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INSTRUCTIONS TO CANDIDATES

1. This examination paper consists of TWO (2) sections: Section A
and Section B. It contains a total of SEVEN (7) questions and
comprises FIVE (5) printed pages.

2. Answer ALL questions in Section A. Section A carries a total of
60 marks.

3. Answer no more than TWO (2) questions from Section B. Each
question in Section B carries 20 marks.

4. Candidates may use calculators. However, they should lay out
systematically the various steps in the calculations.
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SECTION A
Answer all the questions in this section. Section A carries a total of

60 marks.

Question 1 [16 marks]
For each of the following sequences, either find the limit or show that
the limit does not exist.

w0 oot} )
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» {(n ﬁ 1)2n+lnn}.
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Solution. (a).

1 3
JLnolo5+ln(cos%>+1éln =5+4+Incos0+0=5+0+0=>5.

2n+Inn 1 1
= lim =— 2,
e—2—

lim < ST
n—oo \ n — 1 n—00 [(1 _ %>n] +50

(d). Let a,, = . Then

n

|
lim ﬁ = lim a, = lim Il

n—oo 1 n—00 n—oo

I (n+1)!-n" I 1 I 1 1 1
=m-————=M V=11l -———mg=—=€e .



Question 2 [16 marks]

Determine the convergence or divergence of each of the following series.
Justify your answers.

n

(8) ; (n+1)"
oy Lk

n=1

1-3-5---(2n—1)
n!.3n

=
NE

(d) gln (1+%).

Solution. (a). Divergence by the divergence test because
n" 1 1
lim — = lim ———— = = £0.
S S L

(b). Let a, = nn)® ond let b, = —55. Then

nl
In 2
% = lim —( n)

n—oob,  noco pll oo 10-05

=0,

that is, a,, << b,. Since >, ﬁ converges by p-series, the series
converges by limit comparison test.
(c). Let a, = 132-Cr=l) " Tpep

n!.3n
.3.5... — .nl.3n
lim @ _ 1-3:5---2n—1)2n+1)-n!-3
n—oo n—oo (n 4 1)1-37*1.1.3.5.--(2n — 1)
(2n+1) 2
noeo(n+1)-3 3

and so the series converges by ratio test.

(d). Let a, =In (1+ =) and let b, = 2. Then

In(1+ %) == In(1
o z—0 €T z—0 1

1

. a .
lim — = lim

n—oo n n—oo

. 00 1 . . . .
Since )~ -5 converges by p-series, the series converges by the limit
comparison test. g
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Question 3 [10 marks]

Find the radius of convergence of each of the following power series.
Justify your answer.

k=1
> 1N\
b)Y (1 - E) "
k=1
Solution. (a). ; — (37 + Dk = 2 k:23 (x + §> . Radius of con-
vergence B B
1 1 vn)y? 1
R = = = lim (n) =

(b). Let a, = (1— )" 27", Then
_ 1\"
(= lim {/|a,| = lim (1 — —) ||
n—oo n—oo n

+oo >1 lz| > 1
= el <1 Jzj=1
0 <1 J|z|<l.

2
By root test, the series y >~ (1 — %)n " converges if and only if
|z| <1 and so the radius of convergence is 1. g

Question 4 [18 marks]

(a) Determine whether the following sequence of functions converge
uniformly on the indicated intervals. Justify your answers.

"™ cos nx
o) ==

(b) Determine whether the following series of functions converge
uniformly on the indicated intervals. Justify your answers.
) sin kx
(i)

k2 + 22’
Pl

z€0,3].

x € [0, 00).



o \k
Y ]Hl;x z € [0, 00).

k=1

Solution. Since, for z € [0, %],

n n

T :L'”cosnx< T
14+2» = 142 — 1427

and lim =0, F(z) = lim F,(z) = 0 by the Squeeze Theorem.

n—oo ]l + ™ n— oo

Observe that
n 2 n
0<T,= sup |F,(x)— F(z)|= sup 2| cosna| < (—) :

n
0<z<2 0<a<2 1 +7 3

2 n
Since lim <§) =0, lim 7;, = 0 by the Squeeze Theorem and so the

sequence of functions converges uniformly on [0, %] by the T-test.
(b)(i) Since
1

sin nx
FER
and > 7, # converges by p-series, the series of functions converges
uniformly on [0, oo) by Weierstrass M-test.

(—1)*

(b)(ii) Let S(x Zk a7 & and S, ( Zk+3x For each

x € [0,00), the sequence {k +3x} is positive monotone decreasing with

lim = 0. By Alternating series estimation,

k—ock + 32

1 1
<
n+14+3x n+1

[Sn(w) = S(2)] <

for each n and each = > 0. Thus

1

0 < T, = sup |Su(x) — S(z)| < .
= Sup [Sn(z) = S(@) < 7=

Since lim =0, lim 7, = 0 and so the series of functions con-

n—oon + n—oo

verges uniformly on [0, co).
| |
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SECTION B

Answer not more than TWO (2) questions from this section. Each
question n this section carries 20 marks.

Question 5 [20 marks]

1 2
(a) Evaluate lim n o+ cos(na’)

5 dx. Justify your answer.
n—oo Jg T4 +n

(b) Find the interval of convergence of the power series

n

=2
E — 2z + 1)
n=1 n

Justify your answer.

o0

(c) Suppose that  f(z) = chxk and /@ Z dpz®.  has

k=0
positive radius of convergence. Show that, for each n>1,

1 n
= — E kckdn_k.
n
k=1

Solution. (a). Let F,(z) = %ﬁ:ﬂ Then

n + cos(nz?) hml—i—%m%_leO_

n + cos(nxz?)

0<T,= sup |F,(x)— F(x)| = su -1
- 0§x1§)1| (@) (@)l 0921 2+n
cos(nz?) —2?| 2
= sup |— | < .
0<x<1 T4+n n

2
Since lim — = 0, hm T, = 0 by Squeeze Theorem and so the F,(z)

n—oomn

converges umformly to F (x) on [0,1]. Thus

1 2 1 2 1
lim mdx:/ 1immdx:/1dx:1.
0 0

n—oo Jo x2 +n n—00 2 +n
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o0 on 0o 4m n
Z — 2z +1)" = Z ( ) . The radius of conver-

n=1 n n=1
gence
1 1 1 1
R — = = = —,
i |ant : gntl.p , 4 4
1 e —
Check the ending points 29 = R = — + 1. When 2 = —3 + 1, the
series is

=1
2

which is divergent by p-series. When x = —5 — iv the series is

1
2

n=1

which is convergent by the alternating series test because % is monotone

decreasing and tends to 0. Thus the interval of convergence is [—3, 7).
o0

(c). Let Ry and R, denote radius of convergence of chxk and
k=0

Z dz®, respectively. Then R; and R, are positive by the assumption.

k=0
Let R = min{R;, Ry}. Then, on (—R, R), the power series

an " f(x)) =z-ef@ . () =@ . 2. f'(2)

)

= Z(ncnd() + (n - 1)Cn—1d1 + -+ Cldn—1>xn
n=1

By the uniqueness of power series,

ndy, = kepd i
k=1
and so

1 n
= — E kckdn,k.
n
k=1
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Question 6 [20 marks]
(a) Consider the function

_y Ve

€n2x

Is f(z) continuous on [0, +00)? Justify your answer.

(b) Using any applicable method, find the Taylor series of the func-

1+ 2x

tion f(z)=In ) at xg = 0, and specify the interval
-

on which the series converges to the function.
(c) Let {a,} and {b,} be bounded sequences in R. Prove that
lim a, + lim b, < lim (a, + by,).

n—oo n—oo n—oo

Solution. (a). Let f,(z) = \e/gf Then
Vet — nx et on?  /n(1 —nx)

/ _ —
f’fL(:E) - 62n22 - en’z

Since f)(z) > 0for 0 <z < =5 and f'(z) < 0for > &, the maximum
of fn(x) on [0,00) is

1\ Vo5 1
In n2) e ~ en3/2

1
[ful@)l < 55

for all € [0,00). Since Z 572
en

that is

o0

1 1
= - Z —3j3 converges, the series
e n

n=1
of functions » >, f,(z) converges uniformly by Weierstrass M-test.
Because each f,(z) is continuous on [0, 00), the function

oo
oV
= .
en’c
n=1

is continuous on [0, 00).

(b).
flz)=In(14+2z)—In(l—z) = Z 1)”“ 2z)" Z

n=1

n+1 )n

_i (=Dt 2n 4 1) 2"
N — n

n=1
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To work out the interval on which the series converges to the function.
Observe that the power series

S~ —1)"1(2)"
Z( )" (2x)

n
n=1

converges to In(1 + 2z) when —1 <2z <1, or -1 <z <
power series

%. And the
$= e

n
n=1

converges to In(1 — z) when —1 < —x < 1 or —1 < x < 1. Hence the
interval of the power series

n+1.2n+1
P

n=1
converging to f(x) is (—% -] [—1,1) = (- éa%]
(c). Let
¢, = inf{a,, api1, ...},
d, = inf{b,,bys1,...},
= inf{a, + bp, @ny1 + by, ...}
Then
Cn < Qg
for all £ > n and
dy, < by,

for all £ > n. For each k > n,
Cn +d, < a+ b
and so ¢, + d,, is a lower bound of {a,, + by, @,+1 + byt1, ...} Hence
cn+dy, < e, =inf{a, + by, ans1 + bpy1, ...}
because e, is the greatest lower bound. By definition,

lim a,+ lim b, = lim ¢,+ hm d, = lim (¢, +d,) < hm ey = lim (a,+by,).

n—00 n—o00 n—0oo n— n—o0

This finishes the proof. g
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Question 7 [20 marks]
(a) Let f(z) =22 V1 + 2% Find f@¥(0).

(b) Determine the absolute convergence, conditional convergence or
cos(n)
n(lnn 4+ 1) [In(lnn + 1)]2.

oo
divergence of the series Z Justify
n=2

your answers.

S 1
(c¢) Does the series of functions Z ( converge uniformly
n=1

2n — 1)
on (1,+00)? Justify your answer.

Solution. (a).

f(2) = VT a0 = o (1 5 (i) (f))’f) o (1 5 (]il‘;)g%)

Thus

and f®8(0) = 0.
(b). Note that
1

cos(n)
n(lnn +1) In(lnn + 1)]? ' ~ n(lnn+1) [In(lnn + 1)]*

Let
1

x) = :
/@) z(lnz + 1) [In(lnz + 1))
Then f(x) is positive monotone decreasing on [2,+00). Since

o 1 y=Inz+1 o 1
5 dw 5 dy
o z(lnz+1)[In(lnz + 1)] ay=2  Jina1 y(Iny)

z=Iny & 1 1 o 1
5 dz=—
_dy z z
dz==] In(In2+41)

Thus the series

In(In 2+41) ln(ln 2 + 1) ‘

s 1
Z n(lnn + 1) [In(lnn + 1)]2

n=2
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converges by integral test and, by comparison test, the series

o0

D

n=2

cosn
n(lnn+ 1) [In(lnn + 1))

converges. Hence the given series is absolutely convergent.

S 1
(c). NO. Prove by contradiction. Suppose that Z =1 con-
n=1

n—1)
: - 1
verge uniformly on (1,+00). Let S,(x) = ; =1 By Cauchy
Criterion, given any 0 < € < %, there exists N such that
= 1
S (@) — Su(x)] = k;rlm <e
for all m > n > N and for all x > 1. In particular, for all n > N,
1 1 1

[S2n(@) = Snl) = 15 e T g T | <

for all x > 1. Let x tends to 1. For n > N,
1 1 1
ont) gy T (4n—1)'
1 1 1
B IO R e R r vl R
Observe that
1 1 1 1

e+l @ty T (4n—1)‘ e P s T

for all n. It follows that for each n > N,
L L — +---+;‘<e.
47 |(2n+1) (2n+3) (4n —1)

This contradicts to that € < i and hence the result. g



