Teo
. , dy t
EXAMPLE 4.1. Find the general solution of ATl
Y
SOLUTION.
¢ 3t?
/ygdyz/tdt = ‘%=§+C = y:37+30.

5. Homogeneous linear 2nd order ODE with constant coefficients

Homogeneous linear 2nd order ODE with constant coefficients are of the form

Py | dy
2% S Y —0
(26) o T T =Y

where a, b, ¢ are real constants.
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ExXAMPLE 5.1. Below are some examples
d’y L, dy
— — 5y = 0.

1. 2—+43
i
2. o' +5y +4y=0.

Remark: The general solution of equation 26 is of the form

(27) y(t) = Ay (t) + Bya(t),
where A, B are arbitrary constants, and y;(t), y2(t) are solutions of equation 26 such
that y1(¢) and y»(t) are not constant multiples of each other (see §2.1, p. 129-130 of

[3).
To solve equation 26, we look at the case of the homogeneous linear 1st order
ODE with constant coefficients, which is of the form

Y + ky =0, keR.

Its general solution is of the form y(t) = Ae™*".
Thus, to solve equation 26, we try

(28) y(t) =€,  wherer € R.
Then we have
(29) Y (t) =re™, y'(t) =r’e".

Substituting equations 28 and 29 into 26, equation 26 becomes
af) +by +cey=0 = ar’e +bre" +cet =0
= ear’+br+c)=0 = ar’+br+c=0.
The quadratic equation
(30) ar’+br+c=0

is known as the auxiliary (or characteristic) equation of the homogeneous linear
second order ODE, equation 26. We denote its two roots by ri,ry. The general
solution y(t) for equation 26 will depend on what kind of roots r; and r, are.

Case (a): 71,79 are real and distinct (r; # 73).

In this case, the general solution of equation 26 is
(31) y(t) = Ae™" + Be™".

By an earlier remark, it suffices to check that y;(t) = €' and ys(t) = €™ are not
constant multiples of each other and that y;(¢) and ys(¢) are indeed solutions of
equation 26.

t

t
Check: yl—Et; = "7t {5 not a constant since r; # r2. Hence y(t) and y,(t) are
Y2
not constant multiples of each other. Also, substituting y;(¢) into equation 26, we

get
LHS = ay] (t)+by, (t)+cyi (t) = arie™ +brie" +ce™ = " (ari+bri+c) = 0 = RHS.

Hence y;(t) is indeed a solution of equation 26. Similarly, y,(¢) is also a solution of
equation 26.
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Case (b): 7,7y are (non-real) complex numbers. Write ry,ro = o £ i3, where

a, B € R with g # 0.

In this case, the general solution of equation 26 is
(32) y(t) = Ae® cos St + Be™ sin f3t.

Again, it suffices to check that y, (t) = e cos Bt and y(t) = € sin 3t are not constant
multiples of each other, and y;(¢) and y»(t) are solutions of equation 26.

y2(t)

yi(t)
constant multiples of each other. Since ar44/3 are roots of the characteristic equation,

we have

Check: = tan Ot is not a constant since 5 # 0. Hence y;(¢) and y»(t) are not

b
(33) Sum of roots = 2a0 = -

(34) Product of roots = a? + 5% = 2

Differentiating v (t), we get
Yy (t) = ae® cos Bt — Be™ sin Bt,
Y (t) = o’ cos Bt — 2afe™ sin Bt — 32e™ cos ft.
Substituting ¥, (t) into equation 26, we get
LHS = ay](t) + by, (t) + cyi(t) = a[a’e™ cos Bt — 2aBe® sin Bt — F2e™ cos Bt]
+b[ae® cos Bt — Be® sin Bt] + ce® cos Bt

= [a(a® — %) + ba + c]e® cos Bt — (2aa + b)Be™ sin Bt

= [a(a® — B%) + (=2aa)a + cJe* cos Bt — 0 (by ( 33))

= [~a(a® + B%) + e cos Bt =0 (by ( 34)) = RHS.
Hence y;(t) is indeed a solution of equation 26. Similarly, y,(t) is also a solution of
equation 26.

Case (c): r =ma(=71).
In this case, the general solution of equation 26 is

(35) y(t) = (At + B)e™.

Again it suffices to check that y;(t) = " and y,(t) = te’" are not constant multiples
of each other, and they are solutions of equation 26.

t
Check: y2Et§ = t is not a constant. Hence y; () and y(t) are not constant multiples
Y1

of each other. Also, one can show as in case (a) that y;(¢) is a solution of equation 26.
To check that y»(t) is a solution of equation 26, we first observe that

(36) Sum of roots = 2r = —é.
a

Differentiating y»(t), we get
yy(t) = rte™ + e, () = rite’ + 2re™.
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Substituting into equation 26, we get
LHS = ayl(t) + by (t) + cya(t) = alr’te™ + 2re™] + b[rte™ + "] + cte"
= (ar? + br + c)te" + (2ar +b)e" =0+ 0 (by ( 36)) = RHS.
Hence ys(t) is indeed a solution of equation 26.

6. Non-homogeneous linear 2nd order ODE with constant coefficients

Non-homogeneous linear 2nd order ODE with constant coefficients are of the
general form

(37) ay” +by' +cy = g(t),
where a,b, ¢ € R, and ¢g(t) is a function in ¢.
EXAMPLE 6.1. ¢/ +y = 1.
Associated with the non-homogeneous equation 37 is a homogeneous equation
given by
(38) ay” + by’ + cy = 0.
THEOREM 6.2. The general solution of equation 37 is given by
(39) y(t) = yn(t) + yp(),
where yp(t) is the general solution of the associated homogeneous equation 38, and

Yp(t) is a particular solution of equation 37.

PROOF. Let y(t) be any solution of equation 37, and let y,(¢) be a particular
solution of equation 37. Let f(t) = y(t) — y,(¢). Then

af’ +bf' +cf = a(y"(t) =y, (1)) + b(y'(t) — (1)) + c(y(?)

= (ay"(t) + by'(t) + cy(t)) — (ay, (1) + by, (1) + cyp(t)) = g(1)
Thus f(t) satisfies equation 38.
Similarly, we can show that any function of the form yy,(t) 4 y,(t) satisfies equa-
tion 37.
Thus the general solution of equation 37 is of the form y(t) = yn(t) + y,(t) and
hence the result. 0J

So the problem of solving the non-homogeneous 2nd order linear ODE with con-
stant coeflicients is reduced to finding y;(t) and y, ().

yn(t) can be found by the method explained in section 5 of this chapter.

Finding y,(t) amounts to guesswork. But for certain kind of ¢(¢) (the non-
homogeneous term of equation 37), the guesswork is quite systematic. This is ex-
plained below.

Judicious guessing/the method of undetermined coefficients

We want to find one particular solution y,(¢) for the non-homogeneous equation
(40) ay” + by’ + cy = g(t).
The homogeneous equation associated to equation 40 is

(41) ay” + by +cy =0,
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with characteristic equation given by
(42) ar® 4+ br +c = 0.
Suppose 71, ry are the roots of the characteristic equation 42. We look for particular
solution y,(t) of equation 40 based on the form of g(t).
Case (a): g(t) =ao+ait + -+ a,t".
Then y,(t) is of the form
Ao+ Ayt + -+ + Apt™, c#£0

yp(t) =< t(Ag+ At +---+A,t"), ¢=0,0#0

(Ao + At + -+ Apt"), c=b=0.

Case (b):  g(t) = (ap + art + - - - + a,t™)e™.
The form of y,(t) will depend on whether « is a root of the characteristic equation.
Try
(Ag + At + - + Apt™)e™ r1,72 # a  i.e. a is not a root)

yp(t) = t(Ag + Ayt + -+ Apt™)e® ri=a, 1 # a ie. ais a single root)
t2(Ag + Agt + - - + Apt™)e™ r1,72 = a (a is a double root)

Case (c):
g(t) = (ap+ art + - - + a,t™)e* cos Bt, or
g(t) = (ap + art + - - + a,t™)e sin Bt.

The form of y,(t) will depend on whether a £ i3 are roots of the characteristic
equation or not.
(i) Ifr,7re #atif (i.e. a £if are not roots), try

Yp(t) = (Ag + Art + - + A t™)e™ cos Bt + (Bo + Byt + - - - + B,t"™)e® sin Bt.
(ii) If ri,79 = a x40 (i.e. a £if are roots), try
yp(t) = t(Ag + Ast + -+ - + Apt™)e cos Bt + t(By + Byt + -+ + B,t")e® sin (.

Remark. 1. Once you have determined the form of y,, substitute into equa-
tion 40 to get equations in the unknown coefficients Ag,--- , A,, and also By, -- , B,
if necessary. It should be easy to solve for these coefficients.

2. Since the DE is linear, if ¢g(t) are sums of the above three types, we can still find
yp by adding the corresponding sums of the individual y,.
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Supplement: A General Formula

We are going to find a formula for determining a particular solutions y,(t) of the
differential equation

ay” + by +cy = g(t) (1)
with a # 0. Recall that the associated homogeneous equation is
ay” + by’ + cy = 0. (2)
Let yn(t) = Ayi(t) + Bya(t) be the general solution of the equation (2). We try
yp(t) = A)y1(t) + B(t)y2(t) (3)
for undetermined functions A(t) and B(t) satisfying
A'(t)ya(t) + B'(t)y2(t) = 0 (4).

Note. When we plug y, into equation (1), we obtain an equation for the functions
A(t) and B(t). Technically we make equation (4) as an additional equation such that
we will be able to find A(t) and B(t).

Now we compute y, and y,.

y, = (A'y1 + B'yz) + (Ayy + Bys) = Ayy + By (5)
y, = A'yy + B'yy + Ayi + By (6)

From equation (1), we have
g(t) = a(A'yy + B'yy + Ayy + Byy) + b(Ayy + Byj) + c(Ay1 + Bys)
= aA'y| + aB'yy + Alay! + byy + i) + Blayy + bys + cy) = aA'y| + aBys.

Thus we have the equation

aA' () () + aB'(t)ys(t) = g(t)

It follows that

) 02(D)g 1)
W0 agh(0) ‘ Wi (09:2(0) — ays (O35 (0)

)
ayy(t) ays(t) ’ ayy ()ya(t) — ayi(t)ys(t)
yi(t)  y2(t)

and so we have the formula

_ 9(t)ya(t) _ —1y1(t)g(t) ,
%“)(/aM@wxw—am@wxw“)y””*(/am@wxw—am@wawﬁ>y““

Example 1. Solve ¢ +y = t%.

\

SOLUTION. From 3" +y = 0, we have 72 + 1 =0 or r = .

yn = Acost + Bsint,
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where y;(t) = cost and y(t) = sint.

A:

ayi(t) ayh(t) | | —sint cost
yi1(t)  ya(t) | | cost sint

_ 9(t)ya(t) . —y1(t)g(t) _
%@”‘(/amuwxw—am@wxwﬁ)y““*(/aw@wxw—amawawﬁ)y“”

t?sint —t? cost i
= ] dt ) cost + — dt | sint
Observe that

/—tQSintdt:/thcost:t%ost—/2tcostdtzt2cost—2/tdsint

’:—SiHQt—Coszt:—l.

:tQCost—2tsint+2/sintdt:tzcost—Qtsint—Qcost
/tQCostdt:/t2dsint:tzsint—/2tsintdt:t28int+2/tdcost

= t*sint + 2t cost — 2/costdt = t?sint + 2t cost — 2sint
Thus
yp(t) = (> cost — 2tsint — 2cost) cost + (t*sint + 2t cost — 2sint)sint = t* — 2

and so
y(t) = Acost + Bsint + t* — 2.

Example 2. Solve ¢ +y =

cost

SOLUTION. From ¢” +y = 0, we have 7> +1 = 0, r = &4 and so y, = Acost +
Bsint, where y;(t) = cost and y»(t) = sint. As above,

/ / o
ay;(t) ayh(t) ‘ _ ' sint cost ‘ o in?f— cos?t— 1.

yi(t)  ya(t) cost sint

)= (| st e ) O s o) 0
(/_:;idt) cost+ (/ zzzdt) sint = (In | cost|) cost +tsint

y(t) = Acost + Bsint + (In|cost|) cost + tsint

and so



