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Problem # | Your Grades

1

(10 points)
2

(10 points)
3

(10 points)
4

(10 points)
)

(10 points)
6

(10 points)
7

(10 points)
8

(10 points)
9

(10 points)
10

(10 points)
total
(100 points)
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Determine the limit of the following sequences:

1. { (“"%) fn (w)}
6n%+8 4 +n?+3n3
Solution.
. (Sm (m) +1n (M))
n—00 6n? 4+ 8 4+ n2+3n3

_ (20 P+ 3+1/n+1/nd
= lim (sin| ———— | +1n
n—oo 6 + 8/n? 4/n3+1/n+3

T 1
=sin—+1Inl = ~.
Sin G 4+ In 5
2" 4+ n8080" 4 n!
2. .
nl+1nn
Solution.
2 4+ nB080" + nl . 2”/n!+n80/2n-160”/n!+1
lim = lim

n—o0 n!+Inn n—oo 1+Inn/n-n/27.27/n!

=1
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3. )

Vi(vn+2— /i) }
Solution.

1 . Vn+2++/n

lim = lim

e (Vi + 2 ) e i+ 2
NETIES
2 |

= lim

n—oo

2n2+Inn
4. 1— 2 .
{ < 3+ n2> }

Proof.
2n2+lnn
9 2n2+Inn 9 3+n? 3+4n2

lim (1-— = lim 1-—
n—00 3+ n? n—00 3+ n?

2+1nn/n2

2 3+n2 3/n2+1 9
= lim (1 37 2) = (6_2) =e 4
n—oo n
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Determine convergence or divergence of the following series:
Inn +3n? — 2
5. _—
; 2n24+n3+1
| 3n? —2 1
Solution. Let a, = mntonT - 2 and let b,, = —. Then
2n2 +nd3 +1 n
. ap . Inn+3n%-2 . Inn/n?+3—2/n?
lim — = lim ——— -n = lim =3
n—oo b, n—oo 2n2+n3+1 n—oo  2/n+141/n3

o 1 (0]
Since Z — diverges by p-series, the series Z a, diverges by limit comparison test. [
n
n=1

n=1

n

6. —.

n=1
n2n
Solution. Let a,, = 9"—(”')2 Then
. Gpyt , (n 4 1)2+D . g7 . pl . p)
lim =1

im (1 )T =2 <1
= 11m - — = —
n—>c>09 n 9

and so the series converges by ratio test. 0
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Determine the absolute convergence, conditional convergence or divergence of the fol-
lowing series:

2—|—1 nn
n+1
7. E \/ﬁ

Solution. Let f(z) =

, _1/37'(3+\/E)_(2+1H$)'ﬁ5_ 6/vx—Inz
o= (3+ V)? RENCEEVC R

2+1Inn . .
when Inz > 6 or # > €5 Thus b, = ———— is eventually monotone decreasing and

34+vn
2+Inn Y 2/\/n+Inn/\/n

positive. Since

lim b, = lim = lim =0,
n—oo n—o0 3—|—\/ﬁ n—00 3/\/ﬁ+1
the series converges by the alternating series test.
Since
24+1Inn 2 1
=1 2+ 1Inn
for n > 9 and Z —— diverges by p-series, the series Z (—1)"* diverges by
—\/n — 3+ vn
comparison test.
In conclusion, the series is conditionally convergent. 0
o 1 n2
8. D" (1 S ()
; + cosn) < n)
Solution. Since
2
_ 1\"
lim | [(=1)"*' (1 + cosn)"” <1 - —>
n—oo n
— | N — 1\" 2
= lim (I+cosn)-|1—=) <lm2(1—-—) =-<1,
n—o00 n n—o0 n €

the series is absolutely convergent by the root test for general series. O
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9. Find limit inferior and limit superior of the sequences:

+ nr\"
— +sin —
3

Solution. Let a,, = (1 + — (— + sin T) . Then
0<

3=

3
< (1+%>-<\/§)i
RN

3
because —7< 1n?<7forn—1 2,3,..., and so

0= lim 0= lim 0 < lim a,

< lim a, < lim <1+—>-(\/§) = lim (1+ > (\/g)
n n—oo

4
Letﬂzﬂm—i-g,that is,n=06k+4 for k=1,2,.... Then

3
. . 1 V3 ) 47 o
]}Lr(r)loaﬁk+4 = klirgo (1 + 6k’+4) (7 + sin <2k7r—|— 5 )>

=1

3=
3=

klim 0=0
and so lim a, < 0. Thus
B h_manzo

Let n% = km, that is, n = 3k, for k =1,2,3.... Then

1
. . L\ (V3 . "
fim e = Jim (14 5 (7 * Sm“”))

1 V3 o
= 1 1 —_— =1
kl—%lo(—'_gk‘)( >

lim a, = 1.

n—oo

and so lim a, > 1. Thus

n—oo
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10. Let Zan be a convergent positive series. Does the series Zsin(an) con-
n=1

n=1
verge? Justify your answer.

[o.¢]
T
Solution. Yes. Let b, = sin(a,). Since Zan converges, lim a,, = 0. Let ¢ = —. There
— n—oo 2
exists IV such that -
|an| < 5

forn > N. SinceanZ0,0San<gforn>Nandso

b, = sin(a,) >0

[e.e]
for n > N. In other words, Z b, is eventually positive.

n=1
Since ; in(a) '
) . sin(a,) z=a, . sinx
lim = = lim “ —— lim =1,
n—00 A, n—oo an, z—0 X
o0
the series E b, converges by limit comparison test. U

n=1



