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1. TANGENT SPACES, VECTOR FIELDS IN R™ AND THE INVERSE MAPPING THEOREM

1.1. Tangent Space to a Level Surface. Let v be a curve in R"™: v: t + (y1(¢),72(t), ...,y (t)).
(A curve can be described as a vector-valued function. Converse a vector-valued function gives a
curve in R™.) The tangent line at the point v(tp) is given with the direction

%(to) = (d;;(tO)a cee dzn(to)> .

(Certainly we need to assume that the derivatives exist. We may talk about smooth curves, that is,
the curves with all continuous higher derivatives.)

Consider the level surface f(z!,22,...,2") = ¢ of a differentiable function f, where z* refers to
i-th coordinate. The gradient vector of f at a point P = (z!(P),z(P),...,a"(P)) is
af of
Vf= <8x1"“’8x”)'
Given a vector @ = (u',...,u"), the directional derivative is
— 8f 1 8f n
The tangent space at the point P on the level surface f(x!,...,2") = c is the (n — 1)-dimensional

(if Vf # 0) space through P normal to the gradient V f. In other words, the tangent space is given
by the equation
%(P)(:c1 — 2 (P)) 4+ -+ %(P)(x” —z"(P)) =0.

From the geometric views, the tangent space should consist of all tangents to the smooth curves
on the level surface through the point P. Assume that + is a curve through P (when ¢ = tg)
that lies in the level surface f(z!,...,2") = ¢, that is

FOH), 72,7 (1) = e
By taking derivatives on both sides,

0 0
SLPYAY () 4+ + ST ()™ (1) = 0
and so the tangent line of 7 is really normal (orthogonal) to Vf. When ~ runs over all possible
curves on the level surface through the point P, then we obtain the tangent space at the point P.
Roughly speaking, a tangent space is a vector space attached to a point in the surface.
How to obtain the tangent space: take all tangent lines of smooth curve through this point on the
surface.

1.2. Tangent Space and Vectors Fields on R™. Now consider the tangent space of R™. Accord-
ing to the ideas in the previous subsection, first we assume a given point P € R™. Then we consider
all smooth curves passes through P and then take the tangent lines from the smooth curves. The
obtained vector space at the point P is the n-dimensional space. But we can look at in a little
detail.

Let v be a smooth curve through P. We may assume that y(0) = P. Let w be another smooth
curve with w(0) = P. + is called to be equivalent to w if the directives 4'(0) = w’(0). The tangent
space of R™ at P, denoted by Tp(R™), is then the set of equivalence class of all smooth curves
through P.
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Let T(R™) = |J Tp(R™), called the tangent bundle of R™. If S is a region of R™, let T'(S) =
PERn
U Tp(S), called the tangent bundle of S.
PeS
Note. Each Tp(R™) is an n-dimensional vector space, but T'(S) is not a vector space. In other

words, T'(S) is obtained by attaching a vector space Tp(R™) to each point P in S. Also S is assumed
to be a region of R™, otherwise the tangent space of S (for instance S is a level surface) could be a
proper subspace of Tp(R™).

If v is a smooth curve from P to Q in R", then the tangent space Tp(R™) moves along 7 to
To(R™). The direction for this moving is given +/(¢), which introduces the following important
concept.

Definition 1.1. A wvector field V on a region S of R™ is a smooth map (also called C*°-map)
V:S—T(S) P~ d(P).
Let V: P — ¢(P) and W: P — wW(P) be two vector fields and let f: S — R be a smooth

function. Then V + W: P ¥(P) + @W(P) and fV: P+ f(P)U(P) give (pointwise) addition and
scalar multiplication structure on vector fields.

1.3. Operator Representations of Vector Fields. Let J be an open interval containing 0 and
let v: J — R™ be a smooth curve with v(0) = P. Let f = f(z!,...,2") be a smooth function
defined on a neighborhood of P. Assume that the range of 7 is contained in the domain of f. By
applying the chain rule to the composite T = fo~y: J — R,

dT <~ dv(t) of
D+(f) =G = 2 7di)agci

i=1 zi=y(t)

Proposition 1.2.

Dy(af +bg) = aD~(f) +bD,(g), where a,b are constant.

Dy (fg) = D+(f)g + [D4(g)-
Let C*°(R™) denote the set of smooth functions on R"™. An operation D on C*°(R") is called a
derivation if D maps C*°(R™) to C°°(R") and satisfies the conditions
D(af +bg) = aD(f) +bD(g), where a,b are constant.
D(fg) = D(f)g+ fD(9)-
Example: For 1 <1i < n,

of

— =
oxt

&f

is a derivation.

Proposition 1.3. Let D be any deriwation on C*°(R™). Given any point P in R™. Then there
exist real numbers a',a?,...,a™ € R such that

D(f)(P) = Zai&(f)(P)

for any f € C®(R"™), where a® depends on D and P but is independent on f.
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Proof. Write z for (z!,...,2™). Define

gi(z) = /O ggfi (t(x — P) + P)dt.

Then .
) — f(P) :/0 %f(t(m _P) 4 Pt

i
= [ S Fh =P P @ o)

L~ Ot
=1

= Zn:(:cZ —z'(P)) /1 8f, (t(x — P)+ P)dt = Zn:(xl — 2 (P))gi(x).
=1 o 0! i=1
Since D is a derivation, D(1) = D(1-1) = D(1) -1+ 1- D(1) and so D(1) = 0. It follows that
D(c) = 0 for any constant c. By applying D to the above equations,
D(f(x)) = D(f(z) = f(P)) = Y_ D(a’ — a'(P))gi(z) + (' — 2'(P))D(gi(x))

i=1

=Y D(a")gi(x) + (2" — 2'(P)) D(gi(2))
i=1
because D(f(P)) = D(z*(P)) = 0. Let a® = D(2%)(P) which only depends on D and P. By

evaluating at P,
n

D(f)(P) = D(a")(P)gi(P) +0 = Z a'gi(P).

Since . - .
a(P) = [ ghew—py = [ S = 2Ly = o)
D(F)P) = 3 aou()(P)
which is the conclusion. - O

From this proposition, we can give a new way to looking at vector fields:
Given a vector fields P — ¢(P) = (v}(P),v%(P),...,v"(P)), a derivation

D=3 0i(P) -5,
=1

on C*(R™) is called an operator representation of the vector field P — ¥(P).
Note. The operation vi(x)d; is given as follows: for any f € C>°(R"),

for any P.
From this new view, the tangent spaces T'(R™) admits a basis {01, 02, ...,0,}.
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1.4. Integral Curves. Let V: x — #(x) be a (smooth) vector field on an neighborhood U of P.
An integral curve to V is a smooth curve s: (—4,¢) — U, defined for suitable J, ¢ > 0, such that

s'(t) = 9(s(t))
for =0 <t <e.

Theorem 1.4. Let V: x +— ¥(x) be a (smooth) vector field on an neighborhood U of P. Then there
exists an integral curve to 'V through P. Any two such curves agree on their common domain.

Proof. The proof is given by assuming the fundamental existence and uniqueness theorem for sys-
tems of first order differential equations.
The requirement for a curve s(t) = (s'(t),...,s™(t)) to be an integral curve is:

(1))
(1))
ds™ (t)

7o =V (s (1), s%(1), .., (1))

0 = ol (51 (1), (1), ...

& 3
0 — 2(s1(t), s2(1), . .., 5

with the initial conditions

s'(0) = ¥(P) (‘Z(O), e ds”(o>> = (W}(P),...,v"(P)).

Thus the statement follows from the fundamental theorem of first order ODE. O

Example 1.5. Let n =2 and let V: P — ¢(P) = (v}(P),v?(P)), where v!(z,y) = z and v?(z,y) =
y. Given a point P = (a',a?), the equation for the integral curve s(t) = (z(t),y(t)) is

with initial conditions (z(0),y(0)) = (a!,a?) and (2/(0),%'(0)) = @(a',a?) = (a',a?®). Thus the
solution is

s(t) = (a'e’, a’e").
Example 1.6. Let n =2 and let V: P+ 9(P) = (v}(P),v?(P)), where v}(z,y) = x and v?(x,y) =
—y. Given a point P = (a'!,a?), the equation for the integral curve s(t) = (x(t),y(t)) is

{ 2'(t) = v'(s(t)) = x(t)
y'(t) =v*(s(t) = —y(t)

with initial conditions (x(0),y(0)) = (a',a?) and (2/(0),4'(0)) = ¥(a',a?) = (a', —a?). Thus the
solution is
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1.5. Implicit- and Inverse-Mapping Theorems.
Theorem 1.7. Let D be an open region in R™t! and let F be a function well-defined on D with

continuous partial derivatives. Let (z}, 23, ..., 28, 20) be a point in D where
oF
F(ad,x2, ..., 28, 2) =0 3—(33(1),56(2),...,958,20)7&0.
z
Then there is a neighborhood N.(z9) C R, a neighborhood Ns(z{,...,z5) € R™, and a unique
function z = g(at,22,... 2") defined for (z',...,a™) € Ns(ad, ..., x8) with values z € N.(2o) such
that
1) 20 = 9(16737(2), ceey l’g) and
F(az',2?,... 2" g(z!,...,2™) =0
for all (zt,...,2™) € Ns(ad,... k).
2) g has continuous partial derivatives with
0 Fu(z', ..., z", 2
g.(x17...,x"):— e ( )
ox* F,(z', ... 2", 2)
for all (zt,...,2™) € Ns(al,... zl) where z = g(z*, ..., a").
3) If F is smooth on D, then z = g(x',...,a™) is smooth on Ns(z}, ..., zl).
Proof. Step 1. We may assume that %—Z(x})? x3,...,28,20) > 0. Since F, is continuous, there
exists a neighborhood N.(x},z2,... 28, 2) in which F, is continuous and positive. Thus for fixed
(x',...,2"), F is strictly increasing on z in this neighborhood. It follows that there exists ¢ > 0
such that
F(zg,ad,...,x0,20—¢) <0 F(xd,2,...,20,20+¢) >0
with
(xg, 22, ... ah, 20 — ), (xh, 28, ..., 20, 20 + ¢) € Ne(xp,x2,..., 28, 20).
Step 2. By the continuity of F', there exists a small § > 0 such that
F(zt2?, ... 2™ 20 —¢) <0 F(zh, 2, 2", 2 +¢) >0
with
(zh, 22 2"z — ), (2?2 20 + ) € Ne(xh, @3, ... 2l 20)
for (x',...,2") € Ns(x{,...,28).
Step 3. Fixed (x!,...,2") € Ns(x},...,2}), F is continuous and strictly increasing on z. There is

a unique z, zg — ¢ < z < 29 + ¢, such that

F(z',...,2",2) = 0.

This defines a function 2z = g(z!,...,2") for (z!,...,2™) € Ns(x},...,28) with values z € (20 —
¢, 20+ ¢).

Step 4. Prove that z = g(z',...,2") is continuous. Let (x1,...,27) € Ns(z},...,z%). Let
(x1(k),...,27(k)) be any sequence in Ns(x{,...,z8) converging to (x1,...,27). Let A be any

subsequential limit of {z = g(z1(k),...,z7(k))}, that is A = lim zj,. Then, by the continuity of
F,
0= lim F(z}(ks),..., 2 (ks), 25.)

5—00

= F(lim z1(ky),..., lim 27 (ks), lim 2 )

§—00
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= F(zi,... 27, A).
By the unique solution of the equation, A = g(z1,...,27). Thus {21} converges g(z1,...,27) and
so g is continuous.
Step 5. Compute the partial derivatives g—;. Let i be small enough. Let
z24+k=g(, .. 22t b2t 2™,
that is
Fa',...,2' +h,...,2" 2+k)=0
with zg —c < z+4+ k < zg+ ¢. Then
0=F(z',..., 2" +h,...,2" 2+ k)= F(z', ... 2" 2)

=Fpi(at, ... 3. . 2" H)h+ F (b, ..., 3% ..., 2" D)k
by the mean value theorem (Consider the function
o(t) = F(x, ... ,a" +th,..., 2" z +tk)

for 0 <t < 1. Then ¢(1) —¢(0) = ¢'(£)(1—0).), where 7' is between z* and z* + h, and Z is between
z and z + k. Now

o9 lim g(at, . xt gt bt ) — 2 limk
oxr; h—0 h h—0 h
1 ~i p
- lim Fui(zh, ...,z ...,2" %) _Fy
h—0 F,(zt,... 2% ... 2" 2) " E,’

where Z — z as h — 0 because g is continuous (and so k — 0 as h — 0).
Step 6. Since F, is not zero in this small neighborhood, ¢, is continuous for each i. If F' is smooth,
then all higher derivatives of g are continuous and so g is also smooth. O

Theorem 1.8 (Implicit Function Theorem). Let D be an open region in R™T™ and let Fy, Fs, ..., Fy,

be functions well-defined on D with continuous partial derivatives. Let (xd,z3, ... a0 ub,ud, ... ul)

be a point in D where

1.2 1,2 —
Fi(xg, 25, .., 28", ug, ug, - - -, ug) =0
1,2 1,2 ny —
Fy(xg, x5, - -, 0 U, UG, - - - uy) =0
1 ,.2 m ,1 ,2 ny —
Fo(xg, x5, - - 2", up, U, - -, ul) =0

and the Jacobian

O(Fy, Fy, ..., F, OF;
J= (1; 2, ) n):det l 750
O(ul,u2, ... um) oul
at the point (xd,x3,... 20 ub,u3, ..., ul). Then there are neighborhoods Ns(xd, ..., x"), Ne, (ud),
N, (u), ..., N, (u?), and unique functions
u' =gy (zt, 22, a™)
’lL2 = 92(1'1,1'2, s axm)

defined for (zt,...,a™) € Ns(xd,...,z0") with values u* € N, (u}),...,u™ € N, (ul}) such that



8 JIE WU

1) uh = gi(xd,23,...,20") and
Fy(z' 2%, 2", gi(z, ..., 2™)) =0
for all1 <i<mn and all (z',...,2™) € Ns(x{,...,z5").
2) FEach g; has continuous partial derivatives with
(991‘ (.’L’l xrn):_l 8(F1,,Fn)
Oxd ™ 7T J o o(utu?, . udm ad gt )
for all (zt,...,2™) € Ns(x{,...,z0") where ut = g;(xt,. .. a™).
3) If each F; is smooth on D, then each u' = g;(x!,... ™) is smooth on Ns(zj,...,z5).

Sketch of Proof. The proof is given by induction on n. Assume that the statement holds for n — 1
with n > 1. (We already prove that the statement holds for n = 1.) Since the matrix

OF;
ouJ

is invertible at the point P = (zd,22,..., 20", ud,u,. .., ul) (because the determinant is not zero),
we may assume that

oF,
—(P) #0.
oun (L) 7
The entries in the last column can not be all 0 and so, if 9L (P 0, we can interchange F; and
ou
From the previous theorem, there is a solution
u" = gn(xt, . 2™ ut L u
to the last equation. Consider
Gl = Fl(xla s axmvula' . 7unilagn)
G2 = FQ(xl’ s 7xmvu17' . 7unilvgn)
Gno1=F,q(2t, . oa™ut, w1t g).

Then
8Gi o 8Fl 8Fl %

0 0w gun dw

for 1 <i,5 <n—1, where
oF, OF, %

—_— . - = 0.
ow ~ Ju™ O
Let
1 0 o - 0 0
0 1 0 0 0
1
e I ol
0 0 0 1
9gn 9gn 99n . 9gn 1
Oul Ou? Ou3 Oun—1
Then

0G;
OF; .B = (3uj )n—l,n—l *
oud 0 gfﬁ '
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By taking the determinant,
o(Fy,....F,) O0F, 0(Gi,...,G, 1)
oul,...,um)  Our  O(ul,... un"1)’

Thus % # 0 at P and, by induction, there are solutions

J =

ui:gi(zla"'vxm)
for1<i<n-—1. O

Theorem 1.9 (Inverse Mapping Theorem). Let D be an open region in R™. Let

2t = fi(ut,. .. u")
22 = fo(ul,... u")
" = fn(u17 s 7U‘n)
be functions defined on D with continuous partial derivatives. Let (ud,...,ul) € D satisfy z§ =
filud, ..., ul) and the Jacobian
A(xt, .. ™) 1
m#o at (UO,...,’LLS).
Then there are neighborhood Ns(xd, ..., x%) and N (u}, ..., u?) such that
ut = frt ()
u? = fyt(at, .. 2
u = fol(at .. an)
is well-defined and has continuous partial derivatives on Ns(z§, ..., x}) with values in Ne(ug, . .., ul).
Moreover if each f; is smooth, then each f[l is smooth.
Proof. Let F; = f;(u',...,u") — ;. The assertion follows from the Implicit Function Theorem. [J

2. TOPOLOGICAL AND DIFFERENTIABLE MANIFOLDS, DIFFEOMORPHISMS, IMMERSIONS,
SUBMERSIONS AND SUBMANIFOLDS

2.1. Topological Spaces.

Definition 2.1. Let X be a set. A topology U for X is a collection of subsets of X satisfying

i) @ and X are in U;
ii) the intersection of two members of U is in U;
iii) the union of any number of members of U is in U.

The set X with U is called a topological space. The members U € U are called the open sets.
Let X be a topological space. A subset N C X with z € N is called a neighborhood of x if there

is an open set U with x € U C N. For example, if X is a metric space, then the closed ball D.(z)
and the open ball B.(x) are neighborhoods of z. A subset C' is said to closed if X \ C is open.

Definition 2.2. A function f: X — Y between two topological spaces is said to be continuous if
for every open set U of Y the pre-image f~*(U) is open in X.



10 JIE WU

A continuous function from a topological space to a topological space is often simply called a
map. A space means a Hausdorff space, that is, a topological spaces where any two points has
disjoint neighborhoods.

Definition 2.3. Let X and Y be topological spaces. We say that X and Y are homeomorphic if
there exist continuous functions f: X — Y,g: Y — X such that fog =idy and go f = idx. We
write X 2 Y and say that f and g are homeomorphisms between X and Y.

By the definition, a function f: X — Y is a homeomorphism if and only if
i) f is a bijective;
ii) f is continuous and
iii) f~!is also continuous.
Equivalently f is a homeomorphism if and only if 1) f is a bijective, 2) f is continuous and 3) f is
an open map, that is f sends open sets to open sets. Thus a homeomorphism between X and Y is
a bijective between the points and the open sets of X and Y.

A very general question in topology is how to classify topological spaces under homeomorphisms.
For example, we know (from complex analysis and others) that any simple closed loop is homeo-
morphic to the unit circle S*. Roughly speaking topological classification of curves is known. The
topological classification of (two-dimensional) surfaces is known as well. However the topological
classification of 3-dimensional manifolds (we will learn manifolds later.) is quite open.

The famous Poicaré conjecture is related to this problem, which states that any simply connected
3-dimensional (topological) manifold is homeomorphic to the 3-sphere S3. A space X is called simply
connected if (1) X is path-connected (that is, given any two points, there is a continuous path joining
them) and (2) the fundamental group 71 (X) is trivial (roughly speaking, any loop can be deformed
to be the constant loop in X). The manifolds are the objects that we are going to discuss in this
course.

2.2. Topological Manifolds. A Hausdorff space M is called a (topological) n-manifold if each
point of M has a neighborhood homeomorphic to an open set in R™. Roughly speaking, an n-
manifold is locally R™. Sometimes M is denoted as M™ for mentioning the dimension of M.

(Note. If you are not familiar with topological spaces, you just think that M is a subspace of
RY for a large N.)

For example, R™ and the n-sphere S™ is an n-manifold. A 2-dimensional manifold is called
a surface. The objects traditionally called ‘surfaces in 3-space’ can be made into manifolds in
a standard way. The compact surfaces have been classified as spheres or projective planes with
various numbers of handles attached.

By the definition of manifold, the closed n-disk D™ is not an m-manifold because it has the
‘boundary’ S"~!. D" is an example of ‘manifolds with boundary’. We give the definition of
manifold with boundary as follows.

A Hausdorff space M is called an n-manifold with boundary (n > 1) if each point in M has a
neighborhood homeomorphic to an open set in the half space

R} = {(x1,-- ,2n) € Rz, > 0}.
Manifold is one of models that we can do calculus ‘locally’. By means of calculus, we need local
coordinate systems. Let x € M. By the definition, there is a an open neighborhood U(z) of 2 and

a homeomorphism ¢, from U(z) onto an open set in R’. The collection {(U(z),¢,)|x € M} has
the property that 1) {U(z)|x € M} is an open cover and 2) ¢, is a homeomorphism from U(x)
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onto an open set in R’. The subspace ¢,(U,) in R’} plays a role as a local coordinate system. The
collection {(U(z), ¢,)|x € M} is somewhat too large and we may like less local coordinate systems.
This can be done as follows.

Let M be a space. A chart of M is a pair (U, ¢) such that 1) U is an open set in M and 2) ¢ is
a homeomorphism from U onto an open set in R’. The map

¢: U — R}

can be given by n coordinate functions ¢1,...,¢,. If P denotes a point of U, these functions are
often written as

' (P),2*(P),...,z"(P)

or simply ', z2,...,2". They are called local coordinates on the manifold.
An atlas for M means a collection of charts {(Uy, ¢o)|a € J} such that {U,|a € J} is an open
cover of M.

Proposition 2.4. A Hausdorff space M is a manifold (with boundary) if and only if M has an
atlas.

Proof. Suppose that M is a manifold. Then the collection {(U(z), ¢, )|z € M} is an atlas. Con-
versely suppose that M has an atlas. For any x € M there exists a such that z € U, and so U, is
an open neighborhood of = that is homeomorphic to an open set in R’}. Thus M is a manifold. [

We define a subset OM as follows: x € OM if there is a chart (U,, ¢o) such that x € U, and
¢o(r) € R* = {2 € R"|z,, = 0}. OM is called the boundary of M. For example the boundary of
D" is Sn1.

Proposition 2.5. Let M be a n-manifold with boundary. Then OM is an (n — 1)-manifold without

boundary.

Proof. Let {(Uy,da)|la € J} be an atlas for M. Let J' C J be the set of indices such that
U, NOM # 0 if « € J'. Then Clearly

{(Ua NOM, ¢a|v,nonle € J'}

can be made into an atlas for M. O

Note. The key point here is that if U is open in R}, then U N R"~! is also open because: Since U
is open in R, there is an open subset V' of R" such that U = V NR%}. Now if z € U N R™ ! there
is an open disk E.(z) C V and so

E(x)NR" ' CVNAR" ' =UnR"*

is an open (n — 1)-dimensional e-disk in R™~! centered at .

2.3. Differentiable Manifolds.

Definition 2.6. A Hausdorff space M is called a differential manifold of class C* (with boundary)
if there is an atlas of M

{(Uaa(ba”a € J}
such that
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For any «, 8 € J, the composites
$a 0 ¢y : ¢p(UaNUp) — R
is differentiable of class C*.
The atlas {(Uy, ¢ol|a € J} is called a differential atlas of class C* on M.

(Note. Assume that M is a subspace of RY with N >> 0. If M has an atlas {(Uy, ¢a)|a € J}
such that each ¢q: U, — R is differentiable of class C*, then M is a differentiable manifold of
class C*. This is the definition of differentiable (smooth) manifolds in [6] as in the beginning they
already assume that M is a subspace of RY with N large. In our definition (the usual definition
of differentiable manifolds using charts), we only assume that M is a (Hausdorff) topological space
and 80 ¢, is only an identification of an abstract U, with an open subset of R . In this case we can

not talk differentiability of ¢, unless U, is regarded as a subspace of a (large dimensional) Euclidian
space.)
Two differential atlases of class C* {(Uy, ¢o)|a € I} and {(Vj,105)|8 € J} are called equivalent
if
{(Uav ¢a)‘a € I} U {(Vﬁvwﬁ”ﬂ € J}

is again a differential atlas of class C* (this is an equivalence relation). A differential structure of
class C* on M is an equivalence class of differential atlases of class C* on M. Thus a differential
manifold of class C* means a manifold with a differential structure of class C*. A smooth manifold
means a differential manifold of class C*°.

Note: A general manifold is also called topological manifold. Kervaire and Milnor [4] have shown
that the topological sphere S” has 28 distinct oriented smooth structures.

Definition 2.7. let M and N be smooth manifolds (with boundary) of dimensions m and n re-
spectively. A map f: M — N is called smooth if for some smooth atlases {(U,, po|a € I} for M
and {(Vg,¢g)B € J} for N the functions

P30 foda lonr—1(vaynvn) t Gal(f T (Va) NUL) — RY

are of class C'°.

Proposition 2.8. If f: M — N is smooth with respect to atlases
{(Uaa(ba'aej}’ {(Vﬁv¢ﬁ|ﬁ€J}

for M, N then it is smooth with respect to equivalent atlases
{(U5, 06l € I}, {(V3, 1|8 € J'}
Proof. Since f is smooth with respect with the atlases

{(Ua’¢0¢|a € I}’> {(Vﬁad)ﬂ'ﬁ € J}’7

f is smooth with respect to the smooth atlases

{Ua ol € T} U{(Us, 05l € I'y, {(Vi, dp18 € JHU{(V, 118 € J'}

by look at the local coordinate systems. Thus f is smooth with respect to the atlases
{(Us, Osla € I'}y, {(Vy,my]8 € J'}.
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Thus the definition of smooth maps between two smooth manifolds is independent of choice of
atlas.

Definition 2.9. A smooth map f: M — N is called a diffeomorphism if f is one-to-one and onto,
and if the inverse f~': N — M is also smooth.

Definition 2.10. Let M be a smooth n-manifold, possibly with boundary. A subset X is called a
properly embedded submanifold of dimension k < n if X is a closed in M and, for each P € X, there
exists a chart (U, ¢) about P in M such that

¢(UNX)=oU)NRYE,
where Rﬁ_ C R is the standard inclusion.
Note. In the above definition, the collection {(UNX, ¢|ynx)} is an atlas for making X to a smooth
k-manifold with boundary 0X = X N oM.

If OM = (), by dropping the requirement that X is a closed subset but keeping the requirement
on local charts, X is called simply a submanifold of M.

2.4. Tangent Space. Let S be an open region of R". Recall that, for P € S, the tangent space
Tp(S) is just the n-dimensional vector space by putting the origin at P. Let T be an open region
of R™ and let f = (f1,..., fm): S — T be a smooth map. Then f induces a linear transformation

given by
”; vial(fl) + vzaz(fl) + o 0" (f1)
o= (), [ 7)) <[ AT R )
. V" ) V201 (fm) + 0202 (fm) + -+ + 000 (fim)
namely Tf is obtained by taking directional derivatives of (fi,..., f) along vector ¢ for any

v e TP(S)

Now we are going to define the tangent space to a (differentiable) manifold M at a point P as
follows:

First we consider the set

Tp ={(U,¢,0) | PeU, (U,¢)isachart v e T(¢(P))(o(U))}

The point is that there are possibly many charts around P. Each chart creates an n-dimension vector
space. So we need to define an equivalence relation in 7p such that, 7p modulo these relations is
only one copy of n-dimensional vector space which is also independent on the choice of charts.

Let (U, ¢,7) and (V, 9, w) be two elements in 7p. That is (U, ¢) and (V,4) are two charts with
P €U and P € V. By the definition,

Ypop t:p(UNV) — p(UNV)
is diffeomorphism and so it induces an isomorphism of vector spaces
T(po¢™1): Typy (S(UNV)) — Typy((U N V)).
Now (U, ¢,7) is called equivalent to (V, 1, @), denoted by (U, ¢, V) ~ (V, ¢, ), if
T(y o 6~1)(7) = .
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Define Tp(M) to be the quotient
Tp(M)="Tp/ ~.
Exercise 2.1. Let M be a differentiable n-manifold and let P be any point in M. Prove that
Tp(M) is an n-dimensional vector space. [Hint: Fixed a chart (U, ¢) and defined
a(U, ¢,0) + b(U, ¢, W) := (U, ¢, a¥ + bw).
Now given any (V, v, ), (f/, 0, J) € Tp, consider the map
g0~ p(UNV) = p(UNV)  ¢od L d(UNV) = gUNV)
and define o 5
a(V, 0, &) +b(V, 4, §) = (U, ¢,aT(¢p 0 ™) (&) + bT (¢ 0~ 1)(7))-
Then prove that this operation gives a well-defined vector space structure on Tp, that is, independent
on the equivalence relation.

The tangent space Tp(M), as a vector space, can be described as follows: given any chart (U, ¢)
with P € U, there is a unique isomorphism

Ty: Tp(M) — Typy(o(U)).

by choosing (U, ¢, ) as representatives for its equivalence class. If (V1) is another chart with
P €V, then there is a commutative diagram

To(M) —2 Ty (6(U NV))
) T(6oo7)

T,
Tp(M) — Typ) (U NV)),
where T'(1) o 1) is the linear isomorphism induced by the Jacobian matrix of the differentiable
map 1 o ¢~ L dp(UNV)—=y(UNV).

Exercise 2.2. Let f: M — N be a smooth map, where M and N need not to have the same
dimension. Prove that there is a unique linear transformation

such that the diagram

Tp(M) —2 o Ty (6(1))

rf T(pofood™t)

T
Tr(p)(N) = Tusoy ((V))

commutes for any chart (U, ¢) with P € U and any chart (V,4) with f(P) € V. [First fix a choice
of (U,¢) with P € U and (V,) with f(P) € V, the linear transformation T'f is uniquely defined
by the above diagram. Then use Diagram (1) to check that T'f is independent on choices of charts.
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2.5. Immersions. A smooth map f: M — N is called immersion at P if the linear transformation
is injective.

Theorem 2.11 (Local Immersion Theorem). Suppose that f: M™ — N™ is immersion at P. Then
there exist charts (U, ¢) about P and (V,v) about f(P) such that the diagram

flu

U %
P(P) =0¢ Y(f(P) =0
R™ C canonical coordinate inclusion . R"

commutes.

Proof. We may assume that ¢(P) = 0 and ¢(f(P)) = 0. (Otherwise replacing ¢ and ¢ by ¢ — ¢(P)

and ¢ — (f(P)), respectively.)
Consider the commutative diagram

U flu .V
¢ (0
' = ofo -1 !

o) L=02T20 )

R R

By the assumption,
Tg: To(p(U)) — To(¥(V))

is an injective linear transformation and so

rank(Tg) = m
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at the origin. The matric for T'g is

L ¥/
ozt  Ox2 oxm
9 0" ¢’
ozl  Ox2 oxm

2

) o oy o
ozl  Ox2 oxm
9¢" 09" 9"
ox! Ox2 oxm

By changing basis of R™ (corresponding to change the rows), we may assume that the first m rows
forms an invertible matrix A,,x., at the origin.
Define a function

h=(h',h? ...,h"): p(U) x R"™™ —~ R"

by setting

for 1 <i<m and

for m +1 <4 <n. Then Jacobian matrix of h is
Amxm Omx(nfm)
B(n—m)Xm In_m

where B is taken from (m + 1)-st row to n-th row in the matrix (2). Thus the Jacobian of h is not
zero at the origin. By the Inverse Mapping Theorem, h is an diffeomorphism in a small neighborhood
of the origin. It follows that there exist open neighborhoods U C U of P and V C V of f(P) such



LECTURE NOTES ON DIFFERENTIABLE MANIFOLDS 17

that the following diagram commutes

U f|U R f/
Pl Y|y
. g=dofogt L
o(U) P(V)
~|pt
(U) x 0 < s ¢(U) x Uy
R™=R™ x 0 < - R",
where U; is a small neighborhood of the origin in R™*~™. O

Theorem 2.12. Let f: M — N be a smooth map. Suppose that

1) f is immersion at every point P € M,
2) f is one-to-one and
3) f: M — f(M) is a homeomorphism.

Then f(M) is a smooth submanifold of M and f: M — f(M) is a diffeomorphism.

Note. In Condition 3, we need that if U is an open subset of M, then there is an open subset V' of
N such that V N f(M) = f(U).

Proof. For any point P in M, we can choose the charts as in Theorem 2.11. By Condition 3, f(U)
is an open subset of f(M). The charts {(f(U),%|fw))} gives an atlas for f(M) such that f(M) is
a submanifold of M. Now f: M — f(M) is a diffeomorphism because it is locally diffeomorphism
and the inverse exists. 0

Condition 3 is important in this theorem, namely an injective immersion need not give a dif-
feomorphism with its image. (Construct an example for this.) An injective immersion satisfying
condition 3 is called an embedding.

2.6. Submersions. A smooth map f: M — N is called submersion at P if the linear transforma-
tion
Tf: TP(M) — Tf(p)(M)

is surjective.
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Theorem 2.13 (Local Submersion Theorem). Suppose that f: M™ — N™ is submersion at P.
Then there exist charts (U, ¢) about P and (V,v) about f(P) such that the diagram

. o v
¢(P)=0¢ P(f(P)) =09
R™ c canonical coordinate proj. . R"

commutes.

For a smooth map of manifolds f: M — N, a point @Q € N is called reqular if Tf: Tp(M) —
To(N) is surjective for every P € f~1(Q), the pre-image of Q.

Theorem 2.14 (Pre-image Theorem). Let f: M — N be a smooth map and let @ € N such
that f~1(Q) is not empty. Suppose that Q is reqular. Then f~1(Q) is a submanifold of M with
dim f~1(Q) = dim M — dim N.

Proof. From the above theorem, for any P € f~1(Q),
A1 [THQNU —= R™"
gives a chart about P. 0
Let Z be a submanifold of N. A smooth map f: M — N is said to be transversal to Z if
Im(Tf: Tp(M) — Typ)(N)) + Typ)(Z) = Typ)(N)
for every x € f~1(Z).

Theorem 2.15. If a smooth map f: M — N is transversal to a submanifold Z C N, then f~1(2)
is a submanifold of M. Moreover the codimension of f~1(Z) in M equals to the codimension of Z
m N.

Proof. Given P € f~1(Z), since Z is a submanifold, there is a chart (V,v) of N about f(P) such
that V. .=V; x V5 with V; =V N Z and (V4,4]v,) is a chart of Z about f(P). By the assumption,
the composite

V) flg=10v) v P Va

is submersion. By the Pre-image Theorem, f~1(V) N f~1(Z) is a submanifold of the open subset
f71(V) of M and so there is a chart about P such that Z is a submanifold of M.
With respect to the assertion about the codimensions,

codim(f~!(Z)) = dim V3 = codim(Z).
O

Consider the special case that both M and Z are submanifolds of N. Then the transversal
condition is

Tp(M)+Tp(Z) =Tp(N)
forany Pe M N Z.
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Corollary 2.16. The intersection of two transversal submanifolds of N is again a submanifold.
Moreover

codim(M N Z) = codim(M) + codim(Z)
m N.

3. EXAMPLES OF MANIFOLDS

3.1. Open Stiefel Manifolds and Grassmann Manifolds. The open Stiefel manifold is the
space of k-tuples of linearly independent vectors in R™:

Vin = {(@1,...,5%)" | 5 € R™, {#,..., 0} linearly independent},

where f/k,n is considered as the subspace of k x n matrixes M (k,n) = R*™. Since Vk’n is an open
subset of M (k,n) = RV}, is an open submanifold of R¥".

The Grassmann manifold Gy, is the set of k-dimensional subspaces of R", that is, all k-planes

through the origin. Let
T Vkr,n — Gk:,n

be the quotient by sending k-tuples of linearly independent vectors to the k-planes spanned by k
vectors. The topology in G, is given by quotient topology of 7, namely, U is an open set of Gy ,,
if and only if 7=1(U) is open in Vkm-

For (#,...,v)7 € f/k,n, write (¥1,...,0k) for the k-plane spanned by @1, ..., 0. Observe that
two k-tuples (7, ...,0%)? and (i1, ...,w,)? spanned the same k-plane if and only if each of them
is basis for the common plane, if and only if there is nonsingular k X k matrix P such that

P(@,...,5)" = (@, 5"

This gives the identification rule for the Grassmann manifold Gy . Let GL;(R) be the space of
general linear groups on R¥, that is, GLj(R) consists of & x k nonsingular matrixes, which is an
open subset of M (k, k) = R¥*. Then G, is the quotient of an by the action of GLg(R).

First we prove that Gy, is Hausdorft. If & = n, then G, ,, is only one point. So we assume that
k < n. Given an k-plane X and @ € R"”, let p;z be the square of the Euclidian distance from  to
X. Let {eq,...,exr} be the orthogonal basis for X, then

k
pa(X) = @@= Y (@ e;)
j=1

Fixing any W € R", we obtain the continuous map
Pw: Gk,n — R

because pg o m: f/kyn — R is continuous and Gy, given by the quotient topology. (Here we use
the property of quotient topology that any function f from the quotient space Gy, to any space
is continuous if and only if f o7 from Vk,n to that space is continuous.) Given any two distinct
points X and Y in Gy, we can choose a @ such that pgz(X) # pz(Y). Let V4 and V2 be disjoint
open subsets of R such that pg(X) € Vi and pz(Y) € V. Then p' (V1) and p;' (Vz) are two open
subset of Gy, ,, that separate X and Y, and so Gy, ,, is Hausdorff.

Now we check that Gy, ,, is manifold of dimension k(n — k) by showing that, for any X in Gy .,
there is an open neighborhood Ux of a such that Uy & RF(n—Fk)
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Let X € Gy, be spanned by (91,...,7)T. There exists a nonsingular n x n matrix Q such that
(T, )T = (I, 0)Q,
where [} is the unit k x k-matrix. Fixing @, define
Xo = {(Pr, Bent)Q | det(Py) # 0, By i, € M(k,n —k)} C Vi
Then Ex is an open subset of an Let Ux = nw(Ex) C G- Since
©'(Ux) = Ex

is open in f/k,n, Ux is open in Gy, , with X € Ux. From the commutative diagram
(P,A) — (P,PA)Q

GLL(R) x M(k,n — k) _ - Ex
proj. ™
M(k.n— k) A (e, A)Q) Uy,

Ux is homeomorphic to M (k,n — k) = R¥("=%) and so Gy ,, is a (topological) manifold.
For checking that Gy, is a smooth manifold, let X and Y € Gy ,, be spanned by (1,..., 0%
and (0, ..., )T, respectively. There exists nonsingular n x n matrixes @ and @ such that

(7717"'7?7]6)T: (IkaO)Q7 (U_jla"';wk)T: (IkaO)Q

)T

Consider the maps:

M(k,n —k) —— Ux A (I, A)Q)
bx

M(k,n— k) —— Uy A (I, A)Q).
Y

If Z e Ux NUy, then ~

Z = ((Ix, Az)Q) = ((Ix, B2)Q)
for unique A, B € M(k,n — k). It follows that there is a nonsingular k x k matrix P such that

(Ik,Bz)Q = P(Ik7Az)Q = (Ik,Bz) = P(Ik,Az)QQ_l.

Let
T11 Tho

T=Q0"'=
Toy T2
Then
(Iy,Bz) = (P,PAz)T = (PT11 + PAzT, PTio + PAzTs)
I, = P(Ty + AzT5)

Bz = P(Tn + Azng).
It follows that
Z € UX N Uy if and only if det(TH + AzTgl) 7§ 0 (that iS, T11 + A2T21 is invertible).
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From the above, the composite

¢X(UX ﬂUy) & Ux NUy & M(k,n)
is given by
A— (Tll =+ ATQl)_l (T12 + AT22) )
which is smooth. Thus G}, is a smooth manifold.

As a special case, G1, is the space of lines (through the origin) of R™, which is also called
projective space denoted by RP™*~1. From the above, RP"~! is a manifold of dimension n — 1.

3.2. Stiefel Manifold. The Stiefel manifold, denoted by Vj ,,, is defined to be the set of k orthog-
onal unit vectors in R™ with topology given as a subspace of Vi, ,, € M (k,n). Thus

Vin ={A € M(k,n) | A- AT = I,}.
We prove that Vi, is a smooth submanifold of M (k,n) by using Pre-image Theorem.

(k+1)k

Let S(k) be the space of symmetric matrixes. Then S(k) = R~z  is a smooth manifold of
dimension. Consider the map

f:M(k,n)— S(k) A~ AAT.
Forany A € M(k,n), Tfa: Ta(M(k,n)) — Tta)(S(k)) is given by setting T f4(B) is the directional
derivative along B for any B € Ty (M(k,n)), that is,
f(A+sB) - f(4)
s
(A+sB)(A+sB)T — AAT

Tfa(B) = lim

= lir%
s— S
AAT ABT BAT 2BBT — AAT
= lim tsaD 4 sBA ¥ — ABT + BAT.
5— S

We check that T'f4: Ta(M(k,n)) — Tpay(S(k)) is surjective for any A € f~*(I).
By the identification of M (k,n) and S(k) with Euclidian spaces, T4 (M (k,n)) = M(k,n) and
Tpa)(S(k)) = S(k)). Let A€ f~(I;) and let C € T(a)(S(k)). Define

B= %CA € Ta(M(k, n)).

Then

AAT=1, 1 c=c”T

1 1 1
Tfa(B) = ABT + BAT = 5AATCT + 5CAAT 20T +5C C.
Thus T'f: Ta(M(k,n)) — T¢a)(S(k)) is onto and so Iy is a regular value of f. Thus, by Pre-image
Theorem, Vi ,, = f~1(I}) is a smooth submanifold of M (k,n) of dimension
ko — (k+ 1)k _ k(2n—k—1).
2 2
Special Cases: When k = n, then V,, ,, = O(n) the orthogonal group. From the above, O(n) is a
(smooth) manifold of dimension @ (Note. O(n) is a Lie group, namely, a smooth manifold
plus a topological group such that the multiplication and inverse are smooth.)
When k =1, then V; ,, = S™~1 which is manifold of dimension n — 1.

When k =n — 1, then V;,_1 , is a manifold of dimension w One can check that
Vn—l,n = SO(n)
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the subgroup of O(n) with determinant 1. In general case, Vi, = O(n)/O(n — k).

As a space, Vi, is compact. This follows from that Vj , is a closed subspace of the k-fold
Cartesian product of S"~! because Vi,n is given by k unit vectors (T1,...,7)T in R™ that are
solutions to ¥; - ¥; = 0 for ¢ # j, and the fact that any closed subspace of compact Hausdorff space
is compact. The composite

~ T
Vk,n — Vk,n - Gk,n

is onto and so the Grassmann manifold Gy, is also compact. Moreover the above composite is a
smooth map because 7 is smooth and V} 5, is a submanifold. This gives the diagram

submanifold submersion at I},
Viw ———— M (k, - S(k
smooth

Gk,n

Note. By the construction, Gy, is the quotient of V4 ,, by the action of O(k). This gives identifi-
cations:

Gr.n = Vi /O(k) = O(n)/(O(k) x O(n — k)).

4. FIBRE BUNDLES AND VECTOR BUNDLES

4.1. Fibre Bundles. A bundle means a triple (F,p, B), where p: E — B is a (continuous) map.
The space B is called the base space, the space F is called the total space, and the map p is called
the projection of the bundle. For each b € B, p~1(b) is called the fibre of the bundle over b € B.

Intuitively, a bundle can be thought as a union of fibres f~1(b) for b € B parameterized by B
and glued together by the topology of the space E. Usually a Greek letter ( £,7,(, A, etc) is used to
denote a bundle; then F(£) denotes the total space of £, and B(&) denotes the base space of £.

A morphism of bundles (¢,4): €& — £ is a pair of (continuous) maps ¢: E(¢) — E(¢') and
é: B(€) — B(¢') such that the diagram

commutes.
The trivial bundle is the projection of the Cartesian product:

p: BXx F — B, (z,y) — x.

Roughly speaking, a fibre bundle p: E — B is a “locally trivial” bundle with a “fixed fibre” F.
More precisely, for any & € B, there exists an open neighborhood U of z such that p=1(U) is a trivial
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bundle, in other words, there is a homeomorphism ¢y : p~1(U) — U x F such that the diagram

UxF—@»V%m

T p

U———=U
commutes, that is, p(¢(z’,y)) = 2’ for any 2’ € U and y € F.

Similar to manifolds, we can use “chart” to describe fibre bundles. A chart (U, ¢) for a bundle
p: E — Bis (1) an open set U of B and (2) a homeomorphism ¢: U x F — p~1(U) such that
p(p(2’,y)) = 2’ for any 2’ € U and y € F. An atlas is a collection of charts {(Uy, ¢o)} such that
{Uy} is an open covering of B.

Proposition 4.1. A bundle p: E — B is a fibre bundle with fibre F if and only if it has an atlas.

Proof. Suppose that p: E — B is a fibre bundle. Then the collection {(U(z), ¢, )|z € B} is an atlas.

Conversely suppose that p: £ — B has an atlas. For any x € B there exists « such that z € U,
and so U, is an open neighborhood of = with the property that p|,-1(y: p~ 1 (U,) — U, is a trivial
bundle. Thus p: E — B is a fibre bundle. O

Let & be a fibre bundle with fibre F' and an atlas {(Uy, ¢4)}. The composite

_ é _ bt
bt ods: (UaNUs) x F 2 p~ YU, NUs) —2» (U, NUg) x F

has the property that
d);l o (ZSg(JC,y) = (:L‘,gag(x,y))
for any x € U, NUg and y € F. Consider the continuous map gop: Usp X F' — F. Fixing any =,
gap(x,—): F — F, y — gop(z,y) is a homeomorphism with inverse given by ggq(z, —). This gives
a transition function
gap: Uy NUg — Homeo(F, F),
where Homeo(F, F') is the group of all homeomorphisms from F' to F.

Exercise 4.1. Prove that the transition functions {gag} satisfy the following equation

(3) 9ap(2) © gy (2) = gay(z) € UaNUsNU,.
By choosing @ = 8 =7, gaa(Z) © gaa(T) = gaa(z) and so
(4) Joa(2) =12 z €U,

By choosing a =7, gas(2) © gga(x) = gaa(z) = z and so
(5) gﬁa(x) = gocﬁ(x)_l zeUy,N U/g.

We need to introduce a topology on Homeo(F, F') such that the transition functions g,s are
continuous. The topology on Homeo(F, F) is given by compact-open topology briefly reviewed as
follows:

Let X and Y be topological spaces. Let Map(X,Y) denote the set of all continuous maps from
X to Y. Given any compact set K of X and any open set U of Y, let

Wi ={f € Map(X,Y) | f(K) CU}.
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Then the compact-open topology is generated by Wi y, that is, an open set in Map(X,Y) is an
arbitrary union of a finite intersection of subsets with the form Wy r.

Map(F, F) be the set of all continuous maps from F to F with compact open topology. Then
Homeo(F, F) is a subset of Map(F, F') with subspace topology.

Proposition 4.2. If Homeo(F, F) has the compact-open topology, then the transition functions
gap: Uy NUg — Homeo(F, F) are continuous.

Proof. Given Wk, we show that g;ﬁl(WK,U) is open in U, NUg. Let g € Uy N Ug such that
9ap(wo) € Wi ry. We need to show that there is a neighborhood V' is 2 such that g.5(V) € Wk v,
or gos(V x K) C U. Since U is open and gog: (Uy NUp) x F — F is continuous, g~ '(U) is an
open set of (U, NUg) x F with g x K C g;é(U). For each y € K, there exist open neighborhoods
V(y) of z and N(y) of y such that V(x) x N(y) C g;é(U) Since {N(y) | y € K} is an open cover

of the compact set K, there is a finite cover {N(y1),...,N(yn)} of K. Let V = ﬁ V(y;). Then
V x K C g, 5(U) and so gas(V) € Wk u. - O
Proposition 4.3. If F regular and locally compact, then the composition and evaluation maps
Homeo(F, F') x Homeo(F, F) — Homeo(F, F) (9, f)— fog
Homeo(F,F) x FF —— F (f,y) — f(y)
are continuous.

Proof. Suppose that fogé€ Wk . Then f(g(K)) CU, or g(K) C f~}(U), and the latter is open.
Since F' is regular and locally compact, there is an open set V' such that
g(K)SV eV e i)

and the closure V' is compact. If ¢/ € Wi,y and f' € Wy, then f' o g’ € Wk y. Thus Wi,y and
Wy ¢ are neighborhoods of g and f whose composition product lies in Wy 7. This implies that
Homeo(F, F') x Homeo(F, F') — Homeo(F, F) is continuous.

Let U be an open set of F and let fy(yo) € U or yo € f(;l(U). Since F' is regular an locally
compact, there is a neighborhood V of yo such that V is compact and yo € V C V C g5 ).
If g € Wy and y € V, then g(y) € U and so the evaluation map Homeo(F, ) x F' — F is
continuous. d

Proposition 4.4. If F is compact Hausdorff, then the inverse map
Homeo(F, F) — Homeo(F, F') frft
18 continuous.
Proof. Suppose that g; ' € Wi r. Then g5 '(K) C U or K C go(U). Tt follows that
FNK2OF~gU)=go(F~\U)

because gp is a homeomorphism. Note that F'\ U is compact, F'\ K is open and go € Wr. v, r k-
If g € Wp v, rk, then, from the above arguments, g’1 € Wk v and hence the result. O

Note. If F is regular and locally compact, then Homeo(F, F') is a topological monoid, namely
compact-open topology only fails in the continuity of g—!. A modification on compact-open topology
eliminates this defect [1].
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4.2. G-Spaces and Principal G-Bundles. Let G be a topological group and let X be a space.
A right G-action on X means a(continuous) map p: X X G — X, (z,g9) — x-gsuch that -1 ==z
and (z-g)-h =x-(gh). In this case, we call X a (right) G-space. Let X and Y be (right) G-spaces.
A continuous map f: X — Y is called a G-map if f(z-g) = f(x) g for any x € X and g € G. Let
X/G be the set of G-orbits G, x € X, with quotient topology.

Proposition 4.5. Let X be a G-space.

1) For fizing any g € G, the map x — x - g is a homeomorphism.

2) The projection m: X — X/G is an open map.
Proof. (1). The inverse is given by z +— z - g~ 1.

(2) If U is an open set of X,
i@ U)=JU-g
geG

is open because it is a union of open sets, and so 7(U) is open by quotient topology. Thus 7 is an
open map. Il

We are going to find some conditions such that 7: X — X /G has canonical fibre bundle structure
with fibre G. Given any point Z € X/G, choose x € X such that m(x) = Z. Then

7 Nz)={z-g| g€ G} =G/H,,

where H, ={g € G | x-g =z}
For having constant fibre G, we need to assume that the G-action on X is free, namely
r-g=x — g=1
for any x € X. This is equivalent to the property that
r-g=x-h = g=h
for any € X. In this case we call X a free G-space.

Since a fibre bundle is locally trivial (locally Cartesian product), there is always a local cross-
section from the base space to the total space. Our second condition is that the projection 7: X —
X/G has local cross-sections. More precisely, for any Z € X/G, there is an open neighborhood U(Z)
with a continuous map sz: U(Z) — X such that 7o sz = idy ().

(Note. For every point Z, we can always choose a pre-image of 7, the local cross-section means
the pre-images can be chosen “continuously” in a neighborhood. This property depends on the
topology structure of X and X/G.)

Assume that X is a (right) free G-space with local cross-sections to 7: X — X/G. Let T be any
point in X/G. Let U(Z) be a neighborhood of Z with a (continuous) crosse-section sz: U(Z) — X.
Define

¢ U(Z) x G — 71 (U(@)  (§.9) — s2(9) - g
for any y € U(Z).

Exercise 4.2. Let X be a (right) free G-space with local cross-sections to m: X — X/G. Then the
continuous map ¢z: U(Z) x G — 7~ 1(U()) is one-to-one and onto. O

We need to find the third condition such that ¢z is a homeomorphism. Let
X*={(z,z-9)|z€X,gec G} C X x X.
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A function
X" — G
such that
x-7(r,2’)=2"  forall (z,2") € X

is called a translation function. (Note. If X is a free G-space, then translation function is unique
because, for any (x,2’) € X*, there is a unique g € G such that 2’ = z - g, and so, by definition,

T(x,2') =g.)

Proposition 4.6. Let X be a (right) free G-space with local cross-sections to m: X — X/G. Then
the following statements are equivalent each other:

1) The translation function 7: X* — G is continuous.
2) For any 7 € X/G, the map ¢z: U(z) x G — 71 (U(z)) is a homeomorphism.
3) There is an atlas {(Un, ¢}t of X/G such that the homeomorphisms

bo: Uy x G — 171Uy
satisfy the condition ¢ (Y, gh) = ¢y, g) - h, that is ¢ is a homeomorphism of G-spaces.

Proof. (1) = (2). Consider the (continuous) map

0: n U@) — U@ X G 2 (n(2), 7(52(m(2)), 2)).
Then

00 ¢z(y,9) = 0(sz(Y) - 9) = (4, 7(s2(9), 52(¥) - 9)) = (¥,9),

¢z 00(2) = ¢z(m(2),7(s2(7(2)), 2)) = s2(7(2)) - 7(s2(7(2)), 2) = 2.
Thus ¢z is a homeomorphism.
(2) = (3) is obvious.

(3) = (1). Note that the translation function is unique for free G-spaces. It suffices to show
that the restriction

7(X): X N (7 (Ua) x 7 HUL)) = (771 (Ua))” — G
is continuous. Consider the commutative diagram

(U x G 2% (1 (U))"

IR

T(Us X G) 7(X)

G ———=a@G.
Since
7(Ua x G)((5,9), (5:h)) = g~ 'R
)*
)~

is continuous for each « and so 7(X) is continuous. O

Y,
is continuous, the translation function restricted to (w‘l(Ua)
) o ((¢a)”

T(X)=7Us x G) o ((
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Now we give the definition. A principal G-bundle is a free G-space X such that
X - X/G
has local cross-sections and one of the (equivalent) conditions in Proposition 4.6 holds.
Example. Let I' be a topological group and let G be a closed subgroup. Then the action of G
on I' given by (a,g) — ag for a € T and g € G is free. Then translation function is given by

7(a,b) = a~ b, which is continuous. Thus I' — I'/G is principal G-bundle if and only if it has local
cross-sections.

4.3. The Associated Principal G-Bundles of Fibre Bundles. We come back to look at fibre
bundles £ given by p: E — B with fibre F. Let {(U,, ¢o)} be an atlas and let

gap: Uy NUg — Homeo(F, F)
be the transition functions. A topological group G is called a group of the bundle £ if
1) There is a group homomorphism

0: G —— Homeo(F, F).

2) There exists an atlas of ¢ such that the transition functions g.g lift to G via 6, that is,
there is commutative diagram

U NUg Jol} Homeo(F, F)

Jap

U N U3 G,

(where we use the same notation gogs.)
3) The transition functions
Japs: U, N Ug — G
are continuous.
4) The G-action on F via 6 is continuous, that is, the composite
Oxidp evaluation

G x F —— Homeo(F,F)x F ———— F

is continuous.
We write & = {(Ua, gap)} for the set of transition functions to the atlas {(Ua, ¢a)}-

Note. In Steenrod’s definition [11, p.7], € is assume to be a monomorphism (equivalently, the
G-action on F is effective, that is, if y - g = y for all y € F, then g = 1.).

We are going to construct a principal G-bundle 7: E¢ — B. Then prove that the total space
E = F xg E€ and p: E — B can be obtained canonically from 7: E¢ — B. In other words,
all fibre bundles can obtained through principal G-bundles through this way. Also the topological
group G plays an important role for fibre bundles. Namely, by choosing different topological groups
G, we may get different properties for the fibre bundle £. For instance, if we can choose G to be
trivial (that is, gag lifts to the trivial group), then fibre bundle is trivial. We will see that the bundle
group G for n-dimensional vector bundles can be chosen as the general linear group GL,(R). The
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vector bundle is orientable if and only if the transition functions can left to the subgroup of GL,,(R)
consisting of n x n matrices whose determinant is positive. If n = 2m, then GL,,(C) C GLq,,(R).
The vector bundle admits (almost) complex structure if and only if the transition functions can left
to GL,,(C). (For manifolds, one can consider the structure on the tangent bundles. For instance,
an oriented manifold means its tangent bundle is oriented.)

Proposition 4.7. If £ is the set of transition functions for the space B and topological group G,
then there is a principal G-bundle £ given by

7 E¢ —» B
and an atlas {(Us, ¢a)} such that & is the set of transition functions to this atlas.

Proof. The proof is given by construction. Let

E:UUaxGxa,

that is E is the disjoint union of U, x G. Now define a relation on E by
(b7g7oz) ~ (bl7g/7/8) —= b= blag = gaﬁ(b)g/'

This is an equivalence relation by Equations (3)-(5). Let EY = E/ ~ with quotient topology and
let {b,g,a} for the class of (b,g,a) in E¢. Define 7: E¢ — B by

m{b,g,a} =0,
then 7 is clearly well-defined (and so continuous). The right G-action on E€ is defined by
{b,9,a}-h ={b,gh,a}.
This is well-defined (and so continuous) because if (b, ¢’, 3) ~ (b, g, @), then
(¥, g'h, B) = (b, (9ap(b)9)h, B) = (b, gap(b)(gh), B) ~ (b, gh, cv).
Define ¢ : Uy x G — 7~ 1(U,) by setting
$a(b,9) = {b,9,a},
then ¢, is continuous and satisfies 7 o ¢, (b, g) = b and
¢a(b,9) ={b,1-g,a} ={b,1,a}-g

for b € U, and g € G. The map ¢,, is a homeomorphism because, for fixing «, the map

H(Ua N Uﬁ) x G x ﬂ - Ua x G (bv g/aﬂ) = (ba gaﬁ(b)g/)
B

induces a map 7~ !(U,) — U, x G which the inverse of ¢,. Moreover,

¢a(b7 gaﬁ(b)g) = {b7 gaﬁ(b)gva} = {bagaﬁ} = eﬁ(b7 g)

for b € U, NUg and g € G. Thus the {(Ua,gap)} is the set of transition function to the atlas
{Ua, da)}- g
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Let X be a right G-space and let Y be a left G-space. The product over G is defined by
X xgY =X xY/(zg,y) ~ (z,9y)
with quotient topology. Note that the composite

X ™

XxY - X - X/G

(xy) = @ 3z

factors through X xg Y. Let p: X Xg Y — X/G be the resulting map. For any T € X/G, choose
r € 1(Z) C X, then

p Hz)=7"1Z) xgY =2 xY/H,,
where H, = {g € G | zg = x}. Thus if X is a free right G-space, then the projection p: X xgV —
X/G has the constant fibre Y.

Proposition 4.8. Let 7: X — X/G be a (right) principal G-bundle and let Y be any left G-space.
Then

p: X xgY — X/G
s a fibre bundle with fibre Y.

Proof. Consider a chart (Uy, ¢o) for m: X — X/G. Since the homeomorphism ¢q: Uy X G —
7 1(Uy,) is a G-map, there is a commutative diagram

Us XY == (Uy x G) xg Y %’é 7N Us) xa Y = p *(U,)
TU, TUq p p

U e} Ua Ua UDL

and hence the result. O

Let £ be a (right) principal G-bundle given by 7: X — X/G. Let Y be any left G-space. Then

fibre bundle
p: X xgY — X/G
is called induced fibre bundle of &, denoted by £[Y].

Now let p: F — B is a fibre bundle with fibre F' and bundle group G. Observe that the action
of Homeo(F, F') on F is a left action because (f o g)(z) = f(g(x)). Thus G acts by left on F' via
0: G — Homeo(F, F).

A bundle morphism




30 JIE WU

is call an isomorphism if both ¢ and ¢ are homeomorphisms. (Note. this means that (¢, (¢)™!)
are continuous.) In this case, we write £ = ¢'.

Theorem 4.9. Let & be a fibre bundle given by p: E — B with fibre F' and bundle group G. Let £
be the principal G-bundle constructed in Proposition 4.7 according to a set of transitions functions
to & Then £C[F] = €.

Proof. Let {(Uq, ¢o)} be an atlas for . We write b for ¢ in the proof of Proposition 4.7. Consider
the map 6, given by the composite:

an X idF

¢

7N Uy) xa F (Ua X G x @)g x F ==Uy x F —* p~'(Ua).

From the commutative diagram

b.g.y) = 0.9.92500W) iy (1) x G x ) xa F

(e 003) % G X 0 6 E 0 547 = (b gas ), 9]

(b’ y) = (b’ gaﬁ(b7 y))

(UaNUg) x F > (UsNUg) x F
= (;5[3 = ¢a
p_l(Uochﬂ) p_l(UaﬂU5)7
the map 6, induces a bundle map
G 0
E” xg F — E(§)
B(¢) B(g).
This is an bundle isomorphism because 6 is one-to-one and onto, and 6 is a local homeomorphic by
restricting each chart. The assertion follows. O

This theorem tells that any fibre bundle with a bundle group G is an induced fibre bundle of
a principal G-bundle. Thus, for classifying fibre bundles over a fixed base space B, it suffices to
classify the principal G-bundles over B. The latter is actually done by the homotopy classes from
B to the classifying space BG of G. (There are few assumptions on the topology on B such as B is
paracompact.) The theory for classifying fibre bundles is also called (unstable) K -theory, which is
one of important applications of homotopy theory to geometry. Rough introduction to this theory
is as follows:

There exists a universal G-bundle wg as m: EG — BG. Given any principal G-bundle £ over B,
there exists a (continuous) map f: B — BG such that £, as a principal G-bundle, is isomorphic to
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the pull-back bundle f*wg given by
E(f*'we) ={(z,y) € BX EG | f(x) =7(y)} — EG

(z,y) = m

B I, BG.
Moreover, for continuous maps f,g: B — BG, f*wg = g*wq if and only if f ~ g, that is, there is a
continuous map (called homotopy) F: B x[0,1] — BG such that F(x,0) = f(x) and F(z,1) = g(x).
In other words, the set of homotopy classes [B, BG] is one-to-one correspondent to the set of
isomorphic classes of principal G-bundles over G.

Seminar Topic: The classification of principal G-bundles and fibre bundles. (References: for
instance [8, pp.48-58] Or [9, 10].)

4.4. Vector Bundles. Let F denote R, C or H-the real, complex or quaternion numbers. An
n-dimensional F-vector bundle is a fibre bundle ¢ given by p: E — B with fibre F™ and an atlas
{(Us, ¢a)} in which each fibre p=1(b), b € B, has the structure of vector space over F such that
each homeomorphism ¢, : U, x F* — p~1(U,) has the property that

d)a'{b}XF”: {b} X Fn _— pil(b)

is a vector space isomorphism for each b € U,,.
Let £ be a vector bundle. From the composite

(Ua NUg) x F" 220 p= (U, NUp) 22w (Ua NUp) x F™,

the transition functions
gap: Us NUz — Homeo(F",F")
have that property that, for each x € U,g,
gop(z): F" — F"

is a linear isomorphism. It follows that the bundle group for a vector bundle can be chosen as
the general linear group GL, (F). By Theorem 4.9, we have the following.

Proposition 4.10. Let £ be an n-dimensional F-vector space over B. Then there exists a principal
GL,(F)-bundle €5 ) over B such that & = ¢SM O[], Conversely, for any principal GL,, (F)-
bundle over B, 5" (F)[F"] is an n-dimensional F-vector bundle over B. 0

In other words, the total spaces of all vector bundles are just given by E(fGL"(F)) XaL, (k) F™.

4.5. The Construction of Gauss Maps. The Grassmann manifold G, ,,(F) is the set of n-
dimensional F-subspaces of F™, that is, all n-F-planes through the origin, with the topology de-

scribed as in the topic on the examples of Manifolds. (If m = oo, F** = @ F.) Let
j=1

E() = {(V:2) € Gu(F) x F™ | z € V.
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Exercise 4.3. Show that

p: E(vy") — Gum(F) (Vix) =V
is an n-dimensional F-vector bundle, denoted by 4. [Hint: By reading the topic on the examples of
manifolds, check that V,, ,,(F) — G, (F) is a principal O(n,F), where O(n,R) = O(n), O(n,C) =
U(n) and O(n,H) = Sp(n). Then check that E(v]") = Vi, ;m(F) Xo(n,r) F™]

A Gauss map of an n-dimensional F-vector bundle in F™ (n < m < o0) is a (continuous) map
g: E(§) — F™ such that g restricted to each fibre is a linear monomorphism.
Example. The map
¢ B = F" (Viz) =2
is a Gauss map.
Proposition 4.11. Let & be an n-dimensional F-vector bundle.

1) If there is a vector bundle morphism

E(¢) —— E())

p(&) P

B(&) —Tv Gpp(®)

that is an isomorphism when restricted to any fibre of £, then qou: E(§) — F™ is a Gauss
map.

2) If there is a Gauss map g: E(§) — F™, then there is a vector bundle morphism (u, f): & —
vt such that qu = g.

Proof. (1) is obvious. (2). For each b € B(£), g(p(€)~1(b)) is an n-dimensional F-subspace of F™
and so a point in G,, ,,(F). Define the functions

f:B&) = Gum(F)  f(b) = g(p(&)~" (1)),
u: B(E) = E(v")  u(z) = (f(p(2)), 9(2))-

The functions f and u are well-defined. For checking the continuity of f and wu, one can look at a
local coordinate of ¢ and so we may assume that ¢ is a trivial bundle, namely, g: B(§) x F* — F™
restricted to each fibre is a linear monomorphism. Let {eq, ..., e,} be the standard F-bases for F™.
Then the map

h:B—F"x..- xF" b (g(be1),g(b,ea),...,q(b,en))
is continuous. Since g restricted to each fibre is a monomorphism, the vectors
{9(be1),9(b,e2),-., g(b,en)}
are linearly independent and so
(9(b,e1), g(b,e2), -, g(byen)) € Vi (F)
for each b, where V,, ,,,(F) is the open Stiefel manifold over F. Thus
hi B—> Vom(F) b (g(b,e1), 9(b,2), ., 9(b,en))
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is continuous and so the composite
h ~ quotient
f: B > Vn,m(F) > G’ﬂ’m(F)
is continuous. The function u is continuous because the composite

u

E(§) ~ E(v)
A
B x B(¢) LD 6, (5) wEm
is continuous. This finishes the proof. 0

Let £ be a vector bundle and let f: X — B(£) be a (continuous) map. Then the induced vector
f*€ is the pull-back

E(f76) ={(z,y) € X x E(§) [f(z) = p(y)} — E(§)

p
f
X > B(¢).
Proposition 4.12. There exists a Gauss map g: E(§) — F™ (n <m < 00) if and only if
£= (')

over B(§) for some map f: B(§) — Gpnm/(F).

Proof. <= is obvious.
— Assume that ¢ has a Gauss map g. From Part (2) of Proposition 4.11, there is a commutative
diagram

E(¢) —— E()

p(§) (")
f
B(§) — Gpm(F).
Since E(f*+) is defined to be the pull-back, there is commutative diagram

B(&) —% B(f4m)

p(§) p

B(¢) B(¢),

where @ restricted to each fibre is a linear isomorphism because both vector-bundle has the same
dimension and the Gauss map g restricted to each fibre is a monomorphism. It follows that
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a: E(§) — E(f*y™) is one-to-one and onto. Moreover @ is a homeomorphism by considering a
local coordinate. O

We are going to construct a Gauss map for each vector bundle over a paracompact space. First,
we need some preliminary results for bundles over paracompact spaces. (For further information on
paracompact spaces, one can see [3, 162-169).

A family of C = {C,, | J} of subsets of a space X is called locally finite if each x € X admits a
neighborhood W, such that W, N C,, # () for only finitely many indices « € J. Let U = {U,} and
V = {Vi} be two open covers of X. V is called a refinement of U if for each 3, V3 C U, for some «.

A Hausdorff space X is called paracompact if it is regular and if every open cover of X admits a
locally finite refinement.

Let U = {U, | o € J} be an open cover of a space X. A partition of unity, subordinate to U, is
a collection {\, | @ € J} of continuous functions A, : X — [0, 1] such that
1) The support
supp(Aa) € Uq
for each «, where the support

supp(Aa) = {z € X | Aa(2) # 0}
is the closure of the subset of X on which A, # 0;
2) for each x € X, there is a neighborhood W, of = such that Ay _|w, # 0 for only finitely
many indices o € J. (In other words, the supports of A\,’s are locally finite.)

3) The equation
Z Aa(z) =1
acJ
for all x € X, where the summation is well-defined for each given x because there are only
finitely many non-zeros.

We give the following well-known theorem without proof. One may read a proof in [2, pp.17-20].

Theorem 4.13. If X is a paracompact space and U = {U,} is an open cover of X, then there
ezists a partition of unity subordinate to U. O

Lemma 4.14. Let £ be a fibre bundle over a paracompact space B. Then £ admits an atlas with
countable charts.

Proof. Let {(Uy, do | @ € J} be an atlas for &. We are going to find another atlas with countable
charts.
By Theorem 4.13, there is a partition of unity {\, | @ € J} subordinate to {U, | @ € J}. Let

Vo = 2;1(0,1] = {b€ B | A\o(b) > 0}.
Then, by the definition of partition of unity, V,, C Vi, C U,. For each b € B, let
S) ={ae J| (b)) > 0}.

Then, by the definition of partition of unity, S(b) is a finite subset of J.
Now for each finite subset S of J define

W(S)={be B |Aa(b) > Ag(b) foreach a € Sand ¢S}
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= 1 Ga=2)'(0.1]:
a €S

BES

Then W(S) is open because for each b € W(S), by definition of partition of unity, there exists a
neighborhood W}, of b such that there are finitely many supports intersect with W;; and so the above
(possibly infinite) intersection of open sets restricted to W), is only a finite intersection of open sets.

Let S and S’ be two subsets of J such that S # S’ and |S| = |S’| = m > 0, where |S| is the
number of elements in S. Then there exist « € S\ 5" and 8 € S’ \ S because S # S’ but S and
S’ has the same number elements. We claim that

W(S)NW(S') = 0.

Otherwise there exists b € W(S) N W (S’). By definition W(S), Ao (b) > Az(b) because « € S and
B ¢ S. On the other hand, Ag(b) > A\, (b) because b € W(S'), € S  and a ¢ 5’.
Now define

W= | W(SO)
beB
|S] =m

for each m > 1. We prove that (1) {W,, | m =1,...} is an open cover of B; and (2) £ restricted to
Wi, is a trivial bundle for each m. (Then {W,,} induces an atlas for £.)

To check {W,,} is an open cover, note that each Wy, is open. For each b € B, S(b) is a finite set
and b € W(S(b)) because A\g(b) = 0 for 8 ¢ S(b) and A, (b) > 0 for o € S(b). Let m = |S(b)|, then
b € W, and so {W,,} is an open cover of B.

Now check that ¢ restricted to Wy, is trivial. From the above, W,, is a disjoint union of W (S(b)).
It suffices to check that & restricted to each W(S(b)) is trivial. Fixing a € S(b), for any xz € W(S(b)),
then

Nal2) > Ag(a)
for any 0 ¢ S. In particular, A,(x) > 0 for any x € W(S(b)). It follows that W (S(b)) C V,, C U,.
Since ¢ restricted to U, is trivial, £ restricted to W(S(b)) is trivial. This finishes the proof. O

Note. From the proof, if for each b € B there are at most k sets U, with b € U,, then B admits
an atlas of finite (at most k) charts. [In this case, check that W; = 0 for j > k.]

Theorem 4.15. Any n-dimensional F-vector bundle & over a paracompact space B has a Gauss map
g: E(&) — F>®. Moreover, if ¢ has an atlas of k charts, then & has a Gauss map g: FE(£) — FF™,

Proof. Let {(U;, ¢;) 11<i<k be an atlas of £ with countable or finite charts, where k is finite or infinite.
Let {\;} be the partition of unity subordinate to {U;}. For each 4, define the map g;: E(§) — F"
as follows: g; restricted to p(&)~1(U;) is given by

9i(2) = Xi(2) (p2 0 &7 ' (2)),

where ps o (bi_l is the composite

_ . n Dro jection n
P(&) (Un) e Uy x BT P
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and g; restricted to the outside of p(¢)~!(U;) is 0. Since the closure of A\;*(0,1] is contained in U;,
gi is a well-defined (continuous) map. Now define

k k
9: E(€) — @F" =F"  g(z) = Zm(z)

This a well-defined (continuous) map because for each z, there is a neighborhood of z such that
there are only finitely many g; are not identically zero on it.

Since each g;: E(£) — F" is a monomorphism (actually isomorphism) on the fibres of E(§) over
b with \;(b) > 0, and since the images of g; are in complementary subspaces of F¥", the map g is a
Gauss map. O

This gives the following classification theorem:

Corollary 4.16. FEvery vector bundle over a paracompact space B is isomorphic to an induced vector
bundle f*(y2°) for some map f: B — Gy,00(F). Moreover every vector bundle over a paracompact
space B with an atlas of finite charts is isomorphic to an induced vector bundle f*(y') for some m
and some map f: B — Gy m(F). d

Remarks: It can be proved that f*y7" = g*y if and only if f ~ ¢g: B — G, (F). From this,
one get that the set of isomorphism classes of n-dimensional F-vector bundles over a paracompact
space B is isomorphic to the set of homotopy classes [B, Gy, o0 (F)].

For instance, if n = 1 and F = R, G1,0(R) ~ BO(1) ~ BZ/2 ~ RP*>, where BG is so-called
the classifying space of the (topological) group G, and [B,RP*] = H'(B,Z/2), which states that
all line bundles are by the first cohomology with coefficients in Z/27Z. In particular, any real line
bundles over a simply connected space is always trivial.

If n=1and F = C, then G1 o(C) ~ BU(1) ~ BS! ~ CP*, and [B,CP*] = H?(B,Z), which
states that all complex line bundles are by the second integral cohomology.

If n=1and F = H, then G «(H) ~ BSp(1) ~ BS? ~ HP>, and so [B, G1,«(H)] = [B, HP*>].
However, the determination of [B, HP*°] is very hard problem even when B are spheres. If B = S,
then [B,HP>] = 7,,_1(S%) that is only known for n less than 66 or so, by a lot of computations
through many papers. Some people even believe that it is impossible to compute the general
homotopy groups 7, (S%).

Seminar Topic: Gauss Maps and the Classification of Vector Bundles. (References: for instance [8,
pp.26-29,31-33].)

A vector bundle is called of finite type if it has an atlas with finite charts. Given two vector
bundles £ and 1 over B, the Whitney sum £ @ n is defined to be the pull-back:

E(€@n) E(§) x E(n)
p(§) x p(n)
A
B - B x B.
diagonal

Intuitively, £ @ 7 is just the fibrewise direct sum.
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Proposition 4.17. For a vector bundle & over a paracompact space B, the following statement are
equivalent:

1) The bundle £ is of finite type.
2) There exists a map f: B — Gy m(F) such that £ is isomorphic to f*v.
3) There exists a vector bundle n such that the Whitney sum £ ® n is trivial.

Proof. (1) = (2) follows from Corollary 4.16. (2) = (1) It is an exercise to check that 7 is
of finite type by using the property that the Grassmann manifold G, ,,(F) = O(m,F)/O(n,F) x
O(m — n,F) is compact, where O(n,R) = O(n), O(n,C) = U(n) and O(n,H) = Sp(n). It follows
that £ = f*~)" is of finite type.

(2) = (3). Let (/™)* be the vector bundle given by

E((m)") ={(V,V) € Gpm(F) xF™ | 7 LV}

with canonical projection E((v")*) — Gpnm(F). Then 4" & (v*)* is an m-dimensional trivial
F-vector bundle. It follows that

Frow e (n)) = 0w e (')

is trivial. Let n = f*((+7*)*). Then £ @ n is trivial.
(3) = (2). The composite

E() — E(§®n) = Bx F™" — F™

is a Gauss map into finite dimensional vector space, where m = dim(§ @ ). By Proposition 4.12,
there is a map f: B — Gy m such that £ = f*y". g

Corollary 4.18. Let £ be a F-vector bundle over a compact (Hausdorff) space B. Then there is a
F-vector bundle n such that € B n is trivial. O

In the view of (stable) K-theory, the Whitney sum is an operation on vector bundles over a (fixed)
base-space, where the trivial bundles (of different dimensions) are all regarded as 0. In this sense,
the Whitney sum plays as an addition (that is associative and commutative with 0). The bundle £
with property that £ @ n is trivial for some n means that £ is invertible. Those who are interested
in algebra can push notions in algebra to vector bundles by doing constructions fibrewisely. More
general situation possibly is the sheaf theory (by removing the locally trivial condition) that is pretty
useful in algebraic geometry. In algebraic topology, people also study the category whose objects are
just continuous maps f: F — B with fixed space B, or even more general category whose objects
are diagrams over spaces. In the terminology of fibre bundles, a map f: F — B is called a bundle
(without assuming locally trivial).
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